
SINGULAR QUADRATIC FUNCTIONALS*

BY

MARSTON MORSE AND WALTER LEIGHTON

Introduction. Singular quadratic functions of the type (1.1) have been

briefly investigated by Kemble [l ] in connection with Quantum Mechanics.

The results of Kemble are of a relatively restricted character. On the other

hand, Hardy, Littlewood, and Pólya,f in Chapter VII of [1 ] have studied

special examples of these functionals employing special methods. The de-

velopments of this paper apparently give a systematic approach to the prob-

lem of minimizing singular quadratic functionals of the type (1.1). In par-

ticular, the results obtained include and generalize Theorems (254) and (253)

of H.L.P. See Examples 9.2 and 12.1 of this paper.

The authors have admitted various classes of comparison curves. The re-

sults show in striking fashion how the existence of the minimum depends upon

the classes of curves admitted.

The problem requires a remodeling of the conjugate point theory and an

introduction of a new condition called the singularity condition. Lebesgue

integrals or their extensions are used throughout. The results of this paper

will be applied to extend the theory of characteristic roots and solutions of

the related boundary problems.

I.   ONE SINGULAR END POINT

1. The functional. We consider a function

(1.1) fix, y, y') = rix)y'2 + 2q(x)yy' + pix)y2,

where r, q, and p are single-valued, continuous functions of the real variable

x on the open intervalj (0, d) and r is positive. We choose a constant b on

the interval (0, d) and consider the functional

(1.2) Jiy)    =\   fix,y,y')dx (0 < e < b < d).

* Presented to the Society, April 11, 1936; received by the editors December 7, 1935.

f We shall refer to these authors as H.L.P.

} In designating intervals it will be convenient to use the conventions:

[o, b] means the interval aái£6,

(a, b] means the interval a<x¿b,

(a, b) means the interval a<x<b,

[a, b) means the interval a^x<b.

252
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We shall term y(x) and the curve y = y(x) ^-admissible on [0, ft] if

1. y(x) is continuous on [0, ft] and y(0) =y(ft) =0;

2. y(x) is absolutely continuous and y'2(x) is in L on each closed sub-

interval of (0, ft].

On an A -admissible curve y'2 will not in general be in L on [0, ft]. For ex-

ample,

y =   x1/2 COS X

is A -admissible on [0, tt] but y'2 is not in L on this interval. Our 4-admissible

functions y(x) are thus less restricted than the admissible functions of

H.L.P.*

Observe that the segment [0, ft] of the x-axis is A -admissible and that

on this segment /=0. We shall seek conditions under which

(1.3) lim inf   I   fix, y, y')dx ^ 0 (x > 0). t

If (1.3) holds for a given class of curves y = yix) we shall say that [0, ft]

affords a minimum limit to / among curves of the given class. This minimum

limit will be termed proper if the equality sign in (1.3) holds at most when

y=0.
As we shall see in later sections there are functionals / and intervals

[0, ft] such that [0, ft] does not afford a minimum limit to / among A -admissi-

ble curves, but such that [0, ft] does afford a minimum limit to / if the class

of A -admissible curves be further restricted. This fact is particularly impor-

tant in the cases where the Euler equations have a regular singular point at

x = 0.

2. Conjugate points. We seek the analogue of the Jacobi condition. Clas-

sical definitions however of the point conjugate to a given point P break

down in case P is the point (0, 0) and the theory of conjugate points requires

additional development.

We begin with the Euler equation (written E.E.)

(2.1) — iry' + qy) - iqy'+ py) = 0.
dx

In general the E.E. is singular at x=0. If «(*) is a solution of the E.E. of

class C2 on (0, d), we shall term the curve y = w(x) an extremal.

We come to the definition of the first conjugate point of x = 0. Let x = a

* Hardy, Littlewood, and Pólya [l], Chapter VII.

t This restriction will be understood in the future.
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be a point on (0, b) and x(a) the first conjugate point of x = a following x = a

on the interval (a, d), if this conjugate point exists. If x(a) exists for a value

a = ax, it also exists for 0 <a <aj and decreases with a; the first conjugate point

x=a of x = 0 on [0, d) is then defined as the limit of x(a) as a tends to zero.

If x(a) exists for no value of a on (0, b), x = 0 will be said to have no conjugate

point on [0, d). The first conjugate point of x=0 may coincide with x = 0 as

we shall see in §7.

We shall prove the following theorem.

Theorem 2.1. If the first conjugate point x = a of x = 0 exists and a^O,

there exists a solution m(x) of thelL.Ti. stich that «(a) =0 and m(x) >0 on (0, a).

// there is no point on [0, d) conjugate to x = 0, there exists a solution zj(x) >0

on i0, d).

It is sufficient to take w(x) in the theorem as the solution for which

uia) = 0, u'ia) = - 1.

To determine a solution d(x) which satisfies the theorem let a and b be

two numbers such that 0<a<b<d and let y(x, a) be a solution such that

yia, a) = 0, yib, a) = 1.

Observe that y'ib, a) decreases as a decreases and tends to a limit X as a tends

to zero. The solution d(x) such that

vib) = l, v'ib)=X,

satisfies the theorem.

We seek to determine the first conjugate point of x = 0 in terms of solu-

tions of the E.E. characterized neighboring x =0. We begin with the following

lemma.

Lemma 2.1. // there exist linearly independent solutions w(x), vix) of the

E.E. for which

\—/ —    . . i
x=0  V(X)

where k is a finite constant, the solution

(2.3) w(x) = m(x) — kvix)

has the following properties.

If yix) is a solution of the E.E. which is linearly independent of w(x),

wix)
(2.4) lim- = 0

z=o yix)
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and

w'(x)      y'(x)

(2.5) ——--^^->0
«/(*)        yix)

for sufficiently small positive values of x.

