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WAVE EQUATION WITH A STABLE NOISE
UDC 519.21

L. I. PRYHARA AND G. M. SHEVCHENKO

ABSTRACT. The three-dimensional wave equation is studied in the paper. The right
hand side of the equation has a symmetric a-stable distribution. Two cases are con-
sidered, namely the cases where the perturbation is a (1) “white noise” and (2) “col-
ored noise”. It is proved for both cases that a candidate for a solution (a function
represented by the Kirchhoff formula) is a generalized solution.

1. INTRODUCTION

Stochastic partial differential equations play a leading role in modeling the behavior
of complex systems where a randomness is involved. The number of studies devoted
to such equations increases constantly. The majority of publications deal with the case
where the randomness in the equation has a Gaussian distribution. In particular, the
wave equation with a Gaussian random noise is studied in the papers [3[4,8T014]. The
one-dimensional wave equation with a general random measure is considered in [2}[6].

In this paper, we continue the studies initiated in [9], where the wave equation is
considered with a stable measure in the plane. The object of our studies is the wave
equation in the space

(6—2 - a2A>U(x,t) = f(z,t), z€R3 t>0,
(1) U(x,0) =0,

where the right hand side is a random perturbation of the form f(z,t) = o(x,t) - Z(z).
Here o(z,t) is a non-random bounded function, while Z(z) is a random noise with a
symmetric a-stable distribution. We consider two completely different cases, namely,
the cases where the noise is (1) “white” (that is, it is a derivative in a certain sense of
an independently scattered stable measure) and (2) “colored” generated by a field with
dependent increments (more precisely, it is generated by a real harmonizable anisotropic
fractional stable field). For both cases, the function represented by the Kirchhoff formula
is considered as a potential solution of the equation. It is proved that this function is
well defined and is a generalized solution of the equation. Since the theory of integration
with respect to a stable colored noise is not developed yet, we provide the definition of
the integral with respect to such a noise.

The paper is organized as follows. Auxiliary results concerning stable random variables
and their distributions are given in Section 2l This section contains a brief description
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of decompositions into LePage series. Sections [3] and [] contain statements and proofs of
the main results of the paper for the white and colored noise, respectively.

2. STABLE RANDOM VARIABLES

We consider symmetric a-stable (Sa.S) random variables with a € (0,2). More details
concerning such random variables can be found in [I2].
A random variable £ whose characteristic function is given by

E [e¢] = e~ A"l

is called an Sa.S random variable with the scale parameter [|£]|q.

A special role in the construction of processes and fields with stable distributions is
played by an independently scattered Sa.S measure. In the current paper, we restrict
our consideration to the case of SaS measures in R? which are defined as functions
M: Bf(R?) x @ — R, where Bf(R?) is a family of Borel subsets of finite Lebesgue
measure such that

(1) for every Borel set A € By(R3), M(A) is an Sa.S random variable with the scale
parameter A(A); here A(A) denotes the Lebesgue measure of the set A;

(2) the random variables M(A;),..., M(A,) are independent for all disjoint sets
Ay, . A, € Bf(RS);

(3) the series > 7 | M(A,) converges almost surely, and moreover

(00 - S

almost surely for all sequences of disjoint sets A1,..., A,, ... € Bf(R?) such that

Unzi An € Bf(R?).
// . f(z,t) M(dz)

The integral
is defined for a function f(z,t) € L*(R®) as the limit in probability of the integrals of
simple functions with bounded supports. The following isometry property holds for such

an integral:
II(f /// |f(z, )" dz.

A powerful tool for an analysis of stable random variables is the LePage representation,
which we describe briefly for the measure M. Let ¢ be an arbitrary continuous positive
distribution density in R® and let independent families {T'x,k > 1}, {&, k > 1}, and
{9k, k > 1} be such that

e {T'x, k > 1} is the sequence of moments of arrivals of a Poisson process with unit
intensity;

o {&k, k > 1} are independent random vectors with density ¢;

e {gk,k > 1} are independent centered normal random variables with E[|gx|*] = 1.

