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ON A REDUNDANT SYSTEM WITH RENEWALS
UDC 519.21

B. V. DOVGAĬ AND I. K. MATSAK

Abstract. A two units redundant system with renewals of general type is consid-
ered. Stationary probabilities are found and the average duration of busy periods
are established for the stationary regime.

1. Introduction

Redundancy is one of the main methods for increasing the reliability of systems [1]. In
the current paper, we consider the simplest type of redundancy, namely the duplication,
where each operating unit is associated with a single standby unit, which replaces the
operating unit in case the latter fails. The failed unit is subject for renewal and, after
the repair, has the characteristics being equivalent to the initial ones.

B. Epstein and T. Hosford [2] were the first to consider two units redundant systems.
It is assumed in [2] that the distribution of the trouble-free time and that of the renewal
time are exponential (this assumption does not always hold in practice). A special place
in this topic is occupied by the papers [3] and [4] by B. V. Gnedenko. In contrast to [2],
the papers [3] and [4] deal with general distributions. Moreover, new methods for analysis
of systems are proposed in [3] and [4] that allow one to find solutions to such types of
problems in the general case.

A number of papers are devoted to studying the reliability of redundant systems with
renewal. These are papers, to mention a few, by I. M. Kovalenko [5,6], V. S. Korolyuk [7,
8], and A. D. Solovyev [10, 11].

When studying a redundant system with renewal, a common problem is to find the
distribution (or, at least, some of its characteristics) of the trouble-free time until the first
failure. It is also clear that stationary characteristics of the system are also of primary
interest. In the Markov case, this problem is reduced in a standard way to a question
concerning a birth-death process (see, for example, [1] or [7]).

The problem becomes nontrivial if the distribution of the trouble-free time or renewal
time is not exponential. In this case, the problem is close to the classical problems of the
queueing theory. Some of the problems of this kind are solved by T. P. Maryanovich [12],
I. M. Kovalenko [5] and A. D. Solovyev [10] for a general redundant system with the
so-called unbounded renewal. A general approach based on semi-Markov processes, is
proposed by V. S. Korolyuk [7, 9].

Throughout the paper, ζ(t) denotes the total number of defective units in the system
at a moment t,

pk(t) = P(ζ(t) = k), k = 0, 1, 2.

We assume that ζ(0) = 0 almost surely and say that the system is in a state k at a
moment t if ζ(t) = k.
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Let αk(t) be the time spent by the system in a state k, k = 0, 1, 2, during the inter-
val (0, t).

It is clear that

α0(t) + α1(t) + α2(t) = t.

The aim of this paper is to prove that, for a redundant system with renewal, the limits

(1) lim
t→∞

αk(t)

t
= pk

exist almost surely for k = 0, 1, 2, under rather mild assumptions and to find a simple
formula for stationary probabilities pk and for some other characteristics of the reliability.
In doing so, we use the methods developed in [3, 4, 13].

Remark 1. In the theory of queueing systems, the stationary probabilities are usually
defined as follows:

(2) lim
t→∞

pk(t) = p∗k.

Denote by I(A) the indicator of an event A. Then

αk(t) =

∫ t

0

I(ζ(s) = k) ds.

Thus

E
αk(t)

t
=

1

t

∫ t

0

pk(s) ds.

This implies that if limits (1) and (2) exist, then pk = p∗k for all k. Clearly, this observa-
tion holds for queueing systems of a rather general form.

We suppose that the system is functioning properly if at least one of its units works
properly. Then KΓ = p0 + p1 is called the availability coefficient (see [1, p. 110]).

Throughout the paper a busy period is understood as a continuous period when the
system is functioning properly; every busy period is followed by an idle period when both
units fail.

Depending on the state of redundant units until they replace the initial unit, there are
several types of redundancy. We recall briefly the main types of redundancy that usually
are studied in the queueing theory.

(i) Completely inactive standby redundancy. The redundant unit is not initially hooked
up and, by hypothesis, it cannot fail until it is put in place of the primary unit.

