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FILTRATION OF LINEAR FUNCTIONALS
OF PERIODICALLY CORRELATED SEQUENCES

UDC 519.21

I. I. DUBOVETS’KA AND M. P. MOKLYACHUK

ABSTRACT. The problem of the optimal estimation is considered for the linear func-

tional
oo

AC =" a(h)¢(—5)
j=0

that depends on unknown values of a periodically correlated stochastic sequence ¢(5);
the estimator is constructed from observations of the sequence ((j) + 0(j), 7 < 0,
where 6(j) is a periodically correlated noise. We obtain the mean square error and
spectral characteristic of the optimal linear estimate of the functional A( in the case
where the spectral densities of the sequences that generate ((j) and 6(j) are known.
For the case where these spectral densities are unknown but a set of admissible
spectral densities is given, we find the least favorable spectral density and minimax
spectral characteristic for the optimal estimate of the functional A(.

1. INTRODUCTION

Gladyshev [5] studied spectral properties and representations of periodically corre-
lated sequences by using a relationship between periodically correlated and stationary
vector sequences. According to Gladyshev’s results, the problem of estimation of pe-
riodically correlated sequences is reduced to the corresponding problem for stationary
vector sequences. Basic results concerning the representations of periodically correlated
sequences in terms of simpler random sequences can be found in the book by Hurd and
Miamee [7] and in the papers by Makagon [9] [10].

The classical methods for solving the problems of extrapolation, interpolation, and
filtration for stationary processes are developed by Kolmogorov [§], Wiener [I8], and
Yaglom [19] 20] for the case where the spectral densities are known. The problem of
prediction of stationary vector sequences is studied by Rozanov [I7]. If the spectral den-
sities are not known but a set of admissible spectral densities is given, then the minimax
method is used for the problems of estimation. The minimax method is to minimize
the error of estimation for all densities of the given class. Grenander [0] is the first who
applied the minimax method to the problems of extrapolation for stationary processes.
Franke [2], 3], and Franke and Poor [4] considered the problem of minimax extrapola-
tion and filtration for stationary sequences by using the methods of convex optimization.
Moklyachuk [I1]-[I4] and Moklyachuk and Masyutka [I5] studied the problems of ex-
trapolation, interpolation, and filtration for stationary processes and sequences.
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In this paper, we study the problem of optimal linear estimation of the linear functional
(1) A¢ =3 a(i)S(~d)
j=0

that depends on unknown values of a periodically correlated sequence ((j). Known are
the observations of the sequence ((j) + 6(j) with 5 < 0, where 6(j) is a periodically
correlated sequence that is uncorrelated with ((j). We derive formulas for the spectral
characteristic and mean square error of the estimate for the functional () in the case
where the spectral densities of the sequence ((j) and noise 6(j) are known. If the densities
are unknown but a set of admissible densities is given, then we present formulas for
the calculation of the least favorable density and minimax spectral characteristic of the
optimal linear estimate of functional ().

2. PERIODICALLY CORRELATED SEQUENCES
GENERATED BY STATIONARY VECTOR SEQUENCES

Periodically correlated sequences are examples of the so-called stochastic sequences
with periodic structure introduced in [7].

Definition 2.1. A sequence of complex-valued random variables {(n), n € Z, with finite
second moment, E|((n)|* < +oo0, is called periodically correlated with period T if

(2) E¢(n+T) =E((n),
(3) EC(n+T)(m+T)=R(n+T,m+T)= R(n,m),

and if there is no number 7" smaller than 7" > 0 for which equalities (@) and (@) with 7”
instead T

The notion of periodically correlated sequences is introduced by Gladyshev in the
paper [5]. Bennet [I] uses the term cyclostationary for random periodic processes.

Definition 2.2. A complex-valued T-dimensional random sequence
- T-1
§n) ={&(n)}lig, nEL,

with finite second moment E [|£(n)||2 < oo, is called stationary if

E&k(n) = mu,

E&k(n)§;(m) = Ryj(n,m) = Rij(n —m)
for all n,m € Z and all j,k € {0,1,...,T —1}.