Observe that

wix)
(2.6) lim-— = 0,

x=0   V{X)

so that w(x) and v(x) are linearly independent. Any solution y(x) linearly in-

dependent of wix) can be represented in the form

yix) = Ciw(x) + c2vix) (c2 9a 0),

and it follows from (2.6) that (2.4) holds as stated.

To establish (2.5) write the left member of (2.5) in the form

w'      c\w' + c2v'       c2iw'v — wv')        1  /c2v\ / v \2 d / u
(2.7)-«-= —(_( — )—( —

w        C\iv + c2v wy 2 \ y / \w / dx\ v

The first parenthesis in (2.7) tends to one as x tends to zero. Moreover for x

sufficiently small and positive

d /w \2       /w \ w'v —

lx\v / \ V /        v2

d /w \2        /w \ w'v — wv'

a a

since the solutions w{x) and v(x) are independent. It follows from (2.6) that

d (w \2

dx\

w V
-)>0
v /

for x sufficiently small and positive.

The proof of the lemma is complete.

We continue with the two following lemmas.

Lemma 2.2. // the solution wix) in the preceding lemma has a first positive

zero x = c, any solution yix) which is independent of wix) vanishes on (0, c).

The solutions w(x) and y(x) satisfy (2.5) for * sufficiently small and posi-

tive. The lemma follows at once from a Sturm comparison theorem.

Lemma 2.3. If x—0 is not its own first conjugate point, the ratio u/v of any

two linearly independent solutions tends to a finite limit or becomes infinite as x

tends to zero.

The lemma follows at once upon computing the derivative of u/v.
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The preceding lemmas lead to the following theorem.

Theorem 2.2. If x = 0 is not its own first conjugate point, there exists a

solution wix)f¿0 such that for each solution yix) independent of w(x)

w(x)
(2.8) lim-= 0.

*=o yix)

Any solution with this property of wix) is linearly dependent on w(x).

The first conjugate point of x = 0, if it exists, is the first positive zero of wix),

and the first positive zero of wix), if it exists, is the first conjugate point of x = 0.

We see from Lemma 2.3 that there exist two linearly independent solu-

tions u and v such that the ratio u/v tends to a finite limit, as x tends to zero.

It follows from Lemma 2.1 that there exists a solution wix) for which (2.8)

holds for each solution yix) independent of wix), and it follows from (2.8)

that the only solutions with this property of wix) are dependent on wix).

It remains to prove the two concluding statements in the theorem.

Suppose that x = a is a first conjugate point on (0, b] of x = 0. It follows

from the definition of a conjugate point and from the Sturm Separation Theo-

rem* that wix) vanishes on (0, a]. But according to Theorem 2.1 there exists

a solution w(x) which vanishes at x = a but is positive on (0, a). It follows

from Lemma 2.2 that wix) ^0 on (0, a), for otherwise m(x) would vanish on

(0, a). Hence w(a) =0, and we have shown that the first conjugate point of

x=0, if it exists, is the first positive zero of wix).

Suppose finally that c is a first zero of wix) on (0, d). Let z(x) be a solution

such that z(x)^0 and z(a)=0 where c<a<d. If a differs from c sufficiently

little, z(x) will be independent of w(x) and by virtue of Lemma 2.2 must

vanish on (0, c). It follows from the definition of the first conjugate point of

x = 0 that x = 0 possesses a first conjugate point x = a. According to the result

of the preceding paragraph c = a, and we have shown that the first positive

zero of wix), if it exists, is the first conjugate point of x =0.

The proof of the theorem is complete.

A solution wix) féO of the E.E. such that for each solution yix) independent

of wix),
wix)

lim —- = 0
x=o yix)

will be called a focal solution belonging to x = 0.

As we have seen when x = 0 is not its own first conjugate point, the first

»SeeBôcher [l].
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positive zero of a focal solution is identical with the first conjugate point of

x = 0.

We can now establish the analogue of the Jacobi necessary condition.

Theorem 2.3. If [0, ft] affords a minimum limit to J among A-admissible

curves, there can be no point conjugate to x =0 on the interval [0, ft).

Suppose x = a on [0, ft) is the first conjugate point of x = 0. By virtue of

the definition of such a conjugate point there will exist a solution »(*) ^0 of

the E.E. which vanishes at least twice on (0, ft), say at x = x0 and x = *1( where

0 < x0 < xi < ft.

But [x0, ft] affords a minimum to J among neighboring curves of class D1

which join its end points. Hence a point x = xj. conjugate to x = x0 cannot exist

on (*0, ft).

The theorem follows at once.

3. The Hubert integral, t Suppose there is no point conjugate to x = 0 on

[0, ft). The solution w(x) such that

w(b) = 0, w'ib) = - 1,

will not vanish on (0, ft). The family of extremals

(3.1) y = awix) (a constant)

will form a field in the region 5 of the xy-plane for which 0 <x<b. The slope

X(x, y) of the extremal of the field through the point (x, y) is given by the

equation

IV ( CC}

(3.2) Hx,y) = y—- (0<x<ft).
w(x)

The Hilbert integral corresponding to the field (3.1) is a line integral of

the form

Í3.3) H = j [fix, y, X) - XfAx, y, X)]d* +/,-(*, y, \)dy,

where X=X(x, y). The equation (3.1) determines a transformation from the

variables x, y to variables x, a. For x,yonS this transformation is one-to-one.

In terms of x, a the Hilbert integral takes the form

= J   A(x, a)(3.4) H* =   I A(x, a)dx + B(x, a)da,

f For a treatment of the Hilbert integral for non-singular functionals see Morse [l], p. 13 ff.



258 MARSTON MORSE AND WALTER LEIGHTON [September

where

A(x, a) = f[x, awix), aw'ix)],

Bix, a) = wix)fyi[x, awix), aw'ix)].

