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ESTIMATES FOR THE PROBABILITY THAT A SYSTEM
OF RANDOM EQUATIONS IS SOLVABLE IN A GIVEN SET
OF VECTORS OVER THE FIELD GF(3)

UDC 519.21

V. 1. MASOL AND L. O. ROMASHOVA

ABSTRACT. Let P, be the probability that a second order system of nonlinear random
equations over the field GF(3) has a solution in a given set of vectors, where n is
the number of unknowns in the system. A necessary and sufficient condition is found
for P, — 0 as n — oo. Some rates of convergence to zero are found and some
applications are described.

1. SETTING OF THE PROBLEM. STATEMENT OF MAIN RESULTS

Let
(1) 23 ag-‘ltj)éle:vjz =0, weJ,

1<j1<j2<n

be a system of nonlinear random equations of the second order considered over the field
GF(3), where ), denotes the summation in the field GF(3) and where J = {1,...,T}
and T'= T (n). Recall that GF(3) contains only three elements.

We assume that system (Il satisfies the following condition:

(A) the coefficients a;‘:j)-z, 1< j1 <ja <n, u€J, are independent random variables

assuming values in the field GF(3) according to the distribution

(n) _ _ (m) _ _ (w) _ _
Plajiy, =1} =P{aj5, =2} =pu,  Plajj, =0} =1-2p,.
Let V,, be the family of all n-dimensional vectors Z, T = (z1, 2, ..., T,) whose coor-

dinates belong to the field GF(3), and let V,, =V, \ {Z: |Z| < 1}, where |Z| denotes the
number of nonzero coordinates of the vector z.

Let 21 and 2 be two arbitrary vectors, where (9 € V,,, z(0 = (x(lq), . ,x%q)),
qg=1,2. Let icc,, c1,c2 € GF(3), denote the number of pairs (¢, ca) among n possible
pairs (z;(M,z;®), 1< j <n.

Let ¢ =ig1 + 02 and [ = i19 + in0.

By M,,, we denote the maximal subset of the set V,, (with respect to the inclusion)
with the property that arbitrary vectors (1), z(2) € V.l belong to M, if and only if

(2) i+1>1.
For example, if n = 3, then
M; =1{(1,1,0),(1,0,2),(0,2,2),(1,2,1)}.

Key words and phrases. System of nonlinear random equations, probability that a system is solvable,
rate of convergence, a field containing three elements.
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Let 6,, be a random variable equal to the number of solutions of system ({I) that belong
to the set M,.
In what follows we assume that the probability p, varies in such a way that
clnn 1 clon
(3) n <pu < D) n
where In3/In2 < a1 < ¢ = ¢(n) < az < oo and where {a,: r =1,2,...} is a sequence of
bounded positive constants.

Theorem 1.1. Assume that conditions (A) and @) hold. Then
(4) P {6, > 0} = o(1), n — oo,
if and only if
In2
5 T=n"24A,,
5) "s
where A,, — 00 as n — 00.

Remark 1.1. The existence of solutions belonging to a given set of vectors for a system
of equations is considered in [2] for different right hand sides. In [I], special solutions of
a homogeneous system of linear random equations over a finite field are studied and the
study of special solutions for the random linear inclusion is considered.

Theorem 1.2. Let conditions (A), @), and () hold. Assume that the parameters €1,
g1 € (0,1), and ¢ vary in such a way that

0 < e < < <4 1 In3
Y1 S €1 3 cln?2 )

where vy and y1 are fized numbers.
Then there ezist a Teal number g5 € (0,1) and natural number ny = ng(e1,€2,c¢) such
that P {0, > 0} < Z; for n > ng, where

eln t
Inn

t
7 1 ( 1 ) 1
1= 2 N
] In2(;_1n3 _3 , ]
t! c ‘(1 5 4'}/0) CAn,L (172704»%6 5171Lnn+%ci,]2 5;7”;1)71)

n3

In2

1 9 7lm+An
e —
(3 362%(1+\/§)>

A,
s
eXp{,ﬁnw%@+5n)} { 21n2 }
exp
)_1 In3

3 n%nca% (1+#

gomn

+

and where o(e2) = —eglogy g9 — (1 — €2) logy (1 — &3).