(ii) Active redundancy. The redundant unit is subject to the same rules as the basic
unit.

(iii) Partially energized standby redundancy. The redundant unit is in a partially
energized state up to the instant it is put in place of the primary unit. During the period
it is in standby, it can fail but the probability of this is less than the same probability
for the basic unit.

Each of the above types of redundancy of a standby system can be accompanied by
the following types of renewal:

a) Bounded renewal : there is a unique redundant unit in the system.
b) Unbounded renewal : there are at least two redundant units in the system.
In what follows we use the following notation: type (A/n/r) means a redundant

system with renewal where n is the number of redundant units, r is the number of
repairing units, A ∈ {i, ii, iii}, i is a completely inactive standby redundant reserve, ii is
a partially energized standby redundant reserve, and iii is an active redundant reserve.
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For a redundant system n ≡ 2. Therefore there are six types of redundant systems,
namely (i/2/1), . . . , (iii/2/2). For example, the type (ii/2/2) characterizes a redundant
system with an active redundant reserve and unbounded renewal.

2. Completely inactive standby redundant reserve

We start with the case of bounded renewal, that is, we consider a redundant system
of the type (i/2/1). The functioning of the system can be described as follows. The
primary unit works during a time τ ; then it is either sent for repairing (if a repairing
unit is idle), or takes a position in the queue for repairing. Simultaneously a redundant
unit is put in place of the primary unit if the first works properly. After the repairing of
the primary unit is completed, it is sent to reserve or is put in place of the primary unit
if the place is free.

Let τ be the failure-free time of the primary unit, η be the renewal time (repairing
time), τ and η are independent random variables. Assume that τn, n ≥ 1, are independent
identically distributed random variables with the distribution function F (x) = P(τ < x),
F (0+) = 0. Let ηn, n ≥ 1, be independent identically distributed random variables,
G(x) = P(η < x), G(0+) = 0.

Denote by W ′
k the kth busy period. Let W ′′

k be the kth idle period of the system, νk
be the number of repairing of the primary unit by a redundant unit during the kth busy
period +1,

q = P(τ < η) =

∫ ∞

0

F (x) dG(x),

d = Emin(τ, η) =

∫ ∞

0

P(min(τ, η) > x) dx =

∫ ∞

0

(1− F (x))(1−G(x)) dx.

Note that the random variables νk have the geometric distribution with parameter q.

Theorem 1. If a redundant system of the type (i/2/1) is such that

E τ = a < ∞, E η = b < ∞,(3)

then the limits (1) exist and

(4) p0 =
a− d

a+ b− d
, p1 =

d

a+ b− d
, p2 =

b− d

a+ b− d
.

If k ≥ 2, then

EW ′
k =

a

q
, EW ′′

k =
b− d

q
.

If Var τ = σ2 < ∞, Var η < ∞, then, for k ≥ 2,

Var(W ′
k − aνk) =

σ2

q
,

VarW ′′
k =

1

q

∫ ∞

0

∫ ∞

t

(x− t)2 dG(x) dF (t)− (b− d)2

q2
.

Remark 2. It is clear that formula (4) implies the expression for the stationary coefficient
of reliability of the system

KΓ = p0 + p1 =
a

a+ b− d
.

Below we find the stationary probabilities of states for all main types of redundant sys-
tems. It is clear that, similarly to the above reasoning, one can determine the stationary
coefficient of reliability.
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Remark 3. The following upper bound for the variance of the kth busy period holds
under the assumptions of Theorem 1,

VarW ′
k ≤ σ2

q
+

2aσ(1− q)1/2

q3/2
+

a2(1− q)

q2

for k ≥ 2. Unfortunately, the method of the current paper does not allow us to evaluate
the exact value of VarW ′

k.

An auxiliary result for regenerative processes plays an important role in the rest of
the paper. Some related results on the existence of limits for a regenerative process can
be found in [14, 15].

