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OPTIMAL STOPPING TIME PROBLEM FOR RANDOM WALKS

WITH POLYNOMIAL REWARD FUNCTIONS
UDC 519.21

YU. S. MISHURA AND V. V. TOMASHYK

ABSTRACT. The optimal stopping time problem for random walks with a drift to the
left and with a polynomial reward function is studied by using the Appel polynomials.
An explicit form of optimal stopping times is obtained.

1. INTRODUCTION

The stopping time problem for stochastic processes has several important applications
for the modelling of the optimal behavior of brokers and dealers trading securities in
financial markets.

The classical approach to solving the optimal stopping time problem is based on the
excessive functions needed to determine the so-called reference set that defines explicitly
the optimal stopping time [TH3].

An entirely different approach to the solution of the optimal stopping time problem
is used in this paper. Namely, our method is based on an application of the Appel
polynomials (see [4L[5]). This paper is a continuation of studies initiated in [6] and is
devoted to a generalization of some results obtained in [4].

Let £,£1,&2, ... be a sequence of independent identically distributed random variables
defined on a probability space (2, S, P) and such that E€ < 0. Consider a homogeneous
Markov chain X = (X7, X3, X3, ...) related to the sequence {;} as follows:

k
Xo=z€R, Xe=z+S, So=0, Se=> & k>L
=1

We denote by P, the probability distribution generated by the process X. Thus, P,,
x € R, together with X defines a Markov family with respect to the filtration (3%)x>o,
where S = {9, Q} and S = o{&1,..., &} k> 1

The optimal stopping problem is to determine a reward function

V(z) = sup E,g(X;)I{r < oo}, z € R,
reiﬁtgc

where g(7) is a given measurable function, I{-} is an indicator function, and M is the
class of all Markov times 7 assuming values in [0, co].

The random variable

7" = argmax E, g(X,)[{r < oo}
TEMS

is called the optimal stopping time.
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The power reward function g(x) = (z)¥ is considered in the paper [4]. In the current
paper, we consider polynomial reward functions g(z) of the following form:

N
:17) = ch(I+)k, Cr € R.

The optimal stopping time problem for a random walk X is considered in the paper [6]
for the case of polynomial reward functions of an arbitrary order and with nonnegative
coefficients; an explicit expression for the optimal stopping time and that for the price
function are also found in [6] for this case. The aim of this paper is to determine the
optimal stopping time for a random walk X = (X1, X, X3,...), where both a reward
function and a price function are polynomial. Since the solution of the optimal stopping
time problem is cumbersome for general coefficients of the polynomial reward and price
functions, we state the result below for the general case and provide the detailed proof for
a particular case where the order of the polynomial reward function does not exceed 3.

2. AUXILIARY RESULTS AND DEFINITIONS

We need several auxiliary results and definitions for the proof of the main result of
this paper.

Definition 1. Let n be a random variable such that Eexp(A|n|) < oo for some A > 0.
The polynomials defined by

_exp(uy)
Eexp un) kzo k! Qk
are called the Appel (or Sheffer; see [5]) polynomials, Qx(y) = Qx(y,n), k=0,1,2,....

The polynomials Qg (y) are expressed in terms of the cumulants xi,Xx2,... of the
random variable 7 as follows:

Qo(y) =1, Q1(y) =y —x1, Q2(y) = (y — x1)* — x2,
Qs(y) = (¥ — x1)° = 3x2(y — x1) — X3,
where x1 = pi1, X2 = —p + pi2, and xs3 = 24} — 3p1p2 + ps; here py = Enk.

Note that the polynomials Qx(y), &k = 1,...,n, are uniquely defined if one assumes
that E |n|™ < co. Moreover,

(1) diyczk@) —kQualy),  k<n,

in this case. This equality is sometimes used to define the Appel polynomials recursively
[].

Note that Qg (y) is a polynomial whose order equals k; see [5]. In particular, this
means that every set of n Appel polynomials Q1 (y), Q2(y),...,Qn(y) is a system of
linearly independent functions.

Throughout in this paper we deal with Appel polynomials generated by the random
variable M = supj~( Sk, that is, Qx(y) = Qx(y, M), k =0,1,2,... . The cases where the
distribution of the random variable M can be written explicitly are considered in [7HI0].

