
ON THE APPROXIMATE REPRESENTATION OF
A FUNCTION OF TWO VARIABLES*

BY

E. L. MICKELSON

The purpose of this paper is to exhibit extensions of some of the known

existence theorems on the approximate representation of a function of one

variable to corresponding theorems for a function of two variables and some-

what to investigate approximate representation by means of surface spherical

harmonics.

For convenience the paper is divided into two sections. The material of

the first section extends to a function of two variables some of the work of

Professor Jackson on the approximate representation of a function of one

variable given in the first chapter of his Ithaca Colloquium Lectures, f Trigo-

nometric approximation based on an extension to two variables of Jackson's

approximating integral is the foundation upon which other forms of represen-

tation are built by means of cosine transformations. These transformations

are in part responsible for the essential difference between this paper and a

mere rephrasing of Jackson's work. The section is concerned only with a

real continuous function of two variables; its extension to a function of any

finite number of variables is apparent. Moreover, it is limited to bare essen-

tials: for simplicity, only periods of 2w and intervals of length 2 are con-

sidered; material of a superficial nature obtained by generalizing the condi-

tion of Lipschitz is omitted; no attempt is made to find small values for the

absolute constants which enter—the order of approximation alone is sought;

some applications of the theory paralleling those of Jackson % to Fourier, to

Legendre, and to the corresponding mixed approximations have been omitted

at this time and reserved for further extension.

The discussion in the second section is confined to the representation of a

real function on the surface of a unit sphere by partial sums of Laplace's series

and certain other sums of surface spherical harmonics and to the convergence

of the approximating sum of surface spherical harmonics which minimizes the

surface integral of a power of the absolute error. An expression for an upper

bound to the absolute error in the representation by a partial sum of La-

* Presented to the Society at Chicago, March 29, 1929; received by the editors in December,

1930.

f D. Jackscn, The Theory of Approximation, American Mathematical Society Colloquium Pub-

lications, New York, 1930; cited below as Colloquium.

t See Colloquium, pp. 18-32.
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place's series is given in terms of the order of the sum; the expression is ob-

tained from considerations of the mean value of the given function used in

conjunction with the results of a simple lemma. The discussion of the con-

vergence of the approximating sums in the sense of integrals parallels that of

Jackson for trigonometric sums.

I. Trigonometric, polynomial, and mixed approximation

1. The forms of the approximating functions. The approximating func-

tions to be used in this section are finite sums, the forms of which are herein

defined and listed for reference. Let m and n be a pair of positive integers, and

let (an), (bo), (en), and (da), where i and /' range independently over the in-

tegers from zero to m and from zero to n respectively, be sets of real constants.

By a trigonometric sum of order at most min x and n in y is meant a sum

of the form

^ Í     a,j cos ix cos/v + bu cos ix sin jy\
(1) Tmn(x, y) =   l^\ .    . .......   fí

V + en sin ix cos jy + a,,- sin ix sin jyj

by a polynomial of degree at most m in x and n in y is meant a sum of the

form

(2) Pmn(x, y) =   ZKa-V);

by a mixed sum of order at most m in x and degree at most « in y is meant one

of the form

(3) Hm„(x, y) =   X![(°w cos ** + i<¿ sin ix)y'].

2. Trigonometric approximating functions for two variables. Let g(x, y)

be a continuous periodic function of period 2x in x and in y separately. Let

m and n be two positive integers; let p and q be integers such that 2p — 2

^mf?2p and 2q — 2 ̂ n^2q; let Ipq(x, y) be defined by the integral

/t/2        ~it/2
I     g(x + 2h, y + 2v)Fpq(u, v)dudv,

-ir/2    J-t/1

where

r(sin/»M)(sinc»)-]
(5) Fpq(u, v) =    t—

L(/> sin m)(<7 sin v)J

and

(6)

^.t/2        ^.ir/2

1/^Pd =    I I     Fpq(u, v)dudv, a positive constant.
J_„-/2   J-tt/2
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The integral (4) is the extension of Jackson's approximating function* to fit

the case of two variables. By an argument entirely analogous to that used for

one variable it follows that IPi(x, y) is a trigonometric sum of type (1) of order

at most m in x and « in y; hence, when m and « are specified it and sums

similar to it have the form of the desired approximating sum for the function

g(x, y).

From (6) it follows that

I §(x, y) - lPq(x, y) |

/.ir/2        pTll

^ hvt I \g(x + 2«, y + 2v) - g(x, y) \ FPi(u, v)dudv,
J-t/1    J-t/1

so that the expression on the right furnishes an upper bound for the absolute

value of the error in representing g(x, y) by Ipq(x, y). Evaluation of the in-

tegral on the right depends upon finding an expression for the absolute differ-

ence in the integrand through suitable restrictions on g(x, y).

In anticipation of the results the following facts are noted for future

reference f:

J.ir/2
(z sin*pz)/(p* sin4z)d2 ^ cx'(l/p2) ^ cx(l/m2)

o

and

»x/2

(9) c3(l/m) ^ ci (l/p) Ú (sin4 pz)/(p* sin* z)dz g c¡ (l/p) g ci(l/m),
Jo

where cx, c2, and c3 are absolute positive constants.

3. The modulus of continuity. A suitable expression for the absolute

difference in the integrand of (7) is obtained from considerations of the

modulus of continuity of g(x, y). It seems to be advisable at this point to lay

a foundation for the remainder of this section by giving essential definitions

and properties of the modulus of continuity together with demonstrations of

the more involved facts.

Let g(x, y) be continuous in a closed rectangular region R of the xy-plane.

Define w(5) to be the maximum of the absolute difference \g(xx, yx) —g(xi, y2) |

for all points (*i, yx), (x2, y2) in R for which (xx — x2)2+(yx—y2)2^ô2. The

* See Colloquium, p. 3; also, for the case of two variables, C. E. Wilder, On the degree of approxi-

mation to discontinuous functions by trigonometric sums, Rendiconti del Circolo Matemático di Pa-

lermo, vol. 39 (1915), pp. 345-361; p. 358.
f See Colloquium, p. 5.
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function w(<5), called the modulus of continuity of g(x, y) in R, exists and has

the following properties*:

(10) «(5) is a continuous function of 5; w(0) =0;

w(ô) >0 when S >0 unless g(x, y) is constant in R;

(11) «(«0 ^ «(«*), «i ^ 52;

(12) o>(¿5) ^ ¿co(ô), £ a positive integer;

co(¿5) ^ (£ + l)co(ô), ¿ any positive number;

«(«! + «,) ¿»(Si) +co(52);

(13) 2w(Äi)/«1 ̂  oi(Si)/5i,  0 < 5i = Sa-

in case w(S) does not exceed a quantitiy of the form X5, X a positive constant,

g(x, y) is such that  |g(xi, yx)-g(x2, y2) | ^X [(xi-x2)2 + (yi-y2)2]1/2 and is

said to satisfy a Lipschitz conditiont with parameter X.

