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ASYMPTOTIC PROPERTIES OF M-ESTIMATORS OF PARAMETERS

OF A NONLINEAR REGRESSION MODEL WITH A RANDOM

NOISE WHOSE SPECTRUM IS SINGULAR

UDC 519.21

A. V. IVANOV AND I. V. ORLOVSKYI

Abstract. Time continuous nonlinear regression model with a noise being a nonlin-
early transformed Gaussian stationary process with a singular spectrum is considered
in the paper. Sufficient conditions for the asymptotic normality of the M -estimator
are found for the vector parameter in this model.

1. Introduction

Sufficient conditions for the asymptotic normality of M -estimators of an unknown
parameter of a nonlinear regression model with continuous time and random noise with
a singular spectrum are obtained.

Properties of M -estimators for linear regression models with independent errors of
observation are considered by Huber [1, 2], Hampel et al. [3] and many other authors
thereafter.

Asymptotic properties of M -estimators of parameters for linear as well as for nonlinear
regression models with a long range dependent random noise are studied by Koul [4, 5],
Koul and Mukherjee [6], Giraitis et al. [7], Koul and Surgailis [8, 9, 10], Giraitis and
Koul [11], Koul et al. [12] in the case of discrete time, and by Ivanov and Leonenko [13, 14],
Ivanov [15], Ivanov and Orlovskyi [16, 17, 18], Savich [19] in the case of continuous time.

Orlovskyi [20], Ivanov and Orlovskyi [17, 18, 21], Ivanov [15] consider asymptotic
properties ofM -estimators of parameters for nonlinear regression models with continuous
time and a weakly dependent random noise.

In the current paper, we study M -estimators constructed with the help of smooth loss
functions. Smooth loss functions as well as their nondifferentiable analogs are widely
used when solving various problems in data analysis (see, for example, [22]).

Note that the key tools in the proof of the asymptotic normality are the central
limit theorem for weighted nonlinear transformations of a Gaussian stationary stochastic
process with a singular spectrum obtained by Ivanov et al. in [23] and the Brouwer fixed
point theorem [24, 2]. The latter theorem requires that a solution of the system of normal
equations that determines the M -estimator is unique in a certain asymptotic sense. The
asymptotic uniqueness of M -estimators is considered by Ivanov [15] and Orlovskyi [18]
for nonlinear regression models.
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2. Asymptotic normality of M-estimators

2.1. Conditions and statement of the main result. Consider the regression model

(1) X(t) = g(t, θ) + ε(t), t ≥ 0,

where g : [0,+∞) × Θβ → R is a continuous function, Θβ =
⋃

‖a‖≤1(Θ + βa), β > 0 a

certain number, Θ ⊂ R
q a bounded convex open set, and θ ∈ Θ the true value of the

parameter.
Throughout the paper we consider the derivatives of the regression function in the

set Θc, where Θc denotes the closure of Θ. Therefore, we need to define the regression
function in Θβ.

We further assume that the noise ε(t) satisfies the following conditions.
A1. ε(t), t ∈ R, is a local functional of a Gaussian stationary stochastic process ξ(t),

that is, ε(t) = G(ξ(t)), where G(x), x ∈ R, is a Borel function. Moreover, E ε(0) = 0 and
E ε4(0) < ∞.

A2. ξ(t), t ∈ R, is a mean square continuous measurable stationary Gaussian sto-
chastic process with zero mean and covariance function

(2) B(t) =
r∑

j=0

AjBαj ,χj
(t), r ≥ 0,

where

Bαj ,χj
(t) =

cos(χjt)

(1 + t2)αj/2
,

0 ≤ χ0 < χ1 < · · · < χr, 0 < αj < 1, j = 0, . . . , r, and
∑r

j=0 Aj = 1, Aj > 0.

Such a correlation function is introduced in the paper [25] in order to construct an
example of a spectral density with nonzero singularities in contrast to the case of strongly
dependent processes where singularities are at zero. Condition A2 has been used in
papers [23, 26] for the same reason.

The spectral density f of the stochastic process ξ is given by

f(λ) =

r∑
j=0

Ajfαj ,χj
(λ), λ ∈ R,

where

fαj ,χj
(λ) =

C1(αj)

2

[
Kαj−1

2

(|λ+ χj |)|λ+ χj |
αj−1

2 +Kαj−1

2

(|λ− χj |)|λ− χj |
αj−1

2

]
,

j = 0, . . . , r, C1(α) = 2
1−α
2 /

√
πΓ

(α
2

)
;

Kν(z) =
1

2

∫ ∞

0

sν−1 exp

{
−1

2

(
s+

1

s

)
z

}
ds, z ≥ 0, ν ∈ R,

is a modified Bessel function of the third kind and of order ν.
Note that K−ν(z) = Kν(z) and

Kν(z) ∼ Γ(ν)2ν−1z−ν , ν > 0,

as z ↓ 0. Thus,

fαj ,χj
(λ) ∼ C2(αj)

2
|λ± χj |αj−1

(
1− hj(|λ± χj |)

)
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as λ → ±χj , j = 0, . . . , r, where C2(α) = [2Γ(α) cos(απ/2)]−1 and

hj(|λ|) =
Γ
(

αj+1
2

)
Γ
(

3−αj

2

) ·
∣∣∣∣λ2
∣∣∣∣1−αj

+
Γ
(

αj+1
2

)
4Γ

(
3+αj

2

) ·
∣∣∣∣λ2
∣∣∣∣2 + o

(
|λ|2

)
, λ → 0, j = 0, . . . , r.

Hence, condition A2 implies that the spectral density f has 2r + 2 different points of
singularity

{−χr,−χr−1, . . . ,−χ1,−χ0, χ0, χ1, . . . , χr}
if χ0 �= 0 and 0 < αj < 1, j = 0, . . . , r. Otherwise, if χ0 = 0, then there are 2r+1 points
of singularity of the spectral density f .

