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ON THE ITERATED A POSTERIORI DISTRIBUTION

IN BAYESIAN STATISTICS
UDC 519.21

F. RECKER

ABSTRACT. In theoretical considerations a Bayesian experiment consisting of many
independently drawn samples is usually modeled by a product space. However, in
some applications, as e.g. pattern recognition, the mathematical model is different.
This model will be presented and a rigid measure-theoretic proof will be given showing
that both models deliver the same a posteriori distribution.

1. INTRODUCTION

In Bayesian statistics one has an a priori distribution on the parameter space which
describes the knowledge about the true parameter before the outcome of the statistical
experiment is known. After a realization has occurred, one gets the a posteriori distri-
bution which can be used to define Bayesian tests or Bayesian estimators. Actually, the
realization is often a vector x = (1, ...,,) and all x; are assumed to be realizations of
i.i.d. random variables. The adequate model is hence to use a product space. Among the
huge amount of literature concerning Bayesian statistics, we mention [I] 2] for a general
introduction and especially [3, [, 5] for asymptotic results, i.e. results concerning the
convergence of the a posteriori distribution if n tends to infinity.

However this model has one shortcoming. When determining the a posteriori distri-
bution, one has to go through some calculations. One especially has to do the calculation
again and again if one increases n and wishes to have intermediate a posteriori distribu-
tions. Therefore, in applications with this demand, such as pattern recognition (cf. [6]) or
visualization of limit theorems in Bayesian statistics (cf. [7, pp. 175-180] and [8, pp. 12—
15]), a different approach is chosen. One starts with the above-described setting for one
experiment. After the sample z; has occurred, the a priori distribution is replaced by
the respective a posteriori distribution. The second sample x5 yields again an a posteri-
ori distribution which is taken as the new a priori distribution and so on. We call this
concept the iterated a posteriori distribution. The natural question is of course: Having a
realization x = (x1,...,%,), do both models deliver the same final distribution over the
parameter space? A second question is: Is the ordering of the realizations important?

As far as we know, these questions have never been answered explicitly, but of course
one assumes (or hopes?) that the answers will be yes in the first case and no in the
second case. This can be verified with a short calculation for the discrete case. In this
paper we will answer these questions for the general case. We will prove that under some
measurability conditions both models deliver almost surely the same a posteriori distri-
bution. Furthermore, we will prove that the a posteriori distribution does not depend
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on the ordering of the realizations. In particular even in a long running experiment the
later realizations do not have a greater influence on the a posteriori distribution than the
first realization.

In Section [2] we will introduce the necessary notation and state the theorem. The
proof follows in Section [3

2. NOTATION AND THE MAIN THEOREM

A Bayesian experiment is a tuple (I' x H, G ® H, Q ® P) where (H, H) is a measurable
space (the sample space) and (T', G, Q) is a Polish probability space (the parameter space).
Here Q is the a priori distribution and describes the knowledge about the unknown true
parameter 7 € T'. Finally, P is a stochastic kernel from (T',G) to (H, H). In particular,
P(7,+) is a probability measure over (H, H) for all v € T, and P(7, +) is the true probability
measure.

The a posteriori distribution is a stochastic kernel H from (H,H) to (I',G) which
fulfills

(2.1) Q®P=H®(Q®P),,

where (Q ® P)n, is the marginal distribution of @ ® P on (H, ). Since (I",G) is Polish,
H exists (as a regular conditional distribution) and it is (Q ® P)y,-a.s. determined.
We write f(Q ® P)™ ™ for the set of all these regular conditional distributions (cf. |2,
Anhang A 2]). If z € H is a realization, then H(x,-) is taken as the new distribution for
the unknown true parameter 5 € I'. We remark that there is a slight inconsistency in the
notation which is however usual in the literature: The term “a posteriori distribution”
is used for the kernel H and for the probability measure H(z, ).

If (T xH;,G®H,;,Q® P;) are Bayesian experiments for ¢ = 1,2, then (I' x H,G ®
H,Q®P) with H = H; xHy, H = H1 ®Hz, and P(v,+) = Pi(7v,:) @ Py(v,-) forally € T
is also a Bayesian experiment. We will call it the product experiment of the experiments
T xH;,GRH;,Q®P;), i =1,2. In the special case that both (I' x H;,G ® H;,Q ® P;)
are copies of the same (T' x Hy, G ® Ho, Q ® Py), we will call (' x H,G ® H,Q ® P) the
second power of (I' x Hy, G @ Ho, Q@ @ Fo).

