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THE STATIONARY MEASURE OF THE STOCHASTIC TRANSPORT
PROCESS WITH REFLECTING BARRIERS

IN A SEMI-MARKOV ENVIRONMENT
UDC 519.21

A. O. POGORUĬ

Abstract. The stationary distribution is studied for the process described by sto-
chastic evolution differential equations with reflecting barriers in a semi-Markov en-
vironment.

The transport process in a Markov environment is described by the equation [1, 2]

(1)
dv(t)
dt

= C(κ(t), v(t))

where κ(t) is a semi-Markov process. Let

G = X ∪ Y, X = {x1, x2, . . . , xn}, Y = {y1, y2, . . . , ym}
be the phase space of the semi-Markov process κ(t), let P = {pαβ , α, β ∈ G} be the
matrix of transition probabilities of the embedded (into κ(t)) ergodic Markov chain κl,
l ∈ N , that is, pαβ = P

{
κl+1 = α

/
κl = β

}
, and let τα be the time spent by the chain

κl at a state α ∈ G. We assume that τα is a random variable with a general distribution
function Fα(t). We also assume the following.

C1. The distribution Fα is absolute continuous with the density fα(t) = dFα(t)/dt
such that the first two moments

mα =
∫ ∞

0

tfα(t) dt, m(2)
α =

∫ ∞

0

t2fα(t) dt

are finite for all α ∈ G.
Let V0, V1 and ai, bi ∈ R be such that V0 < V1 and ai > 0, bi > 0 for i = 1, . . . , n.

Assume that the function C on the right hand side of equation (1) is such that

for xi ∈ X, i = 1, . . . , n, C(xi, v) =

{
−ai, V0 < v ≤ V1,

0, v = V0,

for yj ∈ Y, j = 1, . . . , m, C(yj , v) =

{
bj , V0 ≤ v < V1,

0, v = V1.

Functions C of this type appear in problems of the efficiency of multiphase systems with
bunkers [3, 4].

We introduce a three component process ξ on the phase space Z = [0,∞)×G×[V0, V1]:

ξ(t) = (τ (t), κ(t), v(t)),

2000 Mathematics Subject Classification. Primary 60K15; Secondary 90C40.
Key words and phrases. Semi-Markov evolution, infinitesimal operator, stationary distribution.

c©2007 American Mathematical Society

125



126 A. O. POGORUĬ

where
τ (t) = t − sup{u ≤ t : κ(t) �= κ(u)}.

Our aim is to study the stationary measure of the process ξ(t). Note that ξ(t) is a
Markov process [5, 6]. Its infinitesimal operator is given by [3, 7]

Aϕ(τ, α, v) =
∂

∂τ
ϕ(τ, α, v) + rα(τ )[Pϕ(0, α, v)− ϕ(τ, α, v)] + C(α, v)

∂

∂v
ϕ(τ, α, v)

and the boundary conditions are

ϕ′
τ (τ, x, V1) = ϕ′

τ (τ, y, V0) = 0, x ∈ X, y ∈ Y,

where rα(τ ) = fα(τ )/(1 − Fα(τ )) and

Pϕ(0, α, v) =
∑
β∈G

pαβϕ(0, β, v).

If the stationary distribution ρ(·) exists for the process ξ(t), then

(2)
∫

Z

A ϕ(dz) ρ(dz) = 0

for all functions ϕ(·) of the domain of the operator A. It follows from the properties
of the process ξ(t) that the points (τ, x, V0), x ∈ X, and (τ, y, V1), y ∈ Y , of the phase
space Z are the atoms of the stationary measure ρ(·). In what follows, we denote these
atoms by ρ[τ, x, V0] and ρ[τ, y, V1], respectively. The density of the measure is denoted
by ρ(τ, x, v). Changing the order of integration in the integral on the left hand side of
(2), we obtain A∗ρ = 0 where A∗ is the conjugate operator, namely∫

Z

Aϕ(z) ρ(dz)

=
∑
α∈G

[∫ ∞

0

∫ V1

V0

ρ(τ, α, v)
∂

∂τ
ϕ(τ, α, v) dv dτ +

∫ ∞

0

∫ V1

V0

rα(τ )ρ(τ, α, v)Pϕ(0, α, v)