Definition 2.1. An ordered pair £ = (T, ξ(t)) is called a period of length T if T is a
nonnegative random variable such that

P(T = 0) < 1, P(T < ∞) = 1,

and ξ(t) is a stochastic process defined on [0, T ). In general, the random variable T and
the stochastic process ξ(t) are dependent.

Assume that £i = (Ti, ξi(t)) is an infinite sequence of independent periods being
equivalent to £. Introduce a stochastic process X(t), t ≥ 0, by

X(t) = ξi(t− Si−1) for t ∈ (Si−1, Si],

where Si = T1 + . . .+ Ti, i ≥ 1, S0 = 0.
Then X(t) is called a regenerative process. The points Si are called regeneration

moments, while the interval (Si−1, Si) is called the ith regeneration period.

Lemma 1. Let ξ(t) be a stochastic process that assumes a finite or an infinite number of
values 0, 1, 2, . . . , N . Assume that there exist regeneration moments for the process ξ(t),
namely S0 = 0, S1, S2, . . . . Then Ti = Si −Si−1, i = 1, 2, . . ., are independent identically
distributed random variables. If additionally

ET1 = u < ∞,

then the limit

(5) lim
t→∞

αk(t)

t
=

Eαk(T1)

u
=

1

u

∫ ∞

0

P(ξ(t) = k, T1 > t) dt

exists almost surely for all k, where αk(t) is the sojourn time in the state k during the
interval (0, t) for the process ξ(t).

Proof of Lemma 1. Let k be a certain fixed number. Then

αk(Sn) =
n∑

i=1

αk(Si−1, Si) =
n∑

i=1

αki,

Sn =

n∑
i=1

Ti,

where αki are independent identically distributed random variables,

αk(s, t) = αk(t)− αk(s)

is the sojourn time in the state k during the interval (s, t).
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Then, by the strong law of large numbers,

(6)

αk(Sn)

Sn
=

1
n

∑n
i=1 αki

1
n

∑n
i=1 Ti

→ Eαk(T1)

ET1
=

1

u
E

∫ ∞

0

I(ξ(t) = k, T1 > t) dt

=
1

u

∫ ∞

0

P(ξ(t) = k, T1 > t) dt

almost surely as n → ∞.
If Sn−1 < t ≤ Sn, then

(7)
αk(Sn−1)

Sn
≤ αk(t)

t
≤ αk(Sn)

Sn−1

almost surely. According to relation (6),

(8)
αk(Sn)

Sn−1
=

αk(Sn)

Sn

Sn/n

Sn−1/(n− 1)

n

n− 1
→ Eαk(T1)

ET1

almost surely. Similarly,

(9)
αk(Sn−1)

Sn
→ Eαk(T1)

ET1

almost surely. Combining (7)–(9), we obtain (5). �

Proof of Theorem 1. We treat only the case of 0 < q < 1. Nevertheless, relations (4)
remain true for the degenerate cases q = 0 and q = 1, as well.

Note that ζ(t) is a regenerative process. We define the regeneration moments Si for
the process ζ(t). Let S0 be the moments when the primary unit fails for the first time.
For i = 1, 2, . . ., let Si be the ith moment when repair is finished for a unit and it is put
in place of the primary unit, while the repair starts for the other unit. In fact, Si are the
transition moments from the state 2 to the state 1.

Consider the random events An = {τn < ηn} and put εn = I(An), n = 1, 2, . . . . Then
the random variable εn assumes the value 1 if the random event An occurs, otherwise εn
assumes the value 0. It is clear that

P(εn = 1) = q, P(εn = 0) = 1− q, q = P(τ < η).

Next we introduce the random variable ν:

ν = min(n ≥ 1: εn = 1).

It is well known (see [16]) that ν has the geometric distribution

P(ν = n) = q(1− q)n−1, n ≥ 1,

and

(10) E ν =
1

q
, Var ν =

1− q

q2
.

Figure 1 demonstrates the first regeneration period (S0, S1).