The following result is proved in [4]. Lemma [I] provides us with sufficient conditions
for the Appel polynomials generated by the random variable M to be well defined.

Lemma 1. a) Let Ee* <1 for some X > 0. Then
Ee'M < 0o

for all u < \.
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b) For an arbitrary p > 0,
E¢T)Pl <o = EM?< .
Remark 1. Tt is proved in [4] that
M>0, P{M<ool=1 P{M=0}>0, and M2 (M+¢*.
The proof of the following result is also given in [4].

Lemma 2. 1) Let E(¢1)"*! < co. Then
a) EQn(M +z) =2™;
b) if 7o = inf{k > 0: X}, > a}, then
Eo {7y <00} X =EI{M + 2z > a}Q,(M + x)

for all a > 0.
2) The polynomial Qn(y), n > 1, has a unique positive root a
0<y<al, and Q,(y) increases for y > al.
3) Let f(x) = EI{M +z > a*}G(M + z) < oo, where the function G(z) is such that
Gy) > G(z) > G(a*) =0 for ally > x > a* > 0. Then f(x) > E f(§+ ) for all x.
4) Let f(x) and g(x) be two nonnegative functions such that

(2) f(x) > g(x)
and f(z) > Ef(§+x) for all xz. Then

f(z) = sup EI{T < oo}g(Sr + )
TEME

* .
n?

moreover Qp(y) <0 for

for all .

It is proved in [] that the roots a} of the Appel polynomials @, (y) are increasing,
namely 0 < a] <ab <aj <....

The representation of the Appel polynomials in terms of the cumulants and property 2)
of Lemma 2] imply that

X120,  x2>0, x3>0, x2>xi, Xi—3x2x1+x3>0.

The case of y; = 0 is degenerate in the sense that the random walk moves to the left in
this case and hence 7 = 0. This implies that the Appel polynomials are power functions
in the case of x; = 0. Thus throughout below we assume that y; > 0.

Definition 2. We say that P(y) is a function of type A(a) if there exists a number a > 0
such that

(3) {P(a> =0, P(y)<0in[0,a),

P(y) increases in [a, 00).
The following result contains a simple criteria for a function
Py(y) = =C1@Q1(y) + C2Q2(y),  C1, C2 >0,
to be of type A(a).

Lemma 3. Let xo > X3. The polynomial

Py(y) = —C1Q1(y) + C2Q2(y), Cr, C2 >0,
is a function of type A(a) if and only if the coefficients C1 and Cy are such that
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In this case, the number a for which the polynomial Py (y) satisfies property @) is given

by
a—a*—l—cl—i- l—cf—i— +
~2750, 10z TraeTX

Proof. We represent the polynomial P»(y) in terms of the cumulants

Py(y) = Ca(y — x1)*> = Ci(y — x1) — Caxo-
Then the roots of the polynomial P(y) are given by

. 10, [1c2
10 = X1+ 5~

5 Ch ZC—S—FXQ-

Since the maximal root of this polynomial is positive and Ps(y) is increasing in the
semiaxis on the right of the maximal root, the system of conditions (B]) is equivalent to
the inequality a] < 0. We write the latter condition explicitely as

+lﬁ_ 10_124_ <0
MToe, \aoz TRe=E

or, equivalently,

(4) Ca(x2 = x1) = Cixa-

The left hand side of inequality (@) is positive by the assumptions of the lemma. This
implies the following restrictions on the coefficients C; and Cj:

Lemma [3] is proved. |

Theorem 1. Let E€ < 0 and E(¢7)* < oo for k € {1,2}. Assume that x2 > X3 and
that the coefficients C1 and Cy satisfy the assumptions of Lemma Bl Then the stopping
time 75 = inf{k > 0 | Xy > a}} is optimal for the random walk X = (Xo, X1, Xo,...)
with the reward function g(x) = —Crat + Cy(x™)?2.

The proof of this result is given in [6].

3. MAIN RESULT
Consider the reward function
g(x) = Crzt + Co(z™)? 4+ ... + Cp(z™)", Cp > 0.
This function is related to a linear combination of the Appel polynomials

P,(y) = C1Q1(y) + C2Q2(y) + ... + Cr.Qn(y), Cp > 0.