For present purposes the definitions are extended to include finite sets of

functions. LetgoO*, y), gi(x, y), gÁx, y)> * - " > g^(x, y)—hereafter denoted by

{gk(x, y) }•—be a finite set of functions continuous in R with moduli of con-

tinuity {(x)k(b')}. Define ß(5) to be the greatest of the quantities uk(S) for

each value of 5; call it the uniform modulus of continuity for the set {gk(x, y)}

in R. Quite obviously ß(5) has the same properties (10), (11), (12), and (13)

as the ordinary modulus w(5). If the functions {gk(x, y)\ satisfy Lipschitz

conditions with parameters {X*} in R they all evidently satisfy such condi-

tions with a single parameter A which is the largest of the set {Xfc} ; under

such circumstances the set {gk(x, y)} will be said to satisfy a Lipschitz con-

dition with parameter A.

The relation between the uniform modulus of continuity of the partial

derivatives of specified order of a given function and the uniform modulus of

continuity of the partial derivatives, of the same order of its cosine transform

is not only essential for the method of this paper, but it holds some interest

of its own. Let g(x, y)'be continuous in the square region — lgx, y 5=1; let

G(0, <f>)=g (cos 0, cos </>). If the modulus of continuity of g(x, y) in the region

— 1 í£x, yi£l is w(5), G(d, <p) has in every finite region a modulus of con-

tinuity w(Ô) such that w(6)^co(&); moreover, if g(x, y) satisfies a Lipschitz

condition with parameter X in the region — l^x, yè\, G satisfies such a

condition everywhere and with the same parameter. Furthermore, if the

* de la Vallée Poussin, Leçons sur l'Approximation des Fonctions d'une Variable Réelle, Paris,

1919, pp. 7-8.

t de la Vallée Poussin, op. cit., p. 9.
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¿th-order partial derivatives of g(x, y) with respect to x and y exist and have a

uniform modulus of continuity ß(S) in — l^x, y^l, the &th-order partial

derivatives of G(d, <f>) with respect to 6 and <p will have a uniform modulus of

continuity W(S) everywhere; if these derivatives of g(x, y) satisfy a Lipschitz

condition with parameter A the corresponding derivatives of G(d, </>) will

satisfy such a condition everywhere with some parameter L. The relation of

W(8) to ß(o) and of L to A, in general, is not so simple as in the case k = 0. Al-

though for particular values of k the relations are often more simple than

those offered below, the latter are sufficiently acceptable generally.

Lemma I. Let g(x, y) together with all its partial derivatives of order k^l

and lower be continuous in the region — 1 ̂  x, y ^ 1 ; let M be the maximum of the

absolute values of these derivatives in the region; let the uniform modulus of con-

tinuity of the partial derivatives of order k be ß(5) for 0 ;£ 5 ̂  23'2, the maximum

diameter of the region, and let the symbol Q(o) denote the value ß(23/2) for

5>23'2. Then if ß(23/2) ̂ 0, G(d, <p) =g(cos 9, cos ¡p) is a periodic function of

period 2w in 6 and in <p separately which together with its partial derivatives of

order k and lower with respect to 6 and <f> is continuous everywhere, and the uni-

form modulus of continuity of the partial derivatives of order k does not exceed

Nklie'-i-l) ß(5), where N is the larger of unity and 8M/ß(23/2).

Lemma II. If the kth-order partial derivatives of g(x, y), k ïï 1, above satisfy a

Lipschitz condition with parameter A, those of G(6, <p) satisfy the inequalities

| Gi-"-i(eu 4>x) - G'^-^i, fa) | ^ £( | 0i - 621 + I 0i - 4>21 ),

i=0, 1, 2, ■ • • , k, everywhere, where L = N'kl (ee~l — 1) awd N' is the larger of

A and M, the symbol Gi*"'i being used to denote dlcG/ddid4>k~i.

These two lemmas are of sufficient importance to warrant somewhat de-

tailed demonstrations. Since M is the maximum of |gr,,(a;, y) | in the region

— 1 ̂ x, y^l for 1 ̂ r+s^k, it follows from the law of the mean that

(14) | gr-s(xx, yi) - gT's(xi, y2)\ ^ M(\ xx- xi\ +\yx- yi\)

for 0^_r+s^k—l and all points of the region. Obviously, then, g(x, y) and

all its partial derivatives of order lower than k satisfy a Lipschitz condition.

It is necessary in what follows to evaluate (so to speak) the condition (14)

in terms of the uniform modulus ß(o) of the partial derivatives of order

exactly k. If (xx — x2)2+(yx—yi)2^52, then certainly \xx — x2 \ + \yx — y21

gÔ2"2. When 0<ô^23'2, 2ß(5)/0ä; ß(23/2)/23'2 by (13). Moreover, this same

inequality holds without modification for 23/2^ô^25/2 because ß(5) = ß(23/2)

for these values of 5. (Obviously, the inequality can be adjusted for larger

values of ô, but there is no need in this paper for values of 6 greater than
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x2»2.) Consequently, when 0 < 5 = 25'2,0 < 5 ̂  26'2 fl(ô)/ fí(2"2) and M( \xx - x21

+ |yi-y2|)a8MO(ô)/Q(23/2). Therefore, g(x, y) and all its partial deriva-

tives of order k and lower have a uniform modulus of continuity nowhere ex-

ceeding NQ(8), where N is the larger of unity and 8M/i2(23/2).

Now form the partial derivatives of G(9, <p) :

Gl-"(8,4>) =g1'°(x, y)(-sin0),

G0^,*) = g°-K*,y)(-sin<t>),

(15)G'.*-'(»,*) =

£!>'(*, y)Pr.<Q..i/(r\sl), i = 1, • • • , k - 1 è 1, or
a-1 r=I

Zg0^*, y)Ö..o/i!, i = 0(Ä^l),or
s-l

Eir-°(*, y)PrVH, i "kitl,

where Prti and ÇSii are polynomials of degree r in cos 6 and sin 0 and of degree

í in cos <f> and sin fa and both are independent of g(x, y) and of each other.

