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ON THE G-ISOMORPHISM OF PROBABILITY AND DIMENSIONAL

THEORIES OF REPRESENTATIONS OF REAL NUMBERS

AND FRACTAL FAITHFULNESS OF SYSTEMS OF COVERINGS
UDC 519.21

I. I. GARKO, R. O. NIKIFOROV, AND G. M. TORBIN

Abstract. A new method is developed to construct the probabilistic and dimen-
sional theories for families of representations of real numbers based on studies of
special mappings that preserve the Lebesgue measure and Hausdorff–Besicovitch di-
mension. These mappings are characterized by the property that a preimage and
image have the same symbols for two representations of the same family (the set of
points of discontinuity of such mappings can be everywhere dense). These mappings
are said to be G-mappings (G-isomorphisms of representations). The probabilis-
tic, metric, and dimensional theories of G-isomorphic representations are identical.
We establish a rather deep connection between the faithfulness of systems of cover-
ings generated by different representations and the property of preservation of the
Hausdorff-Besicovitch dimension of sets by the above-mentioned mappings. General
sufficient conditions on faithfulness are found to evaluate the Hausdorff–Besicovitch
dimension of families of cylinder sets generated by F and I-F -representations of real
numbers.

1. Introduction

It is well known (see, for example, [12,16,17,19,32,34]) that there are many numerical
systems (methods for representating (coding of) real numbers or elements of a certain
space with the help of symbols of a (finite or infinite) alphabet as well as those with a
varying alphabet (a sequence of alphabets)). Every numeral system has its own features
and advantages for describing or studying certain mathematical objects and its own met-
ric, probabilistic, and dimensional (in the sense of the Hausdorff–Besicovitch dimension
or other fractal dimensions) theories. The fractal boom in mathematics and in natural
sciences at the end of the twentieth century, to a large extent, influences development of
methods for constructing dimensional theories (this, in the first place, concerns the clas-
sical Hausdorff–Besicovitch dimension and pack dimension) of various representations.
Nevertheless probabilistic and dimensional theories are not yet developed satisfactorily
for many classical representations of real numbers. As an example, one can turn to
continued fractions ([7, 27]), Cantor decompositions ([6, 23]), Ostrogradsky̆ı–Sierpiński–
Pierce decompositions ([2, 12]), Q∞-expansions ([1, 4, 25]) and many others. Therefore
the development of methods for evaluating the Hausdorff–Besicovitch dimension as well
as other fractal dimensions of sets and measures related to specific numeral systems is
of a special importance for fractal analysis and for singular probability measures. Other
important directions are the development of methods for deciding whether or not a given
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probability measure is singular and studies of their fine fractal properties; comprehension
of analogies between metric, probabilistic, and dimensional theories of different expan-
sions; and generalization of the corresponding methods for constructing these theories.

The Hausdorff–Besicovitch dimension is a well-known notion and is extensively used
in various branches of mathematics. The evaluation of the Hausdorff–Besicovitch di-
mension of a set or measure is one of the basic problems of the fractal analysis. Many
papers in top international mathematical journals are devoted to solving this problem
for different sets and measures. As a result, several methods for evaluating and esti-
mating the Hausdorff–Besicovitch dimension have been developed. One of the methods
is to reduce the class of admissible covering sets to a certain specific (countable) class
of coverings that nevertheless is sufficient (faithful) for the evaluation of the Hausdorff–
Besicovitch dimension. The technical advantages of such a method are obvious (see, for
example, [9, 36]).

Recall that a family Φ of subsets of [0, 1] is called a locally fine system of coverings of
the unit interval if, for an arbitrary ε > 0, there exists a covering of the interval [0, 1] by
subsets Ej ∈ Φ such that |Ej | < ε and [0, 1] =

⋃
j Ej .

Let α be a positive number. Then

Hα(E,Φ) = lim
ε→0

⎡⎣ inf
|Ej |≤ε

{∑
j

|Ej |α
}⎤⎦

is called the α-dimensional Hausdorff measure of the set E with respect to the family Φ
where the inf is considered with respect to all at most countable ε-coverings {Ej} of E
by the subsets Ej ∈ Φ.

A locally fine family of coverings Φ is called comparable in the set M if the generated
measure Hα(·,Φ) is comparable with the classical Hausdorff α-measure Hα(·) ([33]), that
is, if there exists an absolute constant n0 > 1 such that

Hα(E) ≤ Hα(E,Φ) ≤ n0 ·Hα(E), ∀E ⊂ M.

Definition 1.1. The nonnegative number

dimH(E,Φ) = inf{α : Hα(E,Φ) = 0}
is called the Hausdorff–Besicovitch dimension of the set E with respect to the family of
subsets Φ.

Definition 1.2. A locally fine family of coverings Φ is called faithful in the set M for
calculating the Hausdorff–Besicovitch dimension if

dimH(E,Φ) = dimH(E)

for an arbitrary set E.

Sufficient conditions for systems of coverings to be faithful have been studied by many
authors (see [10, 14, 15, 31, 32, 39] and the references therein). Locally fine systems of
coverings is an example of faithful systems of coverings that are generated by the s-adic
representation of real numbers [14]. Other examples are the systems of coverings gener-
ated by the Q-representations [39] or those that are generated by the Q∗-representations
with the property infk{q0k, q(n−1)k} > 0 [10]. All examples above are examples of sys-
tems of coverings generated by systems of representations of real numbers with a finite
alphabet. The faithfulness of systems of representation of real numbers with an infinite
alphabet is considered in [4, 18, 25, 27]. In these papers, systems of cylinders generated
by Q∞- and I-Q∞-representations of real numbers are studied.

A paradoxical fact mentioned in [4] is that the first examples of nonfaithful systems of
coverings appeared in the two-dimensional case as a result of intensive studies of fractal
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properties of self-affine sets in the 1990s (see [13]). The first (and unexpected) example of
a one-dimensional nonfaithful system of coverings is the class of cylinders of the classical
continued fractions representation (see [27]). Using the approach proposed by Y. Peres
for the proof of the nonfaithfulness of the family of cylinders of the continued fractions
representation it is proved in [4] that the family of cylinders of the Q∞-expansions with
polynomial rate of decay of terms of the sequence {qi} is nonfaithful. The latter property
means that

A

(i+ 1)s
≤ qi ≤

B

(i+ 1)s

for two positive constants A and B. Some sufficient conditions for such a family of
coverings to be nonfaithful are also found in [4].

The current paper is devoted to the development of a new method for constructing
metric, probabilistic, and dimensional (Hausdorff) theories for generalized F -representa-
tions (expansions) of real numbers (see Section 2 for the definitions) and for a continual
family of (formally) different representations of real numbers based on the properties of
special mappings ϕ that map the symbols of a certain F1-representation into the same
symbols of another F2-representation of the same family

ϕ(ΔF1

α1(x)α2(x)...αk(x)...
) = ΔF2

α1(y)α2(y)...αk(y)...
.

