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Part I. Introduction

1. The Lagrange interpolation polynomials. This paper deals largely with

certain polynomial approximations to analytic functions of a complex vari-

able, that are somewhat analogous to the Lagrange interpolation polynomials.

The latter, it will be recalled, are defined as follows :

Given an analytic function f(z) of the complex variable z, and a set of «

points z = ax, Oi, • ■ ■ , an, the corresponding Lagrange interpolation poly-

nomial is the polynomial of (« — l)th degree at most, which, in case no two of

the a, are equal to each other, agrees with/(z) at the points z = ax,z = a2, ■ • ■ ,

z = a„, while if some of the a{ are equal to each other, it is the limit of the

Lagrange interpolation polynomial corresponding to « points o/ that are all

distinct and are allowed to approach the points a, respectively. In the latter

case, if (say) ax occurs just «1 times in the sequence ax, a2, ■ ■ ■ , a„, the corre-

sponding Lagrange interpolation polynomial will have "contact" of at least

order «i —1 with/(z) atz = di, that is, its derivatives of order 0,1, • • • , «i — 1J

will be equal to the corresponding derivatives of f(z) at that point.

These polynomials are among the most familiar approximations to func-

tions of a real or complex variable, and general theorems are known which

prove their convergence to/(z) as n becomes infinite, for properly restricted

points ax, a?, ■ ■ ■ , an, ■ ■ ■ .§ The most familiar instance of these polynomials

is undoubtedly the case when all a,- have a common value a, since the La-

grange polynomials corresponding to the first « terms of the sequence

ax, fl2, • • • , a„, • ■ ■ now reduce merely to the first « terms of the Taylor ex-

pansion of/(z) about the point z = a; the discussion of the convergence of the

polynomials to f(z) belongs to the elements of the theory of functions of a

complex variable. One other case where the convergence problem may be

* Presented to the Society, August 29, 1929, and December 27, 1929; received by the editors

June 22, 1931.
f Part of the work of this paper was done while the author was a National Research Fellow at

Harvard University.

t By a derivative of order 0 will be understood, as usual, the function itself.

§ In this connection see Bieberbach's article in the Encyklopädie der mathematischen Wissen-

schaften, II C 4, §59.
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treated with equally definite results is the case where the points a,- recur in

groups of (say) m members: ai = af iox j=i (mod m). The sequence of the re-

sulting Lagrange polynomials turns out to be essentially equivalent to an ex-

pansion oif(z) in a series of powers of [(z — ax)(z — a2) ■ ■ ■ (z — am)] with co-

efficients that are polynomials in z of degree at most m — 1. Such expansions

have been investigated by Jacobi and others.* They may be shown to con-

verge to f(z) in the largest region | (z — ai) (z — a2) ■ ■ ■ (z — a„) \ < constant, in

which f(z) is analytic.

2. The polynomials Pn(z). The approximation or expansion problem to

which Parts II, III of this paper are devoted is somewhat similar to the ap-

proximation problem by means of the Lagrange interpolation polynomials for

the case of recurrent series ai, a2, • ■ • , just mentioned.

Consider first two fixed points, ai, a2; ai^a2. A unique polynomial, P2,n(z),

may be shown to exist of degree 2« — 1 at most, and such that

/ \ _(2»)/     \ .(20/     \      „(2t)/     N (2i) ,     N , x
(12,„)        Pi.n(ai)=f     (ai),P2,n(a2) = f    (a2) (i = 0, 1, ■••,«-1) .

The polynomial Pi.n(z) resembles the Lagrange interpolation polynomial

corresponding to 2» terms of the recurrent sequence ax, Oi; ax, a2; ■ ■ -in that

certain of its derivatives at ai and a2 agree with the corresponding derivatives

of f(z); the orders of these derivatives, however, differ in the two cases. For

the above Lagrange interpolation polynomial the derivatives are of order

0, 1, ••• , « — 1; forP2,„ they are of order 0, 2, •• • , 2« —2. Now in spite of

this apparent similarity in definition, it will appear later that the convergence

properties of P2,„(z) are radically different from those of the Lagrange inter-

polation polynomials corresponding to the sequence ax, a2; ait a2; ■ ■ ■ . Thus,

the latter still exhibit a Taylor-like type of convergence in that they converge

to f(z) within the largest of a proper set of open regions (namely, the regions

\(z — ax)(z — a2) | <constant) within which/(z) is analytic; the former poly-

nomials, P2,n(z), however, may not converge to/(z), or even may fail to con-

verge altogether (with the possible exception of a countable set of points),

even in case/(z) is an integral function. Thus, for example, if ai = 0, a2 = ir,

f(z) = sin z, the polynomials P2,„(z) obviously reduce to zero identically, and

consequently converge to/(z) only for z = mir, where m is an integer. Again,

if with the same values of ai, a2 we put f(z) = sin kz, where k is not an integer

and in absolute value greater than unity, then it turns out (see §11) that as «

becomes infinite P2,n(z) diverges for all z except z = mix. It is thus obvious that

even for integral (entire) functions,furtherconditionsarenecessaryinorder that

(22) Mm P2,n(z) =f(z).

* See Monte], Leçons sur les Séries de Polynômes, Paris, 1910, pp. 47, 48.
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The first of the above examples, f(z) = sin z, constitutes in a sense the

limiting function between the set of functions for which (22) holds and those

for which (22) fails to hold. More precisely, for ax = 0, a2 = -k, a sufficient condi-

tion for the validity of (22), presently to be stated, is that the mode of increase

of \f(z) | as \z\ becomes infinite, should be less than that of |sin z\.

Consider next m fixed points, ax, a2, ■ ■ ■ , am, no two of which are alike,

and determine a polynomial Pm.n(z), « = 1, 2, • • • , of degree mn — 1 at most,

such that

(.. (im),     ■. (im) ,     v . v

Im.n) Pm.n(aj)   = / (üj) (l =  0,  1,  •  •  •   , » -   1 ¡ J   =   1, 2,  •  •  •  , i»j .

The polynomial Pm,„ has mn available constants, while the above equations,

requiring that its derivatives of order 0, m, 2m, ■ • ■ , m(n — l) at the points

di, • • ■ , an agree with the corresponding derivatives of f(z), impose mn linear

conditions on Pm,n(z). These conditions may be shown to be linearly inde-

pendent ; hence a unique polynomial will be determined for arbitrary values

of the right hand members of (lm,n). The existence and uniqueness of Pm.n is

thus manifest.

For m = 1 the polynomial Pm,„, as well as the Lagrange interpolation poly-

nomial corresponding to the sequence of « terms ax, ax, ■ ■ ■ , ax, both reduce

to the first » terms of the Taylor expansion of/(z) about z = ax. From m = 2,

the polynomials Pm,n have just been discussed and their similarity to and

difference from the Lagrange interpolation polynomials corresponding to the

recurrent sequence ax, a2; ax, a2, ■ ■ ■ pointed out. Likewise the latter poly-

nomials corresponding to the recurrent sequence of mn terms, ax, a2, ■ ■ ■

am; • • ■ ; ax, a2, ■ ■ ■ , am resemble the polynomials Pm,n in having « deriva-

tives at each of the points ai, a2, • • • ,-am equal to the corresponding deriva-

tives of f(z). The order of the derivatives again differs in the two cases with

corresponding profound differences in the nature of the convergence of

Pm,n(z) and conditions in order that

(2m) lim Pm,n(z) =f(z).
n—»«

3. Sufficient conditions for the validity of (2m). Necessary conditions.

Functions of a very simple type and for which (2m)(w>l) fails to hold for a

general value of z, may be obtained by considering the system consisting of

the differential equation

(3m) dmu(z)/dzm - \mu(z) = 0

and the "boundary conditions"

(4m) M(a¿) =0 (i = 1, 2, •• • ,m).
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The set of characteristic parameter values, that is, of values of X for which

the above system possesses a non-trivial solution, or a solution not identically

zero, is readily shown to coincide with the (non-null) set of roots of a certain

integral function. Any non-trivial solution of (3m), (4m) obviously consti-

tutes an example for which (2m) fails to hold for a general value of z, since

Pm,n(z)=-0.

Now these characteristic values are also of interest in another connection.

Thus, sufficient conditions in order that (2m) hold for all z are the following:

1. f(z) is an integral function of z;

2. f(z) satisfies the relation

(5m) f(z) =0(ek^),k<pm,

where k is a constant, and pm is the absolute value of those characteristic

parameter values of (3m), (4m) which are nearest the origin of the X-plane.

For wí = 2 the characteristic values of (3m), (4m) which are nearest the origin

are given by X2= — ir2/(a — b)2, the corresponding non-trivial solutions of

(32), (42) being given by sin [ir(z — a)/(a — b)] in each case. This will be recog-

nized as the example used in §2 for the case a = 0, b=iv. For m = 2 the suf-

ficiency of the conditions is shown in Theorem 1; for m = 3 in Theorem 10,

and the latter proof applies with little modification to any m.

We shall refer to an integral function f(z) that satisfies a relation

f(z) =0(ei|21) for any constant k<p, but for no constant k>p, as a function of

"exponential type" p. The sufficient conditions just mentioned amount to re-

quiring that/(z) be of exponential type less than pm.

From the consideration of a non-trivial solution of (3m), (4m) correspond-

ing to a characteristic value of X that is nearest the origin, it will be shown

that in (5m) pm cannot be replaced by any larger value without incurring the

failure of the conclusion for some functions/(z). Consequently the above

sufficient condition is the best possible one of its type. Nevertheless, this con-

dition is not a necessary one. Thus, it is shown in Theorem 2 that, if the func-

tion/(z) is odd about (ai+a2)/2, that is, if

(ai + ai        \ (ax + a2        \

then (22) will hold for all z provided that f(z) is merely of exponential type

less than 2p2. Likewise, for m>2 condition (5m) may be replaced by more

lenient ones for special types of functions (§16).

For m = 2 condition (5m) becomes

f(z) = 0(e*l'l), k < t/\ ax - a2\ .
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It is of interest to point out that this condition is precisely the condition under

which a theorem of F. Carlson* assures us that an integral function that

vanishes at all the points congruent to ai (mod (ai —a2)) must vanish identi-

cally. A connection, though a somewhat superficial one, between the two sets

of results may be seen in the fact that, as pointed out above, there exist

functions for which P2,„(z) diverges everywhere with exception of the points

congruent to at (mod (ai —a¡¡)); as regards convergence of P2,„(z), these points

thus appear to play a rôle analogous to that of the origin in a series of powers

of z, and are thus somewhat on a par with a! and a2.f

The general question of the validity of (2m) may obviously be separated

into two parts: first, does the sequencePm,„(z) converge at all?; second, if it

converges for a proper point set, does it converge to/(z) there? To answer the

first question, the nature of the convergence of Pm,n(z) or of their equivalent

series, for arbitrary values of fim)(a,), the right hand members in (U,n), is

studied in §§9, 10, 17. It is shown that for m = 2 the series in question either

converges for all z, or diverges for all z with the possible exception of a count-

able set of points with <x> as its only limit point, depending upon whether the

sums

E(- lW-'OO +/(2n)(a2)][(a1 - a,)/*]*",
n-0

¿(- i)-ryc»«)(ai) -/<2»>(a2)][(ai - o¿/(2t)]*»

both converge or not (Theorem 6). In the former case P2,n(z) approaches a

limit uniformly in any finite region, and the limiting function is integral and

may be broken up into a sum of two functions, respectively evenj and odd

* In this connection see G. H. Hardy, On two theorems due to F. Carlson and S. Wigert, Acta

Mathematica, vol. 42 (1920), p. 328. In Carlson's theorem the inessential restriction ax=0, ai=l is

made. See also P. L. Srivastava, On a class of Taylor's series, Annals of Mathematics, (2), vol. 30

(1928), p. 39, where the same conditions are employed.

t This suggests that an approximation problem that is more vitally connected with the problem

of approximating by means of Pi,n than the Lagrange interpolation polynomials corresponding to a

sequence of recurring points (mentioned in §§1,2) is the problem of the Stirling interpolation series.

The latter, it will be recalled, is equivalent to the sequence of polynomials of degree In, which agree

with the function at the points — », — n+1, •••,». This problem has been treated among others

by N. E. Nörlund in his Leçons sur les Séries d'Interpolation, Paris, 1926, Chapter IL Norlund derives

necessary conditions, as well as sufficient conditions, for the convergence of these interpolations to

/(z); these conditions are in the form of inequalities on l/í/e*8)! for various 6. No use has been made

of such inequalities in this paper, though it is likely that an application of conditions of this type

would prove fruitful.

(^4
X That is, satisfying

\^+)
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about (ai+Oi)/2, and of exponential type at most equal to p2,2p2 respectively.

From these conclusions are obtained necessary conditions for the validity of

(22) (Theorem 7), and these conditions turn out to be almost sufficient (The-

orem 8).

Analogous results are also established for m>2 (Theorems 11a, lib, 12),

subject, however, to a slight restriction concerning the location of the charac-

teristic values of (3m), (4m). No analogue of Theorem 8, however, has thus far

been found. The somewhat greater completeness of the results for the case

m = 2 is due to the fact that many familiar notions (among them, evenness

and oddness, simply periodic functions) which can be utilized for m = 2 do not

admit of immediate and obvious generalizations for higher values of m ; also

to the greater familiarity of the various functions encountered in the discus-

sion. For these reasons the case m = 2 has been dealt with separately in Part

II, while the case m = 3 is dealt with in Part III in a manner which immedi-

ately generalizes to higher values of m.

4. The method of proof. Other expansion problems. The procedure em-

ployed in proving the above results is not without interest in itself. The proof

of the sufficient conditions is obtained by making use of certain properly de-

fined "Green's functions" Gm,i(z, s; X), » = 1, 2, • • • , m, associated with the

system consisting of

(3'm) dmu(z)/dzm -\mu(z) = ( - l)mv(z)

and of (4m) in such a way that

(6m) u(z) =   ¿2    I     Gm,i(z, s; \)v(s)ds
t-i   Jz

is equivalent to (3m'), (4m); here all the variables range over their complex

planes, and the functions u(z), v(z) are analytic* The Green's functions Gm,{

are not immediately connected with the polynomials Pm,„; however, the co-

efficients which result from expanding Gm,i in powers of X (or rather of Xm) are

very intimately connected with Pm,„. Thus it is shown that the "remainder"

f(z) —Pm,n(z) can be expressed in terms of these coefficients; this is done by

means of successive applications of the formula

(7m)    f \u(s)v^m)(s) + (- ï)(m+»u^(s)v(s)]ds = u(s)v^~l)(s)

1

- u'(s)v<m-2)(s) + ••• + (- l)^~^u<m-^(s)v(s)\ ';

_ -l«i

* These Green's functions are also shown to be the resolvent system of an integral equation of

the second kind with the same integration pattern as in (6m).
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the easily determined asymptotic behavior of the coefficients is then utilized

to discuss the convergence of the remainder to zero.