Definition 2.1. Any random vector θ̂T = θ̂T (X(t), t ∈ [0, T ]) ∈ Θc, such that

(3) QT (θ̂T ) = min
τ∈Θc

QT (τ ), QT (τ ) =

∫ T

0

ρ(X(t)− g(t, τ )) dt, τ ∈ Θc,

is called an M -estimator of the unknown parameter θ ∈ Θ constructed from observations
X(t), t ∈ [0, T ], for model (1) with a continuous loss function ρ(x) ≥ 0, x ∈ R.

Below we list some assumptions imposed on the regression function g(t, τ ) and loss
function ρ(x). Let g(t, τ ) be a twice continuously differentiable function with respect to
τ ∈ Θc. Put

gi(t, τ ) =
∂

∂τi
g(t, τ ), gil(t, τ ) =

∂

∂τi∂τl
g(t, τ ), τ ∈ Θc, i, l = 1, . . . , q;

d2T (θ) = diag
(
d2iT (θ)

)q
i=1

, d2iT (θ) =

∫ T

0

g2i (t, θ) dt, i = 1, . . . , q,

lim inf
T→∞

T−1d2iT (θ) > 0, i = 1, . . . , q,

d2il,T (θ) =

∫ T

0

g2il(t, θ) dt, i, l = 1, . . . , q.

The letters k (with subscripts) denote positive constants. Assume that, for all suffi-
ciently large T (T > T0),

B1. g(t, ·) ∈ C2(Θc) for all t ≥ 0, and

(i) sup
t∈[0,T ]

sup
τ∈Θc

|gi(t, τ )|
diT (θ)

≤ kiT−1/2;

(ii) sup
t∈[0,T ]

sup
τ∈Θc

|gil(t, τ )|
dil,T (θ)

≤ kilT−1/2;

(iii) sup
τ∈Θc

dil,T (θ)

diT (θ)dlT (θ)
≤ k̃ilT−1/2, i, l = 1, . . . , q.

C1. The function ρ(x) is nonnegative, even, twice continuously differentiable,

ρ(0) = 0,

and its derivatives ρ′(x) = ψ(x) and ρ′′(x) = ψ′(x) are such that

(i) Eψ
(
G(ξ(0))

)
= 0;

(ii) Eψ′(G(ξ(0))
)
> 0;

(iii) for all x, h ∈ R and some constant L,

|ψ′(x+ h)− ψ′(x)| ≤ L|h|.
Condition C1(iii) implies that

|ψ(x)− ψ(0)| = |ψ′(ηx)| · |x| ≤ (|ψ′(0)|+ L|ηx|)|x| ≤ |ψ′(0)| · |x|+ Lx2
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for all x and some η = η(x) ∈ (0, 1), whence

|ψ(x)| ≤ |ψ(0)|+ |ψ′(0)| · |x|+ Lx2.

Moreover,
|ψ′(x)| ≤ |ψ′(0)|+ L|x|.

Therefore, the stochastic processes ψ(G(ξ(t))) and ψ′(G(ξ(t))), t ∈ R, possess finite
second moments under assumptions A1, A2, and C1.

Let K ∈ L2(R, ϕ(x)dx), where ϕ(x) = (2π)−1/2e−x2/2. Then one can expand the
function K into the Fourier series in the space L2(R, ϕ(x) dx),

K(x) =

∞∑
n=0

Cn(K)

n!
Hn(x), Cn(K) =

∫ ∞

−∞
K(x)Hn(x)ϕ(x) dx, n ≥ 0,

with respect to the Chebyshev–Hermite polynomials

Hn(x) = (−1)ne
x2

2
dn

dxn
e−

x2

2 , n ≥ 0.

Definition 2.2. We say that a function K ∈ L2(R, ϕ(x) dx) has Hermite rank m and
write Hrank(K) = m if either C1(K) �= 0 and m = 1 or, for some m ≥ 2,

C1(K) = · · · = Cm−1(K) = 0, Cm(K) �= 0.

Under assumption C1(i), the functions ψ ◦ G and ψ′ ◦ G can be expanded into the
Fourier series with respect to the Chebyshev–Hermite polynomials in the Hilbert space
L2(R, ϕ(x) dx), that is,

ψ(G(x)) =
∞∑

n=m

Cn(ψ ◦G)

n!
Hn(x),

ψ′(G(x)) = C0(ψ
′ ◦G) +

∞∑
n=m′

Cn(ψ
′ ◦G)

n!
Hn(x),

where m = Hrank(ψ ◦G), m′ = Hrank(ψ′ ◦G), and C0(ψ ◦G) = Eψ
(
G(ξ(0))

)
= 0.

C2. Either

(i) Hrank(ψ ◦G) = 1, α > 1
2 ,

(ii) or Hrank(ψ ◦ G) = m, αm > 1, where α = minj=0,...,r αj and αj , j = 0, . . . , r,
are the numbers involved in condition A2.

Put
JT (θ) = (Jil,T (θ))

q
i,l=1,

Jil,T (θ) = d−1
iT (θ)d−1

lT (θ)

∫ T

0

gi(t, θ)gl(t, θ) dt, i, l = 1, . . . , q.

Let λmin(A) (λmax(A)) be the minimal (maximal) eigenvalue of a positive definite
matrix A.

B2. For some λ∗ > 0 and T > T0, λmin(JT (θ)) ≥ λ∗.
Put ΛT (θ) = J−1

T (θ) and consider a matrix measure μT (dx; θ) in (R,B) with the
matrix of densities (

μjl
T (x; θ)

)q

j,l=1
,

where B is the Borel σ-algebra in R and

μjl
T (x; θ) = gjT (x, θ)g

l
T (x, θ)

(∫
R

∣∣∣gjT (x, θ)∣∣∣2 dx

∫
R

∣∣glT (x, θ)∣∣2 dx

)−1/2

,

gjT (x, θ) =

∫ T

0

eixtgj(t, θ) dt, j, l = 1, . . . , q.
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Note that d2jT (θ) = (2π)−1
∫
R

∣∣gjT (x, θ)∣∣2 dx.
B3. The family of measures μT (·; θ) weakly converges as T → ∞ to the measure

μ(·; θ) such that μ(R; θ) is a positive definite matrix.