Theorem 1.3. Let conditions (A), @), and @) hold. Assume that the parameters e
and ¢ vary in such a way that

4 1 In3
0<51S€1C§50<—<1—ﬂ),

3 cln2
where a, By, and By are fized numbers such that a > 0 and
3 In3
- 1-— .
at 450 < ayln2
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Then, given an arbitrary fixed real number o, £o € (0, 1), there exists a positive integer
number ng, no = no (€1,€2,¢), such that P {0, > 0} < Zy for n > ng, where

Anp
In2 2
e 1 2 N3 eXP{ 3,022 } 2In2
_ no(e2) [ 1 — ~n2 27 ————
%= pa t2 (3 - 3e%ﬂ1> - 3 eXp{n%W%—lln:&}'

Remark 1.2. The upper bound Z; (Z3) approaches 0 as n — oo under the assumptions
of Theorem [[.2 (Theorem [L3)).

2. THE FIRST TWO FACTORIAL MOMENTS OF THE RANDOM VARIABLE 6,

Lemma 2.1. If condition (A) holds, then

(6) £, =37 ; (’Z) Q.

g Q=1 (1+20- 30

Proof. Let the symbol £(Z) stand for the indicator of the random event that the vector z,
Z € M,, is a solution of system (Il). Condition (A) implies that

T
(8) E0, = Z E&(z) = Z H P 23 ay:])élexj? =0
T:xEM,, T:2€EM, p=1 1<j1<j2<n
Denote by ¢ the number of nonzero coordinates of an arbitrary fixed vector z € M,,. We
will need the following relation:
1 1

(9) P{£:a}:§_§(1_3p*)kv QEGF(g)v a7£07
where & = & +5 - +3 & (see [2]). Here &,...,&, 1 < k < oo, are independent
identically distributed random variables such that P {{; = a} = p*, a € GF(3), a # 0,
and P{&{& =0} =1—2p*, s =1,...,k. The symbol +3 denotes the summation in the
field GF(3).

Using relation (), we obtain

T
(10) [T >, alfwnen=0]=3"Q.

=1 1<j1<j2<n

The total number of vectors of the set M, that have ¢ nonzero coordinates is equal to
the binomial coefficient (?) Thus, with the help of relation (), equality (8) can be
rewritten in the form of (@]). O

Let I = {io1,%02,%10, %20, %11, 122, 112, %21 }-
Lemma 2.2. If condition (A) holds, then

e (1 t! N
(11) Eg =9 TZ(t> > e
e il

i+l+h=t
where

(12) Q=11 (1 +2 (Zu - 3pu>F(”>> .
p=1

r=1
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The summation Y above is considered with respect to all indices i, I, and h such that
i+l4+h=tt—i>2,t—1>2, andi+1>1; the parameters "), r =1,...,4, are
defined by the equalities

(13) rt = (;) + (;) F G+ D)E—1—1),

(14) r® = (tgl),

(15) r® = <t ; l>

(16) r = (;)+(;)+<t_é_i>+(i+l)(t—l—i),
respectively.

Proof. Condition (A) together with the equality E QE] = E6,(0, — 1) and representation
On = Zi:ieMn ¢ (z) implies that

(17) 6 =) Ec@W)eE?),

where the summation ), is considered with respect to all pairs of vectors (i(l),a_:@))
such that (9 € M, ¢ = 1,2, and (M) # z(®). With the help of equality ([7) we find
that

=2, HP{U{ H(5®) = g, A0 (20,53)) = iz k= 1,2} }
5 T (00 (60.5) ) T 0 () )

(18)

s

where the symbol | J (22) means the union (summation) corresponding to all solutions
of the following system of the two equations y; +3 y12 = 0 and y2 +3 y12 = 0 over the
field GF(3), where

A (5(1)@(2)) _ Zg al®, A (E@) _ Z?, a®,  g=1,2,

weE12) weEW
for pu € J, and where

B0 = {(j1,j2),1 < g < 2 <mi a2l £ 0, =12,
E@ = {(jl,]2) 1</ <jo<n: x(q)x(q);&(),xQ) (q)—O},

J1 J2
qge{1,2}, " €{1,2}, ¢
Let v, 43 and 7(3) be the number of elements of the sets E(Y), E?) and EF(12),

respectively.