. . . . . .

τ0 τ1 τ2 τν−1 τν

t = 0 S0
η1 η2 ην−1 ην S1

Figure 1

It is seen from Figure 1 that, during the regeneration period (S0, S1), the number of
transitions of the types 1 → 0 and 0 → 1 are the same and equal ν − 1, while there is
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only one transition of each type 1 → 2 or 2 → 1. Similarly, we conclude from Figure 1
that the sojourn times in the states k during the interval (S0, S1) are given by

(11)

α1 =
ν∑

i=1

min(τi, ηi),

α2 = T1 −
ν∑

i=1

τi,

α0 = T1 − α1 − α2,

almost surely, where αk = αk(S1)− αk(S0), k = 0, 1, 2, T1 = S1 − S0.
The length of the first regeneration period can be found from the relation

(12) T1 = S1 − S0 =

ν∑
i=1

max(τi, ηi).

Since ν is the first moment when the event {εn = 1} occurs, it is clear that ν is a
Markov moment with respect to the flow of σ-algebras (Fn = σ{τi, ηi, i = 1, 2, . . . , n}).
Then the Wald identity (see [17]) and (10)–(12) imply

(13)

ET1 = E ν Emax(τ, η) =
1

q

(
E τ + E η − Emin(τ, η)

)
=

a+ b− d

q
,

Eα1 = E ν Emin(τ, η) =
d

q
,

Eα2 = ET1 − E ν E τ =
a+ b− d

q
− a

q
=

b− d

q
,

Eα0 = ET1 − Eα1 − Eα2 =
a− d

q
.

Since the initial period (0, S0) does not influence the asymptotic behavior of the process
ζ(t), one can apply Lemma 1. Indeed, by Lemma 1,

lim
t→∞

αk(t− S0)

t− S0
=

Eαk

ET1

almost surely for k = 0, 1, 2. It is clear from Figure 1 that

αk(t− S0) = αk(t) for k = 1, 2

and for all t > S0 and that

α0(t− S0) + τ0 = α0(t).

The latter equalities together with (13) yield (4).
According to Figure 1, the length of the busy period during the first regeneration is

equal to α0 + α1, while the length of the idle period is equal to α2. Thus

EW ′
k = E

ν∑
i=1

τi = E ν E τ =
a

q

for k ≥ 2. Similarly,

Var(W ′
k − aνk) = E

∣∣∣∣
ν∑

i=1

(τi − a)

∣∣∣∣
2

= Var τ E ν =
σ2

q

(see [17]).
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To complete the proof note that

EW ′′
k = Eα2 =

b− d

q
,

E |W ′′
k |2 = E

(
|η − τ |2/(η > τ )

)
. �

The bound mentioned in Remark 3 follows directly from Theorem 1 and equalities (10).

Remark 4. If the random variable τ has the exponential distribution,

F (x) = 1− exp(−λx), x ≥ 0,

then

d =
1

λ
−G∗(λ), q = λd = 1− λG∗(λ),

where G∗(z) =
∫∞
0

exp(−zx)G(x) dx is the Laplace transform of the function G(x).
In addition, if G(x) = 1− exp(−μx), then the parameters are easy to evaluate:

a =
1

λ
, b =

1

μ
, d =

1

λ+ μ
, q = λd =

λ

λ+ μ
.

Hence relations (4) with ρ = λ
μ are rewritten as follows:

p0 =
1

1 + ρ+ ρ2
, p1 =

ρ

1 + ρ+ ρ2
, p2 =

ρ2

1 + ρ+ ρ2
.

These equalities can, of course, be derived from known results for stationary probabilities
for birth and death processes.

Now we turn to the case of an unbounded renewal and consider a redundant system
of the type (i/2/2).

Let S0 = 0, S1, S2, . . . be the moments when the redundant system returns to the
state 0 (when both units are in order). More precisely, S1 is the first moment of transition
from the state 1 to the state 0. Analogously, Sk is the kth moment of transition from
the state 1 to the state 0. As above, we put Ti = Si − Si−1, αki = αk(Si) − αk(Si−1),
αk = αk1.