Definition 2.3 ([28, 27]). The matrix measure μ(·; θ) = (μjl(·; θ))qj,l=1 is called the

spectral measure of the regression function g(t, θ).

Conditions B2 and B3 imply that

JT (θ) =

∫
R

μT (dx; θ) →
∫
R

μ(dx; θ) = μ(R; θ) = J(θ)

as T → ∞. Put Λ(θ) = J−1(θ).
Next we recall the notion of a μ-admissible spectral density f(λ) (more detail is given

in [28, 29]).

Definition 2.4. A spectral density f is called μ-admissible if f is integrable with respect
to the measure μ, that is, all entries of the matrix∫

R

f(λ)μ(dλ)

are finite, and ∫
R

f(λ)μT (dλ) →
∫
R

f(λ)μ(dλ), T → ∞.

Sufficient conditions for the μ-admissibility of the spectral density of a stationary
process can be found in [23, 30]. These conditions are satisfied, for example, for the
spectral density f of the stochastic process ξ with covariance function (2). The key
condition is that the family of points of singularity of f and the family of atoms of the
spectral measure μ are disjoint. It is worth mentioning that μ is atomic for all examples
known up to now.

Let f (∗1)(λ) = f(λ) and

f (∗j)(λ) =

∫
Rj−1

f(λ− λ2 − · · · − λj)

j∏
i=2

f(λi) dλ2 . . . dλj

for j ≥ 2 be the j-fold convolution of the spectral density f(λ) of the stochastic process ξ
with itself,

γ =
(
Eψ′(G(ξ(0))

))−1
.

A3.
∫
R
f (∗j)(λ)μ(dλ), j ≥ 1, are positive definite matrices.

Below we use the following assumption.
D1. For all ε > 0, there exists T0 = T0(ε) such that the system of equations

∇QT (τ ) = 0

possesses a unique solution for all T > T0 with probability that is not less than 1− ε.
In Section 3, we provide sufficient conditions for D1 that hold simultaneously with

assumptions of Theorem 2.1 provided that diT (θ), dil,T (θ) = O(T 1/2), i, l = 1, . . . , q.

Theorem 2.1. Let assumptions A1-A3, B1-B3, C1, C2, D1 hold and the spectral
density f of the stochastic process ξ is μ-admissible. Then the distribution of the ran-

dom vector ûT (θ) = dT (θ)(θ̂T − θ) converges as T → ∞ to the Gaussian distribution
N(0, σ(θ)), where

(4) σ(θ) = 2πγ2Λ(θ) ·

⎛⎝ ∞∑
j=m

C2
j (ψ ◦G)

j!

∫ ∞

−∞
f (∗j)(λ)μ(dλ, θ)

⎞⎠ · Λ(θ).
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2.2. Auxiliary results. Consider the normalized M -estimator

(5) ûT = ûT (θ) = dT (θ)(θ̂T − θ).

Now we change the variables in the regression function and its derivatives in a way
that corresponds to normalization (5), that is,

g(t, τ ) = g
(
t, θ + d−1

T (θ)u
)
= h(t, u), gi(t, τ ) = gi

(
t, θ + d−1

T (θ)u
)
= hi(t, u),

gil(t, τ ) = gil
(
t, θ + d−1

T (θ)u
)
= hil(t, u), i, l = 1, . . . , q.

Also put

H(t;u1, u2) = h(t, u1)− h(t, u2), Hi(t;u1, u2) = hi(t, u1)− hi(t, u2), i = 1, . . . , q.

Consider the vectors

MT (u) =
(
M i

T (u)
)q
i=1

=

(
γ

∫ T

0

ψ(X(t)− h(t, u))
hi(t, u)

diT (θ)
dt

)q

i=1

and

ΨT (u) =
(
Ψi

T (u)
)q
i=1

=

(
γ

∫ T

0

ψ
(
G(ξ(t))

)hi(t, u)

diT (θ)
dt+

∫ T

0

H(t; 0, u)
hi(t, u)

diT (θ)
dt

)q

i=1

.

The vectors MT (u) and ΨT (u) are defined for u ∈ Uc
T (θ) and UT (θ) = dT (θ)(Θ− θ).

According to the assumptions imposed above, the sets UT (θ) are expanding to R
q

as T → ∞. Then v(R) = {u ∈ R
q : ‖u‖ < R} ⊂ UT (θ) for an arbitrary R > 0 and

T > T0(R).
The statistical meaning of the vectors MT (u) and ΨT (u) is easy to understand. Con-

sider the functional γQT (θ + d−1
T (θ)u). Then the normalized M -estimator ûT satisfies

the system of equations

(6) MT (u) = 0.

Let

η(t) = γψ
(
G(ξ(t))

)
, t ∈ R,

and let the observations be of the following form:

(7) Y (t) = g(t, θ) + η(t), t ∈ [0, T ].

Then

ΨT (u) = 0

is the system of normal equations used to determine the normalized least squares esti-
mator

ŭT = ŭT (θ) = dT (θ)(θ̆T − θ)

of the unknown parameter θ of a virtual regression model (7).