Then M has the same distribution as

(2) = Co Y T V() 7V, (dx)gn,
k>1

Co = (I‘(2—a)cos%>l/a'

l—«

where
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The series on the right hand side of (2] converges almost surely. Equality (2]) is under-
stood in the following sense: for all fi, fa, ..., fn € LY(R3), the distribution of the vector

(I(f1),I(f2),- -, I(fn)) coincides with that of (I(f1),1'(f2),...,I'(fn)), where
(3) = Coy Tl f (&) on
k>1

Without loss of generality we assume in what follows that M is given by equality (2I)

and that the integral
/ / f(z,t) M(dzx)
R3

is defined for a function f(z,t) € L*(R?) by equality ([@)). For simplicity, we also assume
that

(Q,F,P) = (Qr ® Qe @ Qy, Fr @ F¢ @ F,,Pr @ P @ Py)

for all w = (wr,wg, wy), where I'y(w) = T (wr), {p(w) = &r(we), and gr(w) = gr(wy) for
all £ > 1.

3. WAVE EQUATION WITH A STABLE WHITE NOISE

Consider equation (),

2 .
(% - G2A)U($,t) =o(x,t)M(z), z€R3 t>0,

(4) U(z,0) =0,

0

where the right hand side of the equation is the product of a non-random function
o0:R? x RT — R and an “Sa.S white noise” M(x) being, in a certain sense, the Radon—
Nikodym density of the independently scattered Sa.S measure M in R3. The function
represented by the Kirchhoff formula, namely,

y,t—l y‘)
5 Uz, t /// . dyy, dys, dys),
( ) 47‘(0, lz—y|<at \x—y| ( v G y3)

is considered as a candidate for a solution of equation (). We assume throughout that
the function ¢ is bounded.

Theorem 1. The integral in (B) is well defined for all (z,t) € R3 x RT.
Proof. The integral in (B is well defined if
lz—y]

et
(vt 5)
/// ————| dy1dy2dys < oo.
y:lz—y|<at "/E - y|

So, we check the condition:

[z—y|

y’t_ a ) ce
/// ——————| dyi1dyadys < /// T dy1 dy2 dys
lz—y|<at ‘.’[ - y| yilz—yl<at |l‘ - y|

and this is what had to be proved. O
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Theorem 2. The series

-1/« 71/040(&6’15_ = agkl
Uw,t) = Ca Y Tr ' “0(&) T OHed<an
k>1 k

converges almost surely for all (x,t) € R? x RT.
Proof. Put

1 1/
uk(ﬂi,t) = OaFk m‘%’(ék) 1/ |J) — §k| gkl{‘ﬁ—ﬁk‘<at}'

Ifwe € Q¢ and wr € Qr are fixed, then uy, are independent and centered random variables.
According to Kolmogorov’s theorem, the statement of Theorem [2] follows if

{|Uxt } ZE Uukxt }

for almost all we € ¢ and wr € Qr. To check the latter condition, we estimate

2 2 —2/a 2 ’U(gk’ Iwafkl) 2
Eey |[U(0 1)) < Eey [C2 ) T "p(e) /" Gl oo <ot)

E>1 |$_§k|2
—9/a B 1
<E [CY T () e 51 {|a—¢p|<at}
k>1 | 5 | i
ey fff )'2edy
k>1 lz—y|<at |{E - y‘2

1-2/« Y
<C inf T, a/// —T
<y: |z—y|<at <P(y)) Z lz—y|<at |$ y‘2

k>1
< Coyy T

k>1

The strong law of large numbers implies that I'y ~ k as k — 400 almost surely with
respect to Pr. Then E¢ 4 [|U(z, t)\2] < oo almost surely with respect to Pr. Hence

E, [|U(;v,t)|2] < 00
almost surely with respect to P, ® Pr. This completes the proof. |

Now we show that the function U(z,t) satisfies equation (@) in the generalized sense.