Put
(19) I =M 4~ r® =~ 4 6
(20) e =~0 4 ,6) I =71 4 42 4 46,

Considering condition (A) and using equality (@), relation (I8) can be rewritten as
follows:

T 4
_ 1"("')
(21) EgZ =9 T21Hl<1+2<§1 1—3p,) ))
e

r=
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For arbitrary vectors (1), z(?) € M,,, denote by ¢ the total number of pairs (c1,¢2),
(c3,0), (0,c4) among n possible pairs (:cj(l),xj@)), 1 < j < n, with the property that
cieacsey # 0 for all ¢1,¢9,c3,¢4 € GF(3). Then t = i + [ + h and the total number
of pairs of vectors (z(1),z(?)) for which equality ([2I) holds is found from the following

equation:
Z h'z'l'n—t < > h'z'l'

i+l+h=t i+l4+h=t

The summation ) |, on the right hand side of (2I) means the summation over all pairs
of vectors (f(l),:i@)) such that 2V # z®, 2@ ¢ M, ¢ = 1,2, and is equivalent to
the summation with respect to all parameters i, [, and h written on the right hand side
of (). Note that the inequalities t —i > 3, t—1 > 3, and i+ > 1 imply that |£(1)‘ >1,
£(2)| > 1, and 2V # 23 respectively.

Next we check equality ([I3]). First, we find some explicit expressions for the parame-
ters (1) and ~3).

Our current goal is to show that

(22) y 1 = ’E(l)‘ = (;) Flt—1—1).
Indeed, we represent v(!) as a sum of two terms, namely
(23) /0 = |EP|+ B8
where
BV = {(]17]2)1<J1<J2<ﬂ wl,g)#ﬂx ;—?20}7
By = {(jl;j?) 1<ji1<j2<mn: xﬁ), ﬁ) # 0; x Oaxﬁ) # O}a

J € det, 3" € i det G # 5"

Since the sum 419+i20 means the total number of nonzero coordinates of the vector z(%)
corresponding to the nonzero coordinates of the vector Z(?) and since i11 422 +i12 + 921
means the number of the nonzero coordinates in the vector z(!) corresponding to the

nonzero coordinates of the vector z(?), we find
a1 50]- (3),
(25) ‘Eé”’:l(t—l—z’).

Taking into account equalities (23)—(28) we obtain ([22]).
Similarly we have

(26) ‘ ’—(>+zt—l—z)

Thus (@), [22), and @6) imply relation ([[3). Finally, the definition of the set E(?)
proves that

i1
<3>:‘ <12>’: t—u—=1)
(27) = |E ( :

Now (M), 28), and @7) imply equality ([I4]). Then we derive (I3 from (20, (IZ{I)
and 7). Using 200, @3), 26), and 27) we get equality (I0).
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Remark 2.1. We see from the proof of Lemma that the number i + [ + h (see equal-
ity (D)) is equal to the sum of elements of the set I. In particular, h = i11+i22+i12+1%21
and [ = ilO + izo.

3. AUXILIARY RESULTS
Lemma 3.1. If condition (A) holds and
(28) Pu< 5 —w,

where 0 < v < % and i € J, then
(29) Ef, >0
for an arbitrary n > 2.
Proof. In view of (@) and (@), relation ([29) follows if
(30) Q: > 0, n > 2.
To prove inequality (B0) we represent the product @; defined by equality () as follows:

3
(31) Qt = H Qt;?‘a
r=1

where @, means the product of all factors on the right hand side of equality (7)) for
which the parameter p belongs to the set W,., r = 1,2,3. Here

1
Wl_{u’IS/,LSTpuég},
1 1 AW
W = < 1, 1§,L¢§T:§<p”§§—v, 9 iseven, t > 25,

1 1 t
Wgz{u, 1§M§T:§<pu§§—v,<2) isodd,t22}.

Denote by 7, the number of elements of the set W,., that is, n, = |W,|, r = 1,2,3.
Then

3
(32) Z N =1T.
r=1
The definition of the products ()1 and Q.2 implies that
(33) Qt;l Z 17 Qt;2 Z 1.
Considering condition (28)), we find
(34) Qi3 > (6v)".
It follows from (BI)-@4) that Q; > (6v)™, whence we obtain inequality ([B0) and
hence (29)) is proved. O
Lemma 3.2. Assume that conditions (A) and @) hold. If
In2

T<n—r0

(35) <nig +mg

as n — 0o, where my is a constant, then
(36) Q: > as, n — 0o,

’07" an ar bi“ a?y t S F, wh@?e
2 lnn
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Proof. Taking into account representation ([BI)) we see that relation (B8] follows if, for
t € I and as n — oo, there exists a constant a4 such that

(37) Qrr > ay, r=123.

Similarly to the proof of inequality (B3) we obtain Qi1 > 1 and Qe > 1 fort € F,
pwe Wi, and p € Wy if n > 1.