If ζ(t) is a regenerative process with regeneration moments S0, S1, S2, . . . , then, for all
k = 0, 1, 2, (αki) is a sequence of independent identically distributed random variables
being identically distributed with αk.

Theorem 2. Assume that assumption (3) holds for a redundant system of type (i/2/2).
If the random variable τ has the exponential distribution, that is, if F (x) = 1−exp(−λx),
x ≥ 0, then the limits (1) exist and

(14) p0 =
2

2 + 2ρ+ ρ2
, p1 =

2ρ

2 + 2ρ+ ρ2
, p2 =

ρ2

2 + 2ρ+ ρ2
,

where ρ = λb.
The moments S0, S1, S2, . . . when the system returns to the state 0 are regeneration

moments and the mean sojourn time in the states during a single regeneration period is
given by

Eα0 =
1

λ
, Eα1 =

ρ

λ
, Eα2 =

ρ2

2λ
.(15)

Theorem 2 will be derived below from the results of the next section.
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3. Active redundant reserve

First we consider the case of unbounded renewal. Hence we consider a redundant
system of type (ii/2/2).

Theorem 3. If condition (3) holds for a redundant system of type (ii/2/2), then the
limits (2) exist and

(16) p∗0 =
1

(1 + ρ)2
, p∗1 =

2ρ

(1 + ρ)2
, p∗2 =

ρ2

(1 + ρ)2
,

where ρ = b/a.

Remark 5. It follows from the results of [10] for a system of type (ii/2/2) that the mean
duration of a busy period and that of the idle period for such a system in the stationary
regime are given by

lim
k→∞

EW ′
k =

b

2

(
(a+ b)2

b2
− 1

)
and lim

k→∞
EW ′′

k =
b

2
,

respectively.

Remark 6. If the random variable τ has the exponential distribution, F (x) = 1 −
exp(−λx), then relations (14) and (16) with ρ = λb follow from [12] in the case of
redundant systems of types (i/2/2) and (ii/2/2).

Theorem 4. Let condition (3) hold for a redundant system of type (ii/2/2). If the
random variable τ has the exponential distribution, F (x) = 1 − exp(−λx), x ≥ 0, then
the limits (1) and (2) exist and the stationary probabilities pk = p∗k are given by equali-
ties (16) with ρ = λb.

The moments S0, S1, S2, . . . when the system returns to the state 0 are regeneration
moments and the mean sojourn time in the states during a single regeneration period is
given by

(17) Eα0 =
1

2λ
, Eα1 =

ρ

λ
, Eα2 =

ρ2

2λ
.

The proof of the above theorems relies on the following auxiliary result.
Let (ξ′i, ξ

′′
i ) be an alternating renewal process (see [14, 15]). Note that (ξ′i, ξ

′′
i ) is a

renewal process with a finite renewal time in the language of the book [1]. Usually ξ′i are
treated as a failure-free time of a certain unit and ξ′′i as its renewal time.

Let ξ(t) = 1 if the unit is functioning properly at the moment t, otherwise ξ(t) = 0.
Then

E ξ′i = a, E ξ′′i = b, ρ =
b

a
, v =

ρ

1 + ρ
.

Let a certain system contain n units and transitions between the states for an ith unit
described by an alternating renewal process ξi(t), where (ξi(t), i = 1, 2, . . . , n) are inde-
pendent copies of ξ(t). Further let S(t) =

∑n
i=1(1− ξi(t)) be the number of units in the

system that are in the renewal mode at the moment t.

Lemma 2. If assumption (3) holds for the random variables (ξ′i, ξ
′′
i ), then

lim
t→∞

P(S(t) = k) =
n!

k! (n− k)!
vk(1− v)n−k

for all k = 0, 1, 2, . . . , n.
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Proof of Lemma 2. Put v(t) = P(ξ(t) = 0). At a fixed moment of time t, the system is
described by a scheme of independent Bernoulli trials. Therefore

(18) P(S(t) = k) =
n!

k! (n− k)!
v(t)k(1− v(t))n−k.