Lemma 2.1. Let assumptions A1, A2, B1, and C1 hold. Then

(8) P

{
sup

u∈vc(R)

‖MT (u)−ΨT (u)‖ > r

}
→ 0, T → ∞,

for all R > 0 and r > 0.
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Proof. For a fixed i,

M i
T (u)−Ψi

T (u)

= γ

∫ T

0

hi(t, u)

diT (θ)

[
ψ(G(ξ(t)) +H(t; 0, u))− ψ

(
G(ξ(t))

)
− ψ′(G(ξ(t))

)
H(t; 0, u)

]
dt

+ γ

∫ T

0

H(t; 0, u)
hi(t, u)

diT (θ)
ζ(t) dt = I1(u) + I2(u),

ζ(t) = ψ′(G(ξ(t))
)
− Eψ′(G(ξ(t))

)
, t ∈ R.

Now we prove that I1(u) and I2(u) converge to zero in probability uniformly with
respect to u ∈ vc(R). Let u ∈ vc(R) be fixed. Then E I2(u) = 0 and

(9) E I22 (u) = γ2

∫ T

0

∫ T

0

H(t; 0, u)H(s; 0, u)
hi(t, u)

diT (θ)

hi(s, u)

diT (θ)
cov(ζ(t), ζ(s)) dt ds.

The Taylor formula and Cauchy–Bunyakovskĭı inequality imply that

sup
t∈[0,T ]

|H(t; 0, u)| = sup
t∈[0,T ]

∣∣∣∣∣
q∑

i=1

hi(t, u
∗
t )

diT (θ)
ui

∣∣∣∣∣ ≤ ‖u‖ sup
t∈[0,T ]

(
q∑

i=1

[
hi(t, u

∗
t )

diT (θ)

]2)1/2

,

where ‖u∗
t ‖ ≤ ‖u‖.

In view of B1(i), we derive from the latter inequality that

(10) sup
t∈[0,T ]

|H(t; 0, u)| ≤ T−1/2‖k‖ · ‖u‖,

where k = (k1, . . . , kq) is the vector of constants in assumption B1(i).
Applying inequality (10) and condition B1(i) to integral (9), we get

E I22 (u) ≤ γ2‖k‖2
(
ki
)2

R2T−2

∫ T

0

∫ T

0

cov(ζ(t), ζ(s)) dt ds.

Then we show that

(11) T−2

∫ T

0

∫ T

0

cov(ζ(t), ζ(s)) dt ds → 0, T → ∞.

Using the following relation (see, for example, [31])

EHl(ξ(t))Hn(ξ(s)) = δnl l!B
n(t− s),

where δnl denotes the Kronecker symbol, we obtain

cov
(
ψ′(G(ξ(t))

)
, ψ′(G(ξ(s))

))
=

∞∑
n=m′

C2
n(ψ

′ ◦G)

n!
Bn(t− s).

Since |B(t)| ≤ 1, t ∈ R, we conclude that

(12)

∣∣cov (ψ′(G(ξ(t))
)
, ψ′(G(ξ(s)))

)∣∣ ≤ ∞∑
n=m′

C2
n(ψ

′ ◦G)

n!
|B(t− s)|

≤ Dψ′(G(ξ(0))
)
· |B(t− s)|

and

T−2

∫ T

0

∫ T

0

cov(ζ(t), ζ(s)) dt ds ≤ Dψ′(G(ξ(0))
)
· T−2

∫ T

0

∫ T

0

|B(t− s)| dt ds.
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On the other hand,

(13)

T−2

∫ T

0

∫ T

0

|B(t− s)| dt ds ≤ T−2

∫ T

0

∫ T

0

dt ds

|t− s|α

= T−α

∫ 1

0

∫ 1

0

dt′ ds′

|t′ − s′|α = O(T−α),

where α = minj=0,...,r αj , that is, relation (11) holds. Thus, I2(u)
P→ 0 as T → ∞

pointwise for u ∈ vc(R).
If u1, u2 ∈ vc(R), then

I2(u1)− I2(u2) = γ

∫ T

0

H(t; 0, u1)
Hi(t;u1, u2)

diT (θ)
ζ(t) dt

− γ

∫ T

0

H(t;u1, u2)
hi(t;u2)

diT (θ)
ζ(t) dt = I3(u1, u2) + I4(u1, u2).

Consider the probability

P

{
sup

‖u1−u2‖≤h

|I3(u1, u2)| > r

}
≤ r−1 E sup

‖u1−u2‖≤h

|I3(u1, u2)|

≤ 2r−1γ E
∣∣ψ′(G(ξ(0))

)∣∣T sup
u∈vc(R)

sup
t∈[0,T ]

|H(t; 0, u)|

× sup
‖u1−u2‖≤h

sup
t∈[0,T ]

|Hi(t;u1, u2)|
diT (θ)

;

(14)

sup
‖u1−u2‖≤h

sup
t∈[0,T ]

|Hi(t;u1, u2)|
diT (θ)

≤ h sup
t∈[0,T ]

q∑
l=1

(
sup

u∈vc(R)

|hil(t, u)|
dil,T (θ)

)
dil,T (θ)

diT (θ)dlT (θ)
≤

q∑
l=1

kilk̃ilhT−1,

(15)

for all h > 0 and r > 0 (we used conditions B1(ii) and B1(iii)).
Then we apply inequalities (10) and (15) to (14). As a result, we conclude that

(16) P

{
sup

‖u1−u2‖≤h

|I3(u1, u2)| > r

}
≤ k1r

−1T−1/2h,

where k1 = 2γ E
∣∣ψ′(G(ξ(0))

)∣∣R‖k‖
(∑q

i,l=1 k
ilk̃il

)
.