−
∫ ∞

0

∫ V1

V0

rα(τ )ρ(τ, α, v)ϕ(τ, α, v) +
∫ ∞

0

∫ V1

V0

ρ(τ, α, v)C(α, v)
∂

∂v
ϕ(τ, α, v)

]
+

∑
x∈X

[∫ ∞

0

ρ[τ, α, V0]
∂

∂τ
ϕ(τ, x, V0) dτ +

∫ ∞

0

rx(τ )ρ[τ, x, V0]Pϕ(0, x, V0)

−
∫ ∞

0

rx(τ )ρ[τ, x, V0]ϕ(τ, x, V0)
]

×
∑
y∈Y

[∫ ∞

0

ρ[τ, y, V1]
∂

∂τ
ϕ(τ, y, V1) dτ +

∫ ∞

0

ry(τ )ρ[τ, y, V1]Pϕ(0, y, V1)

−
∫ ∞

0

ry(τ )ρ[τ, y, V1]ϕ(τ, y, V1)
]

=
∑
α∈G

[∫ V1

V0

{
ϕ(∞, α, v)ρ(∞, α, v) − ϕ(0, α, v)ρ(0, α, v)

−
∫ ∞

0

ϕ(τ, α, v)
∂

∂τ
ρ(τ, α, v)

}
dv

+
∫ V1

V0

∫ ∞

0

rα(τ )ρ(τ, α, v) dτPϕ(0, α, v) dv

−
∫ ∞

0

∫ V1

V0

ϕ(∞, α, v)rα(τ )ρ(τ, α, v) dv dτ
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+
∫ ∞

0

{
ϕ(τ, α, V1)C(α, V1)ρ(τ, α, V1−)

− ϕ(τ, α, V0)C(α, V0)ρ(τ, α, V0+)
}

dτ

+
∫ ∞

0

∫ V1

V0

ϕ(τ, α, v)C(α, v)
∂

∂v
ρ(τ, α, v) dv dτ

]
+

∑
x∈X

[
ρ[∞, x, V0]ϕ(∞, x, V0) − ρ[0, x, V0]ϕ(0, x, V0)

−
∫ ∞

0

ϕ(τ, x, V0)
∂

∂τ
ρ[τ, x, V0] dτ +

∫ ∞

0

rx(τ )ρ[τ, x, V0]Pϕ(0, x, V0) dτ

−
∫ ∞

0

ϕ(τ, x, V0)rx(τ )ρ[τ, x, V0] dτ

]
+

∑
y∈Y

[
ρ[∞, y, V1]ϕ(∞, y, V1) − ρ[0, y, V1]ϕ(0, y, V1)

−
∫ ∞

0

ϕ(τ, y, V1)
∂

∂τ
ρ[τ, y, V1] dτ +

∫ ∞

0

ry(τ )ρ[τ, y, V1]Pϕ(0, y, V1) dτ

−
∫ ∞

0

ϕ(τ, y, V1)ry(τ )ρ[τ, y, V1] dτ

]
= 0.

Taking into account equality (2), we get the differential equations

(3) C(α, v)
∂

∂v
ρ(τ, α, v) + rα(τ )ρ(τ, α, v) +

∂

∂τ
ρ(τ, α, v) = 0,

integral equations

(4)
∑
β∈G

∫ ∞

0

rβ(τ )ρ(τ, β, v)dτpβα = ρ(0, β, v), α ∈ G,

and the boundary conditions ρ(∞, α, v) = 0, α ∈ G, for the densities as well as the
differential equations

(5)

d

dτ
ρ[τ, x, V0] + rx(τ )ρ[τ, x, V0] − axρ(τ, x, V0+) = 0,

d

dτ
ρ[τ, y, V1] + ry(τ )ρ[τ, y, V1] − byρ(τ, y, V1−) = 0

for the atoms of the distribution where

ρ(τ, x, V0+) = lim
v↓V0

ρ(τ, x, v), ρ(τ, y, V1) = lim
v↑V1

ρ(τ, y, v).