It is well known (see [1]) that, the limit

(19) lim
t→∞

v(t) = v =
b

a+ b

exists. Now Lemma 2 follows from (18) and (19). �

To prove Theorem 3 we note that a redundant system of type (ii/2/2) is equivalent
to a system consisting of n = 2 independent alternating renewal processes.

Indeed, the principles of functioning and basic characteristics of the system do not
change if the primary unit is repaired all the time by the repairing unit labeled with
1, while the redundant unit is always repaired by the unit labeled with 2. Then the
functioning of every such a pair (primary unit–repairing unit) is described by an alter-
nating renewal process. Moreover, all these processes are independent and identically
distributed.

Therefore Theorem 3 follows directly from Lemma 2.
It is clear that the observation mentioned above holds for a general redundant system

with renewal of type (ii/n/n). Namely, such a system is equivalent to a system consisting
of n independent alternating renewal processes. Therefore the stationary probabilities
for such a system can be obtained from Lemma 2.

Proof of Theorem 4. Denote by τ and τ ′ the trouble-free operating time for the primary
and redundant units, respectively, and let (τi) and (τ ′i) be their independent copies.

Let S0, S1, S2, . . . be sequential moments of hitting the state 0. In view of the memory-
less property of the exponential distribution we conclude that the distribution of the
residual trouble-free time for the main and redundant units at moment Sk is the same as
that of (τ0, τ

′
0) at moment S0 = 0 and it does not depend on the prehistory. This, in fact,

means that the period (Sk, Sk+1) is equivalent to the period (S0, S1) and is independent
of the latter one. Hence S0, S1, S2, . . . are the generation moments of the system.

Let T1 = S1 − S0 = S1 be the duration of the first regeneration period. As above,
denote by αk, k = 0, 1, 2, the sojourn time in the state k during the first regeneration
period. According to Remark 1, Lemma 1, and equalities (16) of Theorem 3 we have

(20)

Eα0

ET1
= p0 = p∗0 =

1

(1 + ρ)2
,

Eα1

ET1
= p1 = p∗1 =

2ρ

(1 + ρ)2
,

Eα2

ET1
= p2 = p∗2 =

ρ2

(1 + ρ)2
.

The mean sojourn time in the state 0 during the first regeneration period is easy to
evaluate,

Eα0 = Emin(τ0, τ
′
0) =

1

2λ
.

Combining the latter equality and relation (20) we obtain

ET1 =
(1 + ρ)2

2λ
, Eα1 =

ρ

λ
, Eα2 =

ρ2

2λ
.

This yields relations (17). �
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The following result holds for the case of bounded renewal.

Theorem 5. If condition (3) holds for a redundant system of type (ii/2/1) and the
random variable τ has the exponential distribution, F (x) = 1 − exp(−λx), x ≥ 0, then
the stationary probabilities (1) exist and moreover

p0 =
1− q

1− q + 2ρ
, p1 =

2q

1− q + 2ρ
, p2 =

2(ρ− q)

1− q + 2ρ
.

The mean duration of the kth busy period and that of the idle period are given by

EW ′
k =

1 + q

2λq
, EW ′′

k =
ρ− q

λq
,

for k ≥ 2, where ρ = λb.

Proof of Theorem 5 is given in the next section.

4. Partially energized standby redundancy

We start with the case of unbounded renewal. Theretofore we consider a redundant
system of type (iii/2/2). Assume that τ , the trouble-free operating time of the primary
unit, and τ ′, the trouble-free operating time of the reserved unit, have the exponential
distribution,

(21) P(τ < x) = 1− e−λx, P(τ ′ < x) = 1− e−λ′x, x ≥ 0.