Let (T x Hy, G ® Ho, Q ® Py) be a Bayesian experiment with an a posteriori distribu-
tion H;. If a sample x € Hy occurs in the iterated model, then we get a new Bayesian
experiment (I' x Hy, G ® Ho, H1(z,+) ® Py). The a posteriori distribution for this exper-
iment depends on z and is an element of f(H(xz,+) ® Py)™ ™.

The questions raised in the introduction are answered for n = 2 in the following
theorem.

Theorem 2.1. Let (T' x Hy, G ® Ho, Q@ ® Py) be a Bayesian experiment, and let
TxH,G®H,Q® P)

be the second power of (T' x Hy,G ® Ho, Q @ Py). Furthermore let H € f(Q ® P)™Im
H, € f(Q® Py)™ ™0, and let HY € f(Hi(z,+) ® Py)™!™0 for all x € Hy be such that
the mapping

(x,y) — H; (y, G)
is H-measurable for all G € G. Then there exists a (Q ® P)ry,-null-set N such that
H3(y,G) = H((z,y),G) = H((y,z),G) = HY(z,G), (x,y) € N°, G €g.

We remark that a similar statement holds for n > 2. We will give a sketch of the proof
of this generalization in the next section.
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3. THE PROOF

In this section we will prove Theorem [ZIl To this end, we have to show the claimed
existence of the null-set N. It is obvious that, if N exists, then it could be chosen with
the additional property: If (x,y) € N, then (y,z) € N. To formalize this, we give the
following definition: A set M C Hy x Hy is symmetric if and only if for all z,y € Hy we
have (z,y) € M < (y,z) € M. The following short lemma shows that we can always
assume w.l.o.g. that a null-set is symmetric.

Lemma 3.1. With the notation of Theorem 21 let N be a (Q ® P)n,-null-set. Then
there is a symmetric (Q ® P)y,-null-set N with N C N.

Proof. The mapping Y : Hy x Hy — Hy x Hy defined by Y (x,y) = (y,x) is measurable
and we have

(Q ® P)ﬂm = ((Q ® P)ﬂ'm)y'
Define
N:=NU{(z,9)|(y,r) € N} = NUY YN).
Then N is measurable with measure zero, and N C N. O

The proof of Theorem [2.]] consists of two key lemmas. The first lemma shows that
the a posteriori distribution for the product space model is almost surely symmetric.

Lemma 3.2. Let (T’ x Hy, G ® Ho, Q ® Py) be a Bayesian experiment and let
TxH,GRH,Q® P)

be the second power. Then for each a posteriori distribution H € f(Q ® P)”FWT there is
a symmetric (Q ® P)py,-null-set N such that
H((z,y),G) = H((y,x),G), (z,y) € N°, Geg.

This result could also be stated in the following way: The symmetric o-algebra (i.e.
the o-algebra which consists of all symmetric sets of H) is sufficient (cf. [9], chapter 2] for
a definition of Bayesian sufficiency).

The second lemma is the core of the proof of Theorem 2.1l It states that the iterated
a posteriori distribution is almost surely equal to the usual one. Note that we formulate
this lemma for possibly different Bayesian experiments. The lemma can therefore be
used to prove a generalization of Theorem [2.]] for n samples by induction.

Lemma 3.3. Let (T' x H;,G @ H;,Q ® P;), i = 1,2, be Bayesian experiments, let
I'xH,G®H,Q® P)
be the product experiment, let H € f(Q @ P)™ ™ H, € f(Q ® P1)™!™: and let
Hj € f(Hi(w,") @ Py)"™rIme, xz € Hy,
be such that the mapping

(z,9) =~ H3(y,G)
is H-measurable for all G € G. Then there exists a (Q ® P)ry,-null-set N such that

H3(y, G) = H((z,y),G), (z,y) e N° G €g.