Another feature of those mappings is that they preserve the Lebesgue measure and
Hausdorff–Besicovitch dimension. Note that these mappings, despite the properties
mentioned above, may have discontinuities in everywhere dense sets. The mappings
with these properties are called the G-mappings (G-isomorphisms or G-correspondences
between numeral systems). We say that two numeral systems F1 and F2 are identical
(up to a G-isomorphism) if there is a G-correspondence between them.

In this paper, we show that there is a deep connection between the faithfulness of
systems of coverings generated by different numeral systems and DP-properties (the
property of preserving the Hausdorff–Besicovitch dimension) of G-mappings. We develop
the methods for proving the faithfulness of systems of coverings generated by a generalized
F -representation and show how these results may help to construct probabilistic, metric,
and dimensional theories of new numeral systems. Special attention is paid to Q∞- and
I-Q∞-representations (expansions) of real numbers.

2. I-F -expansions of real numbers and the fractal faithfulness

of generated covering families

Let t ∈ [0, 1], ΔQ̃
i1(t)i2(t)...ik(t)...

be the Q̃-representation of a number t, ΔQ̃
i1(t)i2(t)...ik(t)

is a Q̃-cylinder of rank k that contains the point t (see [5] for a survey of properties of

Q̃-representations). Consider a function y = F (t) possessing the following properties:

1) F (0) = 0, F (1) = 1;
2) F (t) is continuous and increasing on [0, 1].

Let Nk = {0, 1, . . . , nk}, 0 < nk ≤ +∞, and ΔF
i1i2...ik

:= F (ΔQ̃
i1i2...ik

). The set

ΔF
i1i2...ik

is called an F -cylinder of rank k with the base (i1i2 . . . ik). Since y = F (t) is
continuous and increasing, the F -cylinders are such that

(1) ΔF
i1i2...ik−1

=
⋃

ik∈Nk
ΔF

i1i2...ik
;

(2) ΔF
i1

⊃ ΔF
i1i2

⊃ . . . ⊃ ΔF
i1i2...in

⊃ . . .;

(3)
∣∣ΔF

i1i2...ik

∣∣→ 0 as k → ∞.

It is obvious that, for an arbitrary sequence of indices {ik}, ik ∈ Nk, there exists a
sequence of embedded cylinders ΔF

i1
⊃ ΔF

i1i2
⊃ . . . ⊃ ΔF

i1i2...in
⊃ . . . whose intersection

is a certain point of the interval [0, 1].
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On the other hand, given an arbitrary x ∈ [0, 1) there exists a sequence of embedded
cylinders

ΔF
i1(x)

⊃ ΔF
i1(x)i2(x)

⊃ . . . ⊃ ΔF
i1(x)i2(x)...ik(x)

⊃ . . .

that contain x and moreover

x =

∞⋂
k=1

ΔF
i1(x)i2(x)...ik(x)

=: ΔF
i1(x)i2(x)...ik(x)...

.

The latter expression is called the F -expansion of a real number x.
Consider another (equivalent) definition of the F -expansion. Let {Nk} be a sequence

of alphabets, where Nk = {0, 1, . . . , nk}, 0 < nk ≤ ∞. If a sequence of alphabets {Nk}
is fixed, we define a countable sequence of partitions of the unit interval as follows.

Step 1. We split the unit interval by at most countable number of intervals ΔF
i1
, i1 ∈ N1,

whose lengths are equal to
∣∣ΔF

i1

∣∣ = qi1 , i1 ∈ N1. Each of the intervals ΔF
i1

is called a
cylinder of rank 1 of the F -expansion.

Step k (k > 1). Each of the cylinders ΔF
i1i2...ik−1

of rank (k − 1) is split in at most

countable number of intervals ΔF
i1i2...ik

whose lengths are such that∣∣∣ΔF
i1i2...ik−1ik

∣∣∣∣∣∣ΔF
i1i2...ik−1

∣∣∣ = q
(i1,...,ik−1)
ik

,
∑

ik∈Nk

q
(i1,...,ik−1)
ik

= 1,

∀(i1, . . . , ik−1) ∈ N1 ×N2 × . . .×Nk−1.

Each of the intervals ΔF
i1i2...ik

is called a cylinder of rank k of the F -expansion.

Now we introduce an additional assumption: the infinite product
∏∞

j=1 q
(i1,...,ij−1)
ij

diverges to zero for an arbitrary sequence of indices {ik}, ik ∈ Nk. Then, given an
arbitrary sequence of indices {ik}, ik ∈ Nk, there exists a sequence of decreasing cylinders

ΔF
i1 ⊃ ΔF

i1i2
⊃ . . . ⊃ ΔF

i1i2...ik
⊃ . . .

such that
∣∣ΔF

i1i2...ik

∣∣→ 0, k → ∞. Thus there exists a unique point x that belongs to all

cylinders ΔF
i1
, ΔF

i1i2
, . . . , ΔF

i1i2...ik
, . . . .

Conversely, given a point x ∈ [0, 1), there exists a sequence of decreasing cylinders

ΔF
i1(x)

⊃ ΔF
i1(x)i2(x)

⊃ . . . ⊃ ΔF
i1(x)i2(x)...ik(x)

⊃ . . .

that contain x and moreover

x =
∞⋂
k=1

ΔF
i1(x)i2(x)...ik(x)

=: ΔF
i1(x)i2(x)...ik(x)...

.

It is obvious that if an Q̃-expansion is fixed, then there exists a bijection between the
set of continuous functions F increasing on the interval [0, 1] and such that F (0) = 0,
F (1) = 1 and the set of F -expansions of real numbers. Every such function F uniquely

determines a system of F -cylinders of all ranks as F -images of cylinders of a Q̃-expansion;
conversely, every system of F -cylinders determines values of a continues function F on

an everywhere dense set of points that are end points for Q̃-cylinders (this, in particular,
means that every system of F -cylinders uniquely determines F ).

A natural generalization of an F -expansion is an I-F -expansion of real numbers that
can be explained by the following procedure. Let I be an arbitrary real number of the
unit interval whose binary representation is given by

I =
∞∑
k=1

βk(I)

2k
=: 0, β1(I)β2(I) . . . βk(I) . . . , βk(I) ∈ {0, 1}.
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For those numbers that have two different binary expansions, we fix the expansion
that contains the digit 1 in the period. Let {Nk} be a sequence of alphabets, where
Nk = {0, 1, . . . , nk}, 0 < nk ≤ ∞. If a real number I ∈ [0, 1] is fixed (that is, if a
sequence {βk(I)} is fixed) and if a sequence of alphabets {Nk} is fixed, we construct a
countable sequence of partitions of the unit interval according to the following rules.

Step 1. We split the unit interval from left to right if β1(I) = 1 (and from right to left if
β1(I) = 0) into at most countable number of intervals ΔI-F

i1
, i1 ∈ N1, whose lengths are

equal to
∣∣ΔI-F

i1

∣∣ = qi1 , i1 ∈ N1. Each of the intervals ΔI-F
i1

is called a cylinder of rank 1
of the I-F -expansion.