When /is given by (1.1), the line integral (3.4) reduces to

(3.5)        H* —   I  a2irw'2 + 2qww' + pw2)dx + 2airww' + qw2)da.

Let S* denote the region of the xa-plane in which 0 <x <b. Equation (3.1)

defines a one-to-one transformation of S* into 5. Let S* be the point set

sum of S* and the line x = b in the xa-plane. Under the transformation (3.1)

every point (x, a) of the line x = b is carried into the point (&, 0) of the xy-

plane.

The functions ^4(x, a) and J5(x, a) are continuous in x and a for (x, a)

on S* and, as is well known (cf. Morse [l], p. 13 ff), there exists a function

Kix, a) of class C1 in x, a on S* such that

dK = Adx + Bda.

Let 7 be a continuous curve on S* in the xa-plane of the form

x = xit), a = ait) ihS t ^ t2).

If y is rectifiable, the line integral (3.5) along y exists as a Lebesgue line in-

tegral, f If further x(<) and ait) are absolutely continuous, this line integral

equals the Lebesgue integral

/"2 (    r T dx . . da)
\A [xit), ait)} — + B[xit), ait)] —\dt.

i1   \ dt dt)

Moreover H* is independent of paths y joining two fixed points in S* pro-

vided xit) and ait) are absolutely continuous. For

dK dx da
-= A-h B —
dt dt dt

almost everywhere on y, and since K [xit), ait) ] is absolutely continuous in t,

K[xit), ait)]    = \A—+B—dt=\  Adx + Bda.
¡1      -It,   L     dt dtj Jy

Thus along a curve y for which x(i) and ait) are absolutely continuous and

0<x¿¡¿>, the line integral H* given by (3.5) depends only on the end points of y.

t de la Vallée Poussin [l],p.383.
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Referring to (3.5) we see that for ft fixed

Bib, a) = 0.

It follows that

(3.6) K(b,a) = K(b,0).

Thus for curves y which start as a fixed point P on S* and terminate at an

arbitrary point Q on the line x = ft, the value of H* is independent of Q.

When interpreted in terms of the integral H in the xy-plane, the foregoing

theory yields the following.

Let Sb be the point set sum of 5 and the point (ft, 0) in the xy-plane. Under

the transformation (3.1) S* goes into Sb. Let g be a curve on Sb of the form

x = *(/), y = yit) ih^t ^ t2),

where x(t) and y(t) are absolutely continuous. If g lies on S, the Hilbert in-

tegral exists and depends only on the end points of g. If g terminates at the

point (ft, 0), H still exists and depends only on its first end point provided

w[x(t)]

is bounded as t tends to t2. This follows from (3.6) and the continuity of

K(x,a).

An extension of the Weierstrass formula. Let y(x)   be  an  A -admissible

curve and u{x) a solution of the E.E. not null neighboring x = 0. Set

y2
(3.7) S[y, u) =-iru' + qu).

u

If, in particular, «(*) is a solution which vanishes at x = ft but is not identi-

cally null, we set

S[y, u] = s[y, ft],

observing that S[y, u] does not depend upon the particular choice of a non-

null solution «(*) which vanishes at x = ft. We term s[y, ft] the singularity

function belonging to x = ft.

Upon recalling the definition of the Weierstrass -E-functionf one finds that

for our functional J,

E[x, J, K m] = r(x)(\ - p.)2.

We are ready for the following extension of the Weierstrass formula.

f Morse [l], p. 5.



260 MARSTON MORSE AND WALTER LEIGHTON [September

Theorem 3.1. If yix) is A-admissible on [0, b] and of class C1 neighboring

x = b, if there is no point conjugate to x=0 on [0, b), then

16 /» 6

(3.8)  Jiy)\   =   I   E[x,yix),y'ix),pix,yix))]dx + s[yie),b],      (0<e<e),
le        " e

where pix, y) is the slope at the point (x, y) of the field F of extremals through the

point x — b.

We set up the Hubert integral H for the field F. Let g denote the curve

y — y(x) of the theorem. By virtue of the fact that g is of class C1 neighboring

x = b, H exists as a line integral when taken along g from x = e to x = b. Let

the value of H when taken along g from x = e to x = b be denoted by Hy | .

Recalling the definition of the Weierstrass ^-function, one then sees that

Jiy)
/.

£<¿X   +    Hy

where the arguments are those of (3.8). We shall prove that

(3.9) H. = s[yie), b].

Let 5 denote the line x = e. To establish (3.8) we consider the closed curve

obtained by following 5 from y = 0 to y = yie), the curve y = yix) from x=e

to x = b, and finally the x-axis from x = b to x = e. Taking the Hubert integral

H along this closed curve we find that

(3.10) Hs

v=y(e)

+    Hy
B-0

= 0.

But upon turning to the explicit definition of H we see that

|i/(e)       rvM   rw' + qw

(3.11) Hs

vie) /• y

0 •'O

ydy = - s[yie), b].

Equation (3.9) is a consequence of (3.10) and (3.11), and (3.8) is proved.

4. The singularity condition. The following example will show the in-

adequacy of the classical conditions.

Example 4.1. Consider the functional

J e  \ X x3/

The Euler equation is
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f(-)lx\x / Xo

and possesses the linearly independent solutions x and x log x. The solution x

is a "focal solution" belonging to x = 0, so that x = 0 has no first conjugate

point in the sense of §2. Except for the singularity at x = 0, the analogues of

the ordinary conditions that the segment [0, 1 ] afford a minimum limit to /

are satisfied. Nevertheless an easy computation shows that along the curve

y = x(x —1),

lim Jiy)
«=o

The minimum limit thus fails to exist along [0, 1 ]. We are accordingly led

to seek further necessary and sufficient conditions for a minimum.

The following theorem introduces a new and important necessary condi-

tion.