Now we check representation 1) for r = 3. Indeed, taking into account (@) and the
inclusion p € W3, we prove that, for t € F|

(38) (1—3p,) () > o= % (+o) ey {—ch (14 o(1)) lnn}

as n — 0o, where ¢ > In3/In2.
Using (@), B3], and (B8) we get

In 2
npin2
n2 In

Q3 > as (1 — ag2” T (o) exp {—%cn (14 0(1)) lnn}> , n — 0o.
This implies inequality 1) for r = 1,2, 3. Now relations (3I)) and [B7) prove 36). O

Lemma 3.3. Let b and c be fixed integer numbers such that 0 < b < ¢ and let 1, be a
sequence of integer numbers such that 1, /n — 0 as n — co. Then

n 2 c? Yn
" ¢ exp {5 (i +0 (%)) }
(39) [b B < - =y , n — oo.
en] = vn pin—tn (¢ — p) T
Proof. Relation ([B9) follows from the Stirling formula [4]. O

Lemma 3.4. Let condition (A) hold and let t > 4 be an arbitrary number. Then, among
the four parameters TU0) 1o =1,... 4, defined by relations (I3)-[8), there are at least
three parameters T, T) 1) 1) 1y 15 € {1,2,3,4}, 11 # I, Iy # 13, Iy # I3, such
that

r<lr>2%—1, r=1,2,3.
Moreover, among these three parameters, there exists at least one parameter
e {ly,ly, s},
such that

Proof. Let i > % Then, applying relations ([I3)—(I6), we prove that there are at least
three parameters I'‘t), T(2) TUs) [y 1y 13 € {1,2,3,4}, I1 # o, Iy # I3, Iy # I3, such
that T0) > (3), ¢ >4, 7 =1,2,3.

Now let

(40) i<

N |

Consider separately all possible cases.
1) If inequality (@0) holds and I > %, then

t t t
s (s (2 re s (1) s (2 r® > > (2
—\2/ = \2)’ —\2/ = \2)’ - —\2

by (13), (I3), and (I6);
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2) if inequality ([#0) holds and h > %, where t = i+1+h and h = 111 +i22 +i12 + 121,
then we use relations (4], (I3)), and ([I8) and obtain the bounds

()= (=) (- ()= ()

3) if inequality (@Q) holds and I + h > %, {>1,and h > 1 (the cases where [ > % and
h=0orl=0and h> % are considered in cases 1) and 2) above), then [h > % -1

Indeed, let I+ h = 3, where 3 > £. Then lh = (3 —1) > 3 —1> 5 —1. The
inequality (8 — 1) > B — 1 holds, since the function f(z) = z(8 — z) increases in the
interval [1;8/2], decreases in the interval [3/2; 8 — 1], and attains its minimal value at
x=1orat z =0 —1 (without loss of generality we assume that 1 <z < 3 —1).

Therefore (I3), (5), ([I8) and the inequality (h > £ — 1, 1+ h > § imply that

t

r<1>z(i+l)(t—z—i):(z‘+l)hzmz5—1,
t
r@ - (PR S (2 r@spm s b 0
2 )= \2) =7 =2

Let pmin = ) gligT Py In what follows the symbol ¢, stands for a positive fixed number
<u

whose precise value is specified for each appearance of ¢, ¢ > 1.

Consider the sums
n
D, =31 ,
> ()

teR,
where z = 1,2, 3,

R, = {2; [\/%” , Ry, = H\/%} +1; [5271]} , R3 = [[ean] + 1;n].

Lemma 3.5. Let conditions (A), @), and @) hold. Assume that the parameters 1 and
¢ are varying in such a way that

4( ln3>
c1c< v < < 1 .

3 cln?2
Then
VA | 1 t
St \ e (-5 1)
(41) t
1
X 1
e (1 g0 doy/ B p ey YT )

Proof. Taking into account (@) and (@) we obtain

(42) Q< 3" (1 — 2Prmin (;) +3 (pmm (;)>2>

for t € [2; [\/22]]. It follows from (@Z) that

[ ?J] nt 3ein Inn
4 D, < Ty =Tt min 1- oo 1- - min
(43) b= Z t! exp{ p < 41nn < 51n>p )}

t=2

for all ¢t € [2; [,/%]]

Now conditions ([B]) and (B together with inequality ([@3)) imply bound (&IJ). O

T
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Lemma 3.6. Let conditions (A), @), and (@) hold. Assume that the parameters e; and ¢
are varying in such a way that e1c > 1 > 0. Then there exists a number ea, 0 < g9 < 1,
such that

ni22tA,
< 9gno(e2) 1 ;

(44) Dy <2 +— = :
3 g 8m(ry/En)

where o(g2) = —eglogy ea — (1 — &) logy (1 — £2).