Step k (k > 1). Each of the cylinders ΔI-F
i1i2...ik−1

of rank (k − 1) is split from left to

right if βk(I) = 1 (and from right to left if βk(I) = 0) into at most countable number of
intervals ΔI-F

i1i2...ik
whose lengths are such that∣∣∣ΔI-F
i1i2...ik−1ik

∣∣∣∣∣∣ΔI-F
i1i2...ik−1

∣∣∣ = q
(i1,...,ik−1)
ik

,
∑

ik∈Nk

q
(i1,...,ik−1)
ik

= 1,

∀(i1, . . . , ik−1) ∈ N1 ×N2 × . . .×Nk−1.

Each of the intervals ΔI-F
i1i2...ik

is called a cylinder of rank k of the I-F -expansion (for
brevity, I-F -cylinder).

Given an arbitrary sequence of indices {ik}, ik ∈ Nk, there exists a sequence of
decreasing cylinders

ΔI-F
i1 ⊃ ΔI-F

i1i2
⊃ . . . ⊃ ΔI-F

i1i2...ik
⊃ . . .

such that |ΔI-F
i1i2...ik

| → 0, k → ∞, for all sequences (i1, i2, . . . ik, . . .).
Thus there exists a unique number x of the interval (0, 1) that belongs to all the

cylinders ΔI-F
i1

, ΔI-F
i1i2

, . . . , ΔI-F
i1i2...ik

, . . . .
Conversely, for any number x ∈ (0, 1) that is not an end point of a cylinder of any

rank, there exists a unique sequence of decreasing cylinders

ΔI-F
i1(x)

⊃ ΔI-F
i1(x)i2(x)

⊃ . . . ⊃ ΔI-F
i1(x)i2(x)...ik(x)

⊃ . . .

that contain x, that is,

(1) x =

∞⋂
k=1

ΔI-F
i1(x)i2(x)...ik(x)

=: ΔI-F
i1(x)i2(x)...ik(x)...

.

The uniqueness of a sequence of cylinders follows from the property that every such point
belongs to a single cylinder of rank n. The expression on the right hand side of (1) is
called the I-F -representation (or, expansion) of a real number x.

Remark 2.1. It is obvious that the F -expansion follows from the I-F -expansion by choos-
ing I = 1. The continued fraction expansion, Q∗-expansion ([3, 10]), Q∞-expansion
([25, 39]) as well as expansions due to Lüroth ([16, 34]), Sylvester ([29]), Ostrogradsky̆ı–
Sierpiński–Pierce ([2, 12]), and Engel ([11, 21]) are partial cases of the I-F -expansion.

Let D = D(I) be the set of points of the unit interval that have the I-F -representa-
tions,

D =
{
x : x ∈ [0, 1], ∀n ∈ N∃ΔI-F

α1(x)...αn(x)
: x ∈ Δα1(x)...αn(x)

}
.

It is obvious that a real number x does not have an I-F -representation if and only if
there is a number n0 = n0(x) for which x does not belong to any of the cylinders of rank
n0.
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Theorem 2.1. Let x = ΔI-F
α1(x)α2(x)...αk(x)...

be the I-F -representation of a real number

constructed from a sequence of alphabets {Nk}. Let D be the set of points that have an

I-F -representation. Let Φ̂ = Φ̂(I-F ) be the family of sets that are unions of consequent
I-F -cylinders of the same rank and that belong to the same I-F -cylinder of the preceding
rank.

If there exists a constant c ≥ 1 such that

1

c
≤

|ΔI-F
α1...αkm

|
|ΔI-F

α1...αk(m+1)|
≤ c, ∀k ∈ N, m ∈ Nk+1, (m+ 1) ∈ Nk+1,

then Φ̂(I-F ) is a faithful family for calculating the Hausdorff–Besicovitch dimension in

the set D. Moreover Φ̂(I-F ) is comparable and

Hα(E) ≤ Hα(E, Φ̂(I-F )) ≤ 4c ·Hα(E), ∀E ⊂ D.

Proof. Let E be an arbitrary subset of the set D. Fix ε > 0 and α > 0. Let {Ej} be an
arbitrary ε-covering of the set E, Ej = (aj , bj), aj ∈ B, bj ∈ B, |Ej | ≤ ε, where B is the
set of all I-F -irrational points (in other words, B is the set of those numbers that are
not end points for each cylinder of any rank of the I-F -representation).

For the set Ej , there exists a unique cylinder Δα1α2...αnj
that contains Ej and any

cylinder of a larger rank does not contain Ej . If aj and bj belong to two different cylinders
of the first rank, then, as a cylinder Δα1α2...αnj

, we choose [0, 1] and treat it as a cylinder

of rank 0.
Let I = 0, β1(I)β2(I) . . . βk(I) . . . . We split the cylinder Δα1α2...αnj

into cylinders of

rank (nj + 1). Without loss of generality, we assume that βnj+1(I) = 1. In other words,
we assume that, at every step (nj + 1), we split cylinders of rank nj from left to right.

Let M0 be the union of cylinders of rank (nj + 1) that belong to (aj , bj). If

cj := supΔα1(aj)...αnj+1(aj)

coincides with dj := inf Δα1(bj)...αnj+1(bj), then M0 = ∅.

I. Let M0 �= ∅. It is obvious that M0 ∈ Φ̂ and |M0| ≤ |Ej |.
Then one can cover Ej by the following three sets: M0, a cylinder of rank (nj + 1),

Lj := Δα1(aj)α2(aj)...αnj+1(aj),

and a cylinder of rank (nj + 1),

Rj := Δα1(bj)α2(bj)...αnj+1(bj).

Note that |M0| ≤ |Ej |, |Lj | ≤ c · |Ej |, and |Rj | ≤ c · |Ej |.
II. Let M0 = ∅. We split the cylinders

Δα1(aj)α2(aj)...αnj+1(aj) and Δα1(bj)α2(bj)...αnj+1(bj)

into cylinders of the successive ranks.
Independently of whether splitting is done from left to right or from right to left, there

exist integer numbers k and s such that the interval (aj , cj) is covered by a cylinder of
rank (nj + k),

Lj := Δα1(aj)α2(aj)...αnj+k(aj),

and the set Mk being a union of cylinders of rank (nj + k) that belong to

Δα1(aj)α2(aj)...αnj+k−1(aj) ∩ Ej .