We choose the coefficient C,, to be positive, since we will assume throughout that the
polynomial P,(y) is a function of type A(a) and this is not the case if the coefficient is
negative.

We want to establish the restrictions imposed on the coefficients C1,Cs, ..., C, of
the polynomial P, (y) under which P, (y) is a function of type A(a). Another aim is to
find an explicit expression for the price function and the optimal stopping time for the
random walk X = (X1, X2, X3,...) with the reward function g(x).

The following result contains necessary and sufficient conditions to be imposed on the
coefficients in order that the polynomial P, (y) is a function of type A(a). We omit the
proof of this result.
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Theorem 2. The polynomial P, (y) is a function of type A(a) if and only if one of the
following conditions holds:

a) The derivative of the polynomial P,(y) does not have roots in the semiazis [0, 00),
and P, (0) < 0.

b) The derivative of the polynomial P, (y) does have roots in the semiaxis [0, 00) but
these points are not local extremums of the polynomial P,(y), and P,(0) < 0.

¢) The derivative of the polynomial P, (y) does have roots in the semiaxis [0,00)
and some of them are local extremums of the polynomial P, (y); the first of the
local extremums in [0,00) is a point of minimum; the function P,(y) is negative
at each of the local mazimums y € [0,00) if they exist; and P,(0) < 0.

d) The derivative of the polynomial P,,(y) does have roots in the semiaxis [0, 00) and
some of them are local extremums of the polynomial P, (y); the first of the local
extremums in [0,00) is a point of mazimum of the function P, (y) and P,(y) is
negative at each of the local mazimums y € [0, 00).

The assumptions of Theorem [2] imposed on the coefficients Cy, Cs, ..., C), of the
polynomial P, (y) look cumbersome if n > 3. Thus we restrict the consideration to the
case of n = 3. The following result provides necessary and sufficient conditions on the
coefficients Cy, Cy, and Cj5 for the case of n = 3 under which the polynomial Ps(y) is a
function of type A(a).

Theorem 3. A polynomial P3(y) = C1Q1(y)+C2Q2(y)+C3Q3(y), C3 > 0, is a function
of type A(a) with some a > 0 if and only if one of the following four conditions holds:

2 C2 C
G —3G +9x: <0, ot =33+ >0,
CQ
b —xel =& Vi — 36 + 9% < & 3
3
< XT — 3xex1 + X3, S IF — xal — 8 x1 < xi —3xex1 + X3,

o2 G _ 301
& =38+ 9 >0, ot —35 T2 >0,

CT 401 g Cs /€5 301 {9y, <3y, — &2
cz o T X2>3X1_C_3’ 3 Cs S Cs?
C? c3 2

VE - 3% 90> & -3, 2(% -3 +9%)

3
L03 - xa] — xS 3 - 3xaxa + s <0G G — 28 +27xs.

Proof. We use property () of Appel polynomials and the representation of the Appel
polynomials in terms of cumulants to write the derivative of the function Ps(y) in an
explicit form. We have

dP:
;y(y) — Oy + 20501 (y) + 3C5Qa(y) = 3Cs(y — x1) + 205 (y — x1) + C1 — 3Csxa.

Since C3 > 0, the graph of the derivative as a function of the argument (y — x1) is a
parabola going to infinity with its argument. The roots of the derivative are given by

—CQ + \/022 — 30103 + 903%)(2
3Cs '
Denote by D = C2 — 3C1Cy + 9C%x> the discriminant of the derivative dPs(y)/dy.
Now we rewrite the assumptions of Theorem [2] for the case of a polynomial Ps(y) of

the third order.
Assumption a) holds if and only if one of the following conditions holds:

1) either the discriminant D of the derivative dPs(y)/dy is negative and P3(0) < 0;

Yi,2 = X1+
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or the discriminant D of the derivative dPs(y)/dy equals zero, y; < 0, and
P3(0) <0
or the discriminant D of the derivative dP3(y)/dy is positive, yo < 0, and
P5(0) < 0.

Assumption b) is equivalent to the following one:

"

the discriminant D of the derivative dPs(y)/dy equals zero, y; > 0, and P5(0) < 0.

Assumption c¢) is equivalent to the following one:

5)

the discriminant D of the derivative dPs(y)/dy is positive, y; < 0, y2 > 0, and
P5(0) <0.