The atoms of the measure satisfy the integral equations

(6)

∑
x∈X

∫ ∞

0

rx(τ )ρ[τ, x, V0] dτpxz = ρ[0, z, V0], z ∈ X,

∑
y∈Y

∫ ∞

0

ry(τ )ρ[τ, y, V1] dτpyz = ρ[0, z, V1], z ∈ Y,

∑
x∈X

∫ ∞

0

rx(τ )ρ[τ, x, V0] dτpxy = by

∫ ∞

0

ρ(τ, y, V0+), y ∈ Y,

∑
y∈Y

∫ ∞

0

ry(τ )ρ[τ, y, V1] dτpyx = ax

∫ ∞

0

ρ(τ, x, V1−) dτ, x ∈ X,
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and the boundary conditions

(7) ρ[∞, x, V0] = ρ[∞, y, V1] = 0, x ∈ X, y ∈ Y.

Solving equations (3) and taking into account that

exp
{
−

∫ τ

0

rα(s) ds

}
= 1 − Fα(τ ),

we get

(8)
ρ(τ, x, v) = hx(v + axτ )(1 − Fx(τ )), x ∈ X,

ρ(τ, y, v) = hy(v − byτ )(1 − Fy(τ )), y ∈ Y.

Considering equation (4), we seek for a function hα(·), α ∈ G, of the form

(9) hα(x) = cαesx, cα > 0, α ∈ G.

Then equation (4) implies the system of equations

(10)
∑
β∈G

cβ

∫ ∞

0

fβ(τ )eskβτ dτ pβα = cα, α ∈ G,

where

kβ =

{
aβ, β ∈ X,

−bβ , β ∈ Y.

The Laplace transform of the function fβ(τ ) is given by

f̂β(skβ) =
∫ ∞

0

fβ(τ )eskβτ dτ.

It is obvious that the system (10) with respect to unknowns cα, α ∈ G, has a solution if
the determinant of the system is zero, that is,

(11)

∣∣∣∣∣∣∣∣
−1 f̂x1(a1s)px1x2 . . . f̂x1(a1s)px1ym

f̂x2(a2s)px2x1 −1 . . . f̂x2(a2s)px2ym

− − − −
f̂ym

(−bms)pymx1 f̂ym
(−bms)pymx2 . . . −1

∣∣∣∣∣∣∣∣ = 0.

The case where the balance condition holds. It is easy to check that s = 0 is a
solution of (11). If the solution is unique, then equation (10) becomes of the form∑

β∈G

cβpβα = cα, α ∈ G.

This implies that cα = σρα where ρα, α ∈ G, is the stationary distribution of the
embedded Markov chain κl, l ∈ N, and σ is the normalizing factor defined from the
condition

∫
Z

ρ(z) dz = 1. Then hα(x) = σρα and (9) yields

(12) ρ(τ, x, v) = σρx(1 − Fx(τ )), x ∈ X, ρ(τ, y, v) = σρy(1 − Fy(τ )), y ∈ Y.

Solving equation (5) and taking into account (12), we get

(13)
ρ[τ, x, V0] = σρx(1 − Fx(τ ))

(
axτ +

ρ[0, x, V0]
σρx

)
,

ρ[τ, y, V1] = σρy(1 − Fy(τ ))
(

byτ +
ρ[0, y, V1]

σρy

)
.
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Substituting these results in (7), we obtain

(14)

σ
∑
x∈X

ρxaxmxpxz +
∑
x∈X

ρ[0, x, V0]pxz = ρ[0, z, V0], z ∈ X,

σ
∑
y∈Y

ρybymypyz +
∑
y∈Y

ρ[0, y, V1]pyz = ρ[0, z, V1], z ∈ Y,

σ
∑
y∈Y

ρybymypyx +
∑
y∈Y

ρ[0, y, V1]pyx = σρxaxmx, x ∈ X,

σ
∑
x∈X

ρxaxmxpxy +
∑
x∈X

ρ[0, x, V0]pxy = σρybymy, y ∈ Y.

Put PX = {pxz, x, z ∈ X}, PY = {pxz, x, z ∈ Y }, and

GX = (I − PX)−1 = {gxz, x, z ∈ X}, GY = (I − PY )−1 = {gyz, y, z ∈ Y }.