Theorem 4.1. In order that [0, ft] furnish a minimum limit to J, it is neces-

sary that

(4.0) lim inf s[yix), ft] ïï 0
x=0

for each A-admissible curve for which

(4.1) lim inf Jiy)
«=o

is finite.

We shall first prove the theorem for the case in which y(x) is of class C1

neighboring x = ft, making this assumption in order that Theorem 3.1 may

be applied. Theorem 4.1 will then follow for an arbitrary ^-admissible curve

g joining the end points of [0, ft], since g can be replaced by an A -admissible

curve of class C1 neighboring x = ft without altering g except in the neighbor-

hood of x = ft.

We suppose that the limit (4.1) is finite for the given curve y=yix). There

accordingly exists a decreasing sequence of constants en such that

lim en = 0 (0 < en < ft)

and

lim inf Jiy)
e=0

= lim Jiy)
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We set y(en) =cn and let g„ denote the curve obtained by following an ex-

tremal from the point (ft, 0) to the point (e„, c„) and the curve y = yix) from

(en, cn) to (0, 0). We apply (3.8) to g„ indicating the evaluation of / along gn

by adding the subscript ». We see that

(4.2) /„

But gn is A -admissible so that

= s[cn, b].

/„ + Hm Jiy) > 0 (r>0).
e*+r

Upon letting « become infinite we infer that

l»
lim /. è 0.

Combining this result with (4.2) we see that

(4.2)' lim s[cn, b] £ 0.
n— w

We shall conclude the proof of the theorem by showing that

(4.3) lim s[c„, ft]  = lim inf s[y(x), ft].

To that end we apply (3.8) to the curve y = y(x) setting e = en. We fina that

(4.4) lim    f Edx

exists and is finite. From the fact that £^0we infer that

(4.5) im  I
e=0 J„
Km I    Edx

exists, is finite, and equals the limit (4.4). Because of the finiteness of these

limits, (3.8) yields the relations

lim inf Jiy)
e = 0

lim Jiy)

6 n b

= lim Edx + lim inf s[y(e), ft],
e e=0 J e «=0

b pb

= lim Edx -f- lim s[cn, ft],
g e=0 */ e n= so

from which (4.3) follows as stated.

Condition (4.0) is a consequence of (4.2) and (4.3), and the proof is com-

plete.
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Example 4.2. The condition (4.1) is independent of the analogues of the

classical Jacobi and Weierstrass conditions. For in the example at the begin-

ning of this section the point x = 0 has no conjugate point, and the Weierstrass

condition holds on (0, b] since r(x) >0 on (0, b].

Let g denote the curve y = x(x — 1). The curve g is A -admissible on [0, 1 ].

Moreover the limit (4.1) is finite along g. Observe that x log x is a solution

m(x) of the E.E. which vanishes when x = l, and that when y = x(x —1),

»' (1+logx)
sb, 1J " - r — y2 =-■-(x - l)2.

u log X

We see that

lim s[yix), l] = - 1,
x = 0

so that the condition is not satisfied.

Example 4.3. The provision in the theorem that the limit (4.1) be finite

cannot be removed as an examination of the functional

/.
iy'2 — y2)dx

will show.

It is clear that the limit (4.1) is not finite for the curve y = x1/2(x — ir). The

singularity function belonging to x =tt takes the form

siy; "■] = ~~ y2 c°t x.

Moreover y = x1/2(x—7t) is an ^4-admissible curve g for which

lim s[yix), x] = — 7T2,
x = 0

so that (4.0) is not satisfied. Nevertheless we shall see in the next section that

[0, w] affords a minimum limit for this functional.

The condition of Theorem 4.1 that (4.0) hold for each A -admissible curve

for which the limit (4.1) is not +°o will be termed the singularity condition

belonging to the segment [0, b].

5. Sufficient conditions. Let a and b be two constants such that

0<a<b<d, and let g be an arbitrary extremal y = gix) defined on the in-

terval a^x^b. Let y = zix) be an absolutely continuous curve which joins

the end points of g and on which z'2 is in L.

If there is no point conjugate to x = a on [a, b],

(5.1) /«    ^Jig)   .
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The proof of (5.1) follows classical lines. One covers g with a field F of

extremals without singularity neighboring g, and makes use of the Hilbert

integral theory as extended in §3. The proof of (5.1) is then completed in the

usual way.

We turn to the question of the equality in (5.1). Let pix, y) be the slope of

F at the point (x, y). The classical formula of Weierstrass

> b

AJ =   I    Edx-I
holds and shows that the equality in (5.1) prevails only if

dz
(5.2) — = #[*,*(*)]

dx

almost everywhere on  [a, ft]. But z(x) is absolutely continuous so that it

follows from (5.2) that

z(x) — zia) =        p[x, zix)]dx.

We infer that z(x) is of class C1. Returning to (5.2) we see that z = zix) must

then be an extremal of F and hence identical with g.

We come to a principal theorem.

Theorem 5.1. Necessary and sufficient conditions that [0, ft] afford a mini-

mum limit to J are that [0, ft) contain no point conjugate to x = 0, and that the

singularity condition belonging to [0, ft] be satisfied.

That the conditions of the theorem are necessary has already been estab-

lished.

To prove the conditions of the theorem sufficient we shall begin with an

A -admissible curve y = yix) of class C1 neighboring x = ft and prove that

(5.3) lim inf Jiy)
e=0

> 0.

The relation (5.3) will then follow for an A -admissible curve h not of class C1

neighboring x = ft. For one can replace a segment of h terminating at x = ft on

which x varies sufficiently little by an extremal joining its end points, obtain-

ing thereby a new curve k of class C1. Moreover it follows from (5.1) that

Jih) I  ^ Jik) I ,

since there is no point conjugate to x = ft on the interval on which h is altered.
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But in case yix) is of class C1 neighboring x = b we can use formula (3.8) and

infer that (5.3) holds.