Similarly, taking into account B1(i),

(17)

P

{
sup

‖u1−u2‖≤h

|I4(u1, u2)| > r

}
≤ r−1 E sup

‖u1−u2‖≤h

|I4(u1, u2)|

≤ 2r−1γ E
∣∣ψ′(G(ξ(0))

)∣∣T
× sup

u∈vc(R)

sup
t∈[0,T ]

|hi(t, u)|
diT (θ)

sup
‖u1−u2‖≤h

sup
t∈[0,T ]

|H(t;u1, u2)|

≤ k2r
−1h,

where k2 = 2γ E
∣∣ψ′(G(ξ(0))

)∣∣ki‖k‖.
Now (16) and (17) imply that

(18) P

{
sup

‖u1−u2‖≤h

|I2(u1)− I2(u2)| > r

}
≤ 2r−1h

(
k1T

−1/2 + k2

)
≤ k3r

−1h.
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Denote by Nh a finite h-net of the ball vc(R). Then

(19) sup
u∈vc(R)

|I2(u)| ≤ sup
‖u1−u2‖≤h

|I2(u1)− I2(u2)|+ max
u∈Nh

|I2(u)|.

It follows from (18) and (19) that

P

{
sup

u∈vc(R)

|I2(u)| > r

}
≤ 2k3r

−1h+ P

{
max
u∈Nh

|I2(u)| > r/2

}
for all r > 0.

For ε > 0 let h = εr/(4k3). Then

P

{
max

u∈N εr
4k3

|I2(u)| >
r

2

}
≤ ε

2

for T > T0 by the pointwise convergence of I2(u) to zero in probability. Therefore,

P

{
max

u∈vc(R)
|I2(u)| > r

}
≤ ε.

On the other hand, if t ∈ [0, T ] and u ∈ vc(R) are fixed, then almost surely there
exists a number δ ∈ (0, 1) such that

(20)

∣∣ψ(G(ξ(t)) +H(t; 0, u))− ψ
(
G(ξ(t))

)
− ψ′(G(ξ(t))

)
H(t; 0, u)

∣∣
=
∣∣ψ′(G(ξ(t)) + δH(t; 0, u))− ψ′(G(ξ(t))

)∣∣ · |H(t; 0, u)|
≤ L · |H(t; 0, u)|2 ≤ L‖k‖2R2T−1.

By B1(i) and (20),

sup
u∈vc(R)

|I1(u)| ≤ Lγki‖k‖2R2T−1/2 almost surely,

and thus Lemma 2.1 is proved. �

Consider the random vector

(21) LT (u) = (Li
T (u))

q
i=1 =

(∫ T

0

(
η(t)−

q∑
l=1

gl(t, θ)

dlT (θ)
ul

)
· gi(t, θ)
diT (θ)

dt

)q

i=1

that corresponds to the virtual linear regression model

Z(t) =

q∑
i=1

gi(t, θ)βi + η(t), t ∈ [0, T ].

The system of normal equations

(22) LT (u) = 0

determines a normalized linear least squares estimator β̃T of the parameter β ∈ R
q, that

is, the estimator

(23) ũT = ũT (θ) = dT (θ)(β̃T − β).

Lemma 2.2. Let all the assumptions of Lemma 2.1 hold. Then

(24) P

{
sup

u∈vc(R)

‖ΨT (u)− LT (u)‖ > r

}
→ 0, T → ∞,

for all R > 0 and r > 0.
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Proof. It is clear that

Ψi
T (u)− Li

T (u) =

∫ T

0

η(t)
hi(t, u)

diT (θ)
dt+

∫ T

0

H(t; 0, u)
hi(t, u)

diT (θ)
dt

−
∫ T

0

η(t)
hi(t, 0)

diT (θ)
dt+

∫ T

0

hi(t, 0)

diT (θ)

q∑
l=1

hl(t, 0)

dlT (θ)
ul dt

=

∫ T

0

η(t)
Hi(t;u, 0)

diT (θ)
dt+

∫ T

0

H(t; 0, u)
Hi(t;u, 0)

diT (θ)
dt

+

∫ T

0

hi(t, 0)

diT (θ)

[
H(t; 0, u) +

q∑
l=1

hl(t, 0)

dlT (θ)
ul

]
dt

= I5(u) + I6(u) + I7(u).

If u ∈ vc(R) is fixed, then inequality (15) implies that

E I25 (u) =

∫ T

0

∫ T

0

cov(η(t), η(s))
Hi(t;u, 0)

diT (θ)

Hi(s;u, 0)

diT (θ)
dt ds

≤
(

q∑
l=1

kilk̃il

)2

R2 · T−2

∫ T

0

∫ T

0

|cov(η(t), η(s))| dt ds.

Now we show that

(25) T−2

∫ T

0

∫ T

0

cov(η(t), η(s)) dt ds → 0, T → ∞.

Similarly to (12),

(26)
∣∣cov(ψ(G(ξ(t))

)
, ψ
(
G(ξ(s))

))∣∣ ≤ Eψ2
(
G(ξ(0))

)
|B(t− s)|.

Using (13) and (26), we get

T−2

∫ T

0

∫ T

0

|cov(η(t), η(s))| dt ds

≤ γ2 Eψ2
(
G(ξ(0))

)
· T−2

∫ T

0

∫ T

0

|B(t− s)| dt ds = O(T−α),

and thus (25) holds; that is, I5(u)
P→ 0 as T → ∞ pointwise for u ∈ vc(R).

On the other hand, it follows from (15) that

E sup
‖u1−u2‖≤h

|I5(u1)− I5(u2)| ≤ |γ
∣∣E |ψ

(
G(ξ(0))

)∣∣( q∑
l=1

kilk̃il

)
h.

Similarly to the case of I2(u) in the proof of Lemma 2.1, one can prove that I5(u)
converges to zero in probability uniformly with respect to u ∈ vc(R).

Taking into account inequalities (10) and (15), we get

sup
u∈vc(R)

|I6(u)| ≤ ‖k‖
(

q∑
l=1

kilk̃il

)
R2T−1/2 → 0, T → ∞.