For m = l the above procedure is shown to lead essentially to a familiar

way of establishing Taylor's series (§18). The crux of the difference between

the cases m = 1 and m > I appears in the course of the proof as due to the

fact that in the latter case the Green's functions are meromorphic in the para-

meter X, while in the former case the Green's function (there is now only one

such function) is integral in X.

In discussing the necessary conditions the Green's functions Giim are also

utilized. Thus for m = 2 it is shown that when dG2,x(z, s; \)/ds |,_0l is ex-

panded in powers of X2. the coefficient of X2" (it is denoted by a„_i(z) in Part

II) is a polynomial whose even-order derivatives at ax, a2 all vanish, with

exception of the derivative of order 2« at Oi, which is equal to unity. Similar

statements are true for j8„_i(z), the coefficient of X2" in dG2,2(z, s; \)/ds |a_a2,

but with ai, a2 interchanged. Obviously one may express P2,n(z) in terms of

an,ß„ thus:

P*.n(z) =   JZlfKada^+PioMz)].
i-0

Again the asymptotic behavior of an(z), ßn(z) is determined from the nature

of the singularities of their generating functions on the circle of convergence

and beyond. This aymptotic behavior is utilized in investigating the nature

of the convergence of P2,n(z), and in deducing necessary conditions for the

validity of (22). A similar procedure is followed for m>2.

The methods of proof used are highly suggestive and may be applied to a

variety of approximation problems. Some of these are discussed somewhat

briefly in Part IV, but no attempt is made to formulate a general theory for

the present. Among the problems discussed are the following:

1. Approximations by means of solutions of certain linear differential

equations with constant coefficients, where the approximating function is

chosen so that its even-order derivatives of a sufficient order at two points,

ai, a2, are equal to those of f(z). These approximations are suggested by ex-

panding the Green's functions G2f< connected with the polynomials P2,„(z)

about an arbitrary value of X, X0, not a pole of G2,¿. For Xo = 0 these approxi-

mations reduce to P2-n(z) (§19).

2. Expansions suggested by means of the Laurent expansion of the

Green's functions (of a proper system with a parameter) about a pole of the

parameter (§20).

3. Certain boundary value expansions of functions of « (real) variables

(§22). These expansions are the «-dimensional analogues from a certain point
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of view of the approximations of one real variable by means of the poly-

nomials P2,n.

The last one of the above expansions is similar to the boundary-value ex-

pansions considered by the author in a paper entitled On Green's formulas for

analytic functions* In these expansions an analytic function of several real

variables in a given region is expressed in terms of the boundary values of its

iterated Laplacians and their normal derivatives. The present paper had its

origin in the attempt to eliminate the normal derivatives and express an

analytic function over a given region in terms of the boundary values of the

iterated Laplacians only. The representation obtained in this way generalizes

the familiar expression of a harmonic function in terms of its boundary values

by means of Green's function. However, throughout most of this paper we

have confined ourselves to functions of one variable only, but have allowed

it to range over the whole complex plane.

It is suggested that for a first reading Part III be omitted, in view of its

formal complexity.

Part II. The -polynomials P2.n(z)

5. Introduction of the polynomials an(z), ßn(z) and of the Green's func-

tions A(z, s;\), B(z, 5;X). Throughout Part H'we shall denote ai, a2 by a and

b respectively.

It will be recalled that the polynomials Pi,n(z) are uniquely determined

by means of the conditions (l?,n) which equate at z = a, z = b those even-order

derivatives of Pi,n(z) that do not vanish identically, to the corresponding de-

rivatives of f(z) at the same points. Suppose now that we replace all the

right hand members of (12,„) by zeros with the exception of f(2n~2)(ai), re-

placing the latter by 1. The resulting polynomial P2,„ we shall denote by

a„_i(z); from equations (l2,n) it follows that its degree is at most equal to

2»—1. Now since its (2m — 2)th derivative takes on two different values at

a and b, namely 0 and 1, respectively, it follows that an-i is at least of degree

2« — 1. Hence it is actually of degree 2« — 1. In a similar way we define poly-

nomials ßn-x(z) as the polynomial of degree 2» — 1 at most whose even-order

derivatives vanish at z = a, z = b with the exception of the (2« — 2)th derivative

at b, whose value is 1. In terms of the polynomials an(z), ßn(z), as pointed out

in §4, we may express the polynomial P2,n(z) as follows:

?*.*(*) -  Z2[f(2i)^hi(z) +Piib)ßi(z)].
i=0

* Presented to the Society, Derember, 1928.
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It will sometimes be necessary to exhibit the fact that the polynomials

P2,n(z), an(z), ßn(z), in addition to depending upon z, also depend upon a and

b. Where this is the case we shall denote them by P2,n(a, b; z), an(a, b; z),

ßn(a, b; z) respectively. It will often be convenient to make the restriction

a = 0, b = ir. We shall write 'P2,n(z), 'an(z), 'ßn(z) in place of P2,„(0, tt; z),

a„(0, it; z), ß„(0, ir; z) respectively; likewise we shall precede with a prime the

number of any formula in which a and b have been equated to 0 and t.

We now turn to the Green's functions G2,i, G2,2 mentioned in §4, denoting

them, however, by A(z, s; X), B(z, s; X) respectively. They are defined by

means of the equations

d>A(z, s; X) d2B(z, s; X)
(8) -—— = \2A(z, s; X),     -—- = X2B(z, s;\);

ds2 ds2

(9i) A(z, a; X) = 0

(92) B(z, b; X) = 0

(93) A(z, z; X) + Biz, z; X) = 0

(94) -[A(z,s;\) + B(z,s;\)]     =1.
OS ,=z

From (8), (9i), (92) it follows that, for X^O, A and B are of the form A sinh

\(s — a), B sinh \(s — b) respectively, where A, B are independent of 5. Sub-

stituting in (93) and (94) we find that when the resulting linear equations are

compatible their solution is given by

sinh X(z — b) sinh X(s — o)

X sinh \(a — b)

(10) ,        \ , ^
sinh X(z — a) sinh \(s — b)

X sinh X(a — b)

It will be observed that X= +niri/(a — b), « = 1, 2, • ■ • , are (for general

values of z and s) poles of A and B. Now it is precisely for these values of X

that the system (8), (9i) is incompatible. The case X = 0 still remains to be

examined. It is readily seen that, for this value of X, (8), (9.) possess a unique

solution which is equal to the limit approached by the right hand members of

(10) asX approaches 0. With A (z, s; 0), B(z, 5; 0) defined as equal to this limit,

A and B are analytic at X = 0.

As pointed out in §4, the functions A (z, s; X), B(z, s ; X) naturally arise in

connection with the semi-homogeneous system

(32') d2u(z)/dz2 - X2«(z) = v(z),

(42) u(a) = 0, u(b) = 0,



1932] APPROXIMATIONS TO ANALYTIC FUNCTIONS 283

where we suppose that v(z) is a given analytic function, and u(z) is sought

analytic. It is easily verified that for values of X which are not poles of A, B,

the homogeneous system (32), (42) possesses only the solution u(z) =0; hence

that the solution of (32), (42), if it exists, is unique; and that

n a /» b

(62) u(z) =   I     A(z, s;~K)v(s)ds +        B(z, s; \)v(s)ds,

where the integrations are carried out along any paths joining the end points

and lying in the region of analyticity of v(z), furnishes such a solution.

In the real domain, that is, for a and b real (a<b), v(z), u(z) functions of

the real variable z for a^z^b of class C°, C" respectively, the Green's func-

tion G(z, 5; X) of the above system is commonly defined by means of condi-

tions "adjoint" to those of (8), (9,-), or by means of the integral representation

u(z) =faG(z, s; X)v(s)ds. Thus, for real values of z and s,G= —A for a^s^z,

G = B for z _ 5 g ô. Our departure from the conventions will prove convenient

when it comes to the applications in the following sections.

6. Expansions of the Green's functions in powers of X. Expression of the

remainder/(z) — P2,n(z) in terms of the resulting coefficients. Of particular in-

terest in connection with the polynomials P2,n(z) are the coefficients that re-

sult when A and B are expanded in powers of X. From (10) it is obvious that

A and B are even functions of X, analytic at the origin in the X2-plane, and

that the singularity of each that is nearest the origin is at X2= —ir2/(a — b)2.

They may therefore be expanded in powers of X2, the resulting expansions

being valid for |X | <ir/ \a — b \:

CO oo

(11) A(z, s;\) =   ¿2 \2nAn(z,s),    B(z,s;\) =   £ \2nBn(z, s).
n=0 n=0

If we now substitute these power series in (8), (9¿) and compare coefficients

of like powers of X2 on both sides of the resulting equations, we deduce the

following properties of An and P„:

d2An(z, s)       JO for « = 0, d2Bn(z, s)        (0 for n = 0,

ds2 \An-i(z, s) for « > 0, Ô52 \Bn-i(z, s) for» > 0,

(I3i) An(z, a) = 0,

(132) Bn(z, b) = 0,

(133) An(z, z) + Bn(z, z) = 0,

5

(134) — [An(z, s) + Bn(z, s)}
ds

-{
1 for n = 0,

Ofor n > 0.
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To show the connection of all these Green's functions with the problem at

hand we shall now apply the formula

(7,) f ' [u(s)v"(s) - u"(s)v(s)]ds = u(s)v'(s) - u'(s)v(s)~\

between the limits z and a to the pairs of functions/(s), A0(z, s);f"(s),

Ax(z, s); ■ ■ ■ ; f2n)(*), An(z, s), letting f2i) (s) take the place of u(s) and

choosing a path of integration that lies inside a region in which/ is analytic,

and is the same for all the « + 1 integrations. Adding the resulting equations

and making use of (12) we get

Ca n à A (z s) ~\ 8~a

-    I   f2"+»(s)An(z, s)ds =   Z/<2»(s)     ,v '      - f2^(s)Ai(z, s)        .
J z i=0 OS Ja=zi=0

If now to this equation we add the equation

t-0

Cb " dB (z s) -i«-&
f2»+»(s)Bn(z, s)ds =   ¿Zfw)(s)—^^- - f«+»is)Biiz, s)

J z i=a os J,_z

obtained in a similar way by applying (72) to the pairs of functions f(s),

Ba(z, s); • ■ ■ ;f2n)(s)> An(z, s) between the limits z and b, and simplify the

right hand member by means of (13¡), we obtain, on transposing,

"   r , sdAi(z,s)                    . dBi(z,s)\      1

,    N                        i-o L as        s_o                        ds       l,_fc J

(14)

+    J f2"+2Ís)An(z, S)ds +  J     f2»+»(s)Bn(z, s)ds.

Putting in place of f(z) in (14) the polynomials a„(z), ßn(z) we come out with

.... M          dAn(z,s)
(15i) an(z) =

(152) ßn(z)   =

ds

dBn(z, s)

ds

Hence we may write (14) in the form

(16) f(z) - P2,„+i(z) = J   f2»+»(s)An(z, s)ds + J f2»+2is)Bn(z, s)ds.

The connection of A„, B„ with the polynomials an(z), ßn(z), P2,n(z) is now

obvious.

The fundamental formula (16) shows that A „(z, s), Bn(z, s) constitute the

Green's functions of the system
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d2"+2u(z)/dz2n+2 = v(z),

u(a) = u"(a) = • • • = w<2»>(a) = u(b) = u"(b) = • ■ • = »'-•>(») = 0.

For if we replace either member of (16) by u(z) and put v(s) in place of

<2n+2>(s), equation (16) shows that

/•a /» b

u(z) =   I    An(z, s)v(s)ds +   I    Bn(z, s)v(s)ds

furnishes the solution of the above system.

Applying this to the case » = 0 we see that the system

h"C) - g"(z) = \2h(z),

h(a) - g(a) = 0,   k(b) - g(b) = 0

is equivalent to the integral relation

*(*) = g(z) + x2     f A»(z, s)h(s)ds +( f   B0(z, s)h(s)ds \.

If, however, we write the differential equation of the last system in the form

h"(z)-g"(z)-\2[k(z)-g(z)]=\2g(z),

the system becomes of the form (32 ), (42) of the preceding section ; for X not a

pole of A (z, s; X), B(z, s; X) the system is therefore equivalent to

h(z) = g(z) + X2[ J   A(z, s; \)g(s)ds + f B(z, s; \)g(s)ds^.

Comparing the two integral relations obtained we see that ^4(z, s; X),

B(z, 5; X) constitute the resolvent system corresponding to the kernel system

¿lo(z, 5), Po(z, 5). The characteristic values of the parameter of the first in-

tegral equation are precisely the poles of the resolvent system and furnish the

parameter values for which the homogeneous system obtained by putting

g(z) =0 has non-trivial solutions.

Finally, we point out the equations  (17<), whose validity for   |X | <

w/ \a-b\ follows from (10), (11), and (15,-):

(17.)

(172)

9s

dB(z,s;\)

ds

sinh X(z - b) "

sinh \(a — b)      n~o

sinh X(z — a)

,b       sinhX(a — b)

I>2"W».!
n=0

* From this it is seen that ¿2a„(:)/d:2 is equal toa«_i(:) for n>0, and to 0 for n = 0; similar rela-

tions hold for/3„(s).
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7. Asymptotic formulas for An, Bn, an, ßn- In this section we shall estab-

lish certain asymptotic properties of the functions listed in the title, for large

»; these properties will be utilized further on. The method used is based on

examining the singularities of the generating functions (11), (17»). It is essen-

tially the method employed by Darboux in his article Mémoire sur l'approxi-

mation des fonctions de très-grands nombres etc.* We shall confine ourselves to

the special case a = 0, b = ir. The Green's functions A, B, An, Bn, correspond-

ing to these values of a and b, we shall indicate by 'A, 'B, 'An, 'B„, in accord-

ance with the notation explained in §5.

The functions 'A, 'B possess simple poles at X= +mi, m = l, 2, • • • .

Direct computation shows that the sum of the principal parts of 'A at the

two poles X = mi, X = — mi is equal to

2 1
(I8i) —(sin mz)(sin ms)—- ■

T X2 + m2

Likewise
2 1

(l82) -(sin wz)(sin ms)
r \2 + m2

is equal to the sum of the principal parts of 'B at X = mi, X = — mi. f Hence

2   ^z} sin mz sin ms
(I9i) 'A(z, s; X) - -   E —7——'

T    m-1  . \2 + m2

2   M^l sin mz sin ms
(19») 'Biz, s; X) + -   Z      „,      ,

IT    m_i      X2 + m2

are analytic throughout |X | <M — e, e>0. Using this fact we see that

,    ^ ,     s ,     s       /       N    2    M^} sinmzsinms
(20) 'An(z,s),-'Bn(z,s)=(-iy-   £-——-

x   m_i     m2(-n+1>

+ 0[(M -e)-2n],e> 0,

where the order relations for a fixed M hold uniformly for z and 5 ranging

over any finite part of their planes.