It has been shown by de la Vallée Poussin* that

\Pr,i\ =§ i\(e- 1)', |0..<l g (A- OK«- l)s-

Denote |G*-*-*(^i, </>0 ~Gi'k-i(9t, fa) \ by Z?. Then if the first of the forms (15)

be considered,

k— i,i

(16)     D ^ i\(k - i)\   £  { | |'.'(*i, y,) - g'-'(xt, y2) | (e - iy+'/(rlsl)\ .
s-l,r-l

In this inequality the following facts are noted: i\(k — i)\^kl; if (di—Bi)2

+ (fa—fa)2^à2 then (xi—x2)2+(y1—y2)2áS2 also, and by the conclusion

reached from (14) each of the absolute differences entering does not exceed

N0(5); finally, £(e - l)"+'/(r!i!) g £"(« - 1)*/*! á e'-1 - 1. Therefore,

D^klN(e'~l— 1) fi(ô). The same is true in case either of the other forms in

(15) is appropriate. Thus, the first lemma is proved.

If the ¿th-order partial derivatives of g(x, y) satisfy a Lipschitz condition

with parameter A then conditions (14) subsist for r+s ^ k with parameter N',

where N' is the larger of A and M. Since |xi —x21-(-|yi —y21 = |0i — 021

+ \fa—fa |, it is apparent from (16) that the second lemma holds also.

* de la Vallée Poussin, op. cit., pp. 67-68.
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The preceding proofs can readily be adapted to demonstrations of the

following lemmas :

Lemma III. Let g(x, y) be a periodic function of period 2w in x alone which

together with its partial derivatives of order k^l and lower is continuous in the

infinite strip — °o <x < oo, — 1 ̂  y s; 1 ; let M be the maximum of the absolute

values of these derivatives in the region ; let the uniform modulus of continuity of

the partial derivatives of order k be ß(5). Then, if ti(d)¿¿0, where ii2 = 7r2+4,

G(8, <p) =g(0, cos <p) is a periodic function of period 2ir in 6 and in </> separately

which with its partial derivatives of order k and lower is continuous everywhere,

and the uniform modulus of continuity of the partial derivatives of order k no-

where exceeds N"kl(ee~l — l)Q(8), where N" is the larger of unity and 2V2Md

/9(d).

Lemma IV. // the kth-order partial derivatives of g(x, y) in Lemma III

satisfy a Lipschitz condition with parameter A, the kth-order partial derivatives

of G(6, 4>) satisfy relations

| G*'*-'(»ii <fii) - G'-^Kdi, 4>i) | ^ £( | 8X - 8i | + | 0! - <t>i | ),

where L is the constant of Lemma II.

The lemmas above will be used in §§5 and 6 to throw the burden of the

proofs there on the theorems of §4.

4. Degree of convergence of trigonometric approximation. With the aid

of the moduli of continuity discussed in the first part of the preceding article

the function Ipq of §2 and functions analogous to it furnish trigonometric

sums of type (1) approximating to a given periodic function. The following

existence theorems exhibit the attainable degree of approximation by such

sums to continuous functions and to functions having continuous partial

derivatives.

Theorem I.* If f(x, y) is a periodic function of period 2ir in x and in y

separately which everywhere satisfies a Lipschitz condition with parameter X,

then corresponding to every pair of positive integers m and « there exists a trigo-

nometric sum Tmn(x, y) of type (1) such that

| f(x, y) - Tmn(x, y) | g K\(l/m + l/n)

everywhere, where K is an absolute constant. (The conclusion is equally valid

with K replaced by a suitable constant Kx if f(x, y) is such that

I f(xi, yi) - f(x2, yi) | ú X | xx - xi | + X | yi - yi \
everywhere.)

* The same theorem is given by Wilder, loc. cit.
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The proof of this theorem is a straightforward extension of that for the

corresponding theorem for one variable. In outline it is as follows: Given m

and «, choose p and q as in §2 and construct the function Ipq(x, y) iorf(x, y)

by substituting/^, y) for g(x, y) in (4), and take Tmn(x, y) =Ipq(x, y); set up

the difference (7) ; make use of the Lipschitz condition to replace the absolute

difference in the integrand of (7) by 2X( \u\+\v |) ^X(4m2+4î>2)1/2; split the

resulting even integral into parts and apply (8) and (9) to each part to obtain

K\(l/m+l/n) for an upper bound for the right-hand side of (7), where K

is a combination of the c's.

Theorem II. If f(x, y), periodic as in Theorem I, is merely continuous with

modulus of continuity w(5), then sums Tmn can be constructed so that

\f(x, y) - Tmn(x, y) | è Kiœ(l/m + l/n),

where K2 is an absolute constant.

The proof of this theorem, also, will be sketched. Form Tmn(x, y) as in the

proof of Theorem I; replace the absolute difference in the integrand of (7) by

2u[(u2+v2)112] ^oj[(4m2-|-4î>2)1/2]; split the resulting even integral up into

U.l/?     /»l/p /»t/2     /.t/2 /»t/2     /»l/p /»l/<2     Z»"-/2")

+  J J +j j +j J '
D •/ 0 "^1/?     ''l/p "^ 1/3     •' 0 J Q •'l/p   /

and apply the properties (10), (11), (12), and (13) of o>(5) and the inequalities

(8) and (9) to hvq and to the integrals separately, noting particularly that

u[(u2+v2y'2]¿o¡(u+v)^w(u)+w(v), and that for u^l/p, 2a>(l/p)/(l/p)

èw(«)/w, so that u(u) ^2puo>(l/p), a similar inequality holding for u(v)

when vltl/q.

Theorem III. Let f(x, y) be a periodic function of period 2w in x and in y

separately for which the partial derivatives fi'k~i(x, y), i=0, 1, • • • , k, all exist

and are everywhere continuous, and let p and q be two such integers that 2p — 2

^m^2p and 2q — 2^n^2q, where m and « are two given positive integers. If

the partial derivatives of order k are such that the k + l functions

Xt/2        /»t/2
I      f ■*-*(* + 2u,y + 2v)Fpq(u, v)ditdv

.„/2    J-t/H

satisfy the inequalities

| /'•*_i(ar, y) — Ii,k-i(x, y)\ é e

everywhere, where e is some finite positive constant or zero, then there exists a sum

T(x, y) of type (I) of order at most m in x and « in y such that
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| f(x, y) - T(x, y) | g K\<(\/m + 1/«)*

everywhere.

