EFFECTS OF LINEAR TRANSFORMATIONS ON THE
DIVERGENCE OF BOUNDED SEQUENCES
AND FUNCTIONS*

BY
JOSEPH LEV

1. Introduction. The transformation

In = ZKn.ixi,
t=1
where {;} is a sequence of complex elements and the K, ; are complex
numbers, has been widely studied, and the conditions which must be ful-
filled by the K, in order that the property of convergence of the sequence
may remain invariant were given by Schur [1].1 In recent studies by Hur-
witz [2, 3] and Knopp [4] modes of measuring the divergence of bounded
sequences were given, and the conditions on the K, ; were found under which
the divergence of the sequence {y.} is no greater than that of {x.}.

In this paper the effects of the transformations will be investigated with
fewer restrictions on the K, ; than those imposed by earlier writers. The
problem will be approached by means of the new concept of the limit circle
defined as follows:

The limit circle of a bounded sequence of complex elements is the (unique)
circle of least radius which contains within or on its boundary the limit points
of the sequence.

The limit circle of a bounded function F(y) of the complex variable y as
y—¢ (finite or infinite) is analogously defined in terms of the limit points of
F(y) as y—¢; this concept will be used in the study of transformations of
sequences and functions into functions.

2. Sequence to function transformations. Instead of the transforma-
tion mentioned in the introduction we shall study the following more general
transformation S. Let T be a set of points in the complex plane having a
limit point #, (finite or infinite) not belonging to T. We shall speak of a point
tin T as being sufficiently advanced if for some §>0, |¢—t| <& when £ is
finite, or | 1/¢| <& when #is infinite. Then let K(¢) be a set of complex num-
bers defined fori=1, 2, - - -, and each ¢in T, and such that

* Presented to the Society, December 27, 1932; received by the editors November 15, 1932, and

after revision, May 17, 1933.
1 Here and below numbers in square brackets refer to the bibliography at the end of the paper.
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S: g = 2Kt
tam]
is defined for each ¢ in T. We shall refer to the limit points of g(¢) as ¢
simply as the limit points of g(#).
We shall now prove
THEOREM 2.1. Let {x.} be a bounded sequence of complex elements. If the
K (8) satisfy the conditions

(2.11) lim K(¢) = ki, for each i,
=t
(2.12) K| < M,
=1

for all sufficiently advanced t, M a constant, then the quantities o the center and
D the radius of the limit circle of the function Y ;K (),

A=a— Dk, B= Dk C= lir? sup 2| Ki(t) — ki
t=1 t=1 — e t=1
exist, and the limit points of g(t) lie in the circle of center H=Ah+B, and
radius R=Cr+D| k|, where k is the center and r the radius of the limit circle
of {x.}.
The existence of a, 4, B, C, D is easy to establish and the details will not
be given here. For the remainder of the proof write the inequality

Sk = Sha = b(a= Sr)| s SR~ k|20~ 4]
te=1 t==1 =]

tl

+ 3 KO - Kl |5 b+ 8] | SE0 - a

t=pt1

Choose ¢>0, and p so great that for all i>p|x;—h| <r+e. Then

g@) — gk;x; - h(a - gk;)

lim sup

=4

< o(1) + (r + ¢ lim sup i[K.-(t) — ki| +| k| - lim sup
1 =4

=4 [

iK((t) - a

and since the inequality holds for all >0, the theorem follows.
The remaining theorems of this section will be seen to be in part conse-
quences of Theorem 2.1. Notations already introduced will be freely used,
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and {x.} will be taken bounded throughout the discussion. In particular 4
and r will in'each case by taken to depend on {x.}.

Theorem 2.1 easily yields the sufficiency of the following theorem of
Schur [1].

THEOREM 2.2. I'n order that S may be such that lim, .., g(t) exists whenever
h=r=0, it is necessary and sufficient that the K(t) satisfy (2.11), and (2.12).