Moreover Mk ∈ Φ̂ and |Mk| ≤ |Ej |, |Lj | ≤ c · |Ej |, and (cj , bj) is covered by a cylinder of
rank (nj + s), Rj := Δα1(bj)α2(bj)...αnj+s(bj), and the set Ms being a union of cylinders
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of rank (nj + s) that belong to Δα1(bj)α2(bj)...αnj+s−1(bj) ∩ Ej . Moreover Ms ∈ Φ̂ and

|Ms| ≤ |Ej |, |Rj | ≤ c · |Ej |.
Thus Ej is covered by at most four sets:

(1) Mk, a union of cylinders of rank (nj + k) that belong to

Δα1(aj)...αnj+k−1(aj) ∩Ej ,

(2) Ms, a union of cylinders of rank (nj + s) that belong to

Δα1(bj)...αnj+s−1(bj) ∩Ej ,

(3) Lj := Δα1(aj)...αnj+k(aj), a cylinder of rank (nj + k), and

(4) Rj := Δα1(bj)...αnj+s(bj), a cylinder of rank (nj + s), whose diameter does not

exceed c · |Ej |.
Hence

Hα(E) ≤ Hα
(
E, Φ̂(I-F )

)
≤ 4c ·Hα(E)

for an arbitrary α > 0 and an arbitrary set E ⊂ D.
Therefore

dimH(E, Φ̂(I-F )) = dimH(E)

for an arbitrary set E ⊂ D. �

Since the F -expansion of real numbers is obtained from I-F -expansion by choosing
I = 1, the above theorem implies the following result.

Theorem 2.2. Let x = ΔF
α1(x)α2(x)...αk(x)...

be some F -expansion with respect to the

alphabets {Nk}. If there exists a constant c ≥ 1 such that

(2)
1

c
≤

|ΔF
α1...αkm

|
|ΔF

α1...αk(m+1)|
≤ c, ∀k ∈ N, m ∈ Nk+1, (m+ 1) ∈ Nk+1,

then Φ̂(F ) is a faithful family for calculating the Hausdorff–Besicovitch dimension in the

interval [0, 1). Moreover, Φ̂(F ) is comparable and

Hα(E) ≤ Hα
(
E, Φ̂(F )

)
≤ 4c ·Hα(E), ∀E ⊂ [0, 1).

Corollary 2.1. The following metric relation:∣∣ΔL
c1...cmi

∣∣∣∣ΔL
c1...cm

∣∣ =
1

i(i+ 1)

holds for the Lüroth expansion (see, for example, [22]).
Therefore ∣∣∣ΔL

c1...cm(s+1)

∣∣∣∣∣ΔL
c1...cms

∣∣ =
s

s+ 2
.

It is obvious that 1
3 ≤ s

s+2 ≤ 1. As a constant c in Theorem 2.1, one can choose c = 3.

Hence, Φ̂(L) is a comparable family and therefore is a faithful family for calculating
the Hausdorff–Besicovitch dimension in the unit interval.

Corollary 2.2. The following metric relation:∣∣ΔOSP
c1c2...cms

∣∣∣∣ΔOSP
c1c2...cm

∣∣ =
σm + 1

(σm + s)(σm + s+ 1)
, where σm = c1 + c2 + . . .+ cm,

holds for the Ostrogradsky̆ı–Sierpiński–Pierce expansion (see, for example, [11]).
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Thus

|ΔOSP
c1c2...cm(s+1)|
|ΔOSP

c1c2...cms|
=

σm + s

σm + s+ 2
, where σm = c1 + c2 + . . .+ cm.

It is obvious that 1
3 ≤ 1+c+σm

3+c+σm
≤ 1. As a constant c in Theorem 2.1, one can choose c = 3.

Therefore Φ̂(OSP ) is a comparable family and hence a faithful family for calculating the
Hausdorff–Besicovitch dimension in the unit interval.

Corollary 2.3. The following metric relation:∣∣∣ΔO2
c1c2...cncn+1

∣∣∣∣∣∣ΔO2
c1c2...cn

∣∣∣ =
cn(cn + 1)

cn+1(cn+1 + 1)

holds for the Ostrogradsky̆ı expansion of the second kind (see, for example, [28]).
Thus ∣∣∣ΔO2

c1c2...cm(s+1)

∣∣∣∣∣∣ΔO2
c1c2...cms

∣∣∣ =
s

s+ 2
.

It is obvious that 1
3 ≤ s

s+2 ≤ 1. Therefore, as a constant c in Theorem 2.1, one can

choose c = 3. As a result, Φ̂(O2) is a comparable family and hence it is a faithful family
for calculating the Hausdorff–Besicovitch dimension in the unit interval.

Corollary 2.4. The following metric relation:∣∣ΔE
c1c2...cms

∣∣∣∣ΔE
c1c2...cm

∣∣ =
σm + 1

(σm + s)(σm + s+ 1
,

where σm = c1 + c2 + . . .+ cm, holds for the Engel expansion (see, for example, [21]).
Thus ∣∣∣ΔE

c1c2...cm(s+1)

∣∣∣∣∣ΔE
c1c2...cms

∣∣ =
σm + s

σm + s+ 2
, where σm = c1 + c2 + . . .+ cm.

It is obvious that 1
3 ≤ 1+s+σm

3+s+σm
≤ 1. As a result, as a constant c in Theorem 2.1, one

can choose c = 3. Hence Φ̂(E) is a comparable family and thus it is a faithful family for
calculating the Hausdorff–Besicovitch dimension in the unit interval.

Corollary 2.5. The following metric relation:∣∣∣ΔS
g1g2...gni)

∣∣∣∣∣ΔS
g1g2...gns

∣∣ = qn(qn − 1)

(qn(qn − 1) + i)(qn(qn − 1) + i− 1)
,

where q1 = g1+1, qk+1 = gk+1+qk(qk−1), 1 < k ≤ m, holds for the Sylvester expansion
(see, for example, [29]).

Thus ∣∣∣ΔS
g1g2...gm(s+1)

∣∣∣∣∣ΔS
g1g2...gms

∣∣ =
qm(qm − 1) + s− 1

qm(qm − 1) + s+ 1
,

where q1 = g1 + 1, qk+1 = gk+1 + qk(qk − 1), 1 < k ≤ m. It is obvious that 1
2 ≤

qm(qm−1)+s−1
qm(qm−1)+s+1 ≤ 1 and, as a constant c in Theorem 2.1, one can choose c = 2. Therefore

Φ̂(S) is a comparable family and hence it is a faithful family for calculating the Hausdorff–
Besicovitch dimension in the unit interval.
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Corollary 2.6. The following metric relation:∣∣Δc.f.
c1c2...cms

∣∣∣∣∣Δc.f.
c1c2...cm

∣∣∣ =
1

s2
·

1 + Qm−1

Qm(
1 + Qm−1

sQm

)(
1 + 1

s + Qm−1

sQm

)
holds for the continued fraction expansion, where Qm is the denominator of an order m
convergent of a continued fraction (see, for example, [11]).

Thus ∣∣∣Δc.f.
c1c2...cm(s+1)

∣∣∣∣∣∣Δc.f.
c1c2...cms

∣∣∣ =
s ·Qm +Qm−1

(s+ 2) ·Qm +Qm−1
,

where Qm is the denominator of an order m convergent of a continued fraction.

It is obvious that 1
2 ≤ s·Qm+Qm−1

(s+2)·Qm+Qm−1
≤ 1 and, as a constant c in Theorem 2.1, one

can choose c = 2. Therefore Φ̂(C) is a comparable family and thus it is a faithful family
for calculating the Hausdorff–Besicovitch dimension in the unit interval.