Let
/•x/2        /.t/2

hi*» j) — hpq  I I      /(x + 2m, y + 2v)Fpq(u, v)dudv.
J-T/i    J-t/2

Since conditions for differentiating under the integral sign are fulfilled it is

immediately apparent that

<!<•*-»•(*, y) = /i.t-ítx, y) (¿ = 0, 1, ■ • • , k).

Furthermore, t¡(x, y) is a sum of type (1) of order not exceeding m in x and n

in y. Form the function

Ri(x, y) = f(x, y) - ti(x, y).

By hypothesis the partial derivatives of order k of Ri satisfy the relations

|i?i' ~'(x, y) | =■ e everywhere, whence by the law of the mean

I R\''~\xu yi) - R¡''~\x2, y2) | ¿ e( | x, - x21 + | yi - y2 ¡ ),

i = 0, 1, • • • ,j = k — \. Theorem I is now applicable to each of the j functions

RxiJ~'(x, y) with X replaced by € and the Tmn(x, y) replaced by the functions

/x/2 ~x/2

I      Ry~\x + 2m, y + 2v)Fpq(u, v)dudv
-x/2    J-*/i

corresponding to R^-'-^x, y). The theorem yields the inequalities

I RlJ~l(x, y) - Ii.i-i(x, y) | = Kl((l/m + x/n).

Now let

Ri(x + 2m, y + 2v)Fpq(u, vjdudv
.r/i  J-t/i

and repeat the process begun on tx(x, y) and Ri(x, y), and thereby construct

a sequence of sums ti(x, y), h(x, y), ■ ■ ■ , tk(x, y), all of type (1) and of order

at most minx and n in y, and a sequence of functions i?i(x, y), R2(x, y), ■ ■ ■ ,

Rk(x, y) in which Rk(x, y) =/(x, y)-ti(x, y)-/2(x, y) - ■ ■ ■ -tk(x, y) satis-

fies the inequality

| Rk(xi, yi) - Rk(xi, y2) \ ^ Kk~\(l/m + l/w)*-^ | xx - x21 + | yi — y21   .

Consequently, by a final application of Theorem I, there exists a sum tk+ï(x, y)

of type (1) and of order at most m in x and n in y such that
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| Rk(x, y) - h+x(x, y) \ Ú K\e(\/m + 1/»)*

everywhere. In this inequality let ti(x, y)+/2(x, y)+ • • ■ +tk+x(x, y) be

denoted by T(x, y), a trigonometric sum of type (1) of order at most m in x

and n in y, and the theorem is proved.

If, now, the Mh-order partial derivatives of f(x, y) are continuous with

uniform modulus of continuity fl(5), then by Theorem II each of these deri-

vatives can be approximated by a sum of type (1) given precisely by the

Ii,k-i(x, y) of Theorem III, and e will have the value KiQ(l/m+l/n); if

these derivatives satisfy a Lipschitz condition with parameter A, e will have

the form Ä"A(l/m+l/«). Consequently the following theorem is true:

Theorem IV. If f(x, y), periodic of period 2x in x and in y separately, is

such that its kth-order partial derivatives are everywhere continuous with uniform

modulus of continuity Q(b), then corresponding to every pair of positive integers

m and n there exists a trigonometric sum Tm„(x, y) of type (1) such that

| f(x, y) - Tm„(x, y) | á KiK[(\/m + \/n)Kl(\/m + 1/n)

everywhere, and if these derivatives satisfy a Lipschitz condition with parameter

A the right-hand side of the inequality becomes KxkKA(l/m + l/n)k+1.

5. Degree of convergence of polynomial approximation. Polynomial ap-

proximations to a function f(x, y) are effected by obtaining trigonometric

approximations to the transformed function

F(6, fa =/(cos 6, cos fa)

from the theorems of the preceding article, using the relations of Lemmas I

and II and the conclusion of the following lemma.*

Lemma V. If F(6, <b) is an even function of 6 and </> separately and if there

exists a sum T(d, fa) of type (1) such that

| F(8, fa - T(6, *) | ¿ «

everywhere, then there exists a sum t(B, fa of the same type, of order not higher

than that of T(8,<p), and devoid of sines of multiples of either 6 or fa such that

| F(6, fa - t(B, fa\út

everywhere.

On account of the evenness of F(0, fa and the inequality in the hypothesis

of the lemma,

* Cf. Jackson, Colloquium, p. 13.
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IF(e, <t>) - ï{T(e, <t>) + ne, -<t>) + T(- e, <p) + T(- e,-<t>)}\

s |{ \F(9, 4) - T(6, d,) | + \F(d, -d,)- T(8, - d>) |

+ |F(- e,i.) - T(- e,ú>)\ + \F(- e,-d>)- t(- e,-d,)\ }

^ |4e = «.

But the sum in braces on the left is AT(8, <p) with all the terms containing sines

removed ; hence the lemma is true.

Proofs of theorems paralleling those of §4 all follow the same scheme. Of

these theorems the one based on Theorem IV is the most general ; it is suffi-

ciently typical to warrant omitting the others.

Theorem V. Letf(x, y) together with its partial derivatives of order k^l

and lower be continuous in the square region — 1 ̂  x, y ^ 1 ; let M be the maximum

of the absolute values of these derivatives in the region; let ß(5) ^0 be the uni-

form modulus of continuity of the derivatives of order k. Then corresponding to

every pair of positive integers m and « there exists a polynomial Pmn(x, y) of

type (2) such that

| f(x, y) - Pmn(x, y) | ^ K3N(l/m + l/n)kü(l/m + \/n)

throughout the region, where K3 = K2Klkl(ee~l — l) and N is the larger of unity

awd8M/ß(23'2).*

Under the hypotheses of the theorem and on account of Lemma I, F(9, <p)

=/(cos 9, cos <p) is a periodic function of period 2ir in 8 and in d> separately

having £th-order partial derivatives everywhere continuous with a uniform

modulus of continuity which does not exceed Nkl(e'~l— 1) ß(5). By Theorem

IV there exists a sum of type (1) which everywhere approximates F(9, d>)

within an error nowhere exceeding that assigned forPm„(x, y) in Theorem V.

Since F(9, <f>) is even in 9 and in <p separately, there exists by Lemma V a sum

Tmn(9, d>) of the same type containing no sines of either 9 or d> and giving at

least as good an approximation; this Tmn(0, <p) is a polynomial in cos 8 and

cos d> of degree not exceeding m in cos 9 and « in cos <f>: Tmn(8, d>) =Pmn(cos 8,

cos <p). Consequently,/^, y) is approximated by Pmn(x, y) within an error not

exceeding that permitted in the theorem. If ß(o)=0 then f(x, y) is itself a

polynomial of degree at most k, in which case the above theorem does not, and

need not, apply.