Theorem 3. Let 0(z,t) € Cfm(]R?’ x R™) be an arbitrary function. Then

[ I, v (Gt st s
:/OOO// O )o (@, 1) M(dz) dt

Remark 1. The exceptional event of probability zero where equality (6] fails may depend
on 6 in Theorem [3

(6)

with probability one.
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Proof. We introduce the following notation:

2

or?

e e
_ /Ooo///R U (2, )0, ) da dt
=Ca /000///RS grkl/aw(ﬁk)”aa (gk;__g:%k') g1 (@, D |z gy <ary da dt

= Co Y T VK (&) gr,
k=1

- /OO///R 0z, t)o(x,t) M(dx)dt
= Ce / ///RBZF_I/G 0 (&, 1)0(Ek, t) gk da dt.

Then equality (@) can be rewritten as L()) = R(6).
Assume that supp 6 C B(0, R) x [0, R]. Then L(3) = 0 for |y| > R + at, while

[ R i W

—1/a 7 (y,t— ‘I;yl)‘
/ /// vl 0 (z, 1)] da dt
Ir\<R |$—y|
<o <x>>”a w wm//// dedt_ .
o z: \w\SR-&—atw xeﬂs len ‘l‘ — y| < Cry

t>0

Y(x,t) = 0(x,t) — a>Ab(z, 1),

for |y] < R+ at. The equality

Ey [L(4)*] = CZ ) T K2 (&)
k>1
holds for all fixed we € Q¢ and wr € Qp. The above bound on K(y) proved above
implies that Eg4 [L(w)Q] < oo for almost all we € Q¢ and wr € Qp. According to the
strong law of large numbers 'y ~ k, & — 400, almost surely with respect to Pr. Thus
the series for L(v) converges almost surely by Kolmogorov’s theorem for an arbitrary
function ¥ (z,t) € Cﬁn(R?’ x RT). The same is true for the series R(f). It remains to
check that the corresponding partial sums are equal, that is, to prove the equality

N —1/a 1 o0 é‘k,t_—fkl)
Ca St et o [ [ e e ey di
k=1

N %)
= C ST le) g [ 0l6n ottt
k=1 0

(7)
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Note that
|z—

I e T [ e

To prove equality (), it suffices to check that the corresponding terms are equal, that
is, to prove that

© /// ENTET L

for all s > 0 and y € R3. Since suppf C B(0, R) x [0, R], we get §(x,s) =0 forall s > R
and z € R3. In particular, equality (8) is obvious for s > R. To prove equality (&) for
€ (0, R), put

O(z,u) = 0(x, R — u), u< R.

Then
0? 0? - ~
ﬁﬂ(:ﬂ R—u)= % 0(z,u), Ab(x, R —u) = Ab(z, u);
0 x
0 = 0; ey
(1'70) 0; ot (CC 0) 0.
Consider the following boundary problem:

0? 2 ~ .
<¥ - azA) V(z,t) = 220(x,t) — a®Ab(z,t), z€R3, te(0,R]
V(z,0) =0,
oV
5 ——(z,0) =0.

Obviously, the function é(x, t) satisfies this equation. On the other hand, a solution of
this equation is of the form

o= 1 [ ef (.t = 5) - 0?08 (a0 = 124
Y, =T xz
dma z: lz—y|<at |z —y|

by the Poisson-Parseval formula. Substituting ¢ = R — s, one obtains

lz—y| a2 lz—y|
/// 8t29($$+ ) A@(.IS"‘ )daj
47ra |z— y|<a(R s) \x—y|
x s—l—l ‘)
/// da.
" 4ra R3 |z — y

The latter equality holds, since s + % > R for |z — y| > a(R— s), whence ¥(z,t) = 0.
Therefore equality (®) is proved. O

4. WAVE EQUATION WITH A STABLE COLORED NOISE

Our next aim is to consider equation () with the “colored” random noise. In contrast
to the “white” noise, the values of the colored noise are not independent. To be more
precise, consider a random noise generated by a real harmonizable anisotropic fractional
stable field with Hurst parameter H,

Lt
e - ).
R3 10y |il/ |H+1/
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For some technical reasons, we restrict the consideration to the case of o € (1,2)
and H € (1/3,1).