The following result provides a connection between the DP-property of the mapping ϕ
and the property of being a faithful family for calculating the Hausdorff–Besicovitch

dimension of the corresponding collections ˆΦ(F ) and Φ̂(I-F ).

Theorem 2.3. Let I be some real number of [0, 1]. If families Φ̂(F ) and Φ̂(I-F ) are
faithful, then the mapping

ϕ
(
ΔF

α1α2...αk...

)
= ΔI-F

α1α2...αk...

preserves the Hausdorff–Besicovitch dimension in the unit interval.

Proof. Since the family Φ̂ = Φ̂(F ) is faithful, one needs to use the covering by the sets

Kj ∈ Φ̂ to calculate the Hausdorff–Besicovitch dimension of an arbitrary set E ⊂ [0, 1).
Let K ′

j = ϕ(Kj). Since Kj is a union of adjusted cylindrical intervals of the same
rank belonging to a cylinder of the preceding rank, the procedure of the I-F -expansion
implies that K ′

j ∈ Φ̂′ and |Kj | = |K ′
j |.

Let E be some subset of [0, 1) and let {Kj} be its ε-covering by sets of Φ̂. Then {K ′
j}

is an ε-covering for E′ = ϕ(E).
The corresponding α-volumes are equal, whence we conclude that

Hα
ε (E, Φ̂) = Hα

ε (E
′, Φ̂′).

Passing to the limit as ε → 0, we get

Hα(E, Φ̂) = Hα(E′, Φ̂′).

Thus

dimH(E, Φ̂) = dimH(E′, Φ̂′).

Since Φ̂ and Φ̂′ are faithful families for calculating the Hausdorff–Besicovitch dimen-
sion,

dimH E = dimH E′, ∀E ⊂ [0, 1).

Therefore ϕ preserves the Hausdorff–Besicovitch dimension in [0, 1). �

Remark 2.2. Theorem 2.3 implies that the faithfulness of families Φ̂(F ) and Φ̂(I-F ) yields
the property that ϕ preserves the Hausdorff–Besicovitch dimension.
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Remark 2.3. A number of papers is devoted to studies of continuous transformations
preserving the Hausdorff–Besicovitch dimension (see, for example, [8, 35, 37, 38]). In
particular, it is proved that the problem for DP-transformations of a unit interval is
equivalent to the problem for DP-property of continuous distribution functions of prob-
ability measures. At the same time, one cannot find any paper in the existing literature
devoted to the DP-property of transformations whose set of discontinuities is everywhere
dense in some interval. The question is natural, since the cardinal number of the set of
such transformations is hyper-continuum, while the cardinal number of its complement
is equal to continuum. On the other hand, an investigation of those transformations
is useful for calculating the fractal dimensions and for studies of fractal properties of
probability distributions.

The following result is important for the development of the metric theory of I-F -
expansions and for studies of the Lebesgue and spectral structure of probability measures
with independent I-F -symbols.

Theorem 2.4. The mapping ϕ preserves the Lebesgue measure in [0, 1).

Proof. It is sufficient to show that ϕ preserves the Lebesgue measure of intervals. Let
A = (a, b) be an interval of (0, 1) and let A′ := ϕ ((a, b)). Given ε > 0, there exists a

family of cylinders Δ̂j of the same rank such that(⋃
j

Δ̂j

)
⊃ (a, b) and

∑
j

λ(Δ̂j) ≤ (b− a) + ε;

and there exists a family of cylinders Δ̌j of the same rank such that(⋃
j

Δ̌j

)
⊂ (a, b) and

∑
j

λ(Δ̌j) ≥ (b− a)− ε.

Thus the same relations hold for A′, {Δ̂′
j}, and {Δ̌′

j}.
Hence ∑

j

λ(Δ̂j)− ε ≤ λ((a, b)) ≤
∑
j

λ(Δ̌j) + ε

and ∑
j

λ(Δ̂′
j)− ε ≤ λ(A′) ≤

∑
j

λ(Δ̌′
j) + ε,

whence

λ((a, b))− 2ε ≤ λ(A′) ≤ λ((a, b)) + 2ε, ∀ε > 0.

Therefore λ(A′) = λ((a, b)). �

Remark 2.4. Theorem 2.4 implies that the metric theories of the F - and I-F -expansions
are identical. If additionally Φ̂(F ) and Φ̂(I-F ) are faithful families, then their dimensional
theories (in the sense of the Hausdorff–Besicovitch dimension) coincide, as well.

It is worth mentioning that condition (2) does not hold in general for Q∞-expansions
(see, [25]). To see this, one can take a random vector Q∞ such that q2i−1 = A

2i and

q2i−2 = A
3i for all i ∈ N , where A = 2

3 . Some sufficient conditions for the faithfulness of

the families Φ̂(Q∞) and Φ̂(I-Q∞) are found in the paper by Garko [18]. These condi-
tions allow one to generalize the above results for the Lüroth expansion and for its sign
alternating counterpart.
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Lemma 2.1 ([18]). Let Φ̂ = Φ̂(Q∞) be a family of subsets that are unions of adjusted
cylinders of the same rank that belong to a single cylinder of the preceding rank.

Put ri :=
∑+∞

k=i+1 qk. If

(3) ∃c > 0:
qi
ri

≤ c, ∀i ∈ N,

then ∀ E ⊂ [0, 1): dimH E = dimH(E, Φ̂).

Lemma 2.2 ([18]). If condition (3) holds, then the family Φ̂′ = Φ̂(I-Q∞) is faithful.

Remark 2.5. It is proved in the paper [19] that the family of sets Φ̂(Q∞) is faithful
without any additional assumption like (3). As shown in the paper [20], the generated

family of sets Φ̂(I-Q∞) is faithful for any choice of a real number I ∈ [0, 1] and for
arbitrary random vector Q∞.

We exhibit a method used in [20] for the proof of the faithfulness of the family Φ̂(I-Q∞)
for an arbitrary choice of a number I ∈ [0, 1]. The following Theorem 2.5 is used below
for the proof of some new sufficient conditions for the faithfulness of families of cylinders
in the Q∞- and I-Q∞-representations.

Theorem 2.5. Let Φ̂(Q∞) be the family consisting of cylinders of the Q∞-expansion
and of sets being the unions of adjusted cylinders of the same rank and that belong to a
cylinder of the preceding rank.

Then the family Φ̂(Q∞) is faithful for calculating the Hausdorff–Besicovitch dimension
in the interval [0, 1) whatever the random vector Q∞ is.

Proof. It is sufficient to restrict the consideration to those coverings of the interval
(aj , bj), where aj and bj belong to some everywhere dense subset A in order to cal-
culate the Hausdorff–Besicovitch dimension of an arbitrary subset of the unit interval
(the corresponding Hausdorff measure coincides with the classical Hausdorff measure in
this case). As the set A we choose the set of all Q∞-irrational numbers, that is, the
numbers that are not end points of any cylinder of any rank in the Q∞-representation.