Since the Markov chain κl is ergodic, the matrices GX and GY exist and are potentials [6].
Solving the first two equations of (14), we have

ρ[0, z, V0] = σ
∑
x∈X

axmxρx

∑
k∈X

pxkgkz, z ∈ X,

ρ[0, z, V1] = σ
∑
y∈Y

bymyρy

∑
k∈Y

pykgkz, z ∈ Y.

Substituting these relations in equality (14), we obtain the condition for the existence of
the stationary distribution of the process (the so-called balance condition):

C2. We have ∑
x∈X

ρxaxmx

∑
z∈X

gxzpzy = ρybymy, y ∈ Y,∑
y∈Y

ρyaymy

∑
z∈Y

gyzpzx = ρxbxmx, x ∈ X.

Therefore we proved the following result.

Theorem 1. If conditions C1 and C2 hold, then the stationary distribution ρ(·) of the
process ξ(t) is characterized by the equalities

ρ(τ, x, v) = σρx(1 − Fx(τ )), x ∈ X, ρ(τ, y, v) = σρy(1 − Fy(τ )), y ∈ Y,

for densities and

ρ[τ, x, V0] = σρx(1 − Fx(τ ))
(

axτ +
∑

z∈X azmzρz

∑
k∈X pzkgkx

ρx

)
,

ρ[τ, y, V1] = σρy(1 − Fy(τ ))
(

byτ +
∑

z∈Y bzmzρz

∑
k∈Y pzkgky

ρy

)
for atoms.

The case where the balance does not hold. Now we consider the case where
the solution of equation (11) is not unique. Denote by {s0 = 0, s1, . . . , sl}, l ≥ 1,
the set of solutions of equation (11). Every si of this set corresponds to a solution
{ci

α, α ∈ G} of equation (10) being unique up to a constant factor (s0 = 0 corresponds
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to the solution cρα). Thus we seek densities of the form

(15)

ρ(τ, x, v) =
l∑

i=0

ci
xesi(v+axτ)(1 − Fx(τ )), x ∈ X,

ρ(τ, y, v) =
l∑

i=0

ci
yesi(v−byτ)(1 − Fy(τ )), y ∈ Y.

Solving equation (5) and taking into account (15), we have

(16)

ρ[τ, x, V0] =
l∑

i=1

ci
x

si
(1 − Fx(τ ))esiV0 (eaxsiτ − 1) + cρxaxτ (1 − Fx(τ ))

+ ρ[0, x, V0](1 − Fx(τ )), x ∈ X,

ρ[τ, y, V1] =
l∑

i=1

ci
y

si
(1 − Fy(τ ))esiV1

(
1 − e−bysiτ

)
+ cρybyτ (1 − Fy(τ ))

+ ρ[0, y, V1](1 − Fy(τ )), y ∈ Y.

Substituting (16) in the first two equations of (6), we get

(17)

ρ[0, z, V0] =
l∑

i=1

esiV0

si

∑
x∈X

[
ci
x(f̂(siax) − 1)

∑
k∈X

pxkgkz

]
+ c

∑
x∈X

ρxaxmx

∑
k∈X

pxkgkz, z ∈ X,

ρ[0, z, V1] =
l∑

i=1

esiV1

si

∑
y∈Y

[
ci
y(1 − f̂(−siby))

∑
k∈Y

pykgkz

]
+ c

∑
y∈Y

ρybymy

∑
k∈Y

pykgkz, z ∈ Y.

To find {ci
α, α ∈ G}, we combine these equalities and the last two equations in (6). This

leads to the following condition.

C3. Among solutions {ci
α, α ∈ G} of equations (10) that correspond to si, there are

nonzero solutions {cir
α , α ∈ G, r = 1, . . . , d}, r ≤ l, such that

d∑
r=1

∑
x∈X

[
cir
x (f̂(sir

ax) − 1)
∑
z∈X

gxzpzy

]
+c

∑
x∈X

ρxaxmx

∑
z∈X

gxzpzy

=
d∑

r=1

cir
x (1 − f̂(−sir

by)) + cρybymy, y ∈ Y,

d∑
r=1

∑
y∈Y

[
cir
y (1 − f̂(−sir

by))
∑
z∈Y

gyzpzx

]
+c

∑
y∈Y

ρyaymy

∑
z∈Y

gyzpzx

=
d∑

r=1

cir
x (f̂(sir

ax) − 1) + cρxaxmx, x ∈ X.

