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APPROXIMATION OF RANDOM VARIABLES BY FUNCTIONALS

OF THE INCREMENTS OF A FRACTIONAL BROWNIAN MOTION
UDC 519.21

G. M. SHEVCHENKO AND T. O. SHALAIKO

ABSTRACT. A lower estimate is given for the accuracy of approximation of random
variables by functionals of the increments of a fractional Brownian motion with Hurst
index H > %

1. INTRODUCTION

A centered Gaussian stochastic process with the covariance function

1
Ry(t,s) = 5 (7 4+ P — |t — s

is called a fractional Brownian motion with Hurst index H > % and is denoted by
B =B t>0}.

The fractional Brownian motion B¥ with H > % possesses the properterty of strong
dependence. Because of this property, the fractional Brownian motion is a popular model
for the long range dependence phenomena in financial mathematics.

When numerically solving the stochastic differential equations driven by the fractional
Brownian motion with the help of the time discretization schemes (Euler or Milstein
schemes, etc.), a natural question arises on the accuracy of approximation of functionals of
a solution of the stochastic differential equation (that is, the functionals of the fractional
Brownian motion) by appropriate functions of the increments of the fractional Brownian
motion.

It is known in the theory of the approximation of solutions of stochastic differential
equations driven by the fractional Brownian motion that the precise rate of approxi-
mation of a solution of the equation in the Euler scheme is 627 ~!, where § denotes the
diameter of a partition (see, for example, [3,[6][7]). It is also proved in [3] that the precise
rate of approximation in the Milstein scheme is |log d| (5H + 52H*1/2). Since the approx-
imations for both schemes are constructed from the increments of a fractional Brownian
motion in the one-dimensional case, the results mentioned above provide upper bounds
for the accuracy of the approximation of solutions of stochastic differential equations by
functionals of the increments of a fractional Brownian motion.

The aim of this paper is to prove lower bounds for the accuracy of approximation of
an arbitrary random variable by the functionals of the increments of fractional Brownian
motion. It is clear that an assumption about the sufficient nondegeneracy should be
imposed on the functional in this case. A similar problem is considered by Neuenkirch [§]
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for the functional being equal to the value of a solution {X,t € [0,1]} of the stochastic
differential equation

dX; = a(X;) + b(X,) dBH

at the point ¢ = 1 under some restrictions on the coefficients of the stochastic differential
equation.

Theorem 1.1. Let a centered, square integrable, and o{ BH ,t < T}-measurable random
variable £ be such that the derivative of f1 in the Ito—Wiener decomposition is bounded
and nonvanishing in a set of positive Lebesque measure. If the diameter 6 = T'/n of an
equidistant partition m = {iT/n}, of the interval is sufficiently small, then

El(¢ - F)*] = Co*

for an arbitrary functional F of the increments of a fractional Brownian motion, where
C = C(§) is a positive constant that depends on §.

2. PRELIMINARIES

We briefly discuss some basic notions and results concerning the white noise space for
the fractional Brownian motion; see [I] for details.

Let S(R) be the Schwartz space of rapidly decreasing functions and let S’(R) be
the dual space. On the white noise space (S'(R),Bs/(r)), consider the measure P,
H € (1/2,1), defined by

(1) / ¢ 0 P () = 111572,
5/(R)

where
IfI2 = H(2H — 1) //R FOF()]E — o2 dt ds.

Such a measure exists in view of the Minlos—Sazonov theorem. On this space, we define
a fractional Brownian motion B = {Bf,t € [0, T]} by letting Bf' = (w,Ijo4(-)). Here
and in what follows we assume that H > % One can prove that B is a centered

Gaussian stochastic process with the covariance function
1
RH(t,S) = 3 (t2H + g2H _ |t _ S|2H) )

By F = {F:,t € [0,T]}, we denote the filtration generated by the fractional Brownian
motion BY that is, F; = o {BSH, s < t}. For brevity, we let Fpr = F.

The completion of the space S(R) with respect to the norm || - || g7 is denoted by L% (R).
Note that this space contains the usual functions as well as distributions. Since S(R) is
obviously a separable space with respect to the norm || - ||z, we conclude that the space
L% (R) possesses the same property. Further, let {e,,n > 1} be an orthonormal basis in
the space L% (R).

The n** Hermite polynomial is defined by

hn(z) == (—1)" - 612/2% (e—wzﬂ) .