To obtain similar formulas for 'an(z), rßn(z) we compute the principal

parts of the generating functions in (17¿) by differentiating (19»), We find

2   'Li1 sinmz
(21i)       'an(z) = (- 1)"-   £ -TT¡ + 0[(M- e)-2»],

IT     m_l   m2n+1

2     M~y gin 7HZ
(2i2)     'ßn(z) = (- 1)"- r ( - i)m+l ^t: + o[(m - e)-2»], e > 0,
_ IT      m-1 W2n+l

* Journal de Mathématiques, (3), vol. 4 (1878), p. 1, p. 377.

t The latter computation might be avoided by noting that A(z, s; \)+B(z, s; X) is integral in X,

a fact inferred from (8), (93), (94) or directly from (10).
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where for a fixed M the order relations hold uniformly in z ranging over any

finite part of its plane.

For a fixed « the above order relations have not been shown to hold uni-

formly in M; hence no information is gained by letting M become infinite

while « is held fixed. The behavior of the resulting Fourier sine series is not,

however, without interest. For general values of z and 5 they fail to con-

verge. However, for real values of z and 5 convergence does take place, and

we have for 0 ̂  s, z g -k

2     ™   sin mz sin ms       I — 'A(z, s; X) for s ^ z,

■K    m=i     X2 + m2 I      'B(z, s; X) for s ^ z,

2     "   sin mz sin««       I— 'An(z, s)     for 5 < z,
(-i)"— y-= <
V v    tli       m2n+2 I     'Bn(z,s)     îots^z.*

For a general position of a and b analogous results may be obtained by

effecting in the 5- and z-planes a linear integral transformation that sends 0

and 7T into a and b respectively, and at the same time multiplying X by

(b-a)/ir.

8. Sufficient conditions for the convergence of Pi,n(z) to f(z). We shall now

prove

Theorem 1. If f(z) is an integral function satisfying

(22) f(z) =0(e*l«l),  k<v/\a-b\,

then P2,n(z) converges tof(z) for all z, the convergence being uniform in any finite

region.

* These facts may be established as follows. Let 0 ¿ s, z á w and let

í-'A^z, s)   foriez,
K(z,s)=l

(    'B0(z, s)   fors&z,

and

( — 'A(z, s; X)for sás,

G(z'í;XH    >»r      iw     >(^     B(z, s; X)for saz.

Then, from what has been explained toward the end of §6, G(z, s; X) is seen to be the resolvent to

the symmetric kernel K(z, s) in the ordinary sense. The characteristic values of the parameter X2 are

the values X2 = — «V with (2/ir)1'2 sin mz as the only linearly independent corresponding character-

istic function in normalised form. Making use of a familiar bilinear form for the resolvent of a sym-

metric kernel (see, for instance, A. Kneser, Die Integralgleichungen, Braunschweig, 1922, Chapter III)

we see that the first sine series in the text is the Fourier sine series of G(z, s; X), and hence infer the

validity of the first equation. The second equation now follows by equating coefficients of like powers

of X2 on both sides.
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Theorem 2. Iff(z) is an integral function which is odd* about (a+b)/2, and

satisfies

(23) f(z) = 0(ek^),   k < 2ir/ | a - b \ ,

then Pi,n(z) converges to f(z) as in Theorem I.

Combining these theorems we obtain

Theorem 3. Let f(z) be an integral function; resolve it into a sum of two

functions, e(z)+o(z), where e(z) is even about (a+b)/2 and o(z) is odd about

(a+b)/2, and suppose that e(z) satisfies (22) while o(z) satisfies (23); then

P2,n(z) converges to f(z) as in Theorem 1.

Using a term explained in §3, the exponential conditions of, say, Theorem

3 are that e(z), o(z) are of "exponential type" less than ir/ \a — b |, 2ir/ \a — b |

respectively.

It may be remarked at the outset that the constants of the right hand in-

equalities in (22) and (23) may not be replaced by any larger values. This may

be seen for Theorem 1 by considering the example a = 0, b = w, f(z) = sin z,

already mentioned in §2, and for Theorem 2 by taking the same values of

a and b and putting /(z) = sin 2z.

It will be proved in §11 (Theorem 7) that a necessary condition for the

convergence of P2.n(z) to f(z) is that e(z), o(z) be of exponential types less

than or equal to p2 and 2p2 respectively.

The constant ir/ \a — b | is precisely the same as the constant p2 of the in-

equality (52), while the function sin z constitutes in fact the non-trivial solu-

tion of the system (32), (42) corresponding to the characteristic parameter

value which is nearest the origin.

To prove Theorem 1 we shall first suppose that a = 0, b = ir. This will

simplify the formal work. The general case may be reduced to this special

case by means of the linear integral transformation of z mentioned at the end

of the preceding section. As a result of this transformation (22) becomes

equivalent to

{'22) f(z) =0(e*l«l),  k < 1.

We shall prove that under this condition the remainder/(z) — 'P2,„(z) ap-

proaches zero uniformly.

* As explained in §3, a function/(z) will be said to be "odd about a point z = c" if it satisfies

f(c+z) = —f(c—z) for an arbitrary z, that is, if all its even-order derivatives at c vanish. Similarly, if

/(z) satisfies/(c+z)=/(c—z), that is, if all its odd-order derivatives vanish at c,/(z) will be said to be

"even about z = c."
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Let f(z) =£r=oc"2n- Applying Cauchy's integral formula over the circle

\z | =r* and using ('22), we get

\cn\ < Cekr/rn,

where k < I and C is a constantf; and replacing ekr/rn by its minimum value,

obtain

| cn\ < C(ke/n)n.

Hence
|/(n)(0) | < Cnl(ke/n)n,

and, introducing Stirling's formula,

| /<">(0) |  < Ce-"M"+<1'2)(27r)1'2[l + 0(\/n)](ke/n)n = Cnl>2kn[l + 0(l/«)];

hence

|/(n)(0)| < Cm1'2*:".

A similar inequality

(24) | /<«>(«) | < Cw1,2¿"

holds for z in an arbitrary finite region, and with the constant C dependent

only on the region but independent of the position of z in it. For from ('22)

follows

\f(z + z')\ <Ce*l«le*l*'l.

Now the product of the first two factors is bounded if z lies in a prescribed

finite region. Applying Cauchy's integral over a circle with center at z and

radius z', and proceeding as above, one arrives at (24).

We now turn to 'An(z, s), 'B„(z, s) and make use of (20) with M equated

to 2. We obtain

'An(z, s), - 'Bn(z, s) = (- l)"(2A) sin z sin s + 0[(2 - «)-*»], e > 0.

Utilizing this result, as well as (24) with n replaced by 2w+2, in the integral

representation (16) for the remainder/(z) —P2,„+i(z), we see that for z and s

ranging over any finite regions of their respective planes the integrands in

(16) may be made in absolute value less than a prescribed constant by

choosing « large enough. Hence the remainder approaches zero uniformly in

z as n becomes infinite ; the proof of Theorem 1 is thus complete.

* This part of the proof is adapted from Bieberbach, Lehrbuch der Funktionentheorie, vol. II,

1927, p. 228.
f Wherever that will lead to no confusion the same letter C will be used to denote different con-

stants in different inequalities.
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Several remarks are of interest at this stage. In the first place it is obvious

that the exponential function of \z \ employed may be replaced by any func-

tion of |z |, F( \z |), such that

min [F(r)/r2n] = o[l/(2»)!],

where the left hand member represents the minimum of the bracket for all

positive r for a fixed integer value of «.

We next recall again that the conditions of Theorem 1 are the same as

those of a theorem of Carlson regarding functions which vanish at all the

points congruent to a (mod (a — b)) (see §3). A slight connection between the

two sets of results may now be seen from the asymptotic representation (21¿).

Putting M = 2 we get

'an(z), 'ßn(z) = (- l)n(2A) sin z + 0[(2 - i)-*], e > 0.

Thus the roots of an(z), ßn(z) approach asymptotically the points congruent

to a (mod (a — b)). This shows that the latter points are in a sense equivalent

to a and b, and makes plausible the existence of functions for which P2,n(z)

converges to f(z) for these points while diverging for any other value of z.

An example of a function of this kind is given in §11.

We now turn to Theorem 2. It will be noticed that the constant figuring

in the right hand member of the second inequality in (23) is twice as large as

the corresponding constant in (22).* Nevertheless, Theorem 2 may be de-

duced from Theorem 1 as follows.

Instead of forming the polynomials P2,n(z) corresponding to a, b or

P2,n(a, b; z) suppose we form P2,n(a, (a+b)/2; z). At z = (a+Z>)/2, all the

even-order derivatives of f(z) vanish. Hence all the even-order derivatives of

P2,n(a, (a+b)/2; z) will vanish at z = (a+&)/2; this polynomial will conse-

quently be odd about (a+b)/2 and its derivatives at z = ôof orders 0, 2, • • • ,

2« — 2 will be equal to the corresponding derivatives off(z) at the same point.

Therefore for the odd functions in question

Pi.n(a, (a + b)/2; z) = P2,n(a, b; z).

Applying Theorem 1 to the polynomials on the left we get the result desired.

For the sake of the analogues of Theorem 2 in Part III (Theorems 11a,

lib) we point out that the conditions of this theorem are equivalent to

* This, of course, has been rendered possible only by restricting the range of functions to func-

tions odd about {a+b)/2.
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1. /(*)=0(e*M), *<T--y,
\a — b\

2. f2n(a) + fib) = 0 (» = 0, 1,2, ...),

rb iris - a)
3. I    /(j)sin—--ds = 0.

Ja a — b

This may be shown by breaking up f(z) into a sum of two functions, one

of which is even about (a+2>)/2 and the other odd, and proving that as a

consequence of the above conditions the even component must reduce to

zero. Since the odd component satisfies condition 2 automatically, the even

one must. Hence its even-order derivatives at a and b vanish. Consequently

it is periodic of period 2 (a — b). As a consequence of condition 1 and its peri-

odicity, it may be shown to reduce to

a — b

(see proof of Theorem 8 in §11). Finally, condition 3 reduces C to zero.

It is of interest to point out that Carlson's theorem possesses no extension

forming a counterpart of Theorem 2 for functions which are odd about

(a+¿>)/2, since there exist functions satisfying the conditions of Theorem 2

which vanish at all the points congruent to a (mod (a — b)) without vanishing

identically. An example of this kind is given by a = 0, b = it, f(z) = [(w/2) —z]

sin z.

9. Convergence of the series ¿Z[cnan(z) + dnßn(z)] for special cases. The

theorems of the preceding section give sufficient conditions for the conver-

gence of P2,n(z) to f(z) or for the validity of

7to =   Z[/(2")(«)«n(z)+/(2'"(ô)/3„(z)].
71 = 0

As pointed out in §3, the question of the validity of this equation may con-

veniently be broken up into two parts: first the question of convergence

merely; second, the question of equality of the limit to/(z). To answer these

questions we shall consider a series ¿Zn^o[cnan(z)+dnßn(z)], where cn, d„ are

arbitrary constants, and examine the convergence of such a series and the

nature of the sum function. In this section we shall only consider certain

special cases covered by Theorems 4 and 5, reserving the general case for the

following section.
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Theorem 4. The series

CO

(251) ¿2cn<Xn(z),
n-0

00

(252) ¿2Cnßn(z),

00

(25S) ¿2cn[an(z)   + ßn(z)]
n=0

either converge for all z, or else diverge for all z with the possible exception of

some or all of the points congruent to a (mod (a — b)) depending upon whether

the series

(26) ¿(-l)"c„[(«-*)A]2»
n». 0

converges or not. In the former case the series (25 ¿) converge uniformly over any

finite region of the z-plane to integral functions Ci(z), c2(z), c3(z) respectively, of

exponential type at most equal to ir/ \a — b\, that is, to functions d(z) satisfying

(27) Ci(z) = 0(ek^) for any k> r/\a- b\ .

Theorem 5. The series

oo

(28) ¿2cn[ctn(z)   -  ßn(z)]
n=0

either converges for all z, or diverges for all z with the possible exception of all or

some of the points congruent to a (mod (a — b)/2) depending upon whether the

ies

(29) E(-l)"c„[(a-J)/(27r)]2"

converges or not. In the former case (28) converges uniformly in any finite region

to an integral function c(z), odd about (a+b)/2, of exponential type at most

equal to 2ir/ \a — b\, that is, to a function c(z) satisfying

(30) c(z) = O(e*l*0 for any k > 2ir/ | a - b \ .

To prove Theorem 4 consider first the series (25i) for the special case

a = 0, b — ir:

('251) ¿2cn'an(z),

and suppose that it converges for a value z0 of z, different from «x, « = • • • ,

— 1, 0, 1, 2, • • • . Recall the asymptotic representation
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'an(z) = (- l)"(2/x) sin z + 0[(2- e)-2»], e > 0,

employed in the preceding section. From it we conclude that 'an(z0)( —l)n

approaches (2/tt) sin Zo^O as « becomes infinite. Hence and because the

series £c„a„(zo) converges, it follows that the coefficients c„ are bounded. If,

therefore, we break up ('25,) into £( —l)B(z/ir)c» sm z+£cnO[(2 —i)_2n],

choosing e < 1, the latter sum will converge absolutely and uniformly in any

finite region of the z-plane. Consequently, from the convergence of ('25i) for

z = z0 follows the convergence of £( — l)ncn.

Conversely, if £(— l)"cn converges, the constants c„ are bounded, and

each of the two sums into which ('25,) has been broken up is seen to converge

uniformly. Since the convergence is uniform over any finite region, the limit

function 'ci(z) is an integral function of z.

To complete the proof of Theorem 4 for the series ('25i) it remains to

show that

('27) 'cx(z) = 0(«*l'l),

where k is a«y constant greater than 1. To that end we shall express the sum

of the first N+l terms of ('25i) as a contour integral in the X2-plane.

From (17i) it follows that

1     c   sinh X(z - t)   d(\2)
'an(z) =-I    - -—-->

2TÍJy        sinhXTT        (X2)"+1

where the integration is carried out in the X2-plane over a closed path y that

goes once around the origin in a positive sense, but fails to enclose the points

X2= —1, —4, ■ • • , —«2, • ■ ■ . We may therefore write

JL. . . 1     r      sinh \(z — 7r) / Co       cx cn   \   ,   .

£<■'«■« - « I - -^t2 ta+?+•■ ■+5«)d(x!) ■
Suppose, however, that we replace the path of integration by the circle

|X2 j =k2, 1 <k <2; the values of both members of the last equation will then

alter by an amount equal to the residue of the integrand at the pole X2 = — 1.

Since —sinh X(z —Tr)/sinh Xir — (2/tt)(sin z)/(l-t-X2) is analytic for |X2|<4

(see §7), this residue has the value (2/tt) sin z[ca — cx+ ■ ■ ■ +i—l)NCy].

Therefore

i If sinhX(3 - t) /Co       Ci Cy   \
JZcnan(z) = - -;--(— + —+ • • • + —— )d(\2)
„Ta 27TtJ|x?|_*' sinhXTr       \X2      X4 \2N+2 )

H-■ sin z[c0 — Ci + • • ■ + (— l)NcN].
IT
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Now since we are dealing with the case where 2Z(—l)"c„ converges, the

bracket above will converge as N becomes infinite, to a proper limit 70. Con-

sequently the power series in 1/X2, c0/X2+Ci/X4+c2/X6+ • • • converges at

least for |X21 >1 to a certain analytic function of 1/X2, c/>(l/X2). If therefore

we let N become infinite, the integrand on the right will converge uniformly

over the circle of integration, and we shall get, in the limit,

l     Ç       sinh \(z — 7r)    ,,..,..       27o
'd(z) = —-r^r- </>(lA2)d(X2) + — sin z.