The proof of the theorem is complete.

The following theorem is of importance in the applications.

Theorem 5.2. If for every value of c for which 0<c<b, and for every curve k

which is A-admissible on [0, b],

lim inf Jik)
e=0

^ 0,

then [0,b] will afford a minimum limit to J along curves which are A-admissible

on [0,6].

Let A and B be the end points of [0, b] and let g be an A -admissible curve

which joins A to B. Let P be a point on g near B but not B. Let h be an ex-

tremal which joins P to B. If P is sufficiently near B, h will afford a minimum

to J among A -admissible curves which join its end points. Let 7 be a curve

which follows g from A to P and h from P to B. Holding P fast let 7 be

altered by replacing B by a point (c, 0) on the x-axis near B with 0 <c <b and

replacing h by an extremal joining P to (c, 0). For the resulting curve p.,

(5.4) lim inf Jip)
e=0

> 0

by hypothesis. If the limit (5.4) is finite, we see that

lim   lim inf /(p.)
c=b e=0

= lim inf Jiy)
e=0

> 0.

If the limit (5.4) is + 00, we see that

lim inf Jiy) =  + oo

The theorem follows readily.

In the following theorem and proof each inferior limit is an inferior limit

as x tends to zero.

Theorem 5.3. If [0, e] affords a minimum limit to J for any sufficiently

small positive constant e, and if there exists a solution w(x) of the E.E. for which

the lim inf w(x) 5^0, / assumes a minimum limit on any interval [0, b] such that

[0, b) contains no point conjugate to x = 0.

Let wix) be a focal solution. We begin the proof by establishing state-

ments (a) and (b).
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(a) // !)(*) is a solution of the E.E. independent of wix), lim inf v(x) ¿¿0.

If lim inf wix) =0, (a) is true, for otherwise lim inf w(x) would be null. If

lim inf wix) p^O, lim inf v(x) must be infinite since lim w/v = 0. Thus (a) is true

in all cases.

(b) If yix) is A-admissible, lim inf Jiy) | x is finite, and v{x) is independent

of wix), then

(5.5) liminf 5[y(*), t>(*)] ̂  0.

If the constant e is sufficiently small, the solution z(x) for which

z(e) = 0, z'ie) = - 1

will have a non-null inferior limit. Since [0, e] affords a minimum limit to /,

(5.6) lim inf S[?(*),«(*)] ^ 0

by virtue of Theorem 4.1. But

(5.7) S[y, v] - S[y, z] = — [z'v - v'z] = — ,
zv zv

where k is a constant. Now lim inf v(x) ^0 by virtue of (a), and it follows from

(5.7) that

(5.8) lim inf S[y, v] = lim inf S[y, z].

Statement (b) follows from (5.6) and (5.8).

Theorem 5.1 now shows that [0, ft] affords a minimum limit to J provided

x = 0 is not conjugate to x = ft. That the theorem is valid in case x = 0 is con-

jugate to x = ft follows from Theorem 5.2, and the proof is complete.

Example 4.2 shows that statement (b) is false if the phrase av(x) is inde-

pendent of wix)" is deleted.

We introduce the following theorem.

Theorem 5.4. If p^0 neighboring x = 0, if q=0, and if there is no point on

[0,6) conjugate to x = 0,J assumes a minimum limit on [0, ft] among A-admissi-

ble curves.

Let e be a positive constant such that p ^0 on (0, e). Let m(x) be a solution

of the E.E. such that w(e) =0 and «(*) >0 on (0, e). Observe that

/(«) = - r(x)w(x)w'(x) > 0.

Hence «'(*) <0 on (0, e) and lim inf m(x);¿0. We infer that (5.5) holds as

stated. The theorem then follows from Theorem 5.3.
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We conclude with the following theorem.

Theorem 5.5. The minimum limits affirmed to exist in Theorems 5.3 and

5.4 are proper unless x = b is a conjugate point of x=0. If x — b is a conjugate

point of x = 0, the minimum limits may be proper or improper.

Suppose x = b is not conjugate to x = 0. Under the hypotheses of the pre-

ceding theorems if b<c<d, and c differs sufficiently little from b, the func-

tional / will assume a minimum limit on [0, c] among curves which are ^-ad-

missible on [0, c]. A curve y = w(x) which is A -admissible on [0, b] and which

gives a null inferior limit to J must be an extremal. A curve g which follows

y = u (x) from x = 0 to x = b and the x-axis from x = b to x = c will be A -admissi-

ble on [0, c] and give a null inferior limit to /. The curve g must then be an

extremal. This is possible only if w(x) = 0. Hence [0, b] affords a proper mini-

mum limit to / unless x = b is conjugate to x = 0, and the proof is complete.

The segment [0, x] of the x-axis furnishes an improper minimum limit

to the integral

f  (/' - y2)dx.

On the other hand we shall see in §8 that there are examples in which x = b

is conjugate to x = 0 and [0, b] furnishes a proper minimum limit to /.

II.   ONE SINGULAR END POINT; REGULAR CASE

6. The integral. Part II will be devoted to the study of integrals of the

form

(6.1) I    [x°g(x)/2 - x«-2hix)y2]dx.
J e

Here a is any real number, g(x) and ä(x) are real analytic functions of x on

the interval [0, d), and g>0 on this interval. The corresponding E.E. may

be given the form

(6.2) x2gy" + xiag + xg')y' + hy = 0.

It will be observed that x = 0 is a regular* singular point of this differential

equation.