6. Degree of convergence of mixed approximation. In ca.se f(x, y) is per-

iodic in one variable only and satisfies conditions of continuity in an infinite

strip of finite width, methods analogous to those of §5 lead to approximations

* For a theorem on polynomial approximation related to this one, but neither containing it nor

contained in it, see P. Montel, Sur les polynômes d'approximation, Bulletin de la Société Mathéma-

tique de France, vol. 46 (1918), pp. 151-192; p. 191.
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in the form of sums which are trigonometric in that variable and polynomial

in the other: mixed sums of type (3). As in §5 one representative theorem will

suffice.

Theorem VI. Letf(x, y) be a periodic function of period 2x in x alone which

together with its partial derivatives of order k^\ and lower is continuous in the

region — w <x < oo, — 1 g y ^ 1 ; let M be the maximum of the absolute values of

the partial derivatives in the region; let fl(5) be the uniform modulus of con-

tinuity of the partial derivatives of order k; let 12(^)^0, where ¿2 = x2+4. Then

corresponding to every pair of positive integers m and n there exists a mixed sum

Hmn(x, y) of type (3) such that

| f(x, y) - Hmn(x, y) \ ^ K3N"(l/m + l/»)*Q(l/m+ l/n)

throughout the region, where K3 is the same as in Theorem V and N" is the larger

of unity and 23l2Md/ Q(d).

Let F(0, fa =f(B, cos0). By Lemma III, F(d, <f>) is a periodic function of

period 2x in 0 and in <b separately, which has everywhere continuous partial

derivatives of order k ^ 1 whose uniform modulus of continuity does not ex-

ceed N"k\(ee~l — 1) fi(5). Hence by Theorem IV there exists a sum of type (1)

which approximates F(d, fa within the error assigned in the above theorem.

Since F(8, fa is an even function in fa this can be replaced by a sum Tmn(6, fa)

containing no sines of </> and, consequently, is expressible as a polynomial of

degree not exceeding n in cos fa- a mixed sum of type (3), Tmn(d, fa = Hmn(B,

cos fa. The proof is an appropriate simplification of that of Lemma V. There-

fore, f(x, y) is approximated by Hmn(x, y) within the error given. If Q(d) =0,

f(x, y) does not contain x and is a polynomial of degree at most k in y. As in

§5 the above theorem does not, and need not, apply in this case.

Upon examination it will be noticed that, except for the absolute constants

involved, the inclusive theorems on the approximation to a function having

continuous partial derivatives of order k (Theorems IV, V, and VI) reduce to

the simpler theorems for an ordinary continuous function by placing k equal

to zero.

II. Approximation by sums of surface spherical harmonics

7. Degree of convergence of Laplace's series. Let 6 and <p be the co-lati-

tude and longitude, respectively, of a point on the surface of a sphere of unit

radius,and let F(B, fa be a real, single-valued, integrable point function on the

sphere. The partial sum of degree n of the expansion of F(B, fa in Laplace's

series* is

* See, e.g., Byerly, Fourier's Series and Spherical Harmonics, Roston, Ginn and Co., 1895, p. 211.
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(17)      Sn(9, 4>) =  it- f     f F(8\ 4>')Pi(cosy)(smd')de'd<t>',
i—o      4ir     Jo     Jo

where cos y = cos 9 cos ö'+sin 9 sin 9' cos (<p—d>') and P¿ is Legendre's poly-

nomial (the Legendrian) of degree i.

By means of an existence theorem (cf. §8 below) Gronwall* gave an ele-

gant proof concerning the degree of convergence of Sn(9, <p) to F(8, d>). His

method, however, does not seem to permit extension to functions having con-

tinuous derivatives beyond those of the first order. The attack below through

the medium of the mean-value function used by Dirichlett, DarbouxJ, and

others, leads readily to an extended theorem. The success of the attack is due

largely to the two accompanying lemmas.

Lemma VI. Let<r„(x) = (l/2)^2ô(2i+l) Pi(x). If g(x) is an integrable func-

tion such that \g(x)\^G throughout the region — 1 Sx^ 1, then

,i

Xg(x)Cn(x)d.V g c'Gn1'2, n è 1,
-i

where c' is an absolute constant.

Lemma VII. If pn(x) is a polynomial of degree at most n in x then

I    pn(x)o-„(x)dx = pn(l

for all positive integral values of n.

The first of these lemmas is an adaptation of the fact that

lim {(1/w)"2  f  | <fn(x) | dx\= 2(2/7r)>'2

a fact proved by Gronwall. § The second follows on substituting the iden-

titylf
°n(x)   =   \(d/dx)[P,l+X(x)   +   Pn(x)\

in the integrand and integrating by parts. Thus

* T. H. Gronwall, On the degree of convergence of ¡^¡place's series, these Transactions, vol. 15

(1914), pp. 1-30; see pp. 14-23.
f Dirichlet, Sur les séries dont le terme général dépend de deux angles • • • , Journal für Mathema-

tik, vol. 17 (1837), pp. 35-56.
i Darboux, same title as the preceding, Journal de Mathématiques, (2), vol. 19 (1874), pp. 1-18.

§ Gronwall, loc. cit., pp. 3-14; also Über die Laplacesche Reihe, Mathematische Annalen, vol. 74

(1913), pp. 213-270; see pp. 222-230.
H See, for example, Byerly, op. cit., p. 180.
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f  pn(x)<Tn(x)dx  =  \[pn(x)\Pn+l(x)  + Pn(x) } f_l

- *  f />„'(x) [P„+1(x) + P„(x)]dz.

The value of the first term on the right is p„(l). Since p1 R(x) is of lower degree

than either Pn+i(x) or P„(x), it is orthogonal to each and, consequently, to

their sum; hence the second term on the right is zero, and the lemma is

proved.