2-Ki J sinn ait ic

Denoting by M the maximum of [</>(l/X2)/sinh Xir | for |X | =k we have along

the circle of integration |X21 = k2,

I sinh X(z - w)4>( 1/X2)/sinh Xir | g M | sinh X(z - ir) |

;£ M sinh | X(z — ir) | = M sinh (k \ z — ir \ ),

and hence

I 'ci(z) I is k2M sinh (k \ z — ir | ) + 2 | 70 sin z | /ir.

From this the existence of a constant C for which |'ci(z) | <Ce*1'1 holds is

obvious. ('27) has thus been proved for values of k between 1 and 2. Hence

the proof of Theorem 4 for the series ('25i) is now complete.

Still confining ourselves to the case a = 0, b = ir we may prove Theorem 4

for the series (252), (253) in a similar fashion. The general case of arbitrary

a and b (for all three series (25¿)) may be reduced to the case a = 0, b = ir by

means of a proper integral linear transformation of z.

To establish Theorem 5 we may employ the asymptotic representation

'«,(*) - 'p\(z) = (- 1)"(4A) sin (2z/22»+0 + 0[(4 - «)-•»], e > 0,

obtained from (21¿) by putting M = 4, and proceed as above, choosing, how-

ever, for the path of integration a circle |X21 =k2, 2 <k<3. An easier proce-

dure, however, is to make use of the relation

an(a, b;z) - ßn(a, b; z) = an(a, (a + b)/2; z)

by means of which series (28) is converted into a series of type (25i) ; Theorem

5 now follows by an application of Theorem 4. The truth of the above relation

may be rendered obvious by evaluating the even-order derivatives of the left

hand member at z = a, z = (a+b)/2, at the latter point making use of (17<).

As a consequence of the uniform convergence of the series (25<), (28), it

follows that they may be differentiated term by term, and hence that the

even-order derivatives of the sum functions at z = a, z = b are equal to a

proper coefficient c„ or to 0.
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10. Convergence of the series ¿Z[cnan(z) + dnßn(z)] in the general case. We

shall now consider the series in the title for arbitrary coefficients and prove

Theorem 6. Consider the series

CO

(31) £[<V*„(z)   +dnßn(z)].
n-0

If the two series

(32i) ¿Z(-î)n{cn + dn)[(a-b)/*)]2«,
n=0

(32,) EC- OK'» - dn) [(a - b)/(2rr))]2"
n=0

both converge, then the series (31) converges uniformly in any finite region, and

may be broken up into the sum of

00

(33i) £(cn + dn) [a,(i) + ßn(z) ]/2,
n=0

CO

(33,) £(C„  -   dn) [«„(z)   - ßn(z) ]/2,
n—0

both series converging uniformly to sum functions respectively even and odd about

(a+b)/2 and in turn satisfying the relations (27) a«¿ (30) of Theorems 4 and 5,

that is, of exponential types at most equal to w/ \a — b\, 2w/ \a — b\.

If the two series (32¡) are not both convergent, then (31) diverges for all z with

the possible exception of some or all of the roots of

(34) sin [ir(z - a)/(a - b) ] {cos [x(z - a)/(a — b)] — cos [tt(zi - a)/(a — b)]] =0,

where zx is a fixed point.

As in the preceding section, we may confine ourselves to the special case

a = 0, b = 7T, since the general case may be reduced to it by means of a proper

linear integral transformation of z. Suppose that the series

00

('31) £cnV(2)   + dn'ßn(z)
n-0

converges for z = zx, z = z2, where zx, z2 do.not satisfy the equation

('34) SÍn Zl     Sin Z2

sin 2zi   sin 2z2

We shall write ('31) in the form

= 2 sin zi sin z2(cos z2 — cos z,) = 0.



296 HILLEL PORITSKY [April

('31')      ¿2 {(en + dn) ['«„(«) + 'ßn(z) ] + («.- d») ['a„(¡) - '/3„(z) ]} /2.
n=0

As this series converges for z=Zi, z = z2, the «th term must approach zero for

these values of z:

(C„ +  dn) ['a„(zi)  +  'ßn(zi)\   +  (C  -  dn) ['«,(Zl)   -   %(zi)]   =   6i,n,

(i»  +  dn) ['«„(z2)   +   %(Z,)]   +  (Cn   -   dn) ['' CXn(zi)   ~   ' ßn(z2) ]   =   e2 ,„,

where both ei,„ and e2,„ approach zero as « becomes infinite. We shall con-

sider the above as two linear equations for

(- l)"(c + dn),  (- l)"(c„ - d„)/22".

Upon recalling the formulas (2 h), (212) it is seen that the coefficients of these

quantities approach the proper terms of the matrix

(4/ir) sin Zi     (2/ir) sin 2zi

(4/ir) sin z2    (2/7r) sin 2z2

as « becomes infinite. Since the determinant of this matrix does not vanish,

we may, for sufficiently large », solve the above linear equations for ( — 1)"

• (cn+d„), ( — 1)" (cn —d„)/22n, and conclude that

lim (c„ + dn) - lim (cn - d„)/22" = 0.
M—> oo W—* oo

Return now to the series ('31'), and, utilizing the formulas (21i), (212),

write its general term in the form

(- l)n

-^(c„ + d„){sinZ + 0[(3 - e)"2»]}

(-   1)"   (C„  -  dn) , Tt v ,,
+ ^---{sin 22 + 0 (2 -e)-2"]}.

T 22n+1

Since cn+d„, (c„ —d„)/22n are both bounded, it follows that the series made

up of these parts of the above terms which involves the O's, converges for all

finite z. Hence for any z for which ('31 ') converges, the series

00 c   — d

¿2K- l)"(c„ + d„) sin z + (- 1)"—^^sin2z]
n=0 2

will also converge ; therefore

£[(- OK'» + dn) sinZl + (- 1)»^_1 sin 2z,],
Tt=0 ^

¿K- l)"(c„ + d„)sinz2+(- 1)"C"~,   " sin2z2]
n-0 2
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are both convergent. Now multiply these equations by xx, x2 respectively,

where xx, x2 are the solutions of

2xx sin Zi + x2 sin 2zi = 1,      2xx sin z2 + x2 sin 2z2 = 0,

and we arrive at the result that£( — 1)" (cn+dn) is convergent. Likewise, by

interchanging 0 and 1 above, one proves that£( — 1)" (cn — dn)/22n is conver-

gent.

Conversely, if both of these series are convergent, then by applying

Theorems 4 and 5, one proves that the series (33.) converge for all z, and to

functions specified in the statement of Theorem 6.

The restriction on the two points zx, z2 for which ('31) cannot converge

without converging everywhere is that ('34) should not be satisfied; that is,

that neither should be at nir, and that cos Zi^cos z2. One of them, say zx, may

therefore be chosen at random and z2 may be taken anywhere except for the

roots of cos z — cos Zi = 0. These restrictions are thus equivalent to the restric-

tions of the last sentence of Theorem 6.

11. Necessary conditions for the convergence of P2,„(z) to/(z). Examples.

Certain existence theorems. The conditions of Theorem 6 may be used as

necessary conditions in order that P2,n(z) converge to f(z) for all z, by applying

them to the case where in (31) we put c„=/(2n)(a), dn=f(-2n)(b). The result

might be formulated as a special theorem as follows:

Theorem 7. Let f(z) =e(z)+o(z), where e(z) is even, and o(z) odd about

(a+b)/2. In order that

(22) lim P2,n(z) =   £[/<2"'(a)«„(z) + f^(b)ßn(z)] = f(z)
«-*« n-0

hold for all z, it is necessary that

(1) f(z) be integral;

(2) e(z), o(z) be of exponential types at most equal toir/\a — b\, 2ir/ \a — b\;

(3) the two series

£(- l)«[/<2»)(a) +fi^(b)][(a - b)/ir]2",
n-0

£(- l)»[/(2">(«) -f^(b)][(a - 6)/(2rr)]2»
n-0

both converge*

* At this stage we take the opportunity of correcting an error that has crept into a previous

publication of some of the above results in the Proceedings of the National Academy of Sciences,

vol. 16 (1930), No. 1, p. 84, where the brackets [(a— b)/ir], [(a— b)/(2ir)] were erroneously replaced

by their reciprocals.
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The converse of Theorem 7, however, does not hold; that is, if f(z)

satisfies the three conditions of Theorem 7, then (22) need not be true.

For suppose that/(z) satisfies conditions 1, 2, 3, of Theorem 7; the function

f(z)+D sin[(z-a)/(a-b)]+D'sin[2(z-a)/(a-b)], where D, D' are arbi-

trary constants, will also satisfy the same conditions and will have the same

even-order derivatives at a and b as f(z). Thus a two-parameter family of

functions will possess the same polynomials P2,n(z) and (22) could hold only

for one member of the family at most. Theorem 8 will show, however, that

this is the only extent to which conditions 1, 2, 3 of Theorem 7 fail to be

sufficient to insure the validity of (22).

Theorem 8. If f(z) satisfies conditions I, 2, 3, of Theorem 7, then P2,n(z)

will converge to f(z)+D sin [(z — a)/(a — b)]+D' sin[2(z — a)/(a — b)] uni-

formly for z in any finite region, where D, D' are proper constants.

That P2,n(z) does converge uniformly to a proper limiting function c(z)

follows from the convergence of the two sums in the third condition of The-

orem 7 by applying Theorem 6. It also follows from the latter theorem that

we may break up ¿2{f(2n)(a)an(z) +f{2n)(b)ßn(z)] into a sum of two series after

the manner of (33i), (332), these series converging respectively to ce(z), c0(z),

respectively even and odd about (a+b)/2, and satisfying in turn (27) and

(30). Now the even-order derivatives of te(z) at z — a, z = b are the same as

the corresponding derivatives of e(z). The difference of these two functions is

thus odd about both a and b and consequently periodic of period 2 (a — b); it

also satisfies the inequality (27). If then we apply the conformai transforma-

tion z' = eTiz"-"~b), e(z) —ce(z) becomes a single-valued function of z' admitting

no singularities in the z'-plane except possibly for poles of the first order at

z' = 0 and at z' = oo . Hence

e(z) - ce(z) = C + CV«*-«"«*-« + C"y-*«*-«).'<«-»>,

where C, C, C" are proper constants. Equating e(z) —ce(z) to 0 for z = a, z = b,

we find that C = 0, C" = -C". Hence

e(z) — ce(z) = D sin [(z — a)/(a — b)].

In a similar way one proves

o(z) - c0(z) = D' sin [2(z - a)/(a - b) ].

Adding the last two equations we obtain the conclusion of Theorem 8.

It will be observed that the gap between the exponential type conditions

of Theorem 3 and those of Theorem 7 or 8 is filled by functions/(z) for which

one or both of the following hold true :
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1. The exponential type of e(z) is it/ | a — b | .*

2. The exponential type of o(z) is 2w/ \a — b |. What can be said of the

convergence of P2,n(z) for functions lying in this gap? We shall show by explic-

it examples that for. such functions P2,n(z) may converge to f(z), or, again,

may essentially diverge. Hence the third condition of Theorem 7 is independ-

ent of the second condition.

Choose a = 0, b = w, and put/(z)=sin kz, where |¿| = 1, ky^l, —1. Ob-

viously the function in question is of exponential type unity. The polynomial

P2,n reduces now to sin kir¿Z?=¿( — k2)''ßi(z). Applying Theorem4 we see that

the sequence P2,n(z) diverges for all z with the possible exception of integer

multiples of it. On the other hand, if we consider the series £"=1'a„(z)/«, it is

seen by applying Theorem 4 that it converges uniformly for all z to an integral

function of exponential type at most equal to unity. We shall show that the

exponential type of the limit function is at least unity, and hence is actually

equal to 1.

Denoting the limit function by c(z), we first observe that

1
c(2n)(0)   =  _j    «  >   1.

«

Now the exponential type of a function may be expressed in terms of the de-

rivatives of the function at a fixed point. Thus, if f(z) =¿Zcn(z — A)" is the Tay-

lor series of f(z) about z = h, the exponential type a of f(z) is given by

(35) o- = lim sup «| c„ \lln/e.+
n—»oo

The limit of the right hand member of (35) for even « is now equal to unity;

hence the exponential type of c(z) is at least equal to unity.

Returning to the previous example a = 0, b = -k, f(z) = sin kz but allowing k

to have any non-integer value, | k \ > 1, we conclude as above that the sequence

7*2,n diverges for all z that are not integer multiples of v. For the latter points

P2,n(z) converges and to the respective values which the function in question

takes on there. The proof of this follows at once if at these points we compute

the remainder by means of (16), provided we utilize (20) with an appropri-

ately large M.

We shall close Part II with a sample existence theorem that follows from

the preceding work.

* That is, tt/| a—6| is the greatest lower bound of values of k for which e(z) = 0(e*lt>) holds.

In the theory of functions of a complex variable what we have termed a function of exponential type a

is known as a function of order 1 and type a. See Bieberbach, loc. cit., pp. 227,228.

t Bieberbach, loc. cit., p. 231. This formula is derived from the second italicized statement on

that page, with the order equated to 1.
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Theorem9. If ¿2ñ=o (~ l)ncn converges, then there exists a function f(z)

satisfying the following conditions :

(l)/<2»>(0)=cn;

(2) f(z) is of exponential type at most equal to 1 ;

(3) f(z) is either odd about ir or even about w/2.

These conditions, moreover, determine f(z) uniquely except for an additive term

D sin z, where Dis a constant.

The proof of this theorem consists simply in considering the functions

defined by the series X)"=o cn'an(z), Xn-o c„ ['an(z) + '(3„(z) ].

By expanding the function/(z) in a Taylor series and rephrasing Theorem

9 in terms of the resulting coefficients, one obtains existence theorems for

solutions of a proper infinite system of linear equations in an infinite number

of variables. Proceeding in this way with the Taylor expansion of ¿2cn

■ ['a„(z) + 'ßn(z) ] about z - (tt/2) :

¿C['«»(*) + 'ßn(z)j =   J2xn[z - (ir/2)}2»/(2n)l
n=0 n=0

we obtain, as an equivalent of Theorem 9 for the case in which/(z) is even

about z — (ir/2), the following existence theorem:

Theorem 9a. The system of equations

CO

][>n+m(ir/2)2V(2« + 2m) ! = cm     (m = 0, 1, 2, • • • ),
n-0

where cm,xn are subject to the conditions

OO

¿2 ( — l) mcm is convergent,
m—0

lim sup | xn | 1/n á 1,

respectively, possesses the solutions given by

oo

x„ = 2 ¿2cm 'ctm+Áj/2) +D(- i)n

where D is an arbitrary constant, and no others.