In this case, the matrix

R(n) = {Ri;(n)}; 2y

is called the correlation matrix of the stationary T-dimensional sequence { (n).
Theorem 2.1 (Gladyshev [5]). A sequence {(n) is periodically correlated with period T
if and only if there exists a T-dimensional stationary sequence £(n) = {fk(n)}g;ol such
that {(n) admits the representation

T-1
(4) ()= ™" Tg(n),  ne.
k=0
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—

We say that the sequence &(n) generates the sequence {(n) or, in other words, {(n) is

—

generated by &(n).

Denote by £¢(\) the matrix of spectral density of a T-dimensional stationary sequence
£(n) = {&k(n) Z;ol Let fS(\) be the matrix of spectral densities of a T-dimensional

stationary sequence ((n) constructed from the periodically correlated sequence ¢(n) by

splitting in the blocks of length T. This means that a coordinate p of the vector {(n) is
equal to

C(n)P = ¢l +p), neZ p=0,1,....,T—1.

If the spectral density fg()\) exists, then the spectral density ff()\) exists, too, and
moreover

(5) FEN) =T - VN NTIVH),
where V() is the unitary matrix whose entry (k, j) equals
vj(N) = iemﬂ"“/T”“/T, k,j=0,1,....,T —1.

VT

Since V() is continuous for A € [—m, 7) and the inverse matrix to V() exists, we can
rewrite relation (0] as

(6) FEN) =T VTN ST V(TA).
3. THE PROBLEM OF FILTRATION. THE CLASSICAL SOLUTION

Let ¢(n) and 6(n) be two uncorrelated periodically correlated random sequences with
period T'. Consider the problem of the optimal linear estimation of the functional

AC =" ah)¢(—d)
j=0

that depends on unknown values ((n). We estimate A{ from observations {(j) + 6(j) for
4 < 0. This problem is called the problem of linear filtration.

Let £(n) = {gk(n)}f;ol and 7j(n) = {nk(n)}fgol be two uncorrelated T-dimensional
stationary random sequences with period T generating the periodically correlated ran-

—

dom sequences ((n) and 6(n), respectively. The T-dimensional stationary sequences ¢(n)

and g(n) are random sequences obtained by splitting the periodically correlated se-
quences ¢(n) and #(n) in the blocks of length T.
The relationships between the matrices of spectral densities

T-1 T-1

=50 e T =L

of T-dimensional stationary sequences £(n) and 7j(n) and matrices of spectral densi-

— —

ties f¢(A) and f()\) of the stationary vector sequences ((n) and 6(n) are given by
equalities (B and (6l), respectively.

Using relationship (@) between the periodically correlated sequences and stationary
vector sequences, we rewrite the functional A as

[e%s) 00 T—1 oco T—1
AC=Dali)C(=4) =D ali) D e PTG (=5) =D > alg)e I T (=)
j=0 j=0 k=0 =0 k=0
=Y ' (j)E(—h) = A€,

where @(j) = (ao(4),...,ar_1(j))" and ax(j) = a(j)e2"*/T for k =0,1,...,T — 1.
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Consider the problem of the optimal linear estimation of the functional

A=Y "a" (5)é(—9)
j=0

—

that depends on unknown values £(j). We estimate the functional Ag from observations
&(j) + () for j <.
Assume that the sequence of coefficients
T—1

- T—1 N —2mijk/T .
a(j) = {ar ()M = {atie b iz
defining the functional Ag = A( is such that
co T—1 0o 0o
ZZI% I—TZIG <o, Y GHDIEG)I =T G+Dlali) < oo
=0 k=0 j=0 §=0

Note that the second moment of the functional A€ = A¢ is finite under condition ().