Note that I7(u) can be written as

I7(u) = −1

2

q∑
j,l=1

(∫ T

0

hjl(t, u
∗
T )

djT (θ)dlT (θ)

hi(t, 0)

diT (θ)
dt

)
ujul
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for some u∗
T ∈ v(R). Then

|I7(u)| ≤
ki

2

q∑
j,l=1

(
kjlk̃jl|uj | · |ul|

)
T−1/2 ≤ qki

2
max

j,l=1,...,q

[
kjlk̃jl

]
‖u‖2T−1/2

by B1, and thus supu∈vc(R) |I7(u)| → 0 as T → ∞. Lemma 2.2 is proved. �

Applying (8) and (24) we obtain the following result.

Corollary 2.1. Let all the assumptions of Lemma 2.1 hold. Then

P

{
sup

u∈vc(R)

‖MT (u)− LT (u)‖ > r

}
→ 0 T → ∞.

for all R > 0 and r > 0.

If condition B2 holds, then relations (21) and (22) yield

(27) ũT = ΛT (θ)d
−1
T (θ)

∫ T

0

η(t)∇g(t, θ) dt

(see (23)).
Now we are ready to state the theorem on the asymptotic normality of the weighted

integral of a nonlinear transformation of a Gaussian stationary stochastic process with a
singular spectrum [23].

Theorem 2.2. Assume that conditions A1, A2, B1(i), B2, B3 hold. Further, let at
least one of the following conditions hold for the function K ∈ L2(R, ϕ(x) dx):

(i) Hrank(K) = 1 and the spectral density f of the stochastic process ξ is μ-admis-
sible;

(ii) Hrank(K) = m and αm > 1, where α = min
j=0,...,r

αj .

Then the random vector

ζT = d−1
T (θ)

∫ T

0

K(ξ(t))∇g(t, θ) dt

is asymptotically normal as T → ∞ with parameters N(0, σ̄), where

σ̄ = 2π

∞∑
j=m

C2
j (K)

j!

∫
R

f (∗j)(λ)μ(dλ, θ).

In what follows, we need the following well-known Brouwer fixed point theorem (see,
for example, [24]).

Theorem 2.3. Let F : vc(R) → vc(R) be a continuous mapping. Then there exists a
point x0 ∈ vc(R) such that F (x0) = x0.

Let Bq denote the σ-algebra of Borel subsets of Rq. For A ∈ Bq and ε > 0, let

Aε =

{
x ∈ R

q : inf
y∈A

‖x− y‖ < ε

}
, A−ε = R

q \ (Rq \A)ε.

The following result is proved in §3 of the book [32].
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Theorem 2.4. Let ν be a nonnegative differentiable function on [0,+∞) such that

b =

∫ ∞

0

|ν′(λ)|λq−1 dλ < +∞, lim
λ→∞

ν(λ) = 0.

Then ∫
Cε\C−δ

ν(‖λ‖) dλ ≤ b

(
2πq/2

Γ( q2 )

)
(ε+ δ)

for an arbitrary convex set C ∈ Bq and all ε > 0 and δ > 0.

2.3. Proof of Theorem 2.1. We prove that the distribution function FT (y, θ) of the

random vector ûT (θ) = dT (θ)(θ̂T − θ) converges pointwise as T → ∞ to the Gaussian
distribution function Φ0,σ(θ)(y).

First we show that

(28) ΔT (r) = P{‖ûT − ũT ‖ > r} → 0, T → ∞,

for an arbitrary r > 0.
Consider the random event

AT = {‖ũT ‖ ∈ vc(R− r)},
where R is such that P(ĀT ) ≤ ε/3 for a fixed number ε > 0 if T > T0. This property
holds in view of the asymptotic normality of ũT .

We also introduce the random event BT = {supu∈vc(R) ‖ΛT (θ)(MT (u)−LT (u))‖ ≤ r}.
Condition B2 and Corollary 2.1 imply that

P(B̄T ) ≤ P

{
sup

u∈vc(R)

‖MT (u)− LT (u)‖ > λ∗r

}
≤ ε

3

for T > T0.
Taking into account condition D1, consider the event CT consisting in those elemen-

tary random events for which the M -estimator ûT is a unique solution of the system of
equations (6) such that P(C̄T ) ≤ ε/3 for T > T0. Thus, if T > T0, then

(29) P(AT ∩BT ∩ CT ) ≥ 1− ε.

We derive from (21) and (27) that ΛT (θ)LT (u) = ũT − u. If the event AT ∩BT ∩CT

occurs, then

‖u+ ΛT (θ)MT (θ)‖ ≤ ‖ũT ‖+ ‖ΛT (θ)(MT (u)− LT (u))‖ ≤ (R− r) + r = R

for u ∈ vc(R); that is, FT (u) = u + ΛT (θ)MT (u) is a continuous mapping acting from
vc(R) to vc(R).

Now we apply the Brouwer fixed point theorem (Theorem 2.3) to FT (u). Thus, we
prove the existence of a point u0

T ∈ vc(R) such that F (u0
T ) = u0

T . In other words,
MT (u

0
T ) = 0, since ΛT (θ) is nondegenerate. Since the event CT occurs, the normalized

M -estimator ûT is a unique solution of the system of equations (6) in the ball vc(R).
Therefore, AT ∩BT ∩ CT ⊂ {ûT ∈ vc(R)} and P{ûT ∈ vc(R)} ≥ 1− ε.
Note that

(30)
1− ε ≤ P {{ûT ∈ vc(R)} ∩BT }

≤ P{‖ΛT (θ)(MT (ûT )− LT (ûT ))‖ ≤ r} = P{‖ũT − ûT ‖ ≤ r}
for T > T0, since inequality (29) holds. This means that relation (28) holds, as well.

Put
Π(−∞; y ± �ε) = (−∞; y1 ± ε)× · · · × (−∞; yq ± ε), ε ≥ 0.

Taking into account relation (28), we obtain for the distribution function

FT (y, θ) = P{ûT ∈ Π(−∞, y)}
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that

(31) P{ũT ∈ Π(−∞; y − �ε)} −ΔT (ε) ≤ FT (y, θ) ≤ P{ũT ∈ Π(−∞; y + �ε)}+ΔT (ε)

for all y ∈ R
q and an arbitrary ε > 0.