That the condition xn is the same as condition 2 of Theorem 9, follows by

the use of (35).
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Part III. The polynomials Pm.n for m>2

12. Orientation of the problem. The situation that arises in connection

with the polynomials Pm,n(z) for m>2 has been briefly discussed in §3, and

compared with the cases m = 2. The sufficient condition for the convergence

of the polynomials Pm,n(z) for m>2 there described is proved below in

Theorem 10 for the case m = 3 and in a manner that requires no information

regarding the distribution and nature of the characteristic values of the

system (3m), (4ro). Such is not the case, however, with regard to the more

delicate questions of the broader sufficient conditions for special types of

functions, analogous to those of Theorem 2, nor with regard to the discussion

of the general nature of the convergence of the polynomials Pm,n or of their

equivalent series.

The characteristic values in question are shown to be roots of a certain

transcendental function of Xm, but little information concerning the location

and multiplicity of the roots of this function seems available for m>2. Now

as a certain amount of such information is needed for discussing the above

questions, certain assumptions are made in §§16, 17 regarding the roots near-

est the origin, assumptions that amount to confining oneself to the general

case. Thus for m = 3, let px, p2, • ■ ■ be the roots in question, arranged in order

of non-decreasing distance from the origin; if it is assumed that \px | < |ju21

and that px is simple, then it is shown in Theorem 11a that the allowable ex-

ponential type of f(z) may be enlarged to any number less than \p2 \, provided

that f(z) satisfy certain auxiliary conditions. Theorem 1 lb then shows that

one may proceed even further in this direction. Except for the above assump-

tions which confine the discussion to the general case, these theorems form

the complete analogue of the sufficient conditions of Part II for the case

m = 2. Likewise the treatment of the general convergence of the polynomials

P3,„ or of their equivalent series, given in Theorem 12, is as complete as the

treatment of the analogous question for m = 2, except that it is confined to an

even more restricted general case. Yet it must be said that the generalization

to cases beyond m = 2 is by no means an obvious one, as the case m = 2 is

somewhat misleading in its simplicity, and that it required a considerable

search to reveal the facts for higher values of m.

While only the case m = 3 is treated at length, it is fairly typical of the

general case of m beyond 2, and corresponding results for any m may be ob-

tained in general by changing the order of matrices and the range of sub-

scripts involved. Whatever features of this generalization are not obvious are

discussed briefly at the end of Part III in §18.

13. The Green's functions for m = 3. We start the treatment of the case
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m — 3 by considering the Green's functions G3ii(z, s; X), i = 1, 2, 3, mentioned

at the end of §4; we shall denote them, however, by G{(z, 5; X). They are de-

fined by means of the equations

d3Gi(z, s; X)

(36)

(37:)

(372)

(37,)

(37*)

(37.)

ds3

Gi(z, ai, X) = 0,

dGi(z, s; X)

ds s_ai

3

¿2Gi(z, z; X) = 0,

= - \3Gi(z, s;\),

3    d
¿2 —Gi(z,s;\)
¡-1   ds

3        Qi

12 —Gi(z,s;\)
<=i   ds2

= 0.

= 1.

For X 5¿ 0 solutions of the first three equations above may be put in the

Gi(z, s; X) = G¿53[x(a¿ - 5)],

where G¿ are independent of 5, and 53 stands for the power series

(38)

.. .        x1      xb

».(») = - + - +

v.3n+2

(3n + 2)
+

= —(ex + ueax + o32eu*x),   w = e2'*'3.

Substituting this form of G, in (373), (374), (376) we are led to the equations

Gis3[x(ai - z)]+ G2s3[x(a2 - z)] + G3s3[\(a3 - z)] = 0,

» a a

Gi — s3[X(ai - z)] +G2 —i3[x(a2 - z)] + G3 — s3[\(a3 - z)] = 0,
dz "Z dz

d2 d2 d2
Gi-s3[\(ai - z)] +G2—-53[x(a2-z)]+G3—-53[x(a3- «)] - 1,

dz2 vz dz2

and solving them in the case the determinant D does not vanish, we obtain

53[x(ai+1 — z)] i3[x(a,+2 — z)]

(39)
Gi(z, s; X) =

53[x(a¡- s))

D
f\ ri

— s3[X(aí+1 - z)]        —s3[\(ai+2 - z)}
dz dz

s3[\(ai-s)]Ni(\z)/D,
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where a¿ = a,- for i =j (mod 3), and N( is the two-rowed determinant appearing

in the second member above.

The determinant D is independent of z and s, and is an integral function

of X3. This may be seen by replacing the functions s3 in the determinant repre-

sentation of D by the sum of exponentials from (38), whereupon the deter-

minant may be factored thus:

D =-
27

pk(ax—z) «wX(at—z) pia X(aL—z)

gX(aa— 2) gwX(a2—2) go> X(o2— z)

¿^■(ai~z)        z»uX(a,—z)        nú) \(o¡-z)

l

1       CO'       CO

1   1    1

« CO'

2       ,.,4

(40)

where

¿X33-3'2 rtXo¡ y,X0)O2 />Xü>   <Tj

= iX'3-1'» [*"(**) -s3"(\c)],

b = ax + u>a2 + o)2a3,  c = co2ai -f- coa2 + a3.

The integral function D = D(S.) belongs to the type of function investi-

gated by G. Pólya* and for which he proved the existence of an infinite num-

ber of roots and investigated the distribution of the roots at infinity. Now the

roots, other than 0, of D(X), whose existence is thus assured, are precisely the

set of values of X for which non-trivial solutions of

(3a)

(4a)

d3u(z)/dz3 - \3u(z) = 0,

u(ax) = u(a2) = u(a3) — 0

exist. For, substituting an arbitrary solution of (33) in the form A^'+A^"'

+A3eXul* in (43), we obtain equations the determinant of whose coefficients

is the same as the determinant in (40). It is apparent from (39) that these

roots are (for general values of z and s) poles of the Green's functions d.

By employing for s3 in (39) the power series (38) it is seen that X = 0 is not

a pole of Gi. The system (36), (37.) is readily shown to possess a unique solu-

tion for X = 0 ; this solution may be obtained from (39) by letting X approach 0.

The use of these power series also shows that for fixed s and z, d depend upon

X3 only, as may also be inferred from (36), (37¡).

As already mentioned in §4, the name " Green's functions" for d is due to

their connection with the differential equation

(33') d3u(z)/dz3 - \3u(z) = - v(z)

* G. Pólya, Geometrisches über die Verteilung der Nullstellen gewisser ganzer Funktionen, Münch-

ener Berichte, 1920, pp. 285-290.
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and the boundary conditions (43). Thus, for values of X not poles of G¿ this

system possesses the unique solution

(63)

3      ~H

u(z) =22    I    Gi(z, s;\)v(s)ds.
i=X     «'»

That the solution, if it exists, is unique, follows from the fact that the homo-

geneous system (33), (43) possesses as its only solution the solution u(z) =0.

That (63) is a solution may be verified by differentiation and substitution,

making use of the following properties of d:

dKii

Gi(aj, 5; X) = 0 for i ^ j,

(41) ZGi(z,z;X)=0,
¡=1

3     à I

¿2 -G¿(z,s;X)       =0,
i-1     »Z |,_2

3      d2 I
12 —;Gi(z,s;\)\     = 1.
i=i   dz2 |,_*

The first two of these relations follow from (39) by differentiation and substi-

tution; the remaining equations result from

3

(42) 12Gi(z, s;\) = s3[\(z- s)],
t-i

an equation whose validity is manifest from (36), (373), (371), (37s).

It follows from the above that the functions Gi(z, s; X) may be expanded

in powers of X3 :
00

(43) Gi(z, s; X) =   ¿2Hi,n(z, s)\3»,

these expansions being valid for |X | <p3, where p3is the absolute value of the

roots of 2)(X)/X6 nearest the origin (there are always at least three of them).

By substituting these power series in the various equations satisfied by

G i and equating coefficients of like powers of X3, one derives various properties

of Hi,n. For a fixed « the latter may also be shown to be the Green's functions

of the system d3nu(z)/dzZn = v(z), «(3))(a¿)=0; i = l, 2, 3;j = 0, 1, • • • , «-1.

Finally, the functions Gi(z, s; X) may be shown to constitute the resolvent

system to the kernel system Hi,0(z, s).  These statements are proved in a
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manner quite similar to the proof of the analogous statements about A, B,

An, Bnin §§5,6.

14. Expression of the polynomials ai,n(z) and of the remainder f(z) —

P3,n(z) in terms of Hi¡n(z, s). After the manner of §6 we now apply the for-

mula

(73)     r\u(s)v'"(s) + u'"(s)v(s)]ds = u(s)v"(s) - u'(s)v'(s) + u"(s)v(s)~\
Jtl J,x

to the pairs of functions

fis), Hi,0(z, s);f'"(s), ff,.,i(z, s); • • • ;/<3">(s), 77i.„(Z, s),

where i has one of the values 1, 2, 3, between the limits z and a¿, and over the

same path for all the «+1 integrations. Adding the equations resulting for a

fixed i, and utilizing the relations

d3Hi,n(z, s)       (— Hi,n-X(z, s) for n > 0,
-

ds3 (0 for n = 0

which follow from (36), we see that the sum of the left hand members reduces

to f?fßn+Z)(s)Hi,n(z, s)ds. Adding the three equations thus obtained for

i = 1, 2, 3 and simplifying the right hand members by means of the various

boundary value properties of 77»,„ which follow from (37,) we are led to

3    "   a277i„(z, 5)
f(v - £ £

i-l j'-O ds2
fi3i)(a%)

= -   £    ("*,.„(*, s)f<**+»(s)ds.
i=l     J z

Now let ¿ = 1, 2, 3; « = 0, 1, • ■ • , and let ai,n(z) be the polynomial of de-

gree 3«+2 whose derivatives of orders 3j (j = 0, 1, • • • ) all vanish at z = ai,

a2, a3 with exception of the 3»th derivative at z = ai; whose value is 1. The

existence of these polynomials follows from equations (l3,n+i). They are quite

analogous to the polynomials an(z), ßn(z) of Part II. We obviously have

3

p*Á*) = EZ/(3'^K/(z)-
,=0  ¿-1

If we put/(z) = ou,„(z) in the formula derived above, we get

(44) ai,n(z) = -—-
ds2

and therefore may write it in the form
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(45) f(z)   -  P3,n+l(z)   =   -    ¿       C%Hi,n(z, s)ß3»+»(s)ds.
¿=1      J z

This "remainder" formula is the complete analogue of (16), and will form the

basis of the proof of Theorem 10 in the next section.

From (39), (43), (44) follows the validity of

(46) IX»(z)*3n =
dHilz, s; X) \2Ni(\z)

ds2 _., "      D(\)
X    < p3.

15. Sufficient conditions for convergence of P3,n(z) to f(z). We shall now

prove

Theorem 10. Iff(z) is an integral function, such that

(47) f(z) = 0(«*i«i), k < P3,

where p3 is the absolute value of the roots of D(X)/\6 that are nearest the origin,

then P3,n(z) converges to f(z), the convergence being uniform in any finite region

of the z-plane.

We recall that D (X)/X6 is an integral function of X3 (see (40)) whose roots

coincide with the values of X for which non-trivial solutions of (33), (43)

exist. Hence the conditions of this theorem are equivalent to those of §3.

The proof of this theorem is quite similar to that of Theorem 1, and con-

sists in showing that the remainder given by the right hand member of (45)

approaches 0 as « becomes infinite.

First we recall that from (47) follows the inequality

(24) | /<»>(*) | < C«1/2¿",

where z ranges over any finite region, and C is a constant depending upon

that region (for proof of (24) see §8). We then proceed to estimate Hiin(z, s)

for large w.

An estimate of Hi¡n which is not as precise as the one obtained for An, Bn

in §5, but is nevertheless sufficient for the purpose at hand, may be obtained

from the fact that the generating functions Gi(z, 5; X) (see (43)) are analytic in

the X-plane inside a circle of radius p3 and center at the origin, and for z and s

in arbitrary finite regions of their planes. We have then for z and 5 as stated,

and |X | =k', where k' lies between p3 and the constant k for which (47) holds,

\Gi(z, s;\)\ <M,

where M is a proper constant. Hence by applying Cauchy's integral

| Hi,n(z, s) | < Mk'-3».
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Combining this inequality with (24) in which « has been replaced by 3n+3,

we see that by choosing « large enough the integrands in the right hand

member of (45) can be made uniformly small in absolute value for z and s

in finite arbitrary regions. The proof of Theorem 10 is thus complete.

We shall now show that Theorem 10 will not hold if in (47) we replace p3

by any larger value. Let Xi,  |Xi | =p3, be one of the roots of 7)(X)/X8 nearest

the origin. As explained in §13, there will exist constants G, C2, C3, not all

zero, and such that
u(z) = Cicx^ + C2e"^> + C3e»^s

vanishes at z = ai, z = a2, z = a3. The function u(z) obviously satisfies

u(z) = O(e*l20

for any constant k greater than |Xi | =p3, but the polynomials P3,„ formed for

u(z) vanish identically. From Theorem 10 it now follows that w(z) must fail

to satisfy (47).

16. Extension of the sufficient conditions. While for arbitrary functions

f(z), the exponential type conditions of the preceding section are the best

possible ones of their type, by restricting f(z) properly one may replace the

exponential type conditions by more lenient ones. This is analogous to the

situation which obtains for P2,„(z) as portrayed in Theorems 1 and 2.

From the original representation of D(\) as the determinant

\d'S3[\(ai- z)]/dz'\

(see §13), it follows that D is theWronskian of the three solutions of dsu(z)/dz3

+X3m(z)=0,

s3[\(ax — z)],  s3[X(a2 —z)],  s3[x(a3 —z)].

Hence the roots of D(\) =0 are precisely the values of X for which the

above three functions are linearly dependent:

(48) Dxs3[\n(ax - z)]+ D2s3[\n(a2 - z)] + D3s3[\n(a3 - z)] = 0,

where X„ is a root of D(\) and Dx, D2, D3 are constants, not all zero. Differen-

tiating this equation with respect to z, we may solve it and the resulting

equation for the ratios of the two-rowed determinants:

5s[Xn(ai+i — z)]        s3[Xn(ai+2 — z)]

d      r    / m     a      r    / m     = Ni(*"z)
— S3 lX„(a,+r — z) J   — s3 [Xn(ai+2 - z) J
dz oz

(see (39)), and get

(49) iVi(X„z) : N2(Kz) : N3(\nz) = Dx: D2: Dt.
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It may be shown by expressing s3 in form of exponentials that no two of

the functions 53[X(a¿—z)] are ever linearly dependent. Therefore, no one of

the above constants 29 ¿ vanishes.

Again, no one of the functions Ar<(Xz) ever reduces to zero identically, as

this would imply the linear dependence of s3 [(ai+1 — z) ], s3 [X(a,+2—z) ]. Hence

it follows from (49) that any two of the functions A7\(X„z) are linearly depen-

dent.