Theorem 6. Assume that conditions (3) and (21) hold for a redundant system of type
(iii/2/2). Then the limits (1) exist and

(22)

p0 =
2λ

2λ+ (λ+ λ′)(2ρ+ ρ2)
,

p1 =
2(λ+ λ′)ρ

2λ+ (λ+ λ′)(2ρ+ ρ2)
,

p2 =
(λ+ λ′)ρ2

2λ+ (λ+ λ′)(2ρ+ ρ2)
.

The moments of return to the state 0 are regeneration moments and the mean sojourn
time in the states on a single regeneration period is given by

(23) Eα0 =
1

λ+ λ′ , Eα1 =
ρ

λ
, Eα2 =

ρ2

2λ
,

where ρ = λb.

Proof of Theorem 6. The regeneration moments for a system of type (iii/2/2) are intro-
duced in the same way as those in the preceding case, namely these are hitting moments
for the state 0. Now we denote these moments by S∗

0 = 0, S∗
1 , S

∗
2 , . . . . Then we com-

pare the first regeneration periods (0, S∗
1) and (0, S1) for systems of types (iii/2/2) and

(ii/2/2), respectively.
Recall that the distribution functions of the random variables τ and τ ′ are defined by

equalities (21) for systems of type (iii/2/2). Moreover, the random variables τ and τ ′

have the same distribution F (x) = 1 − e−λx, x ≥ 0, in the case of a system of type
(ii/2/2).

It is clear that the first transition from the state 0 to the state 1 on (0, S∗
1) occurs at the

moment t∗0 = min(τ∗0 , τ
∗
0
′), while that on (0, S1) happens at the moment t0 = min(τ0, τ

′
0).

The further behavior of the system (iii/2/2) on the interval (t∗0, S
∗
1 ) and that of the

system (ii/2/2) on the interval (t0, S1) are equivalent in the probabilistic sense, since the
difference between these systems is seen only if they stay at the state 0.
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Let α∗
k and αk be the sojourn time at the state k of systems (iii/2/2) and (ii/2/2),

respectively, during the first regeneration periods (0, S∗
1) and (0, S1), k = 0, 1, 2. Then

α∗
k and αk, k = 1, 2, are identically distributed and

(24) Eα∗
1 = Eα1 =

ρ

λ
, Eα∗

2 = Eα2 =
ρ2

2λ
,

by equality (17).
It is clear that α∗

0 = t∗0 and

(25) Eα∗
0 = Emin(τ∗0 , τ

∗
0
′) =

1

λ+ λ′ .

Equalities (24) and (25) allow us to evaluate the mean duration of the regeneration
interval for systems of type (iii/2/2), namely

ET ∗
1 = Eα∗

0 + Eα∗
1 + Eα∗

2 =
2λ+ (λ+ λ′)(2ρ+ ρ2)

2λ(λ+ λ′)
.

It remains to apply Lemma 1 and evaluate the stationary probabilities (22) with the
help of the following formula:

pk =
Eα∗

k

ET ∗
1

, k = 0, 1, 2. �

Remark 7. It is clear that the case of completely inactive standby redundancy is a
partial case of partially energized standby redundancy. Thus Theorem 2 is a corollary of
Theorem 6 for λ′ = 0.

Finally, we turn to the case of bounded renewal and consider the redundant system
(iii/2/1).

Theorem 7. If conditions (3) and (21) hold for a redundant system of type (iii/2/1),
then the limits (1) exist and

(26)

p0 =
1− q

1− q + b(λ+ λ′)
, p1 =

q(λ+ λ′)

λ
[
1− q + b(λ+ λ′)

] ,
p2 =

(λb− q)(λ+ λ′)

λ
[
1− q + b(λ+ λ′)

] .
The mean duration of the kth operating period and that of idle period are given by

(27) EW ′
k =

λ+ qλ′

λ(λ+ λ′)q
and EW ′′

k =
λb− q

λq

for k ≥ 2, respectively.