Let a stationary sequence E () + 7(j) admit the canonical moving average representa-
tion given by

§G) +G) = Y d(j —u)lu)

where d(k) = {d;;(k)})—0 7" and where &(u) = {ex(u)}}'S, is a stationary vector

,,,,,

white noise sequence, that is,
Eak(n)sj(m) = 5kj6nm-
Here and in what follows §;; denotes the Kronecker symbol, namely dxr = 1 and dx; = 0
for k # 1.
Then the matrix of spectral densities of the sequence £(j) + 7j(j) is of the form
FEO) + £70) =TV HTA) (FSTN) + TN VTN

according to relation (Bl). Moreover the matrix admits the canonical factorization
®) T VYT)) ( £ + fg(TA)) V(TA) = d(\)d*(\), Z d(k)e~ i+,

where d*(\) = d()\)—r is the matrix conjugate to d(X).
Let either the spectral density 71V =1(T\) f$(TA\)V(T\) admit the canonical factor-
ization

(9) TV TN TAOVTA) = oNe™ (N, 9(0) = > p(k)e™ ™,

where (k) = {gpij(k)}gig::::?:ll, or the spectral density T2V —1(TN) f9(TA)V(T))
admit the canonical factorization

(10) TV IHENTAVTN) = (et (), =3 wk)e ™,

k=0
where (k) = {¢; (k;)}f:o i 1 . Then the factorization () of the density

T-lv-l(:m) ( FETN) + fQ(TA)) V(T))

follows if one of the densities given by (@) or (I0Q) is regular.



FILTRATION OF PERIODICALLY CORRELATED SEQUENCES 55

Denote by Ls(f) the Hilbert space of vector functions b(\) = {bx(A) Z:Ol that are
integrable with respect to the measure with density f(\) = {fkj()\)}f;-io, namely b €
Lo(f) if and only if

T T T—-1
[T s = [ 5 s RO AN d < +oc.
-7 T ke, l=0
Denote by L; (f) the subspace of La(f) generated by functions of the form
eIy, 5k = {0} k=0,1,...,T—1, j<O0.

A linear estimate AC of the functional A¢ constructed from observations ((j) + 6(j)
for 7 < 0 is determined by the spectral characteristic

h(e) € Ly (€ + 1)

and can be written as

(11) Ac= [ KT () (z5(an) = / ’ ihk (™) (ZE(@n).
—T —T k—0
where
ZE(8) = {Z5(A)}, -,

—

is the orthogonal random measure of the sum of the sequences £(j) and 7(j) that generate
the sequences ((j) and 6(j), respectively.
The mean square error of the linear estimate A{ with the spectral characteristic

= f: h(k)e "

k=0

is calculated as

A (s 1< 17) = EJal - A

- % AT () VLI STV (TAA) dA
1 " 7 i T
+ﬁ 7W[A(€>‘)—h(e>‘)}
x VTN (ff(TA) T)\ ) VITATAE™) = R dA
_ﬁ 4 [A (e™) —h (e )] VHTN) fA(TA)V(TA)A(e™) dA
1

- 57 AT( N VLT FATNV(TA)[A(E™) — h(e)] dA

= [[Wal® + ||D(a = )[* = (¥(a - h), Va) — (Va, ¥(a - h)),
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where
(o] k
=Y a7, | al® = Z [(Ta)el?,  (Ta), = o7 (k—Da(l),
7=0 =0
0o k
ID(a =B =Y NDla=m)l (D= = d"(k=1) (@) - 7)),
k=0 1=0
(U(a — h),¥a) = (Va, U(a — Z ke (Wa)g).

For given densities f 5(/\) and f 5()0, the spectral characteristic h( f <, f 5) of the optimal
linear estimate AC minimizes the mean square error
ATy = (n (s ) = min A (m S )
heLy (fE+19)
(12)
= min€ ’AQ AQ’

Let the density of an observable stationary sequence and that of the estimated sequence
admit factorizations (8) and (@), respectively. Then the spectral characteristic h(f*, ¢ f‘9)

which is a solution of problem (I2)), and the mean square error A( fC fe) of the optimal
estimate AC , are calculated as

(13) P (s s7) =BT (),
(14) A (ff, f5) = (£, a) - Hcfb} °
where
b(\) = f: b(k)e ™ b(A)d(N\) = I,
k=0
1€ () = 3 b e kA cp) = Oo—l I+k
()kZO( . ()klzg<><+>
(15) .
(k) = @) (®a)iik,
=0
k . o
(@a), =3¢ (k- Dall), <c<, a> -y <c<(k), a(k)> ,
=0 k=0