We shall suppose now that in the X3-plane 2?(X)/X6 possesses only one root,

Xi3, which is nearest the origin, and that this root is simple. The principal

part of Gi at Xi3 is

í3[Xi(a¡ - i)]Ari(X1z)

(X3-X13)(dZ)/dX3|x!=xl=)'

we shall denote the numerator of this fraction by GíXí(z, s) and dD/dk3 [x'-x,3

byd.
If we expand G¿ in a Laurent series about Xi3, substitute in equations

(36), (37<) and equate coefficients of (X3—Xi3)-1 on both sides, we find that

G¿*> satisfy the differential equations

(50) -= - XjW«
ds3

and homogeneous boundary conditions of the type (37¡).

From (50) and the last three boundary conditions, follows

3 3

(51) Í2GHz,s) =   ¿2s3[\x(ai - s)]Ni(\xz) = 0
¿-i ¿=i

identically in z and s, a relation which is also easily inferred from (48) and

(49).
With these preliminaries disposed of, we shall now prove

Theorem 11a. Suppose that 25(X)/X6 possesses in the \3-plane a single root,

Xi3, which is nearest the origin, and which is simple, and let X23 be the root of next

greater absolute value. Let A, D2, D3 be the constants for which (49) holds for

X=Xl

Sufficient conditions in order that P3,n(z) approach f(z) as n becomes infi-

nite, and uniformly for z in any finite region, are that

(I) f(z) is integral and satisfies

f(z) =o(«*i"),*<|x«l;
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(2) £7>i/<3»'(ai) = 0 (« = 0, 1,2, ■••);
i-l

(3) 7>2  f 's3[\x(a2 - s)]f(s)ds + D3  f 's3[\x(a3 - s)]f(s)ds = 0.

The last condition is equivalent to

£7>i  f iI[X,(fli-s)]/(i)ds = 0.
t-l J z

First, as regards condition 3, consider

£ f V<«, s)f(s)ds =   £    CgH*, s)f(s)ds
»-1   V » J=l J t

+    [aGh(z,s)f(s)ds+   C' GHz,s)f(s)ds.
J a, " a\

Using (51) and (49) (and since none of the constants Di vanishes) we ob-

tain for the right hand member above

£  f   G¡x.(z, s)f(s)ds = N2(\xz)(  f  s3[Xi(a2 - s)]f(s)ds
i=l J z \ J a,

D3 r* \
+ -       s3[\x(a2-s)]f(s)ds).

L>2 J a, /

On account of the first form of condition 3, the sum in the last parenthesis

vanishes. Hence

£    f GHz, s)f(s)ds = 0
t=i   J t

identically in z, and replacing Gix> by Ni(r\xz) s3[kx(ai — s)] and utilizing(49),

the second form of condition 3 follows. Conversely, by putting z = ai in the

latter form of the condition, the first form is obtained.

We next proceed with the proof by recalling the remainder formula

(45) f(z) - P3,n(z) = -   £    rtHi,n(z,s)f^+3Ks)ds;
i=l     "z

here 77t,„ is defined by

CO

(43) d(z, s;\) =   £tf¿,„(z,s)X3".
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Break up G¿ into the sum of its principal part at Xi and a function which is

analytic for |X|<X2; let 12ñ=o^n(z, 5)X3n be the expansion of the latter

component of Gi. We have

Hi,n(z, s) = H-,n(z, s) + [G*\z, s)/Cx(- \x)3n+3].

Now break up the remainder in (45) into Pi+P2, where

Pi =   ¿    f 'n\\n(z, s)p»+v(s)ds,
i=X     » z

CxRi=  ¿    fVU s)f3»+v(s)ds/(- \x)3n+3.
i~X     J z

Now,

H))n(z,s)   =0[(|X2|   -  i)"3»], €   >   0,

since Sr=o^f,»(2, 5)^3" is analytic for |X | < |X2|. From this and condition

1 of Theorem 11a, one may prove, by the same methods as were used for

Theorems 1 to 10, that Pi approaches zero as « becomes infinite. We shall

now show that P2 vanishes for any «.

To this end apply the same procedure that was employed in §14 to pairs of

functionsf(s), Hi,o(z,s);f'"(s), Hi,i(z,s); ■ ■ ■ to the pairs of functions

GHz, s) ,  GHz, s) GHz, *)

(_Xl)3-  ^'(-Xl)6'      'J    w,(-x:) 3n+3

On utilizing equation (50) and the homogeneous boundary conditions of

type (37¡) satisfied by G¡Xl, we obtain a formula analogous to (44) :

¿2    f f(s)G%, s)ds -   |   f^(s)     \\'J+3 ds
i-X     Jz "z (—   ".x)

NowXLi/j'Gi^'iz, s)f(s)ds has been shown to vanish as a consequence of

condition 3. The right hand sum, on replacing G?l(z, s) by 53[Xi(ai — s)]

• A7,(Xz) and carrying out the differentiations, is transformed into

Xi2 Ê ( Í2fW)(ar)Ni(\z)/(- Xi)»+»'Y
,_0    \ i-X '

Finally, utilizing (49) and condition 2, one proves that for &ny j, the expres-

sion in the parentheses vanishes. The proof is then complete.

Theorem 11a is not the complete analogue of Theorem 2; by supposing
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that f(z) in addition to satisfying the conditions of Theorem 11, also satisfies

proper further conditions, one may still further extend the exponential type

of/(z) and still have P3,„ converge to/(z). In this connection we have

Theorem lib. Let the roots of 7>(X)/X6 in the \z-plane arranged in order of

non-decreasing amplitude be

Xi3, X23, X33, • • •

and suppose that \\x | < |X21 < |X31, and thai Xi a«¿ X2 are simple roots. Let

Dx, D2, D3; D{, D2 , D{ be the constants for which (49) holds for X =Xi, X =X2,

respectively. Sufficient conditions in order that P3 ,„(z) approach f(z) as n becomes

infinite, and uniformly for z in any region, are that

(1) f(z) is integral and satisfies

f(z) =0(e*"l),   *<|x,| ;

(2) £TV(3'">(ai) = 0,
i=l

£D//(3«>(a.) = 0 (« = o, l, •••);
i=l

(3) ££>,  f 'i3[X,(ai - s)]f(s)ds = 0,
i=l        vz

ÍZD'í   f s3[X2(a< - s)]fis)ds = 0.
i=l J z

It will be seen that the conditions of Theorem lib include those of Theo-

rem 11a. The proof of this theorem follows along similar lines by breaking up

Gi into a sum of the principal parts at both Xi3 and X23, and a function which

is analytic for X3 < |X313, and correspondingly breaking up the coefficients

Hi,n-

The matrix

7>i     D2     D3

D{    D2'    Dl

may be supposed to be of rank two. If it should ever happen that (for proper

a¡) it is of rank 1, then the latter part of condition 2 is superfluous, and one

could even further extend the permissible exponential type of/(z).

17. Convergence of the series £T=o£<=i Ci,nai,n(z). We shall now prove

the following analogue of Theorems 4-6 :
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Theorem 12. Let the roots of 2)(X)/X6 in the \3-plane, arranged in order of

non-decreasing amplitude, be

Xi3,X23,-..,

and suppose that

| X, | < | x21 < | x31 < | x41

and that Xi3, X23, X33 are all simple roots. Write the equations (49) corresponding to

the roots X¿, ¿ = 1,2,3, in the form

Nx(\iz):N2(\iz):N3(\iz) = D{,i:Dty.Dt,t,        A,, * 0.

Suppose that the determinant |2?¡, ,• | does not vanish, and let S<, ,■ be the reciprocal

matrix to the matrix Z>¿,,-. In order that the series

00

(52) 12[Cl.nax.n(z)   + C2,na2,n(z)   + C3,na3,n(z)]
n-0

converge for general values of z, it is necessary that the three series

oo 3

(53) ZPi.n/Xi3"; Ei,n  =    Y.Ci.nDi.i (i =   1, 2,3),
n=0                                                             ,'=1

all converge. Conversely, when these series are convergent, the series (52) con-

verges for all z, uniformly in any finite region, and may be broken up into a sum

of the three series

oo 3

(54) 12Ei.nßi.n(z);   ßi.n(z)   =     !>,..«,.,.(«) (*   =   1,  2, 3),
n-0                                                                j'-l

convergent likewise and to integral functions /¿(z) of exponential type at most

equal to |X< | respectively, and satisfying the conditions

3

(55) ¿2Dk,jf™M=0fori9£k.

It will be noticed that the latter conditions are of the same type as condi-

tions 2 of Theorems 1 la, 1 lb.

The constants 29¡,, may be definitely fixed by assigning their values for

some one j. We shall suppose that 2)¿,i = l. If further we denote Nx(kz) by

N(\z), we may write the equations which define Ditj in the form

/v\(X,z) =D},iN(\jz).

The statement of the necessary conditions in the theorem includes the

somewhat vague phrase "converge for general values of z." The proof près-
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ently to be given will show that the series (53) converge if (52) converges for

three values of z: Zi, z2, z3, such that the determinant |iV(XiZ,) | does not

vanish. Now, as the theorem further states that the convergence of (53) in-

sures the convergence of (52) for all z, it follows that the set of values of z for

which (52) converges is such that for any three of its points, Zi, z2, z3, the

equation \N(\iZ¡) | =0 holds. Hence this set, when it does not consist of the

complete complex plane, is a discrete set with infinity as its only possible

limiting point.

The proof of Theorem 12 is quite analogous to the proof of Theorems

4-6. The separation of the series (52) into the three series (54) is analogous to

the breaking up of (31) into (33v) (§10). Barring questions of convergence,

the equivalence of (52) and the sum of (54) is manifest from the identity

JZCf.nai.niz) =   £ ( ¿ZCi.nDjA    iZSkjak^z)      = ¿£i.rf/..(f)>
,'=1 J=l     \ i=l / L  k-X J j'-l

an identity which itself follows from the relations between the elements of the

mutually reciprocal matrices 7>i,,, 8i,,-:

1 for i = k,

for i ¿¿ k.

3 il

í-i io

We shall now establish asymptotic formulas for the functions ßt ,„(z), based

upon the fact that their generating functions possess in the X3-plane only one

pole, namely, X3=X<3, inside the circle of radius |X431. The generating functions

of cvi,n(z) are given by

\2Ni(z\)

(46) 32G'(2'5;X)
ds2

=     £«i,n(z)X3».
£>(X) n-0

From these equations, and since the principal part of X2iVi(zX)/7)(X) at a sim-

ple root X,- is

XjWifcfc/VtcKA» _ x,»)],
where

Cj = dD(\)/d\*

follows
r.'~\'

«!.»(*) = - ¿AT>K)/(C,V+1) +0(| X4| - e)"3"
i=i

= - £^(zX))7)/,i/(CJXi3»+0 + 0( I X4| - e)-3", e > 0.
i-i
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Hence
3

ßi.n(z)   = XX.«aí.»(2)
í-1

3 3

= - ¿«í.i ¿2N(zkk)Dk,i/(CkW+1) +0[(\ X4| - e)-»«].
,_i      i=i

Carrying out the/-summation first and replacing XJ=1^y,iDk,,- by 1 or 0 ac-

cording as i = k or i 9a k, we obtain

/5i.»(z) = - Ar(zXf)/(CiXi»»+1) + 0[(|X4| - «)-»•].

Now suppose that the series (52) or, what amounts to the same thing, the

series

(56) ¿ (¿Pi.nMz)
n-0    \ <-l

converges for z=Zi, z2, z3, where these values are such that the determinant

\N(KiZ,) | does not vanish. Using the asymptotic representation developed

for ßi ,n we get

¿2Ei,nßi,n(z)     =-     ¿£i,n{[A7(zXi)/(C<Xi3»+l)]

(57) *"' i=1
K  ° +0[(|x4|-e)-3»]}  =e(z,n),

and conclude that e(z, n) approaches zero for z = Zi, z2, z3 as « becomes infinite.

Regarding the three equations thus obtained as linear equations in £i,„/X¿3n,

we find that the coefficients of these quantities approach the terms of the

matrix — A7(z,Xi)/(CiX¿) as « becomes infinite. For sufficiently large « we may

therefore solve for £¡,„/Xi3n from these equations, and conclude that these

quantities approach zero as « becomes infinite, and are therefore bounded in

«. Hence when the asymptotic representations (57) are substituted in (56),

part of the resulting series consisting of the O-terms converges for all z.

Therefore the remaining part of the series (54), namely,

- ¿ |IX»tf(zxi)/(cixi*»+i)l,
n=0   L  i=l J

converges for z = Zi, z2, z3. Finally, multiplying these last three convergent

series by the terms of the various columns of the matrix which is reciprocal

to A7(z,X¿)/(C¡X¡) and changing signs, we obtain for the left hand members the

series (53). These series consequently must converge.

Conversely, let the series (53) converge. By applying a proof similar to

that of Theorem 4, and the above asymptotic representations for ßi,n(z) one

)
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shows that the series (54) will converge for all z, and uniformly in any finite

region. The generating function of/3.-,„(z),

3 00

JZôi,idiGi(z,s;\)/ds2 =   £îi,n(z)X3»,
j— 1 18= (ij n=Q

is a solution of

(41) a3( )/dz3 = \3( ),

analytic in the X3-plane for |X31 < |X431 with the exception of a pole of first

order at X3=X,3 with residue iV(zX»)/C,. Likewise the latter function satisfies

the equation (41) with X3 replaced by Xi3 and the partial derivative by a total

derivative. These facts are established in the same manner as the initial

equations (41), and from the above asymptotic formulas for /3¡,„. By utilizing

them and proceeding as in Theorem 4, one may express the finite series in

(54), £„=o-Ei,nßi,„(z), first as a contour integral around the origin, then

around a circle between |X31 = |X331 and |X31 = |X43|, and prove that the

limit of (54) is a function fi(z) of exponential type at most equal to |X¡ |.

Finally, the proof of (55) may be carried out by showing that (55) is satis-

fied by each term of (54). This follows in a direct manner by differentiation

and substitution provided it is recalled that ßi,n(-Sm)(ak) =0 except for m = n

and i = k, in which case the value of the derivative is unity, and use is made

of the relation£3=i7)ki,§,,» = 0 for i^k.

By applying this theorem to the case where C,-,„ are chosen as f-in) (a,)

one may obtain necessary conditions in order that P3,n(z) converge to f(z),

and in this way formulate a theorem which is analogous to Theorem 7. Thus

far we have not succeeded in proving what may be suspected to be the ana-

logue of Theorem 8 to the effect that when the necessary conditions just men-

tioned are satisfied,/(z) will differ from lim„-0OP3,B(z) by a linear combination

of2V(Xiz),/V(X22),2VT(Xsz).

18. The polynomials 7>m„(z) for m = 1 and for m>3. Sufficient conditions

for the convergence of Pm,n(z) to f(z) as « becomes infinite, for the general

case m>2, have been outlined in §3. The proof of the sufficiency of these

conditions for an arbitrary m>3 may be carried out along the lines of Theo-

rem 10 by means of Green's functions defined by a system of equations whose

formation is obvious from (8), (9¿); (36), (37¿); it consists of the differential

equation

~(  )=(-x)»(  )
ds3

and of proper boundary conditions. The solution ,of this system can readily

be expressed in terms of the function
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5m(x)       im - 1)! + (2m - l) ! + (3m - l) ! + " ' *

Likewise, by making proper assumptions concerning the m+l poles of the

Green's functions, that are nearest the origin of the Xm-plane, we may prove

results analogous to those of §§16, 17.