Let the symbol I stand for the set of finite multiindices, that is, for the set of sequences
a = (a1,as,...) containing only a finite number of nonzero terms. Let

Ka(w) := ha, ((w, e1)) ha, ((w, €2)) - ..
for € 1.
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Definition 2.1. The set of all ¢(w) = > c; aaKa(w) € L2(PH) such that the norm
H¢||Hk = Za' (2N) ke

acl

is finite for all k € N is called the Hida space of test functions (S)g, where

o0

=TIt v =[le)

Jj=1

for v € I.
We introduce the Wick product in the space (S)y for two elements
= Z oo (w) and P(w Z bgKa(w
acl pel
belonging to (S) g as follows:
(po)(w) = Y aabsKatsw).

a,Bel

Now we define E%{( [0,7]™) as the symmetric tensor product of n copies of the space

L2([0,T]). By L,, we denote the set of all functions of L2 ([0, T]" that are of the
following form:

Flstyoysn) = D ko kar (s1)er,(52) - ex, (sn)-
1<k, ki <k

For such an element, the n-tuple integral is defined by
T

T T
()= > akk/o ekl(sl)ngo/o ek2(82)d3§§<>-.-<>/ ex, (sn) dBI..

1<ki,..skn <k 0

Each element of the space Efq([(), T]™) is the limit of a sequence of elements of £,,. For
an arbitrary element

f € Ly ([0, 71",

the integral Z,,(f) is introduced as the limit of the integrals of a corresponding approxi-
mating sequence of functions belonging to £,, with the help of the following isometry:

E L) =n! | £

Moreover, multiple integrals of different orders are orthogonal, that is,

E[Z.(f)Zm(9)] = n! (f, g) ul(n = m).

This property allows one to expand random variables with respect to orthogonal multiple
integrals.

Theorem 2.1 (It6-Wiener expansion). Let F € L2(P®). Then there are elements
fu € Ly ((0,7)"),  n>0,
such that

(2) F(w) = Zzn(fn)a
n=0

where Zo(fo) := E[F].



202 G. M. SHEVCHENKO AND T. O. SHALAIKO

3. MAIN RESULTS

Let £ € LQ(PH ) How precisely can £ be approximated by the increments of a frac-
tional Brownian motion? Especially, what is the lower bound for the accuracy of such
an approximation?

More precisely, given a partition 7 = {0 =1ty <t; <--- <t, =T}, put

ABf =B[l - Bl

te—1"

We consider approximations of £ by the following functionals:
F=F (AB{",A:BY,...,A:Bl).

Without loss of generality, one can assume that E€ = 0 and 7' = 1. To find a lower
bound for the accuracy of approximation of £ by stochastic integrals one can restrict the
consideration to the approximation of a stochastic integral of a nonrandom function by
linear combinations of the increments

n—1
Z (lkAﬂ—Bl?.
k=0

More specifically, the following result holds.
Lemma 3.1. Let &£ € L? (PH) admit the Ito—Wiener expansion

5 = Zzn(fn)a
n=1

and let G = G(AﬂB{q, e Awa) be an arbitrary functional of the increments. Then
there are ag,ai,...,a,_1 € R such that

Var(§ — G) > Var (Il fi) - ZakA B; > .

Proof. Let

G = Zzn(gn)

be the It6-Wiener expansion of G. The members of the [t6-Wiener expansion are or-
thogonal and, moreover,

Var( = G) = Y nlllfa = gulZs (0. 90) 2 11 = 91l3 (o 1)

n>1
= Var(Z:1(f1) — Z1(g1))-

Now we show that Z;(g;) is a linear combination of increments. Note that Z;(g1) is
an orthogonal projection of G onto the space Vi of stochastic integrals of nonrandom

functions. Let
n—1

S=> axA B!
k=0
be the orthogonal projection of G onto the linear span V of the increments AﬂB,f ,
k = 0,...,n — 1, which is a subspace of V;. By the three perpendiculars theorem,
S also is the orthogonal projection of I(g1) onto V. Thus the difference I(g;) — S is
orthogonal to V, that is, it is orthogonal to all increments A, B, k =0,...,n—1. Since
these random variables are Gaussian, the difference I(g;) — S does not depend on the
increments. In particular, I(g;) — S does not depend on G. This obviously implies that
I(gl) -S=0. ]
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In what follows we need the following property of the fractional Brownian motion that
is called the property of asymptotically independent increments.

Theorem 3.1. Let H > 1 and let B = {B* t € [0,T]} be the fractional Brownian
motion with Hurst index H. Then

n n
(3) Var {Z ujAﬂBf] > C’Zuf Var [AWBJH],
j=1 j=1
where u; € R, j =1,...,n, are arbitrary real numbers and where C is a certain constant
that does not depend onn and on u;, j=1,...,n.

Proof. First we recall that the increments of the fractional Brownian motion are sta-

tionary, and thus the covariance matrix of the increments of this stochastic process is

a Toplitz matrix. Further, it is known that the spectral density of increments of the

fractional Brownian motion is separated from zero in the case where the Hurst index
1

is larger than 5 (see [4]). Applying [5, Proposition 5.2.b)] we complete the proof of

inequality (@B). O

First we obtain an upper bound for the distance between the integral fol f(s)dBH
and the following smoothed version of an integral sum,

Secf) = l;% / f(s)ds- (BIL, - BIT).

that corresponds to the uniform partition 7 = {0 =ty < ¢1 < --- < t; = 1} of the
diameter ¢ = 1/I.