Let the system of coordinates be rotated to place the pole at the point

(6, <j>); let the principal meridian be any fixed great circle through this pole;

let x and y be the new geographic coordinates. Then the pole (B, <j>) transforms

into the point (0, y); cos y into cos x; 5„(0, <p) into a constant, say s„(0);

F(B', fa) into a new function/(x, y); F(6, fa into/(0, y). Consequently, (17)

becomes

" (2i + i r2T r* )
Sn(8, fa = j„(0) =  XX- I        I    f(x, y)Pi(cos x)(sin x)dxdy\

o   v     4x     Jo      Jo J

- j]r[¿-^- neos *)][¿/"/(*, y)¿y](sin x)áx

= <ï>(x; 0, 0)(7„(cos x)(sin x)¿íx,
Jo

where <I>(x; 0, </>) = (l/(2x))/o'/(x, y)áy is the mea« waíwe of F on a circle of

curved radius (polar distance) x with center (pole) at the point (0, 0).

With the aid of the last two lemmas the following theorem is established.

Theorem VII. Let F(6, fa) be a real, single-valued, integrable point function

on the unit sphere, and let $(x; 0, fa) be the mean value of F on a circle of curved

radius x with center at (6, fa. If F(8, <p) is of such a nature that corresponding to

a positive constant e„ there exists a polynomial /»„(cos x) of degree at most n in

cos x satisfying the inequality

| $(x; B, fa - ¿„(cos x) | g e„

for all values of x, then

| Sn(d, fa - *(0; 0, fa | = ce„«1/2

for all positive integral values of n, where c is an absolute constant.

Let ^(x; 0, 0) —/»„(cos x) be denoted by g(x). By hypothesis \g(x) \ ̂  e„;

therefore, by Lemma VI,
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^ f,   f   \<rn(x)\dx g C'ín«1'2.

In other words,

I *(x; 8, 4>)<t„(cos #)(sin *)d;c —   I   p„(cos x)ar„(cos x) (sina;)da;

è c'é,«1'2.

Here the first integral is s„(0) and the second, by virtue of Lemma VII, is

pn(cos 0). The inequality, then, takes the form

|í»(0) - /»»(cos 0)| ^ c'í»«1'2.

It was assumed in the hypothesis, however, that

| 9(0; 0,4) - ¿„(cos 0)| á t».

By combining these last two inequalities the following inequality is obtained:

| *(0; 8, <t>) - i„(0) | á «.(I + c'«1'2) ^ ce.»1'1.

But 5„(0) =S„(8, <i>), and the theorem is proved.

Suppose now that F(9, <p) is continuous on the surface of the sphere with

modulus of continuity w(5); i.e.,

| F(8X, <bx) - F(82, d>2) | g <o(5)

for all points for which T^ô, where T is the shorter great-circle distance be-

tween the points. If co(S) does not exceed XS, where X is a positive constant,

F(8, <p) will be said to satisfy a Lipschitz condition with parameter X. Since

each point (x, y) on the sphere can be thought of as having infinitely many al-

ternative pairs of coordinates, (x + 2uir, y+2vir), ( — x + 2pir, y+(2i'+l)7r),

where p. and v are arbitrary integers, positive, negative, or zero, f(x, y), con-

sidered as a point function on the sphere, is periodic of period 2t in x and y

separately and <ï>(.v; 8, <j>) is a periodic even function of x of period 2-w having

the same modulus of continuity, co(S). For a fixed pole, then, it can be inferred

from a well known theorem* and from the analogue of Lemma V for functions

of a single variable that corresponding to every positive integer « there exists

a trigonometric sum Tn(x) containing only cosine terms, of order at most «

in x, such that

(18) ¡ $0; 8, 4>)]- Tn(x) | g X'«(2x/n)

* See, e.g., Jackson, Colloquium, p. 7; On the approximate representation of an indefinite integral

• ■ ■ , these Transactions, vol. 14 (1913), pp. 343-364; p. 350.

i:
g(x)a„(cos *)(sin x)dx
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where K' is an absolute constant. (If F(B, fa) satisfies a Lipschitz condition

the absolute error in (18) does not exceed K"\/n, where K" is an absolute

constant.) Since Tn(x) contains only cosine terms it is a polynomial /»„(cos x)

of degree at most n in cos x.

The selection of Tn(x) =/»„(cos x) depends on the choice of the pole, but

no matter what point is chosen for pole the accompanying polynomial in cos x

satisfies (18). The hypotheses of Theorem VII are fulfilled at every point on

the sphere. On account of the continuity of F(8, fa, evidently <I>(0; 0, fa

= F(B, fa. Hence the theorem stated below is true.

Theorem VIII. If F(8, fa is continuous with modulus of continuity w(S)

on the surface of the sphere, then

| F(6, fa - 5„(0, fa I = cK'w(2ir/n)nxl2, n >0,

for all points on the sphere, where c and K' are absolute constants. If F(8, fa

satisfies a Lipschitz condition with parameter X, the absolute error does not exceed

cK"\/n112, where K" is an absolute constant.

Corollary I. // F(B, fa has a modulus of continuity co(5) such that lim^o

co(ô)/ô1/2=0, Laplace's series converges uniformly to F(B, fa over the surface of

the sphere.

The theorem above, which is substantially the same as that of Gronwall,

permits the following extension :

Theorem IX. Let F(6, fa) be continuous and such that the kth-order deriva-

tives (dk/dsk)F(B, fa) with respect to arc-length exist on every great circle on the

sphere with moduli of continuity not exceeding a common upper bound co(5) such

that limä^0w(5) =0. Then the partial sum of order n, 5„(0, fa, of Laplace's series

for F(9, fa, satisfies the inequality

| F(9, fa - S,t(6, fa | ^ Au(2ir/n)(l/n)Wi2, n > 0,

where A is an absolute constant.

Under the hypotheses it follows on differentiating under the integral sign

that (dk/dxk)$(x; 0, fa is a continuous function of x with modulus of con-

tinuity not exceeding w(5). Under these circumstances <ï>(x; B, <p) satisfies the

conditions of a theorem* which in substance states that there exists a poly-

nomial /»„(cos x) which approximates $ with an absolute error not exceeding

^4'co(2x/») (\/n)k, where A' is an absolute constant. Consequently, by the

argument used in the proof of Theorem VIII, the present theorem holds.

* Jackson, Colloquium, p. 12.
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8. An existence theorem. The partial sum of Laplace's series is a special

form of the general sum of degree « of surface spherical harmonics* :

n       i

(19) Yn(8, 4) =   ZE|[ila cos j4 + Ba sin J4]P,J(cos0)} ;
i=0 j— 0

the A's and B's are real constants and

PKcos 9) = (sin/ö) (d/d cos ö)'P,(cos 8)

is the associated function of order/ and degree i.

Gronwall | has shown that there exists a sum of the form (19) which under

certain conditions approximates a given function more closely than does the

partial sum of Laplace's series for the function. (Cf. (4), (5), and (6) of §2.)