Now Theorem 2.2 implies that the random vector ũT is asymptotically normal as
T → ∞ with parameters 0 and σ(θ), where σ(θ) is defined by equality (4). Thus, we
obtain that

(32)
∣∣P{ũT ∈ Π(−∞; y + �ε)} − Φ0,σ(θ)(y ± �ε)

∣∣ → 0, T → ∞.

Let ϕ(y, θ) be the Gaussian probability density corresponding to the distribution func-
tion Φ0,σ(θ)(y).

Since λmin(σ(θ)) = λ > 0 and λmax(σ(θ)) = λ < +∞, we get

ϕ(y, θ) ≤ (2πλ)−q/2 exp{−‖y‖2/2λ} = ν(‖y‖).

If A = Π(−∞, y), then A−ε = Π(−∞, y− �ε] and (Π(−∞, y+ �ε])−ε = Π(−∞, y] = Ac.
We apply Theorem 2.4 to ν(‖y‖). Then∣∣Φ0,σ(θ)(y)− Φ0,σ(θ)(y + �ω)

∣∣ = ∫
Π

ϕ(y, θ) dy ≤ b

(
2πq/2

Γ( q2 )

)
· |ω|

for all ω �= 0, where

Π =

{
Π(−∞, y +−→ω ) \Ac, if ω > 0,

A \Aω, if ω < 0.

For all y ∈ R
q and an arbitrary ε > 0,

FT (y, θ)− Φ0,σ(θ)(y) ≤ ΔT (ε) +
∣∣P{ũT ∈ Π(−∞, y +−→ε )} − Φ0,σ(θ)(y +

−→ε )
∣∣

+
∣∣Φ0,σ(θ)(y +

−→ε )− Φ0,σ(θ)(y)
∣∣ ;(33)

Φ0,σ(θ)(y)− FT (y, θ) ≤ ΔT (ε) +
∣∣Φ0,σ(θ)(y −−→ε )− P{ũT ∈ Π(−∞, y −−→ε )}

∣∣
+
∣∣Φ0,σ(θ)(y)− Φ0,σ(θ)(y −−→ε )

∣∣ .(34)

Relations (28)–(34) imply

|FT (y, θ)− Φ0,σ(θ)(y)| → 0, T → ∞.

Theorem 2.1 is proved.

3. Asymptotic uniqueness of M-estimators

We find sufficient conditions for D1, that is, for the asymptotical uniqueness in prob-
ability of M -estimators for parameters of models (1). If the regression function as well

as the loss function is differentiable, an M -estimator θ̂T satisfies the system of equations

(35) ∇QT (τ ) = 0.

Some of further conditions are, in fact, certain modifications of assumptions listed in
Section 2.1.

We have

J̃T (θ) = (J̃il,T (θ))
q
i,l=1,

J̃il,T (θ) = T−1

∫ T

0

gi(t, θ)gl(t, θ) dt, i, l = 1, . . . , q.

B2′. λmin(J̃T (θ)) ≥ λ̃∗ for some λ̃∗ > 0 and T > T0.
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B4. (i) supt≥0 sup
τ∈Θc

|gi(t, τ )| ≤ k(i) < ∞;

(ii) supt≥0 sup
τ∈Θc

|gil(t, τ )| ≤ k(i, l) < ∞;

(iii) for T > T0, i, l = 1, . . . , q, and τ1, τ2 ∈ Θc,

T−1Φil
T (τ1, τ2) = T−1

∫ T

0

(gil(t, τ1)− gil(t, τ2))
2 dt ≤ kil‖τ1 − τ2‖2.

We also assume that
C3. supx∈R

|ψ(x)| = kψ < ∞ and supx∈R
|ψ′(x)| = kψ′ < ∞.

Finally, we assume that an M -estimator is such that:

D2. θ̂T is a weakly consistent estimator of θ; that is,

P
{
‖θ̂T − θ‖ ≥ r

}
→ 0, T → ∞,

for an arbitrary r > 0.
Some sufficient conditions for the consistency of M -estimators of parameters for non-

linear regression models are obtained in [17, 15, 21, 19].

Theorem 3.1. Let conditions A1, A2, B2′, B4, C1, C3, and D2 hold. Then, given an
arbitrary ε > 0, there exists a number T0 = T0(ε) such that the system of equations (35)
possesses a unique solution for T > T0 with probability that is not less than 1− ε.

Proof. Put

H(t; τ, θ) = g(t, τ )− g(t, θ), Hi(t; τ, θ) = gi(t, τ )− gi(t, θ),

Hil(t; τ, θ) = gil(t, τ )− gil(t, θ), i, l = 1, . . . , q,

GT (τ ) =
(
Gil

T (τ )
)q
i,l=1

=

(
γ

∂2

∂τi∂τl
QT (τ )

)q

i,l=1

.

The proof of the theorem follows if the Hesse matrix GT (τ ) of the functional γQT (τ )
is positive definite in some neighborhood of the true value of the parameter θ with
probability that approaches unity as T → ∞.

For all i, l = 1, . . . , q,

(36)

Gil
T (τ ) = γT−1

∫ T

0

ψ′(X(t)− g(t, τ ))gi(t, τ )gl(t, τ ) dt

− γT−1

∫ T

0

ψ(X(t)− g(t, τ ))gil(t, τ ) dt

= Gil
1 (τ ) +Gil

2 (τ ).

Consider the second term in (36),

Gil
2 (τ ) = −γT−1

∫ T

0

[
ψ(G(ξ(t))−H(t; τ, θ))− ψ

(
G(ξ(t))

)]
gil(t, τ ) dt

− γT−1

∫ T

0

ψ
(
G(ξ(t))

)
Hil(t; τ, θ) dt− γT−1

∫ T

0

ψ
(
G(ξ(t))

)
gil(t, θ) dt

= Gil
3 (τ ) +Gil

4 (τ ) +Gil
5 .