Finally, assumption d) holds if and only if

6)

the discriminant D of the derivative dPs(y)/dy is positive, y; > 0, and Ps(y;) < 0.

Merging conditions 1), 2), and 4), we obtain the system

D <0,
P3(0) <Oa

which is equivalent to the first system in the statement of Theorem

Transforming conditions 3), 5), and 6), we see that they coincide with the second,
third, and fourth systems in the statement of Theorem ] respectively.

Therefore all the possible cases are considered and Theorem [2 is proved. |

Now we are going to investigate the solvability of the system in Theorem [3for different

cases.

Remark 2. a) Let xo2 — x3 = 0 and x3 — 3x1x2 + x3 = 0. The domains where the

systems of inequalities in Theorem [ have solutions are depicted in Figure 1(a).
Our current aim is to show that there are no polynomials Ps(y) of type A(a)
with C; < 0. Indeed, the last inequalities of the first and second systems in
Theorem B reduce to Cy/C3 > 0, while the last inequality of the third system is
given by C1/C5 > 0. We have shown numerically that the last inequality of the
fourth system does not hold if C; and Cj5 are such that C;/Cs5 < 0.

Let x2 — x3 > 0 and x$ — 3x1x2 + x3 = 0. The domains where a solution of
the systems of inequalities in Theorem Bl exists are depicted in Figure 1(b). Note
that there are no polynomials Ps(y) of type A(a) with two restrictions C; < 0
and Cy < 0 in this case. This result follows, since the last inequalities of the
first and second systems in Theorem [B] reduce to Co > x1/(x3 — x2)C2. The
last inequality of the third system transforms to Cy > x1/(x? — x2)C2. We have
shown numerically that the last inequality of the fourth system also does not
hold if ¢4 < 0 and Cy < 0.

Let xo —x2 = 0 and x} — 3x1x2 + x3 > 0. The domains where solutions of the
systems of inequalities in Theorem [3] exist are depicted in Figure 1(c). Note that
there are polynomials Ps(y) of type A(a) in this case whose coefficients C; and
C5 both are positive or both are negative or such that C; - Cy < 0. This follows
from the first and third system in Theorem [3

Let x2 — x? > 0 and X3 — 3x1x2 + x3 > 0. The domains where the systems
of inequalities in Theorem [B] have solutions are depicted in Figure 1(d) for this
case. Similarly to the preceding case, there are polynomials P3(y) of type A(a)
whose coeflicients C7 and Cs both are positive or both are negative or such that
Cy-Cy <.

Note that domains I, II, and III are depicted in Figure 1 with the help of precise
restrictions, while approximate restrictions are used for domain IV.
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The domains whose points satisfy the systems of inequalities in Theorem [3are depicted
in Figure 1 for the cases discussed in Remark

By the roman numbers I, II, ITI, and IV we denote the numbers of the appropriate
systems corresponding to the domains in Figure 1.

We have used the following data to depict Figure 1.

) X2—=X1=0,xi = 3xix2+x3=0, (x1=1, x2 =1, x2 = 2).
b) x2—=x3i >0, x —3xix2+x3=0, xa =1, x2=2, x2 = 5).
¢) x2—xi =0, x7 —3x1x2+ x3 >0, (X1—1 X2—1 X2—3)-
d) x2 —x3>0,x} —3xixa+x3 >0, ( )

G, G
10 10 =
1T ; 11
I 11
5 5
/// I : I
/| (& ) (3.9) q
V.30 [eN I (6 0) G
s =
10 10
5 0 5 10 15 20 2 30 5 0 5 1 15 20 25 30
[N G
c, Gy
10 10 =
m it
m e 11
5 s
I I
" | q 1,09 _|@o | [
[EEEIRIED) G, 6.0 [N
v o< IV
5 5
10 10

FIGURE 1. Domains of solutions of systems in Theorem [3 for different cases

Remark 3. Tt is proved in the paper [6] that if C; > 0, Cy > 0, and C5 > 0, then the
polynomial Ps(y) = C1Q1(y)+C2Q2(y) +C3Q3(y) is a function of type A(a). This result
is compatible with that of Theorem [Bl In particular, it is seen from Figure 1 that the
domain of solutions of the systems of inequalities in Theorem [l covers the right upper
quadrant in all the cases a)—d).