Proof. For t € [[\/T2Z] + 1, [e2n]], we get

(45) Qi < (1 +2exp{—3pmin([ f] “) })

Now relations @), (@), and [@5) yield

1 2 MREEA
(46) D, < §+—m) > (t>
=

3
365651 (1+ e1n

The inequality

[e2n]
Z n < 2na’(62)
t] =

t=0
implies bound (@) in view of inequality (@6l), where

o(eg) = —eglogyea — (1 — €3) logy (1 — €3)
(see [3]). O

Lemma 3.7. Let conditions (A), @), and () hold. Then

An
2
eXp{ 3 nce2 1+ 1 }
) Dy < Fneed (1t 2k exp{ 21n2 }
)71
In3

3 n%ncs% (1+#

eon

for eq > 0.

Proof. For t € [[ean] + 1, n], we have

(48) Q, < (1 + 2exp {—Spmin ([Wg + 1> }) "

Using @) and ({@8]), we obtain

2m 2T
(49) D3 S —TeXp -
3 exp{%ca%n (Inn) (1—!—8%”)}

Pl 2n22 4+ 24,
D3 < 312:23n+_‘4n exXp §n052(1+ 1 )
n2 2 Y0

from (Bl and ([@9), whence inequality (1) follows. O

Now we derive
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4. PROOF OF THEOREM [LL1]

Proof. Sufficiency. We show that (B) implies
(50) Ef, = o(1), n — 0.
Considering (@) and (), the expectation E8,, can be written as follows:

3
(51) E6, = Z Dy,
h=1

where D1, Dy, and D3 are defined above.
Taking into account representation (BII), relation (B0) follows from
(52) Dy, = o(1), n — 00,
for h = 1,2, 3. Using {Il), (#4)), and (@7), one easily checks relation (E2)) for h = 1, h = 2,
and h = 3, respectively.
Now relation (B0) follows from (GBI and (52). Using (B0) and Chebyshev’s inequality,

we prove ({]).

Necessity. Let P{0, >0} — 0 as n — oco. We show that (@) holds. If equality (B
does not hold, then equality (B8] holds. Our current goal is to show that there exists a
positive constant C' such that

(53) P{6, >0} >C >0, n — oo.

In other words, relation (B3)) means that, with a positive probability, there exists a
solution that belongs to the set M,,. First we prove the following upper bounds:

(54) (E0,)"" < as,
(55) E012 (E6,) % < ag
and use them further in the inequality

-1 [2] —2\ !
(56) P {6, >0} > ((E6,) " +E0l (E6,)7")
(see [A]).

Then relations (@) and (29) together with Lemma 32l imply that
(57) (E6,) " < 372776,
where
~1
(58) 5y < a3 <z—n 3 CL)) . n—o oo
teF

Lemma B3 with b = 1, ¢ = 2, and ¢, = [n/lnn] allows one to conclude that

n
27" 1
S() o1 o
teF
which together with (B5l), (57), and (G8)) proves (B4)).

Similarly to the proof of (54]), we make sure that

(59) (372"E6,) " <ars, n— oo
Next, relation (B9) implies that inequality (B3] follows from
(60) 9747 " EQ1 < qq, n — 0.

Considering ([IT), the left hand side of (60) can be rewritten as follows:
(61) 974 EQ =478 (n; Q)
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where

. " /n t
(62) swan =Y (1) ¥ pin@

t=3 i+l+h=t

We represent S (n; Q) as a sum of two terms S7 (n; Q;) and Sz (n; Q;), namely
(63) S(n;QF) = 51 (n;QF) + 82 (n; Q7))

where S; (n; QF) differs from S (n; QF) by the set of summation on the right hand side
of ([62) where the indices 4, I, and h are such that

(64) o > (;")

where ¢ is a constant such that 0 < & < 1, and where I'"™), » = 1,... 4, are defined by
equalities (I3)—(I6). Here Sa (n; QF) is the sum of the rest of the terms in S (n; Qy).

Relations @), [I2)), B5), and (G4)) imply that

(65) S1(n;QF) < agSi (n;1), n — 0.
The inequality S7 (n;1) < 4™ together with relation (63 yields

(66) S1(n;Q7) < agd”

as m — 0o.