Lemma 3.2. Let H > % and let f: [0,1] = R be a function for which the absolute values
of the derivative are bounded from above by a number M > 0. Then
2

< M2,

(4) E / f(s)dBH — 8,.(f)

Proof. In view of the isometry between L? (PH ) for L%, for integrals with respect to the
fractional Brownian motion, the left hand side of inequality () equals

1 I-11-1 trrr prtit1 ptesr pti+r
H(2H—1)-C—2]§;/tk /t /t /t /(=) = F(®)]

X |f(u) — f(v)| - |Ju— 2> "2 dvdt dudz.

By the assumption, f: |f(u) — f(v)] < M|u — v|, and thus the latter double integral is
bounded from above by

1,1
¢ M?.H(2H — 1)/ / |s — t* =2 dsdt = M?¢?,
0Jo
which had to be proved. (Il

In what follows we consider partitions 75 = {s}, = k/n};_, of diameter § = 1/n
and sub-partitions m, C w5, m, = {s; = @/nm}?zmo, of diameter n = 1/n™, where n is
a sufficiently large number and m is a certain positive integer number which will be
specified later.

The following result provides a lower bound for the distance between the smoothed
integral sums evaluated for a partition and for its sub-partition.
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Theorem 3.2. Let a function f:[0,1] = R be such that |f'(x)| < M and
Ma: f'(z) £ 0} >0
for all x € [0,1]. Then
n—litn™ - / 2
o) Z + Z (1 [ a3 [ s dt) > K,
i= M Jsi 8%
where the constant K does not depend on n and on m.

Proof. Without loss of generality, we may assume that AM{z: f'(z) > 0} > 0. Hence there
exists a number € > 0 such that AMz: f'(z) > e} > 0. By the mean value theorem,

1 3k+1 ,
—/ ds——/ /  f(=x) du,
17 Sk [9110;@]

where ' € [s],s] ;] and 0} € [sk,sp41]. Further, we denote the left hand side of (G)
by S and put A := {z: f'(x) > ¢}. For a given a € (0,1/4), there exists an interval
[a,b] C [0,1] such that A(A N [a,b]) > (b —a)(l — «) by the Lebesgue density theorem.
At least half of the intervals [s}, sj, ;] that belong to [a, b] are such that

(6) MAN[sE, s341]) > Msi 8i41]) (1 — 20).

Indeed, let k; be the total number of intervals for which inequality (@) holds, while k, is
the total number of intervals for which inequality (6]) fails. Then

MAN[a,b]) < k16 + k(1 — 20)

or
b—a

(b—a)(1—a)gk15+< )5(1—2a),

which is equivalent to (b — a)a < 2adk;. This implies that k1 > (b — a)/(20) and thus
completes the proof.
Further,

mll

S > Z Z (/[ei,a;;] 1'(s) ds)

z+n 2 2
=D Z (/ ,mf%w)dw) —( /[BW]ﬂAcf’(ar)dx) ,

where the symbol Z/ means the summation for those i = 0,...,n—1 for which (@) holds.
Now we estimate

7:_"_nm.—l

Z (/[ei,e;;]nA f/(fl?) dm)

k=1
and

Z»Jrnm,—l

Z <‘/[91,0,i]ﬂAC f/(:c) dac)

k=i

separately.
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For the first sum, we denote by k := §/n the total number of the intervals of the
partition 7, belonging to each interval of the partition 5. Then

itn™ =t 2 i4R—1
3 / Flayde) > S 3 (0,61 n A)
k=i [6%,6;1nA k=i
1 itk 2
E(Z)\ ([¢" Qk]ﬁA)> :
k=i

Let 0" € [syn, Smy1]. Then the latter expression is not less than

i+m—1 P 2
%( D Mskrnsml NA)+ > A([smﬂ,sk]mA))
k=i k=i+m
m—1 K—2 2
- % (Z EX([sks sk1] N A) + Z (k =k + DA([sk, Sk41] N A)>
k=1 k=m

1
> C1—(1 — 4a)* k1.
K
The latter inequality holds, since

Ak, sk41] N A) = A([sk, sp+41]) (1 — 4a)

for at least half of the intervals sy, sg+1] with k =14,...,i+x — 1.
In view of inequality (@),

1+r—1

Z (/ ) M?4026% - 6n~ .
‘ [67,01] ﬁAC

k=i
Here we have used the property that f'(z) < |f'(z)] < M and that the integral of a

positive function over the interval [6°, 6] does not exceed the corresponding integral over
the interval [sj, s, ]. It is clear that

Ci(1 —4a)? — M?*4a* > Cy > 0

for an appropriate o, whence

b _
S > Taa?’n—lcz = 03021 = Oy ™,

The proof is complete. |

Now we are in a position to prove the main result.