Conversely, any differential equation of the form

(6.3) x2A(x)y" + xp(x)/ + vix)y = 0

* Most standard works on ordinary differential equations give a treatment of the regular singular

point which is based on the methods of J. Frobenius. G. D. Birkhoff [l ] gives an alternative simplified

treatment of this question.
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in which X, p., v are real and analytic on [0, d), and X is positive on [0, d),

after multiplication by the factor

. SÍ«)
(6.4)

where

(6.5)

X(*)

^ _ m(0)

X(0)

becomes the E.E. of an integral of the form (6.1) in which a and g are defined

by (6.5) and

■?(*)"(*)
h(x) =-

X(x)

With the equation (6.2) one associates the so-called indicial equation

(6.6) p2-p(1 -a)+ 0-0,

where

,-ü!».

{(0)

The roots a and t of (6.6) are called indicial roots associated with the point

x = 0. They satisfy the relations

a + t = 1 — a,
(6'7)

0T   =   p.

When a and r are real, we shall suppose that

<r ^ t .

As is well known,* there exist two linearly independent solutions w(x) and

vix) of (6.2) of the respective forms

wix) = x"a(x),
(6.8)

vix) = xTft(x) + cw(x) log x, (0 < x < d),

where a(x) and ft(x) are analytic in x on [0, d),

a(0)-ft(0) ?ä 0,

* See, for example, Bieberbach [l], p. 214.
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and c is a constant. If ct—t is not an integer, c = 0, and if <t = t, c^O. If a— r

is an integer ¿¿0, c may or may not be zero depending on the differential

equation.

Two cases arise according as the indicial roots are real or imaginary. Sup-

pose the roots are of the form k + hi where k and h are real and h^O. The dif-

ference

<r — t = + 2hi

is not an integer so that c = 0. The solutions (6.8) may then be replaced by

the linearly independent solutions

Wix) = x*[yl(x) cos log xh + J3(x) sin log xh],

(6.9)
F(x) = xk[Bix) cos log xh — Aix) sin log at*],     (0 < x < d),

where A(x) and 5(x) are real and analytic on [0, d) with

(6.10) A2i0) + B2i0) ¿¿0.

7. Focal solutions and the singularity function. We shall prove the fol-

lowing theorem.

Theorem 7.1. A necessary and sufficient condition that x = 0 be its own first

conjugate point is that the indicial roots be imaginary.

If the roots are imaginary, a solution of the E.E. is given by Wix) in

(6.9). Since Wix) vanishes infinitely often near x = 0, x = 0 must be its own

first conjugate point. On the other hand", if the exponents of a and t are real,

wix) in (6.8) gives a solution which vanishes near x = 0 for no positive value

of x so that in this case x = 0 cannot be its own first conjugate point.

The proof of the theorem is complete.

We continue with the following theorem.

Theorem 7.2. If the indicial roots are real and g^t, the solution w = x"aix)

of (6.8) is a focal solution of the E.E. and the conjugate points of x = 0 are the

zeros of aix).

In terms of the solutions w(x) and v{x) of (6.8) we see that

wix)
lim—^ = 0.
i=o vix)

If then y(x) is any solution independent of wix),

wix)
lim—- = 0,
x=o yix)
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so that wix) is a focal solution of the E.E. That the conjugate points of x = 0

are the zeros of a(x) follows from Theorem 2.2.

We shall next verify three formulas useful in the evaluation of the singu-

larity function s[y, ft] defined in §4. These formulas concern the solutions

wix) and v(x) of (6.8) together with any solution w(x) of the form

U = C\W + C2V (C2 9e 0).

These formulas are as follows:

w'       1
(7.1) _._[<r+j,(1)]i

w       x

(7.2)-[r + *(l)J,
v        x

(7.3) !L_±[T+ <,(!)].
M X

Formula (7.1) is verified at once.

To establish (7.2) observe that

v'        1 T        xft'(x) + ckix) + cxk'ix) log x"|
(7.4) — = —   r + ——-—-    - 6       ,

v        x L ft(«) + ckix) log X J

where
kix) = xff_Ta(x).

Upon separating the cases c¿(0)=0 and c¿(0)5¿0, (7.2) appears as a conse-

quence of (7.4).

Finally we see that
w'  w v'

, t ,     C1-l~ °2 —
U C\W   + c2v W    V V

(7.5) _--!-^- =-
M     CiW + C2V W

C\-Y c2
V

Formula (7.3) follows from (7.5) upon making use of (7.1) and (7.2) together

with the fact that w/v tends to zero as x tends to zero.

8. Sufficient conditions in the regular singular case. We consider the func-

tional

(8.0) J =  j   [gix)xay'2 - hix)xa~2y2]dx

of §6 excluding the trivial case hix)=0. We are concerned with conditions

that [0, ft] afford a minimum limit to /.
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The exponent m. It will be convenient to rewrite / in the form

(8.1) J =   f [gix)x"y'2 - kix)xm~2y2]dx,

where ß(x) is analytic on the interval [0, d) and &(0)?¿0. We see that m^a.

Besides the conjugate point condition our sufficient conditions will in-

volve the sign of ¿(0) and the exponent m. To distinguish between proper

and improper minima we shall need the roots a and r. Recall that <x and r

are the roots of the equation

(8.2) P2-p(1 -a) +ß = 0

with a ^ t by convention when the roots are real.

We shall make use of the following lemma.

Lemma 8.1. If yix) is A-admissible and x"y'2(x) is in L on [0, b], xa_1y2(x)

tends to zero as a limit as x tends to zero.

The lemma is trivial if a ^ 1. Suppose then that a < 1. Let e and x be so

chosen that 0<e<x<i. We note that

H;j-[/>.j
Upon using the Schwartz inequality we find that

r     i1i2  r cx ~i2    cxdx rx
yix) =      I     x-"i2ix"i2y')dx    ^    I    — I     x"y'2dx.

If we let e tend to zero as a limit, this relation leads to the inequality

(1 — a)x"-1y2ix) ^   I     xay'2ix)dx,
Jo

from which the lemma follows as stated.

We continue with the following lemma.