In their severest form these assumptions are that these poles are simple

(that is, of order 1), that no two of them are equally distant from the origin,

and that none of the constants analogous to the constants D{ in equation

(48) vanish.

As stated in §4, the nature of the convergence of the polynomials Px.n(z)

is radically different from the convergence of Pm,„(z) for m>l, since the

polynomial Px.n(z) agrees with the first « terms of the Taylor expansion of

f(z) about z = ax. It is of interest therefore to see what becomes of the Green's

function and of the method of proof employed for m > I.

The solution of

(3i) du(z)/dz — \u(z) = — v(z)

satisfying

(4i) u(ax) = 0

is given by

(6i) u(z) =   I    ex(-i-')v(s)ds,

so that the Green's function is now given by

G(z, z; X) = e^'-"\

and it could therefore be defined after the manner of (8), (9¿); (36), (37i) by

means of the system

dG(z> *■> x) .r(       ^
- = - \G(z, s; X),

ds

G(z,z;\) = 1.

Successive application of the formula

(70 f" [u(s)v'(s) + u'(s)v(s) ]ds = u(s)v(s)l
•7«, J«,

to the derivatives of u(s) and the coefficients resulting from the expansion of

G in powers of X and between the limits z and aj leads to the familiar form for

Taylor's series with a remainder:
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u(z) =   ¿2u^(ai)(z - aiY/ti -   I    (z - s)»u<-n+1i(s)ds/nl;
1-0 "z

it is generally obtained by successive integrations by parts of f\u'(s)ds.

As stated in the introduction (§4), "the reason" for the difference in the

convergence of Pi,n(z), and of Pm,n(z) for m>l, is due to the fact that the

Green's function in the former case is integral in the parameter (rather than

meromorphic) ; hence the coefficients resulting from its expansion in powers of

X possess a different asymptotic behavior that now allows the remainder to

approach 0 for a much wider class of functions.

It is easy to give examples of a system consisting of a non-homogeneous

differential equation of arbitrary order and of proper boundary conditions,

and for which the Green's functions are integral in the parameter. Thus, the

differential equation (3)'m combined with the boundary conditions

u(a) = u'(a) = • • • = «("-"(a) = 0

has the solution

u(z) =   I    sm[\(z - s)]v(s)ds,

where sm is the integral function above defined. This system leads essentially

to Taylor's expansion with the terms grouped in bunches of m each. Hence

the special features displayed by the polynomials Pi,„ are not due entirely

to the fact that they are connected with a differential system of the first order.

It will also be shown in §21 that differential systems of the first order may

lead to polynomial approximations whose behavior is analogous to that of

Pm,n(z)forw>l.

Part IV. Divers expansions

19. Expansions suggested by the Taylor expansion of the Green's func-

tions of Part II about an arbitrary value of the parameter. We saw in Part II

that the approximations by means of P2,n(z) were intimately connected with

the expansions of the Green's functions ^4(z, 5; X), B(z, s; X) in powers of X2.

We shall now consider the expansions of these Green's functions in powers of

X2—Xo2, where X0 is an arbitrary constant, not a pole of A, B, and different

from zero :
00

A(z, s; X) =   2>x„,n(z, 5)(X2 - Xo2)",

(58)
CO

B(z,s;\) =   Z^..n(z,5)(X2-Xo2)".
n-0



318 HILLEL PORITSKY [April

It will be found that these Taylor series suggest approximations to an ana-

lytic function by means of solutions of

(59) (D2 - Xo2)" = 0 («=1,2, •■■),

satisfying the same boundary conditions at a and b as were satisfied by

P2,n(z); in (59) D2 stands for the second derivative, while (D2—X02)n stands

for « successive applications of the operator (D2—X02).

The expansions (58) are obviously valid in the X2-plane inside a circle with

center at X02 and passing through the nearest pole (or poles) of A, B, that is,

for
| X2 - Xo2 | < | Xi2 - Xo2 I,

where Xi2 denotes that nearest pole (or either of the two nearest poles in case

there are two of them). Substituting (58) in (8) written in the form

[(^-Xo2)-(X2-Xo2)](¿,.B) = 0,

as well as in (9¿), and equating coefficients of like powers of (X2—X02) on both

sides of the resulting equations, we find that A\,,„(z, s), B\„,n(z, s) satisfy

the differential equations

(60)

/ d2 \ ,       (0for» =Ofor« = 0,

s) for n > 0,

Ofor« = 0,

[Bx,,„-X(z, s) for« > 0,

as well as the same boundary conditions (13¡) as were satisfied by An, Bn.

Next consider the expansions of

(61)

dA(z, s; \)/ds

dA(z, s; X)

ds

dB(z,s;\)

ds

âB(z, s; \)/ds

sinh X(z — b)

sinh X(a — b)

sinh X(z — a)

in powers of X2 — X02 ;
a

OO

=     £«X0,n(z)(X2  -  Xo2)»,

sinh X(a — ¿>)
=     £ft0,n(z)(X2-X02)".

The coefficients ax„,„(z), /3x0,n(z) are obviously related to the coefficients of

the expansions in (58) as follows :

ax„,n(z) = dA^,n(z, s)/ds Ä..«(s) = dBx„n(z, s)/ds
tab
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and reduce to cv2,„(z), ß2,n(z) for X0 = 0. Now the generating functions in (61)

satisfy (in z) the differential equation

[D2 - \2](   ) = [(D2 - Xo2) - (X2 - Xo2)](   ) = 0

and take on at z — a, z = b, the values 1, 0; 0, 1, respectively. Hence,

for n = 0,

for n > 0,

1 for n = 0,

[0 for n > 0,

«*...(*) = o,

(D2  -  Xo2K,n(z)   =   \
vax.,n-i

«x..«(«) = j

and similar relations hold for /3x„,n. From these facts it follows that ax0,„(z),

ßx„.n(z) are solutions of (D2—X02)n+1( )=0 and that their derivatives of

order 0, 2, • • • , 2« at z = a, z — b, agree with the corresponding derivatives

of a„(z), ß„(z) at these points.

We may now generalize formula (16) by establishing

/(z) -  ¿\(D2-Wyf(s)      «x„,(z) + (D2 - \o2yf(s)      0xtli(*)]

(62) MbL s=a & '="

=   J" !áx„„(z, s)(Z>2 - \o2)n+1f(s)ds + j BXa,n(z, s)(D2 - \o2)n+1f(s)ds.

This is done through successive applications of

f \u(s)(D2 - W)v(s) - v(s)(D2 - \02)u(s)]ds = u(s)v'(s) - u'(s)v'(s)\

to the pairs of functions ^4x0,o(z, s), f(s); ^4x0,i(z, s), f"(s); • ■ • , and in a

manner quite analogous to the way in which (16) was deduced. From the

properties of «x0,t, ß\„,i it is possible to show that the finite sum on the left of

(62)—it might conveniently be denoted by Px0,2,n+i(z)—is a solution of

(D2— Xo2)n+1( ) =0 and that its derivatives of order 0, 2, •■ -, 2» at z = a,

z = b, agree with those of/(z). The function Px„,2,„(z) we shall consider as an

approximation to f(z) ; it is of the form ex°zQx(z) +e~)l<|Z Q2(z), where Qx, Qi are

polynomials in z of at most the (« — l)th degree.

As an analogue of Theorem 1, one might seek for sufficient conditions

in order that Px0,2>n approach/(z) as « becomes infinite, conditions of the

form/(z) =0(e*|2t), where k is a properly restricted constant. For such func-

tions the inequality

(24) \f(z) | < C«1/2¿"
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holds. Hence

[ fn(z) | < CK», Ä' < k,

with a possibly different C, and

| (D2 - Xo2)"/(z) I <C(K2 + \\o\2Y.

Now the functions A (z, s;\), B(z, s;\) are analytic in the X2-plane in a circle

of radius |X02 —Xi21 (Xi2 is the pole, or either of the two poles, of these func-

tions which is nearest to X o2). Hence,

¿x„,n(z, 5), Px„,n(z, 5)   =  0[( I Xo2   -  \?  \   + i) ]"», €   >  0.

Combining this with the preceding inequality, we infer that the right-hand

member of (62) approaches zero as » becomes infinite if

(/C2 + |Xo|2)/(|Xo2 — Xx2 | +e) < 1.

From this it appears that a sufficient condition in order that P\,,2,n(z) ap-

proach/(z) is that

f(z) = 0(e*l"), k2 < | Xo2 - Xi2 | - | Xo2 | .

The last inequality for k is non-vacuous only if its right-hand member is

positive, that is, if the origin is nearer to X02 than any of the poles of A, B.

(When such is the case, Xi2 is necessarily the pole X2 = — w2/(a — b)2.) However,

even when it is non-vacuous, the sufficient condition just found is quite

inadequate to characterize the functions that may be approximated to an

arbitrary degree by means of Px0,2,n(z). This may be seen by considering the

example/(z) =sinh k(z — b), where k is a constant. It may be shown directly

that now the sequence Px„,2,n(z) converges to f(z) when and only when

| k2 - Xo2 | < | X!2 - Xo2 I .

The last example shows that conditions of the type f(z) =0(e*|z|) are not

properly suited for the problem at hand. More effective conditions may be

given in form of inequalities involving (D2—X2) n/(z).

Let now the poles of A, B, arranged in order of non-decreasing distance

from Xo2, be

X^X,2,---,

and suppose that |X02—Xi21 < |X02—X221 < |x02—X321. Each of the poles \2 is

equal to —ki2rr2/(a — b)2, where ki is a proper integer; the above inequalities

could readily be shown to restrict X02 from lying on certain parallel straight

lines. One may prove that a sufficient as well as essentially necessary condi-

tion for the convergence of
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£[C„CVx0,n(z)  + AA. .»(*)]
n-0

is that the two series

¿[Cn+(-l)*>+17>„]/(Xo2-Xi2h
n=0

£[C„ + (- l)k>Dn]/(\a2 -X22)»
n-0

be convergent ; here kx is given by

hi* = -\2(a- b)2/ir2.

In the convergent case, the limit function may be shown to be of exponential

type at most equal to k2w/ |a — b \.

By replacing C», Dn above by (7>2-X02)n/(z) |_, (D2-\a2)"f(z) I*-*, one

may obtain necessary and sufficient conditions for P\a,2,n(z) to converge.

When these are satisfied, one may show that f(z) differs from the limit ap-

proached by Px„,2,n(z) by a linear combination of sin [kw(z — a)/(a — b)];

k = l, 2, • • ■ ,k2.

For X0 = 0, the above results reduce to those of Theorems 6-8.

20. Expansions of the Green's functions about a pole and the approxima-

tions they suggest. To illustrate the new features that occur when the Green's

functions are expanded in a Laurent series in the parameter in the neighbor-

hood of a pole, we shall consider in this section the Green's functions;! (z, s; X),

B(z, s; X) defined by means of (8), (93), (94), and the two further boundary

conditions

dB(z,s;\)âA(z, s; X)

ds
0,

ds
= 0.

These functions are not to be confused with the Green's functions A, B of

Part II. We find

cosh X(z — 6) cosh X(s — a)

X sinh X(a — 6)

(63) ,        . ,        ,
cosh X(z — a) cosh X(s — 6)

X sinh X(a — ô)

These functions are connected with the system (32'), u'(a) =u'(b) =0, in the

same way that the functions defined by (8), (9,) are connected with the

system (32'), (42). It will be observed, however, that now X = 0 is a pole of the
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second order for the functions A, B ; this is connected with the fact that a

non-trivial solution of the above system exists for X = 0, namely, u(z) = con-

stant.

We shall now denote by F(z) any iterated integral of f(z) (for example,

fa(z—s)f(s)ds), expand A, B in powers of X2:

cc oo

A(z, s; X) =   J2An(z, s)\2",  B(z, s; X) =   £P„(z, s)\2»,
n=-l n=-l

and apply the formula (72) to the pairs of functions

F(z), A_x(z, s); f(s), Ao(z, s) ; • • • ; f™(s), An(z, s)

between the limits z and a ; and to the functions

F(z), B_x(z, s);f(s), B0(z, s); ■ ■ ■ ;f2^(s), Bn(z, s)

between the limits z and b, and add the resulting equations. On making use

of the various differential and boundary-value properties of ^4,(z, s), P,(z, s)

we get

/(*) = A-x(z,a)F'(a) + B.i(z, b)F'(b) +  ¿2{Ai(z, a)ß2»»(a)
¿-o

(64) + Bi(z, b)ß2i+»(b) ] +  f f2»+»(s)An(z, s)ds
J z

+  J f2»+v(s)Bn(z, s)ds.

The nature of the above summation is understood from the formulas

^4„(z, a) = a'n+i(z),  Bn(z, b) = an+i(z)    (n = — 1, 0, 1, • • • ),

where «n(z), ßn(z) are the polynomials of Part II. These equations are imme-

diately deduced from (63) and (17¡). The summation in (64) may now be

easily shown to be a polynomial of degree at most 2«+2 whose derivatives of

order 2i+l,i = 0,l, ■ ■ ■ , «, at z = a, z = b are equal to corresponding deriva-

tives of f(z) at those points. The term preceding the summation in (64) is
i

(F'(b) - F'(a))/(b - a) =   ff(s)ds/(b - a),

and may be ascribed to the pole of the Green's functions at the origin.

A treatment of the approximations suggested in this fashion may, of

course, be given along the lines of Part II. The problem could, however, be

shown to be equivalent to the approximations by means of P2,n(z) as follows.
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Suppose that the function f'(z)   can  be uniformly approximated by

means of the polynomials P2,n(z) so that

/'0) - £[/(2i+1,OK(s) +/<2i+1>(¿>)/3i(z)]< «

in an arbitrary region enclosing a and b, for « large enough. Integrating the

"remainder" and making use of

I an(z)dz = o/„+i(z) +C*

we infer that for proper constants Cn

lim/(z) -  £[/(2i+1>(a)«Uz) + f»»»(b)ßU*)] ~Cn = 0
n-»oo i=o

uniformly in an arbitrary given region. Integrating the left hand member

from a to 6 we get

rb
limlim    í   f(z)dz - C„(b - a) = 0.
n—*oo    J a

Hence C„ above could be replaced by the constant fbJ(z)dz/(b — a).

21. Expansions connected with a first-order differential equation and a

two-point boundary condition. We shall be concerned in this section with

approximations to f(z) by means of polynomials Pn(z) of degree at most « — 1,

such that

(65) Pf (a) + kPn\b) = A«) + kf\b) (i = 0,1, • • •,« - 1;« = 1,2, ■ • •),

where a and b are two given fixed points, and k is a given constant which we

suppose different from 0 or — 1.

To prove the existence and uniqueness of the polynomials Pn(z), consider

the function

C(z, X) = eX(2-!,V(eX(a_6) + k).