Next we represent the sum Ss (n; Q;) as follows:
4
(67) Sy (n;Q5) = Sauk (n: Q)
k=1

where Sa.i, (n; Q) differs from Sy (n; QF) by the set of summation on the right hand side

of ([62)). Namely, the summation on the right hand side of (62) is considered with respect

to all those elements of the set I such that there exist Iy,...,l; € {1,2,3,4} for which

It < () and T > (7)), wherer € {1,2,3,4}\{l1,.... lk}, s =1,... .k, k=1,... 4.
For each k =1,...,4, we represent Sa.;, (n; Q7) in the following form:

(68) Sar (; Q) = S Samtn Q7))
1<t <--<tp<4

where So.4,.. 1, (n;QF) denotes the sum of all terms of Sy, (n; Q;) for which

it < @") I=1,....,k, I®> (Z”) e {1,2,3,43\ {t1,....tn}.
We show that, for all k£ =1,
(69) Sk (03 QF) < a104™ (1 +0(1))

as n — o0o.
Using @), (I2), and B5) and recalling the definition of the sum

S2;1;1(”3 Qr)
(S2;14(n; QF)),
we obtain
(70) Sa.1.1 (7 Q) < @112" 52,11 (13 1)
(71) (S2;154 (; QF) < @112"S2,1;4 (n5 1)),
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The inequality '™ < (%) (I'® < (%)) and relation (I3) ((6)) imply that all
parameters i, [, and h involved in forming the sum S (n; QF) (see (62))) do not exceed en.
Then the polynomial theorem implies that, for k = 1,

(72) Saaka (n31) < exp {4 ()}
(73) (Saakss (n3 1) < exp {02 () n))

as n — oo, where o, (g9) > 0asegg = 0forr=1,2,....
Taking into account ({0) and ([2)) ([7Il) and (3)), we prove the following bound:

(74) So.151 (n; QF) < a2 exp {01 () n}
(75) (S2;1:4 (05 QF) < a112" exp {02 (€) n}).

Further, the inequalities I'® < (%) and t—1 = i+h > 2 (see Lemma[22)) and relation
(@) allow one to rewrite the sum Sa.1.2 (n; Q;) as follows:

3

(76) Saa2 (m3QF) = > 845 (m:Q7),

=1

. t !
St (3 Q7) =Y C‘) > ( ) > @ 1=123

t=3 qeR; q i+h=q

The closed intervals Ry, [ = 1,2, 3, with integer end points are given by

e'n e'n
27 ) R2 =
Inn Inn
where ¢’ and ¢” are fixed positive numbers such that 0 < ¢’,&” < 1.
Taking into account (I2), we have for ¢ € Ry

(77)  Qp<3” (1 — 2Pmin (g) <1 +0 (pmm (g))) +2exp {‘3”““ <€2n ) }>T

as n — co. Bound (7)) together with relations (@) and [B5) implies

Ry =

+1; [5”71]1 , Rs = [[¢"n] + 1;1],

In 2
In 3

qclnn "

QF < ap3hin (1 1+0()) + 2n—%ce2n<1+o<1>>)

as n — 00.
Thus, if ¢ € Ry, then

2102 (1 + o(1)) } < 1

q
(78) @ < a2 eXp{nécswuo(l))l 103 nc%(l+o(1)+0(s’))>

as n — oo. The definition of the sum 55;11);2 (n; Q) and relation (78) imply
o o~ 1 2 !
(%) Sira (m1 Q1) S aued” ) (=g )

as n — oco. Using equality (I2)), we get for g € Ry

Viax|+1
(80) Q;:k S 142 exp _3pmin (|: ln;z:| ) +6 exp {_3pmin (ETL) }

2

T
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Now we apply @), (83), and [B0) to prove that

. 2) 6 o3 v tmo
(81) Qr < (1 + caee’ (140(1) T ngcszn(1+o(1)))

as n — oo for g € Rs.
Recalling the definition of the sum 55?1);2 (n; Q) we deduce from the polynomial for-
mula and bound (BT that

(2) et n _oz(e)n 2 6
(82) S50 (m Q) < ais2"e” (1 1 e ro) T EeEn(iro))

as n — oo. For ¢ € R3, we take into account equality (I2]) and similarly to ([82) find that

9 6 B ntmo
(83) Q< (1 + nae(e)?n(1+o(1) + ngcs2n(1+o(1)))
as n — 0o. Again using the polynomial formula together with bound (83]) we obtain
(84) Siita (n:Q7) < argd”
as n — co. Combining (7)), ([[9), (82), and ([B4) we get
(85) Sa12 (3 QF) < ar7d™ (1 + o(1))

as n — oo. Further, let F(3)<( ) t —1>2. Then

Soi1;3 (N Q) = (n;Q7),

HMw

where
1 " n t
sheman =3 (1) T () T @ =12
t=3 q€eR; q l+h=q
This representation together with (Bl allows one to prove similarly to (&) that
(86) Sz;1:3 (03 Qf) < a184™ (1+0(1))

as n — oo. Now we derive inequality ([@9) with k£ = 1 from relations (68]), (74), (73,
D), and (D).