Theorem 3.3. Let a random variable & be such that & € L? (PH) If the function fy in
its Ito—Wiener expansion ([2)) is differentiable and such that

[f'@) <M, x€l01],
Mz € [0,1]: f'(z) #0} >0,
then there exists a constant C > 0 such that
E[(¢-F)?] > Cot

for an arbitrary uniform partition 1 = 715 = {0 = tp < 1 < - < t, = 1} of a
sufficiently small diameter 6 and for all functionals F of increments of the fractional
Brownian motion defined on this partition.
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Proof. The It6—Wiener expansion of the random variable ¢ is given by

o0

n=0
By Lemma [BI] there exists a sequence of numbers ag, a1, ...,a,_1 € R such that

n—1
Var(é — F) > Var <11 f1) — Z arABf )

To simplify the notation, put f = f;. In fact, we need to estimate the deviation between

/= /0 f(s)dBH

n—1

H H
Z Gk (BS;CJA - BS;c) ’
k=0
We split each interval of the partition s into §/n intervals of length 7. Further,

(/f )ydBH — nzl (Bﬁiﬂ—Bi))z
( / f(s)dBY — S (f)+ Sk, (f
1

and

n

1 2
H
§ a _
k ( 5k+1 SL)

k=0
2 (/ J(s)dBI - 8, (f)ﬂ

v

k=0

ZDl —|—l)27

where

n—l

Z /SM wdu (BE,, - BI).

First we estimate from below the term D; that can be rewritten as follows:

n—l

Z /SM s)ds - ABH — ZakAB

D, =E

Note that each interval

[5;“5;@“), ki:O,...,n—l,
contains n™ ! points s;, i = k,...,k+n™"! — 1. Hence
nm_1 1 Sha1 . 2
A=E —/ s)ds —ar > AB
,;) (n o 7(s) [ ] z

Applying Theorem [B.1] we get

- n™—1 1 Ska1 2
A>C-pH (?,/ f(s)ds—a[ i ]>
— Sk nm=1
n—1k4+n™m"1—1 1 [sit 2
:Cé2mHz Z <_/ f(s)ds—ak> .
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Minimizing each sum

k+nm™~t-1 Si41 2
Z (%/9 f(s) ds—ak)

i=k 8i
with respect to ax, k = 0,...,n — 1, we prove that the latter double sum is not less than
its value calculated for the sequence

itn™ T 1 s
1 1 /’““ 1/”1
a; = —— - — fu)du == f(u) du,
nmfl n ; o ( ) 5 s; ( )

namely

nelhn™ o1 0 1 [k 2
Dy>cermiy" N (= / f(s)ds — 5 / ftyde| .
k=0  i=k Sk 5k

n

By Theorem B2, D; > C16>™H =42 On the other hand, Dy < —C55%>™ by Lemma 3.2
applied to the partition 7,. Thus

1 n—1 2
H H H 2mH —m-+2 2m
E </0 J(s)aBI =3 ay (BY - Bs,k)> >0 — 062,

k=0

Putting m = 2 (this gives the best estimate), we prove that the latter expression is not
less than C10*H for sufficiently small §. Theorem 3.3 is proved. |

Remark 3.1. If H = %, the accuracy of approximation in the Milstein scheme is of order
62 = 6*H; that is, the estimate of the order of accuracy obtained in Theorem B.3lis precise
if H = % (note however that Theorem B3 is proved for H > % only). The question on
whether the estimate in Theorem [3.3]is precise for H > % is still under consideration.

Example 3.1. Consider the Ornstein—Uhlenbeck equation with the fractional Brownian
motion

t
Xt:XO+/ (G/XSCZS—deBf), tE[O,l],
0

where Xg, a € R, and b > 0.
It is well known that

t
(8) X, = Xoe® +b / et gBHE  teo,1],
0
is a solution of this equation.
Let £ = X;. Then equality ([®) provides the It6-Wiener expansion for &, namely
fO = X0€a7 fl (t) = bea(l_t)7 fn = 0; n Z 2.

It is easy to see that the derivative of the function f; is bounded and does not vanish.
Hence all the assumptions of Theorem 3.3 hold for &.

4. CONCLUDING REMARKS

The problem on the approximation of random variables by functionals of increments of
the fractional Brownian motion is studied in this paper. A lower bound for the accuracy of
the approximation is obtained for a certain class of random variables (namely, for random
variables whose It6—Wiener expansion is such that the function f; is not constant).
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