The following result provides an explicit form of the optimal stopping times and price
function for the random walk X = (X7, X5, X3,...) with a polynomial reward function
of order n.

Theorem 4. Let E€ < 0 and E(61)*! < oo for k € {1,2,...,n}. Assume that the
coefficients C1,Cs, ..., Cy of the polynomial g(z) = Crat +Co(z )2 +...+ Cp(a™)™ are
such that C,, > 0 and that the polynomial P,(y) = C1Q1(y) + C2Q2(y) + ...+ CrQn(y)
is a function of type A(a). Let a}, be a positive root of the polynomial P, (y).
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Then the stopping time 7,0 = inf{k > 0 | X} > aX} is optimal for the random walk
X = (Xo, X1, Xo,...) and the reward function g(x). Moreover
Va(z) := sup E, g(X:)I{T < oo} = E, g(X7x)I{T, < o0}
TEME

and
Valz) =EP, (M +x)I{M +z > a}.

Proof. Consider the functions g(x) = Ci1x + Coz? + ... + Cpx™ with C,, > 0 and

Vo(z) := sup E,g(X,)I{r < oo},
Tefﬁlgo

where 95?80 is the class of stopping times of a special form, namely 7 = 7,, a > 0. Here
To = inf{k > 0| X} > a}.

It is clear that §(X,,) = g(X,) in the set {7, < oo}, whence V,(z) < V, (), since
V() is defined with respect to a wider class of stopping times 915°.

Now we show that
(5) Vi(z) = EPy(M 4 2)I[{M + x> a’}.
Indeed, the case 1), b) of Lemma [ implies that

Eo I{7a < 00} XF =EI{M +2 > a}Qr(M + ), ke{1,2,...,n}.

Multiplying the preceding equality for the corresponding Appel polynomials by the co-
efficients C1, Co, ..., ), and summing up these results, we obtain

E, I{r, < 0}§(X;,)=EI{M+2x > a}P,(M + z),

a

where P, (M + z) > 0 in the set {M + x > a} for all a € [a],,00). Thus
EP,(M + z)I{M +z > a}

is a decreasing function in [a}, 00).

Now let a € [0,a}]. Then
EP,(M+2)I{M +z > a} = EP,(M +z) — EP,(M + 2)I{M + z < 0}
—EP,(M+2)I[{0<M+z<a}.
The case 1), a) of Lemma [2] implies that
EP,(M +z) =E(C1Q1(M +2) + C2Q2(M + 2) + ... + Cr@Qn(M + x))
= 0133—1-021‘2 +...+C,z".

It follows from Theorem [2 that P,(M + 2)I{0 < M + z < a} < 0, whence we deduce
that

P,(M+2)I{0 <M +2x < a}
is a decreasing function and thus the function P,(M + z)I{M + x > a} increases in
[0,a%]. Since the P,(M +x)I{0 < M +x < a} is continuous and decreases in [a}, 00), it
attains the maximal value at the point a = a}. Therefore equality (B]) is proved and the
stopping time 7,, = 7,- is optimal in the class 95° for the reward function g(z).

It remains to show that V,, > V.(x) to complete the proof. Consider the function
f(z) = Vy(x) = ERPy(M 4+ 2)I{M + x > a},} and apply statement 40 of Lemma [ with
g(z) = Crzt + Co(z™)? + ... + Cp(z)™. First we check condition (@) for = € (0,a}).
Observe that

H{M+x>a}P,(M + ) = (P,(M +x))*
by Theorem [3 for = € (0, al,).
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The Jensen inequality together with the case 1), a) of Lemma [2] imply that
f(@) =E(Po(M +2))t > (EP(M + )" =Ciat + Co(zt) > + ...+ Cp(zh)" = g(a).

The second condition in statement 4) of Lemma 2l holds with the function G(y) = P, (y)
in view of statement 3) of Lemma
Therefore, the function f(x) is an excessive majorant for

g(z) = Crat + 02(1'+>2 4.+ Cplah),

whence we conclude that f(z) > V,,(x). Since f(z) = V,(z), we prove that V,, > V,,(x).
Therefore, V,, = Vy(z) and hence the stopping time 7,, = 7,: is optimal in the class Mmee
for the reward function g(z).