Next we show that, for k = 2,
(87) SQ -k (’I’L Qt) < a1951n3” aa(e)n

as n — 00.
Indeed, relations @), (I2)), B3), and [G8) imply that, for k = 2,

(88) So (n;Qf) < 053" Z Soikest o (151)

1<t <t2<4
as n — oo. Then the inequalities I'(f1) < (%) and ) < (), where 1 <ty < tp < 4,
together with (I3)—([I0) yield that the parameters 4, [, and h on the right hand side
of ([62) do not exceed en. This, in turn, implies the bound

g)n
max S04, .4, (151) < ag1e”® as(e)n,
1<t;<tp<4
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whence
(89) > S, (ni1) < agpe
1<t <t2<4
Now inequality (87) with k = 2 follows from (B8]) and (89)).
Next we prove that

(90) Sauge (13 QF) < agsThaneTs(En

for k =3 as n — oo.
Indeed, relations @), (I2)), [B3), and (68) imply that

(91) Soik (03 Q)) < azgTHI™ Z S2ikit b ts (151)

1<ti1<to<tz<4

for k =3 as n — oo.
The bound

(92) Do Sasirtas (ni1) < agse™O"

1<t1<ta<tz<4

is proved analogously to ([89). Then ([@I]) and ([@2) prove inequality (@0) for k& = 3.
Finally, we show that

(93) Sa (05 QF) < azed™ (14 0(1))

for k =4 as n — oo. Note that the parameters 4, I, and h on the right hand side of (G2)
are such that

(94) max (4,1, h) < en.

Inequality (@4) follows from I'") < ("), r =1,...,4, in view of (I3)(I8).
In particular, inequality ([@4]) allows one to represent Sa.4 (n; QF) in the following form:

4
(95) S2.4 (n; Q1) ZS(p) (n; Q7),
where
N n
(96) spman =Y (1) X gm@n et
teR, i+l+h=t
The closed intervals R,,, p =1,...,4, whose end points are integers, are equal to

e, nefof] [l )
R [[22] ]

where ¢ is a constant such that 0 < § < %
We show that
(97) S5 (5.Q7) < agrd™ (1 4+ o(1))

as n — oo. If t = 3, the inequalities i +1 > 1, ¢t —i > 2, and t — | > 2 (see Lemma [22])
imply that ¢ € {0,1}, 1 € {0,1}, and i+ # 0. Further, we consider separately all possible
combinations of the parameters ¢ and [.
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1.Ifi=1andl=0ori=0and ! =1, then we derive from ([[2)—(I6]) that

(g) M%; ) M ];[ (1 +2 (i‘; (1- 3pH)F("'>>>

T

= (;’) H (1+4(1—3pu)3+2(1—3pu)2+2(1—3pu)>-

p=1
In view of (@B)), (B5), and ([@8]) we deduce that

n o) a84™
(99) (3) > AN vht H <1+2 <Z (1 =3pu) >> S SR (o) 3

i+l+h=3 r=1 7 In3

(98)

as nm — 0o.
2. If i =1 and | = 1, then similarly to the proof of ([@9) we obtain

n el 0,294”
(100) <3) > Z,,h,H<1+2<;1—3pu) ))SW

i+l +h=3 n
as n — 00.

With the help of relations (@9)) and ([I00) we obtain that, for ¢ = 3,

n I ! ) asp4™
(101) <t> Z iVl h! H (1 +2 (Z(l - 3py) < nasi(l+o(1))

i+l+h=t = p=1 r=1

as n — 0o. Now one can easily check that bound (I0T]) holds for ¢t = 4,...,7, whence we
derive inequality (@1]).
Then we show that

t
s 3
(102) 4 (n;Q7) < azd™ E: ( ;§(1+o(1))1>

as n — 0o.
Put t) min = minger, t and t, max = maxeer, t for p = 2, 3.
Taking into account relation (I2) and Lemma B4 we get for ¢ € R, p = 2,3, that

T

Q; < (1 +2 (1 (1= 3 FG) a1 - 3pmin)(5*1)))