Lemma 8.2. If yix) is A-admissible and x°y'2(x) is in L on [0, b], and if

the indicial roots are real,

lim S[yix), m(x)] = 0
x=0

for every A-admissible curve y = yix) and solution m(x)^0.

Upon referring to the definition of the singularity function and making

use of (7.1), (7.2), and (7.3) we see that

I S[y(x), uix)] | ^ x"-1v2(x)0(l).
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Lemma 8.2 follows from Lemma 8.1.

We come to a principal theorem.

Theorem 8.1. Necessary and sufficient conditions that [0, ft] afford a mini-

mum limit to J among A-admissible curves are that [0, ft) contain no point con-

jugate to x = 0 and that m>\ whenever &(0)>0.

We have already proved that it is necessary that [0, ft) contain no point

conjugate to x = 0.

That the conditions of the theorem are sufficient when ß(0)<0 follows

from Theorems 5.4 and 2.3.

The case m¿í, ¿(0) >0. We shall show that [0, ft) fails to afford a mini-

mum limit to / in this case. Observe that the term in / of the form

(8.3) -   f  kix)xm-2y2dx
•I X

will decrease without limit on a curve of the form y = constant ^0, as x tends

to zero.

An A -admissible curve g for which

(8.4) lim Jig)
e=0

<   -   1

can accordingly be constructed from an infinite succession of straight line

segments
go, gi, gi, ■ • ■

as follows. We suppose go terminates at the point (ft, 0), has the slope — 1

and a length equal to ft. Let (a„, ft„) denote the initial point of gn and suppose

that 0<a„<o;„_i. For » odd, gn shall terminate at (aB-i, ft„_i) and have the

slope zero. Its initial point (a„, ftn) shall be so chosen that

l»

Jig) < - 1.

For « odd, gn+i shall terminate at (a„, ft„), have a slope bn/an and a length

equal to half the distance of (a„, ft„) from the origin.

It is clear that g exists, is A -admissible and that on g (8.4) holds. If [0, ft]

affords a minimum limit to / among A -admissible curves, it is accordingly

necessary that m>\.

The case m>\, ¿(0) >0. In this case the integral (8.4) has a finite limit as

e tends to zero. We distinguish between the case in which the limit

(8.5) lim    f x"y'Hx
i=0    J e
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is finite and the case in which it is infinite. In the latter case it is clear that

i»
(8.6) liminf/(y) >0,

as desired. In case the limit in (8.5) is finite and [0, b) contains no point con-

jugate to x=0, it follows from Lemma 8.2 that

lim s[yix), b] = 0.
i = 0

We see from Theorem 3.1 that (8.6) holds in this case as well.

The proof of the theorem is complete.

We introduce the following lemma.

Lemma 8.3. // [0, b] affords a minimum limit to J among A-admissible

curves, the smaller exponent t is never positive.

We distinguish three cases.

Case I. m>a. In this case ß = 0 in (8.2). But /3 = o-r, and the lemma is

clearly true.

Case IL m = a, ¿(0) <0. Here ß <0 and the lemma is again true.

Case III. m=a, ¿(0)>0. By virtue of the theorem m>l in this case.

Hence

a — I — a — t > 1, jS = or > 0,

and we infer that t <0.

The proof of the lemma is complete.

The following theorem completes the preceding theory.

Theorem 8.2. Necessary and sufficient conditions that [0, b] afford an im-

proper minimum limit to J among A-admissible curves are that x = b be the first

conjugate point of x =0, and that m>l>a in case ¿(0) >0, and that a = m or

a < 1 in case &(0) <0.

That it is necessary that x = b be the first conjugate point of x = 0 is proved

as under Theorem 5.5. We assume the facts affirmed under Theorem 8.1 and

continue with a proof of the following.

(a) If x = Z> is the first conjugate point of x = 0, if &(0)>0 and m>i, the

minimum limit assumed by J on [0, b ] is improper if and only if a < 1.

We shall first prove that an improper minimum limit in (a) implies that

a < 1. To that end observe that such a limit implies that the focal solution

wix) = x"a(x)
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is A -admissible, and hence <r>0. To continue we distinguish between two

cases.

Case I. m = a. In this case ot>0. But t^O by virtue of Lemma 8.3 so

that Case I is impossible.

Case II. m>a. In this case the indicial roots are 1 —a and 0. Thus a<i

since <r>0.

Hence an improper minimum limit in (a) implies that a < 1.

Conversely, we shall assume that a<l in (a) and prove that y = w(x) is

A -admissible and

b

(8.7) lim/(w)     =0.
z = 0 x

First, observe that

1 - o- - T < 1

when a < 1, so that a >0. It follows from (8.7) that

Jiw) — ~ gix)x"ww' = 0[xax"x'r~1]

(8.8) =0[x°-t].

But t^O by virtue of Lemma 8.3 so that a—r >0. Relation (8.7) follows from

(8.8), and the proof of (a) is complete.

We continue with a proof of statement (b).

(b) 7/ x = ft is the first conjugate point of x = 0 and if &(0) <0, the minimum

limit assumed by J on [0, ft] is improper if and only if m=a or a < 1.

As in the proof of (a) we see that the minimum limit in (b) is improper

only if <r>0. If m>a, the indicial roots are 1 —a and 0, and if further <r>0,

it is necessary that a < 1. Hence the minimum limit in (b) is improper only

if m=aoTa<l.

If, conversely, a = m and &(0) <0, we infer that or <0 and hence a—t>0.

Thus (8.7) follows from (8.8) when a = m in (b). But on the other hand if

m>a, the indicial roots are 1 —a and 0, and if in addition a< 1, a = 1 — a>0

so that (8.8) again follows from (8.7).

The proof of (b) and of the theorem is complete.

For completeness we add the following.