Properties of such a random field are studied in [7]. Its multifractional analogues
are studied in the papers [BL[13]. In particular, it is proved in [BL[I3] that this field has
a version whose realizations satisfy the Holder condition with index 5 € (0,H). The
LePage decomposition for this field is given by

ZH(z) = C, Rle ”"‘H

k=1 =1

el _ 1 o
Tl/aw (&x) Gk

where

3
11;[1 || lloglwzHJr I

Here 7 is a fixed positive constant, and

oo -1 —1-n
K= (/ 2| (|log ||| + 1) dx)

is a normalizing constant. The LePage decomposition is one of the main tools when
studying properties of realizations of the field Z# such as continuity or the Hélder con-
dition mentioned above.

One cannot find the theory of integration with respect to the field Z¥ in the literature.
For this reason, we introduce the corresponding integral here in the way described below.
Denote by

-1

1 e
w(x)zwe\l/{ zeR?

the density of the standard normal distribution in R3. For every ¢ > 0, let

ZHe () = (2" x4pe) z = /// Ve (x—2) ZH (2) dz
R3
be the convolution, where ¢, (z) = L (%) Let

T 81,31/} (y—2)Z27(2)

3 .
_ Hl—l(yl —z) \u z\2 /// el
T 2npns © Re ————— M(dt)
(27)3/2¢9 - 11;11 [/

=[] xGa

We are going to prove that one can interchange the order of integration in the latter
integral. According to Theorem 4.1 of [I1], this follows if

//R3|X5(z,y)|dz < o0

almost surely. In turn, the latter condition is equivalent to

//]RB Hl271r|gj259 = (///W

X(z,y) =

and put

1/«

dt) dz < o0

1thl -1

Hil
i1 [t] [t Ve
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by Theorem 3.3 of [I1]. Applying the inequality |e?*'® — 1| < 2 A |zt;| and making the
change u; = zit;, | = 1,2, 3, the latter integral is estimated from above by

1/«
[Ty by — |l /o e H”Alw J
RS (2)3/2¢9 © e i, |aH+1 du z < 0.

Therefore

3

1 1
YE = — -
(y) (27)3/2£0 ///]R,g 11:11 ¢, [F1/e

3 2
X Re/// H (et — i — Zj) e dz M (dt).
R3

j=1

9)

Following similar reasoning we prove that

714 (2 / / / Y2(y) dys dys dys

for an arbitrary « € R?, whence we conclude that the field Z%¢ is, at least in the weak
sense, differentiable. Moreover

83

H,e _ Ve
8x18x28x3Z (x) Y (JJ)

Thus it is natural to define the integral with respect to the field Z for a function
f: R® — C as the limit in probability

H _ H,e
(10) // . f(z) Z" (dx) 1—1>%1+ ///Re 8:1:163:283332 (x) dz

if it exists.
Consider the wave equation with an a-stable colored perturbation

ot2
(11) U(x,0) =0,

ou
—(z,0) =0.
at (‘T"’ )
As in the preceding section, a candidate for a solution of equation (I is defined by the
Kirchhoff formula

(12) 47m/// lz—y|<at |$ Yl 27 (dy)

The integral on the right hand side of equality ([I2]) is understood as the limit in proba-
bility ().

The further proof is split into several steps. First we introduce the function U’(z,t)
as the result of the formal differentiation of LePage’s series for the field ZH (x). Write a
formal equality

° N . 2 sign & yeiise
7 (z) = CaRe | —i Y I V/° o [
(91'183528.’53 (37) e( (3 k Lp(gkt) 9k Ll ‘Sk’l|H+1/a_1

k=1

2
<a——a2A) (z,t) = ZH(z), z€R3 t>0,
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and put for a moment

s} 3
/e /e sign &1
= Cay T %0(@) ™ HW%
(13) k=1 =1 ISk,l

Z(y z,€k)
< Im [ &) / / / dy
lz—y|<at y|
Then

eily— %fk) PUERIY)
/// w=[[[  Coa-la-lald
lz—y|<at | |z|<at
223|§k 2m P cos 01€k|
/// z—/ / / p 26ingS dpdf dv
|z|<at Z

at
—27r/ d@/ psin et <018kl 4y o = —m echose‘m dp
0
dr [ gielél — o—ipléx] A7 at
e AT ™ el dp = T (—cos ples])
1€k Jo 2 €kl Jo |§ | 0
4
= _772 (1 —cosat|&l) .
||
The latter formula is used to define the function U’ by putting
3 .
Ve gy 1o signéey 1 — cosat |&|
(14) U'(z,t) ZI‘ / HWsm(x,fk)T%.
1=1 ISk,

Proposition 1. The series on the right hand side of equality [{d) converges almost
surely.