2 T
S <9 - 3pmint (1 - > Ht) ’
tp,min
t t 1 (tpmin )’
H, — Up,min 2_13 i p,max 1 - p,min 1.
tS Ty AT ( 2 ) (2 < : )t

Using @), (1)), and [I03J) (for p = 2), we get, for ¢ € Ry,

* n 1 !
(104) Q; < aszd <W>

nfin3

(103)

where

asn — 0o. The definition of Séiz (n; QF) and inequality (I04]) complete the proof of (I02]).
Next we prove that

2 n2 o0 2
3) (1. OF) < " 3In"n 3ln"n
(105) 32;4 (n7 Qt) — a344 ( P (1 3c5)(1+0(1))) tz:; (n 1 (1 3c6)(1+0(1))

t

n
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as n — oo. Taking into account @), (BH), and ([I03)) (for p = 3), we obtain, for ¢ € R,

(106)

V. I. MASOL AND L. O. ROMASHOVA

1

t
Q7 < aszsd ( Cln2(132¢5)(1+0(1))>

nCm3

as n — oo. Thus bound ([03]) follows from (@) and (I06).
Then we show that

(107) 88 (1 QF) < aze2"” exp {os () n} (1 +

2

exp {%cé (1+ 0(1))})

as n — oco. Relations [B]) and (B8] together with Lemma B.4] imply that

(108)

QI S a372” <1 +

as n — oo. Relation ([@4]) proves that

(109)

Séiz (n;1) < assn'/? exp {os (¢) n}

2
STL

2 >1n

exp {%cé (1+ 0(1))}

in view of the polynomial formula. Considering (@), (I09), and (I08) we get inequal-
ity (I07).

Combining @5)), (@7), (I02), (I05), and ([IT7) we obtain ([@3]).

For S5 (n; Qy), relations (67), @), (80), [@0), and @3] imply

(110) Sz (n; QF) < azed™ (1 +0(1))

as n — 0o. Now S (n;QF) < agod" (1+0(1)) as n — oo by (63), (66), and (II0). Thus

bound (60) holds in view of relation (BI)). Inequalities (59)) and (@) prove (B3).
Summarizing, if (35) holds, then (G4) and (B3) hold as well. This together with (G6l)

allows us to conclude that relation (53]) holds, too. In turn, this contradicts the property

that, with probability approaching zero as n — oo, there exists a solution of system ()
that belongs to the set M,,. ([l

5. PROOF OF THEOREM
Proof. Theorem [[2 follows from ({1l), @), @), and (&I)). O

EXAMPLES TO THEOREM

1. 2. 3. 4.
€1 0.1 0.05 0.05 0.01
€ 0.02 0.01 0.01 0.01
c 5 10 10 100
% 0.7 1 1 1
oGl 0.5 0.4 0.4 1
n 500 1000 1000 10000
A, Inn Inn Inlnn Vinn
Z1 [ 1.1171 x 1073 | 5.1482 x 10~% | 1.1217 x 10~ T | 3.5646 x 102
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EXAMPLES TO THEOREM [[.3]

1. 2. 3. 4.
€1 0.1 0.05 0.05 0.01
€9 0.02 0.01 0.01 0.01
¢ 5 10 10 100
Bo 0.7 1 1 1
51 0.5 0.4 0.4 1
n 500 1000 1000 10000
A, Inn Inn Inlnn Vinn
ay 10 15 50 100
e 0.2 0.1 0.2 0.23
Zy | 22747 x 1071 [ 6.8333 x 10~ | 1.1965 x 10~ ' | 3.9291 x 102

6. PROOF OF THEOREM [I.3]

The assumptions of Theorem imply that the terms D;, Dy, and D3 on the right
hand side of relation (&Il are such that Dy < D}, Dy < D), and D3 < Dj (this can
be proved similarly to the proof of inequalities [@Il), (4)), and (@), respectively), where

! 2a

1 =e/n",

In

o
]
"
o)

—

An
1 2 \"B3 ) 21n2
! _ gno(e2) [ = I n2_ "2 -
D2 2 (3+36251> ) D3 exp{n%ncsglln?)}.

The above bounds prove Theorem [[.3l

7. CONCLUSION

A necessary and sufficient condition is found showing the probability of the random
event that a second order system of nonlinear random equations over the field GF(3) has
a solution that belongs to a given set of vectors (Theorem [[T]). The condition is given
in terms of the number of equations and number of unknowns.

Under various assumptions concerning the parameter ¢, defined by equality (3], several
bounds are found for the above probability (Theorems and [[3)). Some examples are
given for Theorems and [[3]
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