Let E be an arbitrary subset of [0, 1). Fix ε > 0 and α > 0. Let {Ej} be a ε-covering
of the set E, Ej = (aj , bj), aj ∈ A, bj ∈ A, |Ej | ≤ ε.

There exists a unique cylinder Δα1α2...αnj
that contains Ej and any cylinder of a

higher rank does not contain Ej . If aj and bj belong to two different cylinders of the
first rank, then, as a cylinder Δα1α2...αnj

, we choose [0, 1] and treat it as a cylinder of

zero rank.
Split the cylinder Δα1α2...αnj

into cylinders of rank (nj + 1). Let M0(j) be the union

of cylinders of rank (nj + 1) that belong to (aj , bj). If cj := supΔα1(aj)α2(aj)...αnj+1(aj)

coincides with dj := inf Δα1(bj)α2(bj)...αnj+1(bj), then M0(j) = ∅.

If M0(j) �= ∅, then M0(j) ∈ Φ̂(Q∞) and |M0(j)| ≤ |Ej |.
Consider separately the coverings of the intervals (aj , cj) and [dj , bj) by sets of the

family Φ̂(Q∞).
For the set [dj , bj), there exists kj ∈ N such that the cylinder Δα1(bj)α2(bj)...αnj+kj

(bj)0

belongs to [dj , bj), while the cylinder Δα1(bj)α2(bj)...αnj+kj−1(bj)0 contains the interval

[dj , bj). Then [dj , bj) is covered by a single cylinder R(j) := Δα1(bj)α2(bj)...αnj+kj−1(bj)0

whose length does not exceed 1
q0
|Ej |.

Let L1 be the union of cylinders of rank (nj + 2) that belong to (aj , cj), that is,

L1 :=
∞⋃
i=1

Δα1(aj)α2(aj)...αnj+1(aj)(αnj+2(aj)+i).
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Similarly, let

Lk :=

∞⋃
i=1

Δα1(aj)α2(aj)...αnj+1(aj)...(αnj+k+1(aj)+i).

By construction, the set (aj , cj) is covered by the set
⋃∞

k=1 Lk and moreover

Lk ∈ Φ̂(Q∞).

Let q := maxi qi. Since Lk is a subset of a cylinder of rank (nj+k), |Lk| ≤ qnj+k ≤ qk.
Given a set E ⊂ [0, 1) and real numbers α ∈ (0, 1] and ε > 0, we choose an arbitrary

number δ ∈ (0, α). Then the α-volume of the above covering of the set Ej by sets of the

family Φ̂(Q∞) is equal to
∞∑
k=1

|Lk|α + |M0(j)|α + |R(j)|α ≤
∞∑
k=1

|Lk|α−δ · |Lk|δ +
(
1 +

1

qα0

)
|Ej |α

≤ |Ej |α−δ
∞∑
k=1

|Lk|δ +
(
1 +

1

qα0

)
|Ej |α−δ

≤ |Ej |α−δ ·
∞∑
k=1

qkδ +

(
1 +

1

qα0

)
|Ej |α−δ

= |Ej |α−δ

(
1 +

1

qα0
+

qδ

1− qδ

)
.

Hence, for all ε > 0, the set Ej can be covered with the help of at most countable

number of sets belonging to the family Φ̂(Q∞) and the diameter of each of these sets
does not exceed 1

q0
|Ej |. The corresponding α-volume of the covering does not exceed

S(α, δ)|Ej|α−δ, where

S(α, δ) = 1 +
1

qα0
+

qδ

1− qδ
.

Thus
Hα(E) ≤ Hα(E, Φ̂(Q∞)) ≤ S(α, δ)Hα−δ(E)

for all ε > 0, α > 0, δ ∈ (0, α), and for an arbitrary subset E ⊂ [0, 1). Therefore

dimH(E, Φ̂(Q∞)) ≤ dimH(E) + δ for all δ ∈ (0, α), whence

dimH(E, Φ̂(Q∞)) ≤ dimH(E).

This implies the equality

dimH(E, Φ̂(Q∞)) = dimH(E)

for any subset E ⊂ [0, 1). �
Now we show how to use Theorem 2.5 for obtaining sufficient conditions of the faith-

fulness for calculating the Hausdorff–Besicovitch dimension in the case of a family Φ(Q∞)
that contains only cylinders of the Q∞-representation.

Theorem 2.6. Let

f(α, k,m) :=

∑m
i=k q

α
i

(
∑m

i=k qi)
α

and
f∗(α) := sup

k,m
f(α, k,m).

If

(4) f∗(α) < +∞, ∀α > 0,
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then the family of cylinders Φ(Q∞) is faithful for calculating the Hausdorff–Besicovitch
dimension in the interval [0, 1).

Proof. Let E be an arbitrary subset of the unit interval [0, 1). Fix ε > 0 and α > 0. Let

{Êj} be a given ε-covering of the set E, Êj ∈ Φ̂(Q∞), |Êj | ≤ ε:

Êj =

mj⋃
i=kj

Δα1α2...αkj−1i, mj ∈ N ∪ {∞}.

Since

|Êj |α = |Δα1α2...αkj−1
|α ·

⎛⎝ mj∑
i=kj

qi

⎞⎠α

,

we have
mj∑
i=kj

|Δα1α2...αkj−1i|α = |Δα1α2...αkj−1
|α ·

mj∑
i=kj

qαi ≤ |Δα1α2...αkj−1
|α · f∗(α) ·

( mj∑
i=kj

qi

)α

= f∗(α) · |Êj |α.

Now we estimate the α-volume of the above covering by cylinders:∑
j

mj∑
i=kj

|Δα1α2...αkj−1i|α ≤
∑
j

|Êj |α · f∗(α), ∀{Êj}.

Hence,

Hα
ε (E,Φ(Q∞)) ≤ f∗(α) ·

∑
j

|Êj |α, ∀{Êj}.

Thus

Hα
ε (E,Φ(Q∞)) ≤ f∗(α) ·Hα

ε (E, Φ̂(Q∞)).

Since the family Φ̂(Q∞) includes the family Φ(Q∞),

Hα(E, Φ̂(Q∞)) ≤ Hα(E,Φ(Q∞)) ≤ f∗(α) ·Hα(E, Φ̂(Q∞)).

Therefore

dimH(E,Φ(Q∞)) = dimH(E, Φ̂(Q∞))

in view of f∗(α) < +∞ for any α > 0. Since the family Φ̂(Q∞) is faithful for calculating
the Hausdorff–Besicovitch dimension in the interval [0, 1), the latter equality implies that
Φ(Q∞) is a faithful family, as well, for calculating the Hausdorff–Besicovitch dimension
in the same interval [0, 1). �

Theorem 2.7. If a family of cylinders Φ = Φ(Q∞) is faithful for calculating the
Hausdorff–Besicovitch dimension in [0, 1), then the family of cylinders Φ′ = Φ(I-Q∞)
is faithful for calculating the Hausdorff–Besicovitch dimension in the set D(I) for an
arbitrary I ∈ [0, 1].