DAE

If the density of the observable sequence and that of the noise admit factorizations (8]

)
=L
I
it
—
Q
[l

and (I0), respectively, then spectral characteristic h( ff, fg) and the mean square error
A(fc7 fg) of the optimal estimate 121(: are given by

(16) B 07) = A(P) =T ()07 (),
a7 A1) = (&a) o]

Y
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respectively, where

() =30 (0) e, (cT) = SR+ b,

(18) k=0 =0
(k) = > D) (P,
=0
k . o .
(Ca)e =Y 0 (k=) (oa) =3 (k) k),
=0 k=0

=5 (%)
k=0

Therefore the following result holds.

Theorem 3.1. Let ((j) and 6(j) be two uncorrelated periodically correlated random
sequences with period T. Assume that fS(\) and f®()\) are the spectral density matri-

ces of T-dimensional stationary sequences E(j) and 5(]) obtained by splitting the one-
dimensional periodically correlated sequences ((j) and 0(j) in the blocks of length T', re-
spectively. Assume further that the spectral densities admit canonical factorizations (§)
and @) or ®) and [Q). Then the linear optimal estimate of the functional A( con-
structed from observations ((j) + 0(j) for j <0 is defined by equality (IIl). The spectral
characteristic h(fc7 fg) of this estimate is calculated by formula [I3]) or ([IQ), respectively.

The mean square error A(f<, f9) is calculated by formula [Id) or ([T), respectively.
Corollary 3.1. Let {(j) and 0(j) be two uncorrelated periodically correlated random

— —

sequences with period T'. Further let ((j) and 6(j) be T-dimensional stationary sequences
obtained by splitting the one-dimensional periodically correlated sequences ((j) and 6(j)

in blocks of length T, respectively. Assume that one of the sequences ((j) or 6(j) is a
vector white noise sequence whose coordinates have the variance o®. Then the spectral

characteristic h(fg, fg) of the optimal linear estimate of the functional AC is calculated
by formula (I3) or (I8). The mean square error of the prediction is equal to

- B ot
A (€ 57) = o*all* ~ libal,

where

a=(a(0),a(1),...),  la@l>=Y"la®)P,  [Pal® =" I(Ba)el?,
k=0 ;=0

oo

(ba)y =Y b(Da(l + k).
=0

Corollary 3.2. If the assumptions of Corollary Bl hold, then the mean square error of
the optimal linear estimate a(N)((—N) constructed from the observations ((j)+0(j) for
7 <0 is given by

=0 0’4N— 2
A(£547) = a2 = Z5 Y|

Example 3.1. Consider two uncorrelated two-dimensional stationary sequences

o= (63) 0= (1)
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n € Z, such that £(n) is a one-dimensional stationary Ornstein—Uhlenbeck sequence
with spectral density /

5/4

o) = 2m[1 — 1/2 - e~ A2

&1(n) is a one-dimensional stationary sequence that is uncorrelated with &y(n) whose
density is fi(A) = 2=[1 4 e™[%, no(n) is a white noise sequence with spectral density
go(A) = 2, and 71(n) is a white noise sequence that is uncorrelated with no(n) whose
density is ¢1(\) = % According to Gladyshev’s Theorem 2] one can construct two
periodically correlated sequences with period T' = 2 such that

((n) =&(n) +e™ & (n) and  O(n) =mno(n) + ™ i (n).
‘We estimate the linear functional
AC = ag(0) = ao(0) + a&1(0)
with a(0) = o, « € R, and a(k) =0,k > 1

Evaluating the spectral characteristic ( fg, f§) by using formula ([I3]), we obtain the
estimate

R 3/2 N
Ac=a(3)" @)+ mo) + @O+ mO) - a3 197 ey(1) + (1)

026 1) +m (1) + ay/ 2 T 2y 4 my(-2) 0 2(6(-2) + m(-2)

)k 1
#2e3 GRG0 k)
according to equahty (). The mean square error of this estimate is evaluated from
formula ([I4)) as
A (ff, f9) — a2 - 0.596.