Theorem Ml is proved. O

4. EXAMPLES

The conditions x2 —x3 > 0, X —3x1x2+x3 > 0 and xo—x7 = 0, x§ —3x1x2+x3 =0
imposed on the cumulants xi1, x2, and x3 of the supremum of the random walk M =
SUpy>q Sk, where Sy = 0, S, = Zle &, k > 1, appear in Lemma [ and also in the
investigation of the solvability of the systems of inequalities in Theorem 3] (see Remark[2]).

The main attention in the papers that are devoted to the studies of the distributions
of supremums of random walks is paid to the tail behavior of distributions [II] or to
the asymptotic behavior of distributions [I2HI4]. Only a few results are known where
the distributions of maximums of random walks [7HI0] can be written in a closed form.
Examples of random walks possessing the properties needed for the purposes of this
paper are constructed in [I0] by using the distribution of the maximum of an integer-
valued random walk with the exponential distribution that is widely used in the queueing
theory [7].

Let v1,v2,v5 ... be independent identically distributed random variables assuming two
values 2 and 0 with probabilities p and 1 — p, respectively, where p € [0, %)

Consider the random walks N, = >0 _ v, and S, = N, —r=>""_,(v; — 1), Sp = 0.
The increments of the random walk S, are equal to 1 and —1 with probabilities p and
1 — p, respectively. The expectation of the jump is equal to E[y; — 1] = 2p — 1 and is
negative if p € [0, ). This means that the random walk has a drift to the left.

The distribution of the random walk N,., r > 1, is given by

0 if k <0 orif k is odd,
P(N, = k) (1—-p)" if k=0,
R ifk:isevenandifr<§,

ps(1—p)T% if kis even and if r > k.

It is proved in the paper [I0] that the distribution of the random variable M =
Supy>1 Sk is given by

1—(1—20)"° P(N; =i+ k) ifk>0
(6) P < k)= 4L~ (=25 PO =G+ k) i k>0,

0 otherwise.
Since the probabilistic characteristics of the maximum M of the random walk depend
on the probability p, we denote the cumulants and moments of this maximum by x;(p),

1> 1, and p;(p), ¢ > 1, respectively.

Theorem 5. There ezists py € (0,3) such that the cumulants x1(p), x2(p), and x3(p)
of the supremum M = supy, Sk of the random walk {Sy} are such that

x2(p) = x1(p) >0, xI(p) — 3x1(p)x2(p) + x3(p) >0
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for all p € (0, po].
Proof. 1t is easy to check that

o0

:ikP(M:k):ZP(MZk),
k=1 k=1
p)=Y KPM=k =23 PM=>j),
k=1

k=1j=k
s(p) =Y KP(M=k) =6 > > P(M=>1).
k=1 k=1j=k l=§
If p = 0, then the supremum M of the random walk Sj equals zero, whence we derive
that all the moments and cumulants of this supremum are zero.
Consider the function fi(p) = x2(p) — x3(p) = u2(p) — 2u3(p). Its derivative at the
point p = 0 is given by

™ dfi(p) _ dua(p) dpa (p)

—4 .
i i f11(p) o
The second term of the right hand side of () equals zero at the point p = 0, since

11(0) = 0 in this case.
Then we consider the first term. Using formula (@),

(8) d“2 (ZZPM>3)_2(§:§:§: (1-2p)P Nl_l+]))/.

k=1j=k k=1j=k =1 p

The expression on the right hand side of (§)) is a power series with respect to p. The
theorem on the differentiation of power series allows one to exchange the summation and
the differentiation in the domain of convergence.

To evaluate the derivative dus(p)/dp at the point p = 0, we write

d“2 222(1—2p)iP(Nl:l+j)>;

k=1 j=k =1
ZQZZU—%)Z( (N =143))0=4> S ST PNy =1+ ).
k=1j=k =1 k=1j=k (=1

Using the explicit form of the distribution of N,., r > 1, we prove that the second term
on the right hand side of the latter equality equals zero at p = 0.

Except for one occasion, all the terms of the first sum on the right hand side equal zero
at p = 0. The nonzero term (being equal to one) corresponds to the case of k =1 = j = 1.

Thus f] (p)‘pzo =2.