Proof. Fix an I-Q∞-representation. Let E′ be a subset of D(I) and E = ϕ−1(E′). We
show that dimH E′ = dimH(E′,Φ(I-Q∞)).

Let {E′
j} be an ε-covering of the set E′, E′

j ∈ Φ′. Then {Ej} is an ε-covering of the
set E and moreover Ej ∈ Φ, |Ej | = |E′

j |. Thus∑
j

|Ej |α =
∑
j

|E′
j |α, ∀α > 0, ∀ε > 0.
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Hence
inf

|Ej |≤ε

∑
j

|Ej |α = inf
|E′

j |≤ε

∑
j

|E′
j |α

for all α > 0 and ε > 0. Then

Hα(E,Φ) = Hα(E′,Φ′)

for all α > 0, whence
dimH(E,Φ) = dimH(E′,Φ′).

Since Φ is a faithful family for calculating the Hausdorff–Besicovitch dimension in the
interval [0, 1), dimH E = dimH(E,Φ).

As the mapping ϕ preserves the Hausdorff–Besicovitch dimension in [0, 1),

dimH E = dimH E′, ∀E ⊂ [0, 1).

Therefore
dimH(E′,Φ′) = dimH(E,Φ) = dimH E = dimH E′,

that is,
dimH(E′,Φ′) = dimH E′, ∀E′ ⊂ D(I).

�
Remark 2.6. The proof of Theorem 2.6 shows the faithfulness of the family Φ(Q∞) for
calculating the Hausdorff–Besicovitch dimension in [0, 1) under condition (4). Then,
under the same condition, Theorem 2.7 implies that the family Φ′ = Φ(I-Q∞) is faithful
for calculating the Hausdorff–Besicovitch dimension in the set D(I), ∀I ∈ [0, 1].

3. On the Lebesgue and spectral structure of distributions of random

variables with independent I-Q∞-symbols and their fractal properties

Let {ξk} be a sequence of independent random variables with the distributions

P (ξk = i) := pik ≥ 0,

where
∞∑
i=0

pik = 1, ∀k ∈ N.

Using the sequence {ξk} and I-Q∞-expansion, we construct the following random
variable:

ξ := ΔI-Q∞
ξ1ξ2...ξk...

.

We refer to ξ as a random variable with independent I-Q∞-symbols.
Denote by μξ the corresponding probability measure and call it a probability measure

with independent I-Q∞-symbols.
Following the reasoning analogous to that in the paper [24] where it is used for studies

of the Lebesgue structure of the distributions of random variables with independent
Q∞-symbols, we obtain the following result.

Theorem 3.1. The distribution of the random variable ξ is pure. Moreover,
1) μξ is purely continuous if and only if

ρ :=
∞∏
k=1

{ ∞∑
i=0

√
pik · qi

}
> 0;

2) μξ is purely discrete if and only if

Pmax :=
∞∏
k=1

max
i

{pik} > 0;
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3) μξ is purely singularly continuous if and only if

ρ = 0 = Pmax.

Remark 3.1. There is another proof of Theorem 3.1. Namely, Theorem 3.1 follows from
the fact that the mapping ϕ preserves the Lebesgue measure, since the properties of
distributions “of being discrete” and “of being absolutely continuous and singular with
respect to the Lebesgue measures” are equivalent for probability measures with indepen-
dent Q∞- and I-Q∞-symbols.

Corollary 3.1. If ξk are independent and identically distributed random variables, then
the measure μξ is

(1) discrete if and only if there exists an index i0 such that pi0 = 1;
(2) absolutely continuous if and only if pi = qi for all i ∈ N;
(3) μξ is singular otherwise.

In the case of singularity we study the spectral structure of the distribution of a
random variable with independent I-Q∞-symbols.

Definition 3.1 ([30]). A singularly continuous probability measure μ is called a measure
of the pure GS-type if there exists a sequence of disjoint intervals {[ai, bi]} such that{

[ai, bi] ⊂ Sμ,

μ (
⋃

i[ai, bi]) = 1.

Definition 3.2 ([30]). A singularly continuous probability measure μ in R1 us called a
measure of the pure GC-type if there exists a nowhere dense set E such that⎧⎪⎨⎪⎩

E ⊂ Sμ,

μ(E) = 1,

∀x ∈ E ∃ε(x) > 0: [x− ε(x), x+ ε(x)] ∩ Sμ is a set of zero Lebesgue measure.

Definition 3.3 ([30]). A singularly continuous probability measure μ is called a measure
of the pure GP -type if there exists a nowhere dense set E such that⎧⎪⎨⎪⎩

E ⊂ Sμ,

μ(E) = 1,

∀x ∈ E ∀ε > 0 : [x− ε, x+ ε] ∩ Sμ is a set of positive Lebesgue measure.

The collections of singularly continuous measures of GC-, GP-, and GS-types are
disjoint families. The union of these families does not coincide with the family of all
singularly continuous probability measures in R

1, since there exist singularly continuous
probability measures in R

1 that do not belong to any of these classes. On the other hand,
the following result holds.

Theorem 3.2 ([30]). An arbitrary singularly continuous probability measure μ in R
1 can

be represented in the following form:

(5) μ = α1μ
GS + α2μ

GC + α3μ
GP ,

where α1 ≥ 0, α2 ≥ 0, α3 ≥ 0, α1 + α2 + α3 = 1; μGS, μGC , and μGP are singularly
continuous probability measures whose types are GS, GC, and GP , respectively.

In order to study the topological and metric properties of the distribution of a random
variable with independent I-Q∞-symbols we consider the properties of a certain class of
sets. Let V := {Vk}∞k=1, where Vk ⊆ {0, 1, 2, . . .} =: N0. Put

(6) C[I-Q∞, {Vk}] :=
{
x ∈ [0, 1] : x = Δi1i2...ik..., ik ∈ Vk

}
.
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In other words, C[I-Q∞, {Vk}] consists of those numbers whose I-Q∞-representations
contain only the symbols ik of the set Vk at position k.

If Vk �= N0 for at least one k < k0, and Vk = N0 for all k ≥ k0 (for some k0 > 1),
then C[I-Q∞, {Vk}] is a union of intervals. The set C[I-Q∞, {Vk}] is obtained in this

case by excluding from [0, 1) all those intervals Δ̇i1...ik , k < k0, for which ik /∈ Vk (the

dot at the top of the symbol Δ means that Δ̇i1...ik is open). If Vk �= N0 for an infinite
number of indices k, then C[I-Q∞, {Vk}] is a nowhere dense set.

Now we study the metric properties of the set C[I-Q∞, {Vk}]. Let Sk(V) :=
∑

i∈Vk
qi.

Note that 0 < Sk(V) ≤ 1.

Lemma 3.1. The Lebesgue measure of the set C[I-Q∞, {Vk}] is equal to

(7) λ(C[I-Q∞, {Vk}]) =
∞∏
k=1

Sk(V).