Since k^O, —I, the denominator above vanishes for an infinite number of

values of X, none of which is equal to 0; these roots of the denominator are,

simple. We may therefore expand C(z, X) in powers of X :

00

(66) C(z, X) =   £X"a„(z),

* See footnote in connection with equations (17»).
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where the expansion converges for |X | < |Xi |, Xi being the pole or either of the

two poles of C(z, X) nearest the origin of the X-plane. Now C(z, X) satisfies the

equations

dC(z, \)/dz = kC(z, z),

C(a, X) + kC(b, X) = 1.

Hence an(z) satisfies the conditions

JO for« = 0,

\ctn-i for « > 0,

for « = 0,

,0      for« > 0.

From this we conclude that an(z) is a polynomial of degree w, and that

' 0 for i 9¿ «,

for i = «.

It is now obvious that the polynomial

¿2 [/(<)(«) + kfHb)hi(z)

otn(a) + ka„(b) = <

e that an(z) is a polyn

«„' (a) + *an* (b) = <

•;=o

satisfies the conditions (65) postulated for Pn(z). The existence of a poly-

nomial satisfying these conditions is thus proved. The uniqueness of Pn(z)

now follows from the fact that a polynomial satisfying conditions (65) exists

for arbitrary values of the right-hand members of (65).

To discuss the convergence of Pn(z) to f(z), we introduce two Green's

functions A (z, s; X), B(z, s; X) :

A(z, s; X) = eM*-»-i>)/(e-x& -|- ke-*a),

(67) .
B(z, s; X) = *«*<-•-»>/(*-" + ke^a).

These functions obviously satisfy the equations

(68) dA(z, s; \)/ds = - XA(z, s; X),     dB(z, s; \)/ds = - \B(z, s; X),

A(z, z; X) + B(z, z; X) = 1,

- kA(z, a;X) + B(z, b;\) = 0,

and possess the same poles as the function C(z, X). In fact

C(z, X) = A(z, a; X) = B(z, b; ~K)/k.
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The expansions of A, B in powers of X,

00

A(z, s; X) =   £4n(2, s)X",

(70)

B(z, s; X) =   £5n(z, s)X»
n-0

are valid within the same circle in the X-plane as (66).

We next apply

(70 f '[u(s)v'(s) + u'(s)vis)]ds = «(s)o(i) 1 '

to the pairs of functions A 0(z, s), fis) ; Axiz, s), fis) ; ■ ■ ■ ; An(z, s), /(n)(s),

between the limits z and a; then to the pairs of functions B0(z, s),f(s) ; ■ ■ ■ ;

Bn(z, s),f-n)(s), between the limits z and b. Adding the resulting equations,

and making use of the various properties of Ai, Bi} that result when the series

(70) are substituted in (68) and (69), and the coefficients of like powers of X

equated on both sides, we obtain in a familiar manner the formula

X«) =   ¿l/(i)0*) + */(1)(*)]¿ <(»,«)

/» o /* b

+    I An(z, s)u^+»(s)ds +    I    Bn(z, s)u^+lÍs)ds,

or the "remainder" formula

f(z) - P"n+i(Z) = j An(z, s)u(*+»(s)ds + j  Bn(z, s)u^+»(s)ds.

Using the last form of the remainder, there is no difficulty in showing that

a sufficient condition for the convergence of P„(z) to/(z) is that, in addition

to its being an integral function,/(z) be of exponential type less than |Xi |.

As regards necessary conditions for the convergence of Pn(z), the results

are even simpler than for the polynomials discussed in Part II. We shall first

suppose that k is not a real positive number. There will then exist one pole of

A, B, C, namely Xi, which is nearest the origin. Equation (66) now leads to

the asymptotic representation

an(z) = const. e^'/\nx + 0[( \ X2| - «)-»],  e > 0,

where X2 is the pole next nearest to the origin.

By means of this asymptotic representation one may study the conver-

gence of the series £C„a„(z), and prove that this series either converges for
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all z, or diverges for all z, depending upon whether the series ¿2Cn/r\in con-

verges or not. In the former case, the sum of ¿2Cnav(z) is a function of expo-

nential type at most equal to |Xi|.

Applying these results to the case where Cn=fM(a)+kf(n)(b) one obtains

necessary conditions in order that Pn(z) converge to/(z). When these condi-

tions are satisfied, the limit function of P„(z), l(z), has the property that

/(»'(a) + */<»>(&) = /<«>(o) + «<">(&)       (« = 0, 1, • • • ).

Hence/(z) — l(z) is a solution of the difference equation

g(z) + kg(z + b - a) =0.

Now any solution of this difference equation is of the form eXi'p(z), where

p(z) is periodic of period b — a. Combining this fact with the fact that/(z),

l(z) are of exponential type at most equal to |Xi |, one may prove that the

difference l(z) —f(z) is representable by a finite Fourier series.

Suppose next that k is real and positive, so that there are two roots of

eMa~b)+k that are nearest the origin, namely,

(log k ± iri)/(a — b), log k real;

denote them by Xi, X2 respectively ( |Xi | = |X21). We now have two poles on

the circle of convergence of the expansions of the various generating func-

tions in powers of the parameter, a situation which either has not presented

itself hitherto or has been artificially excluded. The previous asymptotic

representation of a„(z) now has to be replaced by

g\,(z—b) gXjU—6)

"^ =T77-^ + T7I-:—+ o[(|x31+«)-»],« >o.
kx(b — a)Xi"       kx(b — a)X2"

By using it, it is possible to show that in order that ¿2Cna„(z) converge for

two arbitrary values of z it is necessary that both series

ZfrAi",   Zcvx2"

involving the same constants C„, converge. Conversely, when both of these

series converge, ¿2Cnan(z) converge for all z. In other respects this case does

not differ from the preceding case with a single pole on the circle of conver-

gence.

22. Certain boundary value expansions of functions of several variables.

As stated in §4, the expansions which we shall consider in this section formed

the starting point of the investigation that resulted in the present paper.

Let R be an arbitrary finite region, for definiteness in real euclidean space

of three dimensions, 5 its bounding surface, and let f(x, y, z) be a function
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analytic within and on 5. We shall suppose that 5 is sufficiently regular so

that the Dirichlet problem for its interior, R, has a unique solution. We shall

consider the question of approximating to/by means of the sequence of func-

tions pn(x, y, z), « = 1, 2, • • • , where pn is determined by means of the

equations

(71) V2npn = 0,

(72) pn = /, V2pn = V2/, • ■ • , V2n~2pn = V2"~2/ over S.

To prove the existence of the approximations in question and to obtain a

formula for the remainder/—pn, we shall introduce a sequence of functions

Go, Gi, ■ ■ • defined as follows: the first member of the sequence, G0 =

Go(P, P')> is Me Green's function of potential theory for the region R, that is,

it is a function harmonic in the coordinates of P inside R, except for P at P',

where Go plus the reciprocal of the distance from P' is harmonic, and it

vanishes on S, the boundary of R; the succeeding members of the sequence,

Gí = Gí(P,P') iori>0, are defined by means of

(73) Vp'Gi = G,_i,

(74) Gi(P, P') = 0 for Pon 5.

The solution d of (73), (74) may be expressed in terms of G0 and G,_i by

means of a familiar integral form. These integrals are improper but conver-

gent, and represent functions analytic for both point arguments P, P' inside

5 except for P and P' coincident. Thus, the integrand leading to Gi becomes

infinite when the point of integration approaches P or P' like the negative

reciprocal of the distance from that point, and therefore the integral is con-

vergent. The singularities of Gi(P, P') for coincident P, P' get successively

milder (as judged from the point of view of functions of a real variable) with

increasing i. For, any solution u of the equation

V2w = an analytic function

is also analytic. Therefore, and since Go+r-1 is analytic without exception for

P inside R, it follows by induction that for any /, Gi+r2í-y(2¿) ! is analytic for

P inside R ; hence the singularity of G¡ at P = P' (that is, for P coincident with

P') is precisely the same as that of — r2i~1/(2i) !. From this we conclude that

while d is non-analytic for P at P', it is of class Ci2i_2) there.

From the integral expression of d, i >0, in terms of G 0 it follows that the

functions G„ form the iterated kernels of the kernel G0 of the integral equation

(75) u(P) = v(P) + X2  Cg0(P, P')u(P')dP',
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where the integration extends over R ; this integral equation is equivalent to

the differential equation

V2M — X2M = V2f

and to the boundary condition

m = 0 on 5.

The kernel of the integral equation (75) becomes infinite for P = P', but it is

well known that, except for a countable set of real "characteristic" values of

X2, (75) possesses a unique solution for an arbitrary v, while for each charac-

teristic value of X2 the homogeneous integral equation obtained by putting

v = 0 possesses a non-trivial solution (representing a mode of free vibration

of the cavity inside S). The theory of the solutions of the equivalent differen-

tial system, in fact, antedates the Fredholm theory, and served as one of the

landmarks in the development of the latter. With proper modifications, the

Fredholm theory may be applied, and the solution of (74) expressed by means

of a resolvent, whose poles are the above characteristic parameter values,*

and the Schmidt theory invoked to prove the existence and the reality of the

characteristic values. The functions G„ are the coefficients which result when

the resolvent is expanded in powers of X2.

One way of applying the Fredholm theory to (75), due to Fredholm him-

self, is to replace u(P') in the integrand by the value obtained from the right-

hand member; thereupon the integral equation is changed into one with the

finite kernel &; the resolvent of the original integral equation may be simply

expressed in terms of the resolvent of the resulting equation, f From this it is

seen that for « > 0, the G„ satisfy an inequality of the form

(76) | Gn(P, P') | < C(P2 + e)~2", e > 0,

where p2 is the smallest characteristic value of the parameter X2 of (75), and

C is a constant independent of P and P'. %

We now apply Green's theorem

f(UV2V- W2U)dP =   f[U(dV/dn) - V(dU/dn)]dS

* For references to the literature, see Hellinger-Toeplitz, Encyklopädie der Mathematischen

Wissenschaften, II C 13, 12, 13 (a).

f Hellinger-Toeplitz, loc. cit., 13 (b).

t An inequality of this type follows for n>2 without the use of the theory of integral equations

from the fact that G¡, G% are bounded, and by the use of Gn =/Gi Gn-tfU' for n>2. More precise asymp-

totic estimates may be developed for G„, of a nature similar to (20) in the one-dimensional case.
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to the functions/(P), Gi(P, P') (for a fixed P') over the region inside 5 and

outside a small sphere whose center is at P'; also to each pair of functions

vy(P), Gi(P, P'); V4/(P), G2(P, P'); • • • ; v*»/(P), Gn(P, P') over the same

region. Adding the resulting equations, and making use of (73), we find that

the sum of the volume integrands reduces to

-Gn(P, P')V2"+2/(P).

If we now let the small sphere shrink down to the point P', we see from the

analyticity of the functions d+[r2i~ï/(2i) !], that all the surface integrals over

the sphere approach zero with the exception of f(dGa/dn)fdS, which (as is

well known) approaches 47r/(P'). As regards the surface integrals over S,

one-half of them reduce to zero on account of (74). We thus get the formula

^f(F') =   £    fv2if(P.)(dGi(P.,P')/dn)dS
(77) M   Js

+      fGn(P, P')V2»+2f(P)dP.
J R

As is known, if S is sufficiently regular, so that the Dirichlet problem for

its interior R has a solution, there exists a function u(P') of class C" inside

S, continuous with its first derivatives at S, vanishing on S, and satisfying in

R the differential equation

V2u(P') = v(P'),

where v is an arbitrary continuous function. For 5 so restricted one may prove

by induction the existence and uniqueness of a function u„(P') of class C(2"+2)

in R, C(2n+1) at S, and such that

(78) V2n+2un(P') = v(P') in R,

(79) m„(P') = V2un(P') = • • • = v2"w(P') = 0 on S.

Suppose then that we put this function un(P') in place of f(P') in (77) ; all

the surface integrals vanish, and we get

4,r«n(P') =   ÍGn(P, P')v2n+2f(P)dP
Jr

=   (Gn(P,P')v(P)dP.
J R

Hence we conclude that the volume integral in (77) represents the function

that is determined by means of (78), (79) when v is replaced by A2n+2/. Con-

sequently the sum of the surface integrals in (77) represents a function pn sa-
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tisfying the conditions (71), (72). The uniqueness of pn also follows from

(77), provided that the uniqueness of the solution of (78), (79) is kept in

mind.

If in (77) we let « become infinite, we are led to consider the infinite series

representation (80) below; with regard to the validity of this representation,

we state

Theorem 13. In order that

(80) 4tt/(P') =   ¿2    [V2nf(P,)(dGn(P„ P')/dn)dS
n=0     JS

hold for P inside R, it is sufficient that the analytic function f be dominated by a

function
CVlX+C*!/+C3*,

where C, c,- are (positive) constants, and

Cx2 + Ci2 + ci  < p2,

p2 being the smallest value of X2 for which there exists in R a function u^O,

vanishing on the boundary S, and satisfying

V2« - X2« = 0

in R.

The proof of this theorem follows readily by applying (76) as well as the

inequality
| V2nM | < C'p2n

to the volume integral in (77) (the latter of the above inequalities holds for a

proper constant C for (x, y, z) in P). The volume integral is thus seen to

converge to zero uniformly over P. Moreover, under the conditions stated, it

may be shown that if the order of summation and integration in (80) be inter-

changed, the resulting summation in the integrand converges uniformly for

P' in R and P, over S; hence the integration may be carried out after the

summation.

A boundary value expression analogous to (80) may be established for an

arbitrary number of dimensions «. The singularity of the Green's functions

has to be properly modified, and the constant 4ir in the left hand.member of

(80) has to be replaced by the (« —l)-content of a unit (« —l)-sphere. It is

found that an increasingly large number of members of the sequence Go,

Gi, • • • fail to remain bounded.* As a result it is found that the details of

* The functions taking the place of r2i~1/(2i) ! in displaying the nature of the singularity of G„

at coincident P and P' are discussed in the author's paper On certain integrals over spheres, reported

to the Society in December, 1928.
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applying the Fredholm theory have to be modified with «. In the treatment of

the latter polynomials, it will be recalled that the independent variable was

allowed to range over the complex plane. Now a similar boundary value ex-

pression to the one considered could probably be given for the region outside

a surface S, but it would be of decided interest to generalize the formulas in

question to the complex domain, where, even for a real surface S, the distinc-

tion between the inside and the outside of S would dissolve, after the same

manner that the inside and outside of an interval get connected when the

interval is immersed in the complex plane.

For « = 1 the region R reduces to an interval (a, b), and the approxima-

tions pn become the polynomials P2„ of Part IL*

* It has been pointed out to the author that the results concerning the existence of roots of

certain exponential sums which have been above attributed to Pólya (see footnote, p. 303) had

been obtained at an earlier date by J. D. Tamarkin. For reference to the latter's treatment, as well

as for more complete discussion of zeros of exponential sums, see R. E. Langer, Bulletin of the

American Mathematical Society, April, 1931, pp. 213-239.
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