The theorem just stated can be generalized to

THEOREM 2.3. Let N be a real non-negative constant. In order that the limit
points of g(t) shall lie in a circle of radius N| k|, whenever r=0, it is necessary
and sufficient that the K (t) satisfy the conditions (2.11), (2.12), and DSN.

The sufficiency follows from Theorem 2.1, and the necessity of the first
two conditions from Theorem 2.2. For the necessity of the condition DN
we need only consider the special case x,=1 (n=1,2, - --).

To supplement Theorem 2.3 we can give the following theorem which
takes into account the position of the limit points of g(#).

THEOREM 2.4. Let N be a real non-negative constant. In order that S may be
such that the limit points of g(8) shall lie in a circle of center h and radius N| k|,
whenever r =0, it is necessary and sufficient that the K (t) satisfy the conditions
(2.11), (2.12), DN, k;=0, for all i, and a=1.

The proof readily follows from a consideration of Theorems 2.1 and 2.3,
and, for the necessity of the two last conditions, the sequences x;=0, 7577,
x;=1, and the sequence x;=1 (¢,7=1,2, - - -).

Obviously the special case N =0 yields the well known conditions for
regularity, namely the conditions under which lim,.., g(¢) =limn .. %n.

We shall now give two theorems which are concerned with divergent se-
quences.

THEOREM 2.5. Let Q be a real non-negative constant. In order that S may be
such that the limit points of g(t) shall lie in a circle of radius Qr whenever h=0,
it is mecessary and sufficient that the K () satisfy the conditions (2.11), (2.12),
and C=Q.

In the proof we encounter difficulty only in connection with establishing
necessity of the condition C <. We shall assume that (2.11) and (2.12) hold

and show that the remaining condition also holds.
Suppose on the contrary C>Q. Then for some A >0 we have

ilK,m — ki| > Q+ 5\

=1
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repeatedly as ¢ approaches #. There exists, therefore, a sequence {¢;} lying
entirely in the range for which (2.12) is satisfied, and such that lim,., ¢, =#;
and an increasing sequence of integers {#,} for which the following inequali-
ties hold:

np-1t1

2| Kity) — kil <N, | Kilty) — k| >0+ 52,
[ tm=]

K = kil <N X | Kilts) — k| > Q + 3.
gt tmng1+2

In the set K.(t,) —ki, #,1+2<i=<n,, there is surely one value K,(t,) —%,
which is not zero.

We now define a sequence having a limit circle of center zero and radius
one*

x; = (— 1)»1sgn [Ki(t,) — ki, #per + 2 S i S 1y,
%1 = (— 1)?sgn [K,(¢,) — k..

We shall establish the desired contradiction if we show that the limit
circle of

) = K
[ )

has a radius greater than Q. Write

) ] np-1+1 np L)
g(tp) - Ekixi = ( El + Z 2+ Z . )[K"(tp) - kt’]xf°
f=1 o= f=np_1+ t=npt

The first and third terms on the right are each less than X in absolute value,
and the real middle term is greater than Q+3\ for p odd and less than
—(Q+3\) for p even. Hence, writing R(z) =real part of z,

R [g(tp) - Zk.-x.-] >Q+\ podd,
f=]
< = (Q+N), p even,

and g(¢) has a limit circle of radius greater than Q, which completes the proof.

The conditions (2.11), (2.12), and C <Q, remain necessary but not suf-
ficient when Theorem 2.5 is written without the hypothesis #=0. We can,
however, state necessary and sufficient conditions if we restrict ourselves to
a consideration of conservative transformations, that is, those transformations

* We use the definition sgn (z) = |z |/2, 270, and sgn (2) =0, z=0.
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for which lim,., g() exists whenever lim,.. x. exists. The conditions for
conservatism are (2.11), (2.12), and D =0. Clearly in the conservative case,
the condition C <Q is necessary and sufficient for the limit points of g(f) to
lie in a circle of radius Qr. We can also take into account the position of the
limit points and state

TeEOREM 2.6. Let Q be a constant, Q = 1. In order that the conservative trans-
formation S may be such that the limit points of g(t) shall lie in a circle of radius

Qr and center h, whenever {x.} is bounded, it is necessary and sufficient that
S be regular, and that C=Q.