The spectral density of the two-dimensional stationary sequence 6 (n) is given by (@) and
equals

—ix/2 5e”™N2 g —iN/2 —ix/2|?
= 1 2 ¢ ﬂx/z 2 +3|1+e ‘ 276711/2 e ‘1—'—6 |
fC(A) = 5 iN/2
2 |275:——A/2|2 — 3¢iA/2 |1 + esz/2| m +3 |1 + e7ZA/2|

Analogously, the matrix of spectral densities of the two-dimensional stationary sequence
6(n) is equal to

1 7 3eT M2 gemiN2
0 = — . .
f ()‘) T on (361)\/2 _ 461)\/2 7 :

4. THE MINIMAX (ROBUST) METHOD OF FILTRATION

If the matrices of spectral densities f(A) and g(A) are known for two T-dimensional
stationary sequences ((j) and 6(5) obtained by splitting the one-dimensional periodically
correlated sequences ((j) and 6(5) in blocks of length T, respectively, then one can use
formulas ([I3)-({7) to evaluate the spectral characteristic and mean square error of the
optimal linear estimate of the functional A(. If the matrices of densities are not known
but a set D = Dy x D,y of admissible spectral densities is given, then one can follow
the minimax approach to estimate the functional that depends on periodically correlated
sequences. We search an estimate that minimizes the mean square error simultaneously
for all spectral densities belonging to the class D.
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Definition 4.1. Given a set of pairs of spectral densities D = Dy x D, the matrices of
spectral densities fO(\) € Dy and ¢g°(\) € D, are called the least favorable in the class D
for the problem of the optimal linear filtration of the functional A( if
A(f%9°) =A(h(f9°); 1% ¢°) = max A(h(f,9); f,9)-
(f,.9)€D

Definition 4.2. Given a set of pairs of spectral densities D = Dy x Dy, the spectral
characteristic h°(\) of the optimal linear interpolation of the functional A( is called
manimaz or robust if

h°(\) € Hp = Ly (f+9), min max A(h; f,g) = max A (A% f,g).
(A) € Hp (fgr)lD 2(f+g),  min max A(hif.g)= max A(h%/9)

The following results can be checked explicitly by using relations (8)—(I17) obtained
above (see [15]).

Lemma 4.1. The matrices of spectral densities fO(\) € Dy and g°(\) € D, that admit
the canonical factorizations @) —-0Q) are the least favorable in the class D for the problem
of the optimal linear filtration of the functional AC if the coefficients in factorizations
@) -([Q) determine the solution of the conditional extremum problem

A(f,g) = <cg,a> — HC’gb* ’ — sup,
(19) f) =TV(Ne (NT) (V(Ne (NT))" € Dy,

g(\) =TV (d(N/T)d" (\/T) — ¢ (\/T) " (A\/T))V*(A) € Dy,

or the conditional extremum problem

A(f,g) = < §,a> - HC’%* ’ — sup,
(20) g(\) =TV NP (M/T) (VN (A/T))" € Dy,

F) =TVN)(d(N/T)d" (\/T) — v (\/T) " (\/T))V*(\) € Dy.

If one of the densities, either @) or (), is known, then problems (I9) and (20)
become conditional extremum problems with respect to the sequence of the coefficients
{b(k), k > 0} of the matrix function b(\) = > p  b(k)e X,

Lemma 4.2. Let the spectral density f(\) be known and admit canonical factoriza-
tion [@). Then the spectral density g°(\) also admits canonical factorizations (&), (IQ)
and is the least favorable density for the optimal linear filtration of the functional AC if

F) +9° () =TV (N (\/T) (VN (A1)
where
d°(\) =D d(k)e*>
k=0
and where the matriz coefficients {d°(k),k > 0} are determined by the solution
{0 (k), k > 0}

of the conditional extremum problem

(21) HCEEH2 —inf,  g(\) =TV (V/T) (VI (V/T)" ~ f() € D,
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Lemma 4.3. Let the spectral density g(\) be known and admit canonical factoriza-
tion [IT). Then the spectral density fO(\) also admits canonical factorizations (B)
and @) and is the least favorable density for the optimal linear filtration of the func-
tional AC if