Suppose now for a moment that the above lemmas were proved. Then we can prove
Theorem 2.1

Proof of Theorem 21l We choose the null-set N as the union of the exception sets that
appear in Lemma B2l and Lemma B3] W.l.o.g. we can assume that N is symmetric (cf.
Lemma B.T]). Then for all (z,y) € N¢ and G € G we have

ng(y, G) :H((x,y),G) :H((y,x),G) :H;/(va) U
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It remains to prove Lemma and Lemma This will be done in the rest of this
section. First we will derive some useful equations for the product space. With the
notation of Section [ (i.e. H = H; x Hy, H = H; ® Hy and P(v,-) = Pi(7,+) ® Pa(7,*)
for all v € T') we have

(3.1) P(y,A1 x Ag) = Pi(v, A1) - Pa(v, A2), Ay € Hi, Ay € Ha, yeT,

respectively,

(32) P(f)/aA):/ PQ(’Yan)Pl(’Yadx):/ Pl(fYaAy)PQ(PYady)a AGHa 7€F7
Hl H2

where A, resp. A, is the z-cut, resp. y-cut of A. Moreover, the measure Q ® P fulfills
(Q@P)(GX A1 X Ag)

53 = [ Pl x a2 Q(an
03?1])/9 Pyi(v, A1) - Py(v, A2) Q(dv), A1 € Hy, Ay € Hoy GEG,
and
(@@ PG x 4)
- - [ Peray )

QEZZ)/G ( - PQ('YaAw)Pl('Y,dI)) Q(dfy)7 Ac H, G e g

Next we define a special a posteriori distribution which is symmetric without any
exceptions.

Lemma 3.4. Let (I' x Hy, G ® Ho, Q@ ® Py) be a Bayesian experiment and let
IT'xH,G®H,Q® P)

be the second power. Then there is an a posteriori distribution H € f(Q ® P)“F“TH such
that for all (z,y) € H and all G € G we have

(3.5) H((z,y),G) = H((y,2),G).

Proof. We want to distinguish the two instances of (I'xHy, GRHg, Q® FPy). Therefore, let
(FXH“Q@)'H“Q@PZ) = (FXHmQ@Ho,Q@Po), 7= 1, 2. Then (FXH,Q@H,Q@P) is
the product experiment of these two experiments. In particular H = Hy x Hy = H; x Ho.
Let Y: H; x Hy — Hy x Hy be defined as Y (z,y) = (y,z). For all A1 € H; and A € Ha
it follows from H; = Ho that

(36) Yﬁl(Al XAQ):AQ X A1 € Ho @ H1 = H1 ® Has.

The set of all A} x As € Hy X Hs is a generating system for H; ® Ho = H. Hence Y is
‘H-H-measurable. Again let A; € Hq, and Ay € Hs. Then

((Q® P)ry)y (A1 X Ag) = (Q © P)ry (Y (A1 X Ag))
(Q Y P)m—n(A2 X Al)

(Q® P)

&2 P

P1=P;
= (Q@P)WH(AI X Ag)

@D
= FXAQXAl)

(3.7) (
(F X Al X AQ)
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Hence ([3.7) and the measure-extension theorem show that

(38) ((Q ® P)‘IT]H[)Y = (Q ® P)‘IT]H['

Since (T, G) is Polish, there exists a regular conditional distribution
H e f(Q® P)rrim,
Here H is a stochastic kernel from (H, H) to (T, G). We define

H((r,9),0) 1= 5 (H((2.4),G) + H(Y (2.3),G)).

It can be shown easily that H is a stochastic kernel from (H, H) to (T,G). For all A € H
and G € G it follows that

(H®(Q® P)r,)(Gx A) = (H®(Q® P)r,)(G x A) = (Q®P)(G x A).

=) @

Using the measure-extension theorem, we conclude that
QP=H®®(Q®P),.
Therefore H € f(Q ® P)™|™ . Furthermore H fulfills (3] by construction. O

Proof of Lemma B2 Choose H according to Lemma B4l Since (I',G) is Polish, the a
posteriori distribution H is (Q ® P)g.-a.s. determined, i.e. there is a (Q ® P),-null-
set IV, such that

H((amy),G):H((x?y),G), (x7y)€ch Gedg.

Due to Lemma [B.J] we can assume w.l.o.g. that N is symmetric, which proves the claim.
|

The key idea in the proof of Lemma [3.3] is this: Express the marginal distribution
on the sample space with the help of a stochastic kernel. The existence of this kernel
however is a little surprising since we did not suppose that the sample spaces are Polish.