Therefore we have proved the following result.
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Theorem 2. If conditions C1 and C3 hold, then the Markov process ξ(t) has the sta-
tionary distribution ρ(·) whose density is given by

ρ(τ, x, v) = σ1

d∑
r=1

cir
x esir (v+axτ)(1 − Fx(τ )), x ∈ X,

ρ(τ, y, v) = σ1

d∑
r=1

cir
y esir (v−byτ)(1 − Fy(τ )), y ∈ Y,

where co
α = cρα, and whose atoms are given by

ρ[τ, x, V0] = σ1

[ l∑
i=1

ci
x

si
(1 − Fx(τ ))esiV0(eaxsiτ − 1) + cρxaxτ (1 − Fx(τ ))

+ ρ[0, x, V0](1 − Fx(τ ))
]
, x ∈ X,

ρ[τ, y, V1] = σ1

[ l∑
i=1

ci
y

si
(1 − Fy(τ ))esiV1(1 − e−bysiτ ) + cρybyτ (1 − Fy(τ ))

+ ρ[0, y, V1](1 − Fy(τ ))
]
, y ∈ Y,

where σ1 is defined from the condition
∫

Z
ρ(z) dz = 1.

Note also that the case of c = 0 is not excluded.

Example. Consider Theorem 2 for the case of n = m = 1. Then X = {x}, Y = {y},
the matrix of transient probabilities P of the embedded (to the process κ(t)) Markov
chain κl is P =

(
1 0
0 1

)
, and equation (11) is

(18) f̂x(sa)f̂y(−sb) = 1.

Assume that the balance condition does not hold. Let si satisfy (18). Then the
corresponding {ci

x, ci
y} satisfy equalities

ci
xf̂x(sia) = ci

y, ci
yf̂y(−sib) = ci

x, i = 1, . . . , l,

and condition C3 becomes of the form
l∑

i=1

ci
x(f̂x(sa) − 1) + caxmxρx =

l∑
i=1

ci
y(1 − f̂y(−sb)) + caymyρy.

Since the balance condition does not hold, the latter condition holds for c = 0 only. Thus
the density of the stationary distribution is given by

ρ(τ, x, v) = σ1

l∑
i=1

ci
xesi(v+aτ)(1 − Fx(τ )), ρ(τ, y, v) = σ1

l∑
i=1

ci
yesi(v−bτ)(1 − Fx(τ )),

while the atoms are given by

ρ[0, x, V0] = σ1

l∑
i=1

esiV0

si
ci
xf̂(sia),

ρ[0, y, V1] = σ1

l∑
i=1

esiV1

si
ci
yf̂(−sib).
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In order to apply the above result, one needs to know the stationary distribution ρ(·)
of the process ζ(κ(t), v(t)) [3, 4]. This distribution can be found from the distribution
of ρ(·) by

ρ(·) =
∫ ∞

0

ρ(τ, ·) dτ.

Let f0(x) = λe−λx and f1(x) = p2xe−px. Then

(19) f̂o(sa)f̂1(−sb) =
λp2

(λ − as)(p + bs)2
= 1.

The integral
∫ ∞
0

ρ(τ, ·) dτ converges if asi < λ and bsi > −p. These assumptions also
imply that equation (19) has the unique solution

s1 =
bλ − 2ap +

√
4abpλ + (bλ)2

2ab
.

This result allows us to find the stationary distribution of ρ(·). The balance condition
holds in this case if 2bλ = ap.

Remark. We assume in Theorem 2 that the roots of equation (11) are real and the number
of roots is finite. If we omit this assumption and assume instead that the stationary
distribution is a convergent Fourier series, then the result may have more applications.
However this case requires a deeper consideration that will be published elsewhere.
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