Let

(20) Tn(8,4) = hpf     f F(8',4')gP(y)(sind')dd'd4',
Jo    Jo

where y is the great-circle distance between (9', </>') and (9, d>).

gp(y) = [(sin (¿7/2))/(sin (7/2))]*,

and

/» 2t    y» t

I/A» =    I      I   gP(y)(sine')dd'd4'.
Jo    Jo

That Tn(8, <p), thus defined by Gronwall, is of the form (19) is established

from the following facts: [(sin (¿7/2))/(sin (-y/2))]2 = (l-cos/>7)/(l-cos7)

is a cosine sum of order p — l, so that gP(y) is such a sum of order 2p — 2;gp

is therefore a polynomial of degree 2p — 2 in cos y and, consequently, is ex-

pressible as a linear combination of Legendrians in cos y, Xo^2a¡P¿(cos 7);

since a Legendrian, P¿(cos 7), is a surface spherical harmonic of degree i, it

follows that Tn(8, d>) is a surface spherical harmonic sum of degree not ex-

ceeding « when p is an integer such that 2p — 2^n^2p. Gronwall proved

that if F(8, <j>) has a modulus of continuity o>(5) on the sphere, Tn(8, <j>) satis-

fies the inequality

I F(8, 4) - Tn(8, 4) I Ú B'œ(l/n)

for all points on the sphere, where B' is an absolute constant. This theorem

can be extended to include a function having continuous directional deriva-

tives.

* Byerly, op. cit., p. 197.

f Gronwall, these Transactions, loc. cit., pp. 14-23.
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Theorem X. If F(B, fa has at every point of the sphere continuous first-

order directional derivatives as described in Theorem IX with moduli of con-

tinuity not exceeding a)(8), where lim{,0w(5) =0, then corresponding to every posi-

tive integer n there exists a sum Tn(B, (p) of form (19), of degree at most n, such

that

| F(6, fa - Tn(d, fa | = J?«(l/»)(1/»)

for all points on the sphere, where B is an absolute constant.

Let (0, <b) be chosen for a new pole of coordinates; let <i>(x; 0, <f>)'J>e the

mean value of F on a circle of curved radius x with center at (0, fa. Let the

definition of T„(B, <b) given by (20) be subjected to the following modifica-

tions: let /» be an integer such that 3p-3^n^3p, let

gp(7) = [(sin (/»7/2))/(sin(T/2))]°,

and let a factor 2xbe divided out of the corresponding integral defining l/hp.

From the remarks accompanying the definition (20) it is apparent that

T„(6, <f>) thus modified is also a surface spherical harmonic sum of degree not

exceeding n. At the pole (0, <j>), then,

T„(0, 4>) = hp  f   #(*; 0, fagP(x)(sin x)dx,
Jo

with

1/äp =    I    gj>(*)(sin x)dx.
Jo

From this last equation evidently

$(0; 8, fa = hp j    *(0; 8, fagp(x)(sin x)dx.
Jo

Consequently

r„(0, </») - $(0; 0, <t>) = K  (   [Hx; 8, fa - $(0; 8, fa]gp(x)(sin x)dx;
Jo

whence by the law of the mean, since <i>x(x; 0, </>) is continuous in x,

Tn(8, <t>) - $(0; 8, fa = K  I    x$>x(qx; 8, fagp(x)(sinx)dx,
Jo

where 0<c<l. Inasmuch as $(x; 0, <j>) is an even function possessing a con-

tinuous derivative with respect to x it follows that i>x(0; 0, fa =0. Therefore
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I *,(?*; t.,«»|=| *x(qx; 8, 4) - *,(0; 9, 4) |

^ co(ax)   :g o(a;).

Since, also, *(0; 8, d>) =F(B, <p),

| T„(8,4) —F(8,4)\ ^ hp I    xco(a;)^p(a;)(sin»)ti«.
Jo

By a method analogous to that suggested in the outline of the proof of

Theorem II in §4, the right-hand side of this inequality does not exceed B

■ w(l/w) (1/w). Since the hypotheses are assumed to hold at every point (9, <p)

of the sphere so also does the conclusion.

9. A problem of closest approximation in terms of surface spherical har-

monics. As in other cases of approximation by means of orthogonal functions,

it is easily demonstrated that the particular choice of the coefficients A a and

Bu in the general surface spherical harmonic sum Yn(9, </>) which minimizes

the integral

f     f   [F(8, 4) - Yn(6, 4)Hsm8)d8d4,
Jo    Jo

where F(9, </») is a given continuous function, is that choice which yields the

partial sum Sn(9, <j>) of Laplace's series for F(9, d>) ; there is one and only one

choice of the coefficients which produces a minimum value of the integral.

As in the case of polynomial and of ordinary trigonometric approximation

the above problem can be generalized into a problem of minimizing the inte-

gral of a power other than the square of the absolute discrepancy. Jackson*

has given a general existence theorem which shows in particular that if

Pi(x), pi(x), • ■ • , pk(x) is any set of k linearly independent continuous func-

tions of x in an interval a ^ x ^ b and f(x) is continuous in this interval, then

there exists one and only one choice of the coefficients in the linear combina-

tion ^2xCipi(x) which minimizes the integral

/.
dx,/(*)   -    T,Cipi(x)

where m is any number greater than unity. By suitable adaptation the same

method yields a proof of

* Jackson, A generalized problem in weighted approximation, these Transactions, vol. 26 (1924),

pp. 133-154;see pp. 133-138.
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Theorem XL Let F(8, fa be a continuous single-valued function on the

unit sphere, and let Y„(0, <p) be a general surface spherical harmonic sum of

degree n. There exists one and only one choice of the coefficients A ¿, and Ba which

will render the integral

y»2X      n T

j      I    | F(8, fa - Y„(8, fa | "-(sin 8)d8d<j>
Jo    Jo

a minimum when m>\. Such a sum F„(0, fa is called the approximating sum

for F(B, fa) corresponding to exponent m.

The proof of existence, apart from the question of uniqueness, holds also

forO<w^l.

10. Convergence of the approximating sum. To begin with, it is to be

observed that Y„(8, fa is a trigonometric sum of order n of type (1), §1. Hence

Bernstein's theorem is applicable: if |F„(0, fa \ ̂ L over the entire sphere,

then also \(d/dB)Yn(8, <b) \ únL and \(d/dfaYn(8, </>) | =«£ over the entire

sphere. Since by an arbitrary rotation of coordinates which places the pole at

the point (0, <p), F„ is transformed into another sum of the same character,

the statement | (d/dd) Y„\^nL can be given the more general form | (d/ds) F„ |

^nL, where 5 is along any great circle through the point (0, fa. With this

observation a device used in connection with other problems* becomes avail-

able for finding conditions on the function E(B, fa sufficient to insure uniform

convergence of its approximating sum.