In view of condition B4(i),

(37) |H(t; τ, θ)| =
∣∣∣∣∣

q∑
i=1

gi(t, τ
∗
t )(τi − θi)

∣∣∣∣∣ ≤ ‖k‖ · ‖τ − θ‖,
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where τ∗t = θ + η(τ − θ) and η = ηt ∈ (0, 1), k = (k(1), . . . , k(q)). Moreover,

(38) ψ(G(ξ(t))−H(t; τ, θ))− ψ
(
G(ξ(t))

)
= ψ′(G(ξ(t))− δtH(t; τ, θ))H(t; τ, θ)

for some δt ∈ (0, 1).
Taking into account conditions C3, B4(ii) and relations (37) and (38), we conclude

that

(39) |Gil
3 (τ )| ≤ kψ′k(i, l)γ‖k‖ · ‖τ − θ‖.

Then

(40) |Gil
4 (τ )| ≤ γ

(
T−1

∫ T

0

ψ2
(
G(ξ(t))

)
dt

)1/2

·
(
T−1Φil

T (τ, θ)
)1/2 ≤ γkψk

1/2
il ‖τ − θ‖

by condition B4(iii).
Now (13) and (26) imply that

E
(
Gil

5

)2 ≤ γ2k2(i, l)Eψ2
(
G(ξ(0))

)
· T−2

∫ T

0

∫ T

0

|B(t− s)| dt ds = O(T−α),

whence

(41)
∣∣Gil

5

∣∣ P→ 0, T → ∞.

Inequalities (39)–(41) show that

(42)
∣∣Gil

2 (τ )
∣∣ ≤ γ(kψ′k(i, l)‖k‖+ kψk

1/2(i, l))‖τ − θ‖+
∣∣Gil

5

∣∣ = K
(2)
il ‖τ − θ‖+

∣∣Gil
5

∣∣.
On the other hand,

Gil
1 (τ ) = γT−1

∫ T

0

[
ψ′(G(ξ(t))−H(t; τ, θ))− ψ′(G(ξ(t))

)]
gi(t, τ )gl(t, τ ) dt

+ γT−1

∫ T

0

ψ′(G(ξ(t))
)
· [gi(t, τ )Hl(t; τ, θ) + gl(t, θ)Hi(t; τ, θ)] dt

+ γT−1

∫ T

0

[
ψ′(G(ξ(t))

)
− Eψ′(G(ξ(t))

)]
gi(t, θ)gl(t, θ) dt+ J̃ il

T (θ)

= Gil
6 (τ ) +Gil

7 (τ ) +Gil
8 + J̃ il

T (θ).

We obtain from C1(iii) and (37) that

(43) |Gil
6 (τ )| ≤ Lk(i)k(l)γ‖k‖ · ‖τ − θ‖.

Similarly to the proof of inequality (40),

(44) |Gil
7 (τ )| ≤ γkψ′(k(i)‖kl‖+ k(l))‖ki‖ · ‖τ − θ‖,

where ki = (k(i, 1), . . . , k(i, q)), i = 1, . . . , q.
Finally, we derive from (12) that

(45) E
(
Gil

8

)2 ≤ γ2k2(i)k2(l)Dψ′(G(ξ(0))
)
· T−2

∫ T

0

∫ T

0

|B(t− s)| dt ds = O(T−α),

whence

(46)
∣∣Gil

8

∣∣ P→ 0, T → ∞.

Now we find from (43)–(46) that

(47)

∣∣Gil
1 (τ )− J il

T (θ)
∣∣ ≤ γ

(
Lk(i)k(l)‖k‖+ kψ′

(
k(i)‖kl‖+ k(l)‖ki‖

))
‖τ − θ‖+

∣∣Gil
8

∣∣
= K

(1)
il ‖τ − θ‖+

∣∣Gil
8

∣∣ .
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Using a property of eigenvalues of the sum of two symmetric matrices (see, for exam-
ple, [33, pp. 101–103]), we conclude that

(48)

∣∣∣λmin(G(τ ))− λmin(J̃T (θ))
∣∣∣ ≤ q max

1≤i,l≤q

∣∣∣Gil
T (τ )− J̃ il

T (θ)
∣∣∣

≤ q

(
max

1≤i,l≤q

∣∣∣Gil
1 (τ )− J̃ il

T (θ)
∣∣∣+ max

1≤i,l≤q

∣∣Gil
2 (τ )

∣∣) .

Let r = λ̃∗/4q, where λ̃∗ is the number in condition B2′. If the random event

Ωr =

{
max

1≤i,l≤q

(∣∣Gil
5

∣∣+ ∣∣Gil
8

∣∣) < r; ‖θ̂T − θ‖ ≤ r

R

}
occurs, where R = max1≤i,l≤q

(
K

(1)
il +K

(2)
il

)
, andK

(1)
il andK

(2)
il are the constants involved

in relations (47) and (42), respectively, then inequality (48) yields

P(Ωr) ≤ P{|λmin(G(θ̂T ))− λmin(J̃T (θ))| ≤ 2qr}

≤ P

{
λmin(G(θ̂T ))− λmin(J̃T (θ)) ≥ −λ∗

2

}
≤ P

{
λmin(G(θ̂T )) ≥

λ∗
2

}
for T > T0 in accordance with condition B2′. For all ε > 0 and T > T0, relations (42)
and (47) and condition D2 imply that P(Ωr) < ε. Hence, P(Ωr) ≥ 1 − ε for T > T0.

This means that θ̂T is a unique solution of the system of equation (35) with probability
that is not less than (1 − ε), since the Hesse matrix GT (τ ) of the functional γQT (τ ) is
positive definite in some neighborhood of the point θ with probability tending to unity
as T → ∞. �
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