An example due to W. A. Hurwitz yields an interesting comparison be-
tween the work of this paper and that of Hurwitz and Knopp. Apply to the
sequence %,=w?", w®=1, the transformation defined by K,.:=(—1)"w’/3
(t=n,n+1,n+2),and K,,;=0,otherwise. The resulting sequence, g.=(—1)",
has its limit points within the limit circle of the original sequence as is to be
expected from our theory but the oscillation of {g.} is greater than that of
{2.} and one of its limit points lies outside the limit core of {x.}.

3. Function to function transformations. I. In the following let f(x) be a
complex function of the real variable x defined and integrable Lebesgue in
each interval ¢ Sx <x, <£, where #, is arbitrary and £ is finite or infinite.

We shall call the following the transformation S;. Choose a point set T’
as in the definition of .S, and a function K,(¢, x) defined for each ¢ in T, and
each z, e Sx<{, integrable Lebesgue in each interval ¢ Sx <z, <¢, for each ¢,
such that

£
St &) =f K (¢, s)f(s)ds

exists for each ¢ in T.
We shall now give without proof a theorem analogous to Theorem 2.1.

THEOREM 3.1. Let f(x) be bounded a<x<%t. If S is such that K\(t, x)
satisfies the conditions

3.11) lim I K@, s) — Ki(u, s)| ds=0,a = 2, <§

4,548 a

(3.12) fe | K.t 5) | ds < M,

a

for all sufficiently advanced t, M a constant, then the quantities o the center and
D, the radius of the limit circle of the function [SK\(t, s)ds,
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Al = a; — lim lim Kl(t, s)ds,

¢ =1 a

lim lim zKl(t, 5)f(s)ds,

x—¢ b a

B,

lim sup lim lim | Ki(t, s) — Ki(u, s) | ds

=t x—f u—ho a

Gy

exist, and the limit points of gi(t) lie in a circle of center Hy=A:h+B,, and
radius Ry=Ciwr+D:| k|, where k is the center and r the radius of the limit circle
of f(x).

The sufficiency of theorems analogous to those in §2 can easily be estab-
lished, but for a complete theory analogous to that in §2 we need the trans-
formations in the next section.

4. Function to function transformations. II. We shall call the following
transformation S;. Choose a function K,(¢, x) which has all the properties of
K.(¢, x) and the additional property that K;(¢, «) is continuous in #, uniformly
for all sufficiently advanced ¢, and all x, a<x<gq, where ¢ is an arbitrary
constant less than £. The transformation is then given by

&
Sy: galt) = f Ka(t, 9)f(s)ds.
We can establish ‘

THEOREM 4.1. Let f(x) be bounded, a<x<§. If 'S, is such that K¢, x)
satisfies the conditions
(4.11) lim Ka(t, x) = k(x), 8 S x < §,

=t

¢
(4.12) f | Koty s) | ds < M,

for all sufficiently advanced t, M a constant, then the quantities o, the center and
D; the radius of the limit circle of the function [*K,(, s)ds,

dy=ay — f CHs)ds, Ba= f k) 5)ds,

¢

C: = limsup f | Kaft, s) — k(s)| ds
—b a

exist, and the limit points of g(f) lie in a circle of center Hy=Ash+B,, and

radius Ry=Cor+Dy|h|, where h is the center and r the radius of the limit

circle of f(x).
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The proof of this theorem may be made to depend upon that of Theorem
3.1 by showing that k(x) is continuous ¢ <x<¢, that K,(¢, x) approaches
k(x) uniformly over a <x=gq, for arbitrary ¢ less than £, and that k(x) is
integrable over ¢ <x =£. The details will not be given here.

We can now state

THEOREM 4.2. In order that S; may be such that lim, .., g.(¢) exists whenever
h=r=0, it is necessary and sufficient that K,(t, x) satisfy the conditions (4.11)
and (4.12).