Therefore the function f1(p) = x2(p) — x3(p) equals zero at p = 0. Since
fio)],_g =2>0,
the function f;(p) increases in a neighborhood of zero. Hence there exists a number
p € (0, %) such that f1(p) > 0 for all p € (0, pg].
Now we consider the function
f2(p) = x1(p) = 3x1(p)x2(p) + x3(p)-
Note that f2(0) = 0. Next we evaluate the derivative of the function f5(p) at zero:

—df;](?p) =3x1(p) _dx;;p) -3 (xl(p) —dXCZEp) +x2(p) dxdl;p)) + dxjjgp)-
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The first two terms equal zero at p = 0, since all the moments of the random variable
M equal zero. The third term is rewritten as

dxs(p)
dp

dpa(p) — ,m(p) pi2(p) dpis(p)

= 6u3(p) 2 — 32 —3— —

11(p) o o (p) ap 1(p) + ap

All the terms on the right hand side, except the last one, equal zero at the point p = 0.
We rewrite the last term dus(p)/dp as

!/ !
o0 oo o0 oo oo o0 o0

d’“” =63 Y pPmr=n] =6(X 33> (-2 PWy=1+h)

k=1j=k l=j

» k=1 j=k l=75 h=1 »
Again using the theorem on the differentiation of power series, we justify the interchange
of the summation and differentiation. Thus

[ olae ole o BNe o

dﬂﬁ =633 S S (1= 2) PNy = L+ ),

k=1j=k l=75 h=1

Il
(@)
\d
\d
Pﬁ
!
=
’.G
E
|
n
=

~S|
[\
g
g
g
\g
e
E
|
n
=

The last term on the right hand side of the latter equality equals zero at p = 0. All the

terms of the first sum on the right hand side, except one term, equal zero at the point

p = 0. The nonzero term equals one and corresponds to the case of k =j=1=h = 1.
Thus we conclude that the function

f2(p) = x3(p) — 3x1(p)x2(p) + x3(p)

equals zero at p = 0 and f (p)’p:O > 0. Hence this function increases in a neighborhood

of zero and there exists a number p3 € (0, 3) such that fo(p) > 0 for all p € (0, p].
Finally we put pg = min{pg, p2}. The proof of Theorem [ is complete. O

One of the cases discussed in Remark [2] involves the condition

x2 — X1 =0, X5 —3xix2+x3=0

imposed on the cumulants of the maximum M of a random walk.

Remark 4. Tt is proved in the monograph [7] that if the increments & of a random walk S,
can be written as £ = £T — £~ and if the distribution of £T is exponential, that is,

P(¢T > 2) = c- exp(—ax), a>0, x>0,

then the distribution of the supremum M = sup,~, Sk of a random walk is also ex-
ponential, namely P(M > ) = Const - exp(—A\1z). In this case, x2 — x> = 0 and
X3 — 3x1x2 + x3 = 0. These equalities are seen from the graphs of the Appel polyno-
mials Q2 and @3. The cumulants of the maximum of a random walk in the case of the
exponential distribution are given by
1 1 2
le/\—l, XQ*A_%v XB*)\_%-

The Appel polynomials Q2 and @3 are depicted in Figure 2 for the case of \; = 10. We
see that Q2(0) = Q3(0) = 0 and this is equivalent to the set of two equalities yo —x3 = 0
and X% — 3x1x2 + x3 = 0.
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QZ
0.25F
0.20
0.15¢
0.10F
0.05F /
—0.2 —b.l O..l 0.2 0.3 O..4 0..5

FIGURE 2. Appel polynomials for the exponential distribution of the
supremum of a random walk

5. CONCLUDING REMARKS

The optimal stopping problem for a random walk with a drift to the left is considered
in this paper for a polynomial reward function. Necessary and sufficient conditions are
established under which a linear combination of the Appel polynomials that corresponds
to the reward function has a unique positive root. We found an explicit form for the
optimal stopping time and the price function of a random walk in terms of the maximal
positive root of the linear combination of the Appel polynomials. It turns out that
the optimal stopping time is the moment when the random walk crosses a barrier for
the first time; the latter moment can be evaluated as the maximal positive root of the
corresponding linear combination of the Appel polynomials. Some examples of random
walks are considered for which the results of the current paper are applied.
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