Let F(6„fa be continuous on the sphere; for fixed n let F„(0, fa be its ap-

proximating sum corresponding to exponent m; let y„ be the minimum at-

tained by the integral

/» 2x     *» T

(21) III F(-6> *) - Y"(-6' *) Hsin e)ded<t>-
Jo     Jo

Suppose that there exists another sum y„(0, <p) of the same type (19) such that

| F(8, fa - yn(8, fa | ^ e„

everywhere on the sphere, where e„ depends only on n. Place

p„(0, fa = Yn(8, fa - yn(8, fa
and

_ rn(6, </») = F(8, fa - yn(8, fa.

* See, e.g., Jackson, On the convergence of certain trigonometric and polynomial approximations,

these Transactions, vol. 22 (1921), pp. 158-166; Colloquium, Chapter III. For an application of the

method to a problem of approximation in two variables, see E. Carlson, On the convergence of trigono-

metric approximations for a function of two variables, Bulletin of the American Mathematical Society,

vol. 32 (1926), pp. 639-641.
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Now, p„ is continuous; let pH be the maximum of its absolute value and

(do, 4>o) a point at which it is attained: p„ = \pn(8a, </>o) |. Let the point (8, d>)

be restricted to a circle R of curved radius 1/(2«) with center at (90, <p0). If

(9, <p) is distinct from (0O, </>0), pn is a continuous function of s with continuous

derivatives with respect to s along the great circle joining the points. By the

law of the mean,

| pn(8, 4) - pn(8o, 4a) \ =| dpú/ds | s

where p„' is a value of p„ at a point on the arc between the given points. Con-

sequently, whether (9, <p) is distinct from (90, <t>o) or not,

| Pn(8, 4) - Pn(e0, 4o) | è np„/(2n) = pn/2.

Therefore,  \pn(8, <t>) | ^m»/2 for all points in R.

For the moment let it be supposed that en ̂ ju„/4, the contrary case being

considered presently. Then, since \rn(8, <p) | g €n^^i„/4 everywhere and

\pn(9, <p) | ^Pn/2 in R, it follows that \rn — pn \ ̂ pn/4 in R, and, consequently,

that

| F(8, 4) - Yn(9, 4) | ""(sin 8)d8d4
Jo    Jo

=    I      I     | rn - pn | '"(sin 8)d8d4
Jo   Jo

ç. /.l/(2n)

^ (pn/4)m   I (sin 9)ddd4 = (pn/+)m2ir  I        (sin 8)d8
J s Jo

= (m„/4) m4w sin2 [1/(4»)].

Therefore, 7„=47r(/un/4)m sin2[1/(4«)]. But, since Fn(0, c/>) minimizes the

integral (21), 7„^47T€™, and it follows that

ßn Ú 4J7„/(47rsin2 [l/(4«)])} »" ^ 4{sin2 [l/(4«)] j"1'*"«„.

In the contrary case e n > p n/4, certainly p n < 4 e n, so that in either case

(22) pn ¿ 4{sin2 [1/(4») J}-1'-* + 4e„.

Since sin x>(2/ir)x when 0<*^tt/2, sin2[1/(4«)]è«-2/(47r2). The upper

bound (22) for pn then assumes the form

pn ^ Cn2"»en + 4e„,

where C depends only on m, a constant.

Finally, then,

| F(8, 4) - Yn(8, 4) | è | rn \ + \Pn \   é Cn2'"'en + 5e„,

and one can state the following theorem:
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Theorem XII. // F(B, fa) can be approximated by a surface spherical har-

monic sum y„(0, <&) of type (19) with maximum absolute error e„ then the ap-

proximating sum F„(0, <j>) corresponding to exponent m>\ represents F(B, <b)

with maximum absolute error not exceeding

C«2'me„ + 5e„

where C depends only on m.

Theorems on the convergence of F„(0, fa to F(B, <p) can now be written

as corollaries to Theorem XII. By Gronwall's theorem of §8, «„ may be re-

placed by a constant multiple of o>(l/n) if F(B, fa is continuous with modulus

of continuity w(5) on the sphere. The immediate consequence is

Corollary I. // m>2 and if F(B,fa) is suck that lims^o'')(ô)/ô2'm = 0, then

Y„(B, 4>) converges uniformly to F(8, <j>).

If F(B, <p) satisfies the hypotheses of Theorem X, «„ may be replaced by a

constant multiple of (1/n) u(\/n), and one can state

Corollary II. If m>i and if F(B, <f>) has at all points of the sphere con-

tinuous first-order directional derivatives as in Theorem X, with modulus of

continuity not exceeding a(ô), where limj^0w(5)/S(2/m)-l = O, then F„(0, 0) con-

verges uniformly to F (8, <f>).

As in the case of trigonometric and polynomial approximation it is to be

emphasized that the conditions imposed on F(8, fa in the above corollaries are

by no means necessary for the uniform convergence to F(8, fa of the approxi-

mating sum corresponding to exponent m. The following observation will

suffice to bring out this fact. In §9 it was pointed out that the partial sum of

Laplace's series is the approximating sum corresponding to exponent m = 2.

It has already been shown in the corollary to Theorem VIII that a sufficient

condition for the uniform convergence of this sum to .F(0, <f>) is that F(8, <p)

have a modulus of continuity such that w(5)/51/2—>0. This is a less restrictive

condition on F(8, <j>) than that afforded by Corollary II of Theorem XII. Also

as in the case of other forms of approximating functions the problem treated

here can be generalized by admitting a positive, continuous weight function

in the integrand of (21).

Since methods are not available for finding e„ by arbitrary sums other

than those used in the above corollaries, the values of e„ must be taken as

the errors assigned in Theorems VIII and IX for representation by partial

sums of Laplace's series. Conclusions arrived at by such considerations appear

to be of secondary interest, and will not be included in this discussion. Fur-
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thermore, since theorems on convergence for m ^ 1 which employ such values

of e„, and theorems on the degree of convergence for all positive values of m,

are adaptations of the corresponding existing theorems for trigonometric ap-

proximation paralleling the adaptation herein given for the case m > I, they,

also, will not be included.
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