Lemma 3.5. Let (' x H;,G @ H;,Q ® P;), i = 1,2, be Bayesian experiments, let
TxH,GRH,Q® P)

be the product experiment, and let H; € f(Q ® P1)™!™1 (such an Hy always exists).
Define the mapping K: Hy x Hy — R as

(3.9) K(z, Az) := (H1(2, ) ® P)ry, (Az).
Then K is a stochastic kernel from (Hy, Hy) to (Hs, Ha) and
(3.10) (Q® P)ry = (Q® Pr)my, @ K

(ie. K€ f((Q® P),Tm)mlml).

Proof. Since (T, G) is Polish, H; € f(Q® P,)™ ™1 and H € f(Q ® P)™r|™ exist. For
all x € H,

K(z,+) = (Hi(z,") © P2)m,
is a probability measure over (Hs,Hs). For the a posteriori distribution H; follows as
in (210
(3.11) Q®Pr=H®(Q® Pr)ny, .
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Let Ay € Hy be arbitrary. We have for all x € H; that
K(x, A2) = (H1(z,+) @ P2)rs, (A2) = (Hi(z,-) @ P)(I" x Az)

(3.12) _ /Fp2(%A2) Hy(z,dy).

The mapping
(z,7) = P2(7, A2)

is H1®G-measurable (since it does not depend on x and P (-, A3) is G-measurable) and H;
is a stochastic kernel from (Hj,H;) to (I',G). From Fubini’s theorem for stochastic
kernels it follows that the mapping

2 / Py(y, Aq) Hy(x, dv)
I

is Hj-measurable. Therefore (8.12) shows that
€T = K($7 AQ)

is Hi-measurable. Hence we have shown that K is a stochastic kernel.
Let A1 € H; and A € Hy. Then

(Q@P)WH(Al X A2> = (Q@P)(F X Al X Ag)

@ﬁpl(W,Al)PQ(WaAZ)Q(dW)

:/( P2(7,A2)P1(%dw)) Q(d)
r \Ja,

F‘ufini/[‘XAl P2 (77 A2) (Q ® Pl)(d(x7 ’V))

(E’EII) o, Py(v, Az) (H1 @ (Q @ P1)my, )(d(z,7))

_ /A1 (/F Pz(%Ag)Hl(x,dv)) (Q ® P1)ry, (dr)

Fubini

i, K42 @8 P (d0) = (Q® Pi)a, © K)(A1 x Az),

In view of the measure-extension theorem, equation ([BI0) is valid. O

Proof of Lemma B3 Let A € H and G € G be arbitrary. We choose K as in Lemma [3.5]
As in 7)) it follows for HY that

H§®(H1(x’°)®P2)7TH12 :H1($,°)®P2, x e Hy.

Using [3.9)), we get

(3.13) HI @ K(x,-) = Hi(z,+) ® P, x € Hy.
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The required measurability yields for all A € H

/A HE(y, @) (Q ® P)my (d(, )

= /A H3(1,G) (Q @ Pr)ry, @ K)(d(z,y))

Fubini /H < /A H3(y, G) K(z, dy)> (Q ® P1)ry, (d)

- /H (H3 © K(2,))(C x A,) (Q® Py, (dr)

43:-:'@) - (Hl(xa ) ® P2)(G X Aﬂc) (Q ® Pl)w[l (dx)

- /Hl (/G Pg(fy,Ax)Hl(:c,d’y)> (Q ® Pr)ry, (dr)

Fubini

_ / Po(7, A2) ((Q ® P) sy, ® Hy)(d(x,7))
G xH;

_ /GXH Py(7, 4,) (Q ® P1)(d(x,7))

Hi € f(Q (gpl)wlml
o ([ P6anpi6an) Qi)
Fubini el H,

S(@0 PG x4

_ / H(z,y,G) (Q & P)ry(d(z,y)).
He fQeP)rm Ja

Since A € H was arbitrary, we have HS (y,G) = H(z,y,G) (Q ® P),-a.s. Hence there
exists a (Q ® P)qy-null-set Ng depending on G, with

H;(y’G):H((Q:?y)’G)v ($7y)€NCc¥'

We can now apply a standard technique: Since (T',G) is Polish, G has a countable ring
R as a generating system. For the (Q ® P)q,-null-set N := (J;cr Na it follows that

H3(y,G) = H((z,9),G),  (z,y) € N°, GeR.
From the measure-extension theorem it follows therefore that

H3(y,G) = H((x,9),G),  (z,y) € N°, Geg. O
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