PO +9() = TV(N (A/T) (VN (\/T))",

where
dO(A) — Zd()(k)efik)\
k=0

and where the matriz coefficients {d°(k),k > 0} are determined by the solution
{t°(k), k > 0}

of the conditional extremum problem
(22) HC%H2 inf,  fO0) = TVN(V/T) (VN (VT))* — g(N) € Dy

The least favorable spectral densities fO(\) € Dy and g°(\) € D, and the minimax
spectral characteristic h® = h(f°, ¢%) form a saddle point of the function A(h; f,g) in
the set Hp x D. The saddle point inequalities

A(h% f,9) <A (K% 1%, ¢°) <A (h; f°,4°),  VheHp, Vf € Dy, Vg € Dy,

are satisfied if h° = h(f°, ¢°), h(f°, ¢°) € Hp and if (f°,¢°) is a solution of the condi-
tional extremum problem

(23) A(h(f°,9%; f.9) = sup,  (f,9) €D,
where the functional

A (h(f°,9%); f.9)

= %LT _: (rg,O(eM))T bO(A)V_l(T)\)f(T)\)V(T)\) (bo()‘))*mdk
ﬁ _7; (7"57°(e“>)T POV L TN g(TAV(TA) (b°(N)) " 150(e) dA

depends linearly on unknown densities f and g belonging to the set of admissible den-
sities D and where the functions rf’o(ei)‘) and r(;’o(ei)‘) are calculated by relations (IH])
and (I8)), respectively, under the conditions that ff()\) = ff’o()\) and f§(A) = fg’o()\).

The conditional extremum problem (23)) is equivalent to the unconditional extremum
problem

Ap(f.9) =—=A(h(f°,9%): f,9) +6((f.9) | D) — inf,

where 6((f,g) | D) stands for the indicator function of the set D. The solution (fY,¢°)
of the latter extremum problem is determined by the condition

0€dAp(f°4°),

where OAp (9, ¢%) is the subdifferential of the convex functional Ap(f,g) at the point
(f,9) = (f°, 4% (see [16] for detail).
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5. THE LEAST FAVORABLE SPECTRAL DENSITIES IN THE CLASS DF,G

Consider the problem of the minimax estimation of the functional A that depends
on periodically correlated sequences ((j) with period T for the set of spectral densities

of T-dimensional stationary sequences ((j) and 6(j) obtained by splitting ((j) and 6(j)
in the blocks of length T*:

@) Dra={ (K. W) s oo [ v anranvan -

1 ™

=8 VTN fI(TA)V(TA) dA = G},

where F' and G are specified numerical matrices. Solving the conditional extremum
problem (23) with the help of the Lagrange multipliers method, we find that the least

favorable spectral densities fE’O()\) and f§,0()\) are such that

VT (0°(0) 0 (7‘5’0()\))* WOV T(TA) = aa,

j— — =

VTR (1)) 700) (1700 ) OOV T(TA) = FB

Here @ = (ag,...,ar_1)" and 5 = (Bo,...,Br_1)" denote the Lagrange multipliers.
The latter relations hold if
T

7

rf’o(e“‘) = (V(T)\)dO(A))
r0(e) = (VTN W) " A

a

Then the least favorable densities are such that
= o ped . T
(25) FEON + 1700 = 7 (90N T)) rSO(eN T,
. ~ VA T
(26) FEON) + F7O0) = 8 (170N ) a0 T5

where "? = (Oéo, NN 7’)/T_1)T, g: (50, ey (ST_l)T and "?&T = IT7 XET = IT.

The Lagrange multipliers 5 and & as well as the matrix coefficients {6°(k),k > 0}
are determined from the equations of canonical factorizations (8)—(I0) for the matrices
of spectral densities fS0(\) + f%0(N), f$2()\), and f%°()\) and restrictions defining the
class Dp .