Proof of Theorem 7. The regeneration periods of the system are introduced as in the
proof of Theorem 1. Namely, S0 is the first failure moment of one of the units, Si is
the ith moment when the repair is finished for a unit, while the repair of the other one
is started, i = 1, 2, . . . .

Similarly to the proof of Theorem 1, we introduce the random events An = {τn < ηn}
and random variables εn = I(An) and ν = min(n ≥ 1 : εn = 1).

Let τ̃i = min(τ∗i , τ
∗
i
′), where τ∗i and τ∗i

′, i = 1, 2, . . . , ν − 1, are the residual times of
the primary and redundant units after the ith renewal in the first regeneration period.
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The first regeneration period of a system of type (iii/2/1) is depicted below:

. . . . . .

τ̃0 τ1 τ̃1 τ2 τ̃2 τν−1 τ̃ν−1 τν

t = 0 S0
η1 η2 ην−1 ην S1

Figure 2

If αk is the sojourn time in the state k, k = 0, 1, 2, in the interval (S0, S1), then we
conclude from Figure 2 that

(28)

α0 =

ν−1∑
i=1

τ̃i, α1 =

ν∑
i=1

min(τi, ηi),

T1 = S1 − S0 =

ν∑
i=1

ηi +

ν−1∑
i=1

τ̃i,

α2 = T1 − α0 − α1.

We use the memory-less property of the exponential distribution once more to prove
that the sequence (τ̃1, τ̃2, . . .) does not depend on the sequence(

(τ1, η1), (τ2, η2), . . . , (τν , ην)
)
.

The sequence (τ̃1, τ̃2, . . .) does not depend on ν, as well.
Now we pass to the mathematical expectations in equalities (28):

(29)

Eα0 = E(ν − 1)E τ̃i =

(
1

q
− 1

)
1

λ+ λ′ =
1− q

q(λ+ λ′)
,

Eα1 = E ν Emin(τ, η) =
d

q
=

1

λ
,

ET1 = E ν E η + E(ν − 1)E τ̃1 =
b

q
+

1− q

q(λ+ λ′)
,

Eα2 = E ν E η − E ν Emin (τ, η) =
b

q
− 1

λ
.

It remains to use relation (5) of Lemma 1 to obtain equalities (26). It is also clear
that (27) follows from (29). �

Remark 8. Since the case of partially energized standby redundancy for λ′ = λ becomes
the case of active redundancy, Theorem 5 is a simple corollary of Theorem 7.

Remark 9. Denote by χ(t) the total number of changes of states in a redundant system
during the interval (0, t) and by χk(t) the number of those changes when the system hits
the state k, k = 0, 1, 2. It is clear that

χ(t) = χ0(t) + χ1(t) + χ2(t).

Analyzing the proofs of Theorems 1, 5, and 7 we see that

lim
t→∞

χk(t)

χ(t)
= p′k almost surely

for k = 0, 1, 2. Moreover

(30) p′0 =
1− q

2
, p′1 =

1

2
, p′2 =

q

2
.
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Consider a redundant system of type (i/2/1). Let ζk = ζ(tk + 0), t0 = 0, t1, t2, . . . ,
be the moments when the system changes its state. Then the sequence (ζk) is a Markov
chain with the transition matrix

P =

⎛
⎝ 0 1 0
1− q 0 q
0 1 0

⎞
⎠ .

The equations for the stationary probabilities of a Markov chain

p′k =
∑
i

p′ipik, k = 0, 1, 2,

allow us to evaluate p′0, p
′
1, and p′2. These probabilities can also be derived from equali-

ties (30).
It is well known (see, for example, [18]) that the stationary probabilities of states

coincide with the stationary probabilities of the embedded Markov chain in the case of a
single channel queueing system with unbounded queue and Poissonian flow of customers.
Comparing relations (4) and (30), it becomes clear that the stationary probabilities
of a redundant system with renewal can essentially be different from the stationary
probabilities of the embedded Markov chain even if the random variables τi and ηi have
the exponential distributions.
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