Proof. Since the random variables g are independent,

3

2
E, [U'(2,1)%] = QZF_Z/O‘ 020 [[ —es s sin 2(p, £) L= CO5 A Ek])”

«@ 4
=1 €kt |2H+2/ 2 |k
-2/«
::a—;zrk I%g(t,x, &).
k=1

Then we estimate the expectation,

) : 1— 2 3 d
ot = [[[ ot 2o LS

|y‘ =1 Y1

3
_ 3-6/a sin?(, y)(1 — cos at |y|)? H dy;
R3 | )1+7]—2/(x—2n/o<

" (‘10g|yl|| +1

20,12 444
< [ (172l 1yl?) (47 att |y|)
< 3

ly[*
ﬁ diy '
=1 (’10g|yzH+1)1+’7_2/a_2"/a
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Now we make the spherical change of variables

5 y1 = psinfcosv, Yo = psinfsinv, ys = pcosi,
(15) p>0, 0 € [0, ], v € [0,2n].
Using the inequality

d _

(16) (|1og|z||+1) §C’E(|z\ E\/|z\‘€),
where d = 2/a + 2n/a — 1 — 5, we prove the bound

(17) (Jlog |psin @ cos v|| + 1)d <C.(p°Vp ) |sinf| °|cosv| ©
Other logarithms are estimated similarly. Thus

ey, —e\3 9
Ee [9(t, 2, &) SOE/O /02/0 P Ve (Mm PQ) (4 Aattip?)

6H—1
P

x |sin 072 |cos 0127 Jsin v 20 |cos v|' T2H T dB du dp,

whence
oo (p°V p“f)3 (1 A |ac|2 p2) (4 A atttp?)
E§ [g(t7$,§k)] S CE/ p6H71 dp
0
for € < 2 —2H. The latter integral converges at zero, since 7 — 6H — 3¢ > —1. It

converges at infinity for 1 — 6H + 3¢ < —1, that is, for ¢ < 2(H — 1/3). Setting ¢ =
(1—H) A (H —1/3), we obtain E¢ [g (t x,&k)] < oo, whence

Ege V(1)) = =% Zr 2B gt 2, )] <
almost surely with respect to Pr. As above, this together with the Kolmogorov theorem
implies the almost sure convergence of the series for U’(z,t) in (I4). O
Put

1 o3 dy
€ - ZH,s )
U8 (@,?) 4dma // r3 011072073 ) |z — vy

Theorem 4. The convergence in probability

(18) Us(2,t) = U'(z,t),  &— 0+,
holds for all t > 0 and x € R3.
Proof. The inner integral on the right hand side of the expression for #ﬂ;am He ig

transformed as follows:

1 ly;—2;12 lyj %17

it _q c— 2z Ve T 222 dz; = —— / ezz,:tq‘, —z.)e | 2e2 dZ
V2red /R ( ) (Y5 = 2) T V2ned Ik ;= =) ’
) . lvj==12  dz.
= Wit / eV (y — 2 )e” 22 .
e (yJ J) /27'(53
= et / el pe 22 = WL (t;
k V2me? )

= M (it ) (ty) = —itetie 2,

o3 sign zje -’23/
_ z,y)
895189528:53 Z///]R3 H T (Hfl/a—1 M (dz).

Jj=1 |J|

Then
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Following the same reasoning as led us to (@) we obtain

dma y:lz—y|<at |I - y|
z 2 51gnz 21,12

jl|]|

i(z,x)
_ signz; o—<lz2/2 /// e d
y M(dz)
\///]R3 H |ZJ|H+1/Q ! y:lz—y|<at |.2? - y|

i(z,x)
sign z; 221,02 /9 €
- ///Rﬂ S T (0 cosat o) M)

|24 ||

B _osignzg a2 1 —cosat |z]
= e sin(z,r) —————— M (dz).
//~/]R3 o ‘zleJrl/a 1 BE

Let
C ol sign & 1 — cosat [€]
a o k,j . - k
Uy(z,t) = — E (&)Y H 4HH/£71 sin (z, &) ————5—— Gk,
- [9%] |kl
k=1 j=1 ISk,j
3 2 2
~la, it 13 1-— t
Uy (z,1) E :F Y el o Sin (€, ) —— g x| Ik