If one of the spectral densities is known, then one can use one of the relations (25])
or ([26) to calculate the least favorable spectral densities for a given class Dp . If

the matrix of spectral density fE()\) is known, then the least favorable spectral density
fP9(\) € Dg equals

(27) 7700 = [7.(+¥ () T @) - 1)

+

If the matrix of spectral density fg()\) is known, then the least favorable spectral
density f¢°(\) € Dr equals

- ot oy T =
(28) 0N = [5 (7‘9 (e’)‘/T)) r? (eNT)6* — fe()\)] .
+
Therefore the following result holds.
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Theorem 5.1. The least favorable matrices of spectral densities ff’o()\) and f‘;’o(A) mn
the class Dp.¢ for the problem of the optimal filtration of the functional AC are determined

from equations [28) and 28), factorizations ®)—{0Q), relations [I9) and @0), and from

restrictions defining the class Dp .

The minimaz spectral characteristic h(fCO, f§,0) of the estimate of AC is given by one

of the relations [I3) or ([G).

The mean square error A(ff’o,f(;’o) of the optimal filtration is given by one of the

relations (I4) or (1.

Corollary 5.1. If the matriz of spectral densities fE()\) (or fg()\)) is known and admits
canonical factorization @) (or [I0)), then the least favorable spectral density f%°()\) (or

ff,O()\)) is determined by relations 21), I), @) -{Q) (or @), @2), @ -{Q)) and

restrictions defining the class Dp .

The minimaz spectral characteristic h(fE’O, fJ’O) of the estimate AQ 1s given by one of

the relations (I3) or (I6).

The mean square error A(ff’o, f§,0) of the estimate is given by one of the relations (I4)

or (D).

Example 5.1. Let T =1, f(\) = ‘1—\/567“‘
AC = k((0), k € R.

We apply formula ([28) to evaluate the least favorable spectral density. The coefficients
{b(0),b(1)} are solutions of the conditional extremum problem (22]) written as follows in
the case under consideration:

{(3b(0) — V/2b(1))2 + 26%(0) — min,

2, and ' = 5. We estimate the functional

b2(0) — b*(1) = 5
Then the least favorable spectral density in the class Dp is given by

2
Qe—ix
2

- 16 2

o = | |-

— }1 —V2e™

+

Note that ff’o()\) does not depend on the coefficient «.
The minimax spectral characteristic evaluated by (@) equals

h (ffvo,ﬂ) = g (1 + %H”) .

According to () the estimate of the functional A( is given by

A¢ = 5(6(0) +6(0)) + F(6(=2) +0(-2)).

The mean square error A¢ attains the maximal value A( f570, f‘9) = %n .

2 6
6 11

ac="Tew -2

The least favorable spectral density is found from relation ([28). In the case of the
minimal rank m = 1, the matrix coefficients {b(0),b(1)} are solutions of conditional

Example 5.2. Let T = 2, fg()\) =I5, and F = ( ) We estimate the functional
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extremum problem (22])

(b(0)(1/23/2,/23/2) T — b(1)(7/2,=7/2)T) (b*(0)(1/23/2, \/23/2)
—b*(1)(7/2,-7/2)) + (b(0)(7/2,-7/2)7) (b*(0)(7/2,—7/2)) — min,
0 0

L+ b(1) (L2 + F)B*(1) = b(0) (I + F)b*(0) = |

Then the least favorable spectral density of the class Dp is given by

; 2 6 178v23 (1 2 A A
¢,0 — _ 2iovel —iX/2 ix/2
A <6 11) 10569 (2 4> (e Te )

The minimax spectral characteristic evaluated from formula (I8) equals

o of 7.14e7* — 3.23
C,0 (0 )
h (f f ) ~ <—6.746M - 3.61) '

In the calculation above we round decimals to the nearest hundredth. According to (1),
the estimate of the functional A( is given by

A¢ &~ —3.23(£0(0) + 10(0)) — 3.61(£1(0) + 71(0)) + T-14(&6(—1) + 1o (—1))
— 6.74(£1(=1) 4+ m (—1)).

The maximal value of the mean square error A¢ is A( ff,O’ fg) ~ 23.37.
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