Proof. Let Cn :=
⋃

ik∈Vk
Δi1...in . It is easy to see that Cn ⊆ Cn−1 and

C[I-Q∞, {Vk}] =
∞⋂

n=1

Cn.

The definition of the set Cn implies that λ(Cn) =
∏n

k=1 Sk(V), whence

λ(C[I-Q∞, {Vk}]) = lim
n→∞

λ(Cn) =

∞∏
k=1

Sk(V). �

Corollary 3.2. Let Wk(V) = 1−Sk(V) ≥ 0. The set C[I-Q∞, {Vk}] is of zero Lebesgue
measure if and only if

(8)

∞∑
k=1

Wk(V) = ∞.

The following result provides necessary and sufficient conditions for a measure μξ to
belong to each of the pure topological-metric (GS-, GC-, or GP-) types.

Theorem 3.3. A singularly continuous random variable with independent I-Q∞-symbols
has a pure topological-metric type. Moreover, the measure μξ is of the pure

(1) GS-type if and only if the matrix P contains only a finite number of columns
with zero entries.

(2) GC-type if and only if the matrix P contains an infinite number of columns with
zero entries and, in addition,

(9)

∞∑
k=1

( ∑
i:pik=0

qi

)
= ∞.

(3) GP–type if and only if the matrix P contains an infinite number of columns with
zero entries and

(10)

∞∑
k=1

( ∑
i:pik=0

qi

)
< ∞.

Proof. Consider the set C[I-Q∞, {Vk}], where the sequence V = {Vk}∞k=1 is determined
by the matrix P as follows:

Vk = {i : pik �= 0}.
The spectrum of the measure μξ coincides with the closure of the set C[I-Q∞, {Vk}] (the
boundary of the set C[I-Q∞, {Vk}] is at most countable in this case). Thus in order to
determine the topological-metric structure of the set Sξ one can apply the above results.
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Namely, if the matrix P contains only a finite number of columns with zero entries,
then Vk = N0 for all k > k0 and some k0 > 0. In this case, C[I-Q∞, {Vk}] is the union
of at most countable number of intervals. Thus the measure μξ is of the GS-type.

Otherwise the matrix P contains an infinite number of columns with zero entries and
therefore C[I-Q∞, {Vk}] is a nowhere dense set. By Lemma 3.1, the Lebesgue measure
of the set C[I-Q∞, {Vk}] is equal to

λ(C[I-Q∞, {Vk}]) =
∞∏
k=1

Sk(V) =
∞∏
k=1

(∑
i∈Vk

qi

)
=

∞∏
k=1

(
1−

∑
i:pik=0

qi

)
.

As a result, either λ(C[I-Q∞, {Vk}]) = 0 (if condition (9) holds) or

λ(C[I-Q∞, {Vk}]) > 0

(if condition (10) holds). In this case, μξ is of either the pure GC-type or pure GP-type.
Since conditions 1), 2), and 3) of Theorem 3.3 are mutually exclusive and one of them

is always true, the distribution of a random variable ξ with independent I-Q∞-symbols
always is of a pure topological-metric type. �

Now we show how the results obtained above allow one to study the fractal properties
of probability measures with independent I-Q∞-symbols.

First we study the fractal properties of the spectrum of the measure μξ. Let I be a
binary rational number (that is, βk(I) = 1 for all sufficiently large k > k0(I)). Then
the metric and probability theories of such expansions remain without changes, since
the Q∞-splitting will be done for all cylinders starting with k0(I) and the corresponding
probability measure reduced to cylindrical intervals of rank k0 + 1 will coincide with
the standard probability measure with independent Q∞-symbols reduced to the same
cylinder.

Otherwise, that is, if I is a binary irrational number (the sequence βk(I) is aperiodic in
this case), then the methods developed in [25,26] are useless for calculating the Hausdorff–
Besicovitch dimension of the spectrum of the random variable ξ even in the simplest case
of independent identically distributed random variables ξk, since the corresponding sets
are neither self-similar nor N -similar anymore.

The following result follows from the implication:

Φ̂ and Φ̂′ are faithful families =⇒ the mapping ϕ admits the DP-property

and from studies due to Nikiforov and Torbin ([25]) on the fractal properties of N -self-
similar sets and spectra of random variables with independent identically distributed
Q∞-symbols.

Theorem 3.4. Let ξk be a sequence of independent identically distributed random vari-
ables assuming the values 0, 1, 2, . . . with probabilities p0, p1, p2, . . ., respectively. Let
V := {i : pi > 0} = {i1, i2, . . . , ik, . . .}.

If, for a fixed random vector Q∞, the equation
∑

i∈V qyi = 1 possesses a root α0 in
[0, 1], then, for all I ∈ [0, 1], the Hausdorff–Besicovitch dimension of the spectrum of the
random variable with independent I-Q∞-symbols is equal to dimH Sμξ

= α0.
If the equation

∑
i∈V qyi = 1 does not have roots in [0, 1], then

dimH Sμξ
= dimH(C[I-Q∞, V ]) = lim

k→∞
dimH(C[I-Q∞, Vk]),

where Vk = {i1, i2, . . . , ik}, k ∈ N , k ≥ 2.

Recall that if μ is a probability measure, then the number

dimH μ = inf
A∈Aμ

{dimH(A)},
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where Aμ = {A : A ∈ B, μ(A) = 1} is the set of all possible supports of μ, is called the
Hausdorff dimension of μ.

Theorem 3.5. Let the family Φ(Q∞) of cylinders of the Q∞-representation is faithful
for calculating the Hausdorff–Besicovitch dimension. If

(11)
∞∑
j=1

∑∞
i=0 pij ln

2 pij
j2

< ∞,
∞∑
j=1

∑∞
i=0 pij ln

2 qi
j2

< ∞,

then, whatever a real number I ∈ [0, 1] is, the Hausdorff dimension of the measure μξ

with independent I-Q∞-symbols is equal to

(12) dimH μξ = lim
n→∞

Hn

Bn
,

where

Hn =
n∑

j=1

hj , Bn =
n∑

j=1

bj ,

hj = −
∞∑
i=0

pij ln pij , bj = −
∞∑
i=0

pij ln qi.

Proof. It is proved in [24] that if the system Φ of cylindrical intervals of the Q∞-expansion
is faithful and conditions (11) hold, then the Hausdorff dimension of a probability measure
with independent Q∞-symbols is equal to dimH μξ = limn→∞

Hn

Bn
.

Since the mapping ϕ preserves the Hausdorff–Besicovitch dimension of an arbitrary
set, ϕ preserves the dimension of any support of a measure with independent Q∞-
symbols. Since the distributions of symbols coincide by construction for the Q∞- and
I-Q∞-expansions, the image of an arbitrary support (not necessarily closed) of the first
measure is a support of the second measure. Thus the mapping ϕ preserves the Hausdorff
dimension of a measure, as well. �
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