The sufficiency follows from Theorem 4.1. The necessity can be estab-
lished by using the methods of Silverman [5], and Schur [1]; and a considera-
tion of the fact that if f(x) is measurable e <x<b, then sgn f(x) is also
measurable in this interval.

The remaining analogues of the theorems in §2 can easily be stated and
proved by methods suggested in that section, and will not be given here.

5. Bounds of the sets of limit points. It is easy to see that in parts of our
discussion we can replace the limit circle by some other circle which contains
the limit points of the sequence or function. In particular we can replace it
by a circle with center at the origin and radius equal to the maximum of the
distances from the origin to the limit points. This radius which is a bound for
the set of limit points may be written in the case of sequences as lim sup,.,
|%.| . We can state

THEOREM 5.1. Let Q be a real non-negative constant. In order that

limsup | g() | < Qlimsup | %]
1—4 o

whenever {x,} is bounded, it is necessary and sufficient that the K(t) satisfy the

conditions (2.11), (2.12), C=Q, and k; =0, for all i.

For the proof of necessity consider Theorem 2.5 and, for the last condi-
tion, the sequence x;=0 (¢=1, 2,-- - ); and the sequences x;=1, x;=0,
i?éj (i)j=1) 2, - )

6. Application to series. We shall generalize some results due to Schur
[1] and Kojima [6].

Let the series wo+w1+we+ - - -, with partial sums W,, be the Cauchy
product of the two series #o+u1+u,+ - - -, and vo+vi+v.+ - - -, with
partial sums U, and V, respectively. We can write '

Wa = 'unVO + -4 uOVn,

which is a linear transformation on the sequence {V,}. If we suppose that
> | #a| converges and that {V.,} is bounded with limit circle of center 4 and
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radius 7 we can apply Theorem 2.1 to show that the limit points of {W.} lie
in a circle of center £Y u., and radius 7Y | u.|.

Now write Us=Y7_,A?_u;, where A=T(p+n+1)/[C(n+1)T'(p+1)]
and p=0. If the Cesiro transform of order p, Ci(u)=U%/A%, is bounded,
the series ) _u., is said to be bounded (C, ). Writing similar expressions for
the series Y v, and X_w, we get Wit =Y""_ VI .U? ¢=0, which may be
written

P+g+1 1

id p..q ¥
Cn  (w) = T DAV LCi(u).

=0

If we regard this expression as a linear transformation on the C}(x) we
get K, i=AVe_, /A2t (=0, 1, 2,---, n), Kn.;i=0 (i>n). Then sup-
posing that Y v, is bounded (C, ¢), we have |K. .| =A4%4%_;|Cui(v)]
JALY P < M /no+!, M a constant for all #, so that lim,., K. ;=0. Further-
more D t-o| Kni| <N, N a constant for all #, and > ;.oKn:=C2"""(2).
Hence if we call the center and radius of {C?(x)}, and {C?**"'(v)}, A,
14, and k., r,, respectively, we have

THEOREM 6.1. If D_u, is bounded (C, p) and Y _v, is bounded (C, q), p, 420,
then the sequence {C2Y" ' (w)} has its limit points in a circle of center h.hu,
and radius r.-1im supn.. X reod?| V| /A2 4y, | h|.

If we consider the two series D u, with partial sums s,, and J_cau, with
partial sums £, we get

= SO(CO - Cl) + -+ sn~1(5n—l - Cn) + SnCa.

On the basis of the assumptions that {s.} is bounded with limit circle of
center % and radius 7, and that 3 .| Cn—Cny1| converges, we can show by
means of Theorem 2.1 that the limit points of {f.} lie in a circle of center
hlim, . CatD ommo(Cn—Cat1)Sa, and radius 7-lim, .. ca).

Generalizations of the last result to the case when Y_u, is bounded (C, p)
for some >0 can easily be arrived at on the basis of the work of Schur [1]
and Kojima [6].
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