H 2
i ey e I

be the partial sums of the LePage series. For a given § > 0,

P (‘U’(x,t) — Us(x,t)| > 5) <P <|UN(x,t) — UJEV(x’tH > g)
(19) +P (|U/(x,t) ~ Un(z,t)| > g)
P (IUE(:c,t) _US (2, 0)] > g) .

It is easy to see that
Uy (z,t) = Un(z,t), e — 0+,
almost surely for all t > 0, x € R?, and N > 1. Then

T ’ _ 778
T P (U (1) ~ U%(a,1)| > )
P(|U (x,t) — Un(x t)\>é + lim P (|U(x,t) — Ug(z t)|>é
3 IATE 3 504 5 N4y 3 .
Proposition [[l implies that
P(|U’(m,t)—UN(x,t)>g> — 0, N — oo.

Therefore

(20) I P(U'(e,t) = U(2, 1) > 6) < Tn Tim P(Us(z,t)_va(z,t)>—
E—r

N—o00 e—0+

Wl o>
N———

Now

(21) lim P <|U€(x,t) —Ugx(z,t)] > g) < Erg [sup Py <|U€(x,t) —Ux(x,t)] > =
e>0

e—0+

Wl >
N—
[
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For an arbitrary € > 0,

(22) P9<U€(x,t) Us (, t)>5>§;2 1U%(2,) = Uxy (2, 1)

by the Chebyshev inequality. Now we conclude that

s | (@ t) = U (@, 0)]

N 2a e 2T 1 5 (1= cosat &)’
<C Y T ] —smmam s G e) ——
k=N+1 j=1 ‘f ,j| |fk|
=C Y 1.2tz &)
k=N+1

by considering the LePage decomposition. Proposition [[l implies that the series
o0
-2
>or, [g(t, . &)
k=1

converges almost surely with respect to Pr @ P¢. Taking into account inequality ([22) we
get
(3 [ 5
sup Py | |U®(z,t) — Ui (z,t)] > -] =0
e>0 3

as N — oo almost surely with respect to Pr ® P;. Now we derive from bounds (20)
and (2I) that

T ’ _77¢ _
Tm P (U@, t) = U%(a,8)] > 8) = 0

by applying the Lebesgue dominated convergence theorem. The proof of Theorem [ is
complete. O

Like the case of the wave equation with a white noise, the function U(x,t) satisfies
equation ([II)) in the generalized sense.

Theorem 5. For an arbitrary function 0(x,t) € C}‘?fn(R:‘ x RT),

/OOO///R3 Ul(z,t) (5—:29(33,1?) — azAQ(a;,t)) d dt
= /OOO///RS 0(x,t)o(x,t) 2" (dx) dt

Proof. Since the reasoning is completely analogous to what had been demonstrated
above, we provide only an outlined proof. Put

(23)

with probability one.

2
0@ t) = a*A0(z,1) = Y(2,1).

Then equality ([23]) can be rewritten as

/om///R UG e dedt = | f [ ttatiota.) 27 oy

Note that

/ // 0(x,t)o(x,t) ZH (dx) dt—hm/ // O(x,t)o(x,t) 2= (dx) dt.
0 R3 €0 R?
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Since the field Z+¢ is smooth, the standard properties of partial differential equations
imply that

/OOO///R3 U (, ) (z, 1) dxdt—/ooo///Rs@(x,t)a(x,t) 27 (de) di.

Further, similarly to the proof of Theorem (2l), one can show that

/OOO///RS US (2, t)(z, ) do dt — /OOO///R3 Uz, )b (z, t) da dt.

On the other hand,
lim/ // 0(x,t)o(x,t) ZH5(dx) dt :/ // 0(x,t)o(x,t) 27 (dz) dt
e—0 0 R3 0 R3

by the definition. |
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