The minimum limit zero in Theorem 8.2 is assumed by J only on solutions

dependent on focal solutions.

In the regular singular case m^a. We shall prove the following theorem.
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Theorem 8.3. If m <a and ¿(0) >0 in (8.1), [0, b] fails to afford a mini-

mum limit to J among A-admissible curves.

Let c be a positive constant so large that the indicial roots belonging to

the E.E. of the functional

J* =  \    [xagy'2 - cxa-2ky2]di

J a

are imaginary. Under the hypotheses of the theorem there exists a positive

constant r¡ < b such that

k(x) > 0,        cx"-m < 1

on [0, r¡]. For such a choice of 77,

(8.9) J*iy) Ay) (0 < e < v)

for every y(x) which is A -admissible on [0, r¡ ]. But since the indicial roots

belonging to /* are imaginary, an A -admissible function y(x) exists for which

the left member of (8.9) has a negative inferior limit as e tends to zero.

The theorem follows from (8.9).

9. Other types of admissibility. We continue with the regular singular

case with the functional (8.0).

Curves a-admissible. A curve y=yix) which is A -admissible on [0, b] will

be said to be a-admissible on [O, b] if the limit

(9.1) lim   j   xa/2áx
í=0   J e

is finite. It follows from Lemma 8.2 that

(9.2) limS[;y(x), m(x)] = 0
x=0

whenever the indicial roots are real, y(x) is A -admissible, and w(x) is a solu-

tion of the E.E. not identically zero.

We continue with the following lemma.

Lemma 9.1. If yix) is a-admissible, xa~2y2 is in L on [0, b] except at most

when a = 1.

To prove this lemma we consider the functional

(9.3) I =  j    [xay'2 - Kx"-2y2]dx (a ^ 1),
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where K is a positive constant. Since a^l, the constant K can be chosen so

small that the indicial roots corresponding to / are real. We see from (3.8)

and (9.2) that

/* b /» x
x"y'2dx ^ lim K I    x"~2y2dx.

0 e=0        J <.

The lemma follows directly.

Example 9.1. The lemma would be false were not the case a. = 1 excepted

as is shown by the following example. Neighboring x = 0, we suppose that

yix) =  [— log x]-1'2.

We find that

/l   rx 1
xy'2dx =-I    (log x)~3d log x — — [log xj~

4 J, 8

/■ /*» ,x~1y2dx = —   I    [log x]_1d log x — — [log (— log x)]e.

From these relations we see that xy'2 is in L on [0, 1 ] while x_1y2 is not in L.

We are considering the functional J given by (8.0). When y(x) is a-admis-

sible, it follows from the preceding lemma that the limit

b

lim Jiy)
e=0

is finite except at most when a = 1. When a = 1, this limit may be finite or

infinite.

The principal theorem follows.

Theorem 9.1. A necessary and sufficient condition that [0, ft] afford a mini-

mum limit to J among a-admissible curves is that [0, ft) contain no point Con-

jugate to x = 0. This minimum limit is improper if and only if x = ft is the first

conjugate point of x — 0, if a>0 and a>r.

The theorem follows readily upon abstracting the appropriate arguments

from the proofs in §8. In particular the reader should refer to (8.8) in proving

the concluding affirmation.

Curves F-admissible. If

(1) yix) is continuous on (0, ft] and y (ft) =0,

(2) yix) is absolutely continuous and y'2(x) is in L on each closed sub-

interval of (0, ft], the curve y = yix) will be said to be F-admissible on [0, ft].

We are concerned with the functional / of (8.0) and (8.1) and state the follow-

ing theorem.
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Theorem 9.2. In order that (0, b] afford a minimum limit to J among F-

admissible curves, it is sufficient that [0, b) contain no point conjugate to x = 0

and that r<0oro- = T = 0. Under these conditions the minimum limit is improper

if and only if x = bis the first conjugate point of x = 0 and <s > 0.

In case r <0 or a =t =0, the solution v(x) of (6.8) is of one sign neighboring

x = 0. If d(x) is chosen so as to be positive, its derivative v'{%) will be negative

neighboring x=0. It follows that

S [yix), »(*)] ^ 0 (x > 0)

for all values of x sufficiently near zero. The first statement of the theorem is

thus a consequence of (3.8) when x = b is not conjugate to x = 0, and follows

when x = b is conjugate to x = 0 by the limiting process used in the proof of

Theorem 5.2. The second statement of the theorem is a consequence of earlier

remarks and of formula (8.8).

The proof of the theorem is complete.

The "general" case in which (0, b] affords a minimum limit to J is de-

scribed in the preceding theorem. There are known special cases. To give

final necessary and sufficient conditions would require the introduction of a

new element, the first focal point of the y-axis. For the cases included in the

theorem, this focal point is identical with the first conjugate point of x=0.

We omit further details.

Curves admissible relative to an extremal g. Let y = w(x) be an extremal g

which joins the points (0, 0) and (¿>, c). We assume that J(u) \e tends to a

finite limit as e tends to zero. Relative to the extremal g we admit comparison

curves of the form

y = w(x) + riix),

where nix) is X-admissible on [0, b], X symbolizing A, a, or F.

If for each such curve

lim inf Jiy) =ï/(«)

we shall say that g affords a minimum limit to J among the particular class

of curves admitted.

A simple integration by parts shows that

(9.4) Jiy)

where

= /(«) + Av) + T[v(e),u(e)],

T[r¡, u]  = 2r¡[ru' + qu].



278 MARSTON MORSE AND WALTER LEIGHTON [September

If our knowledge of the functional T is sufficient, the preceding theorems

about Jit]) will lead to theorems about Jiy). As an example we shall translate

Theorem 9.1.

The solution w(x) will vanish at x = 0 and Jiu)\e will tend to a finite

limit if and only if w(x) is a focal extremal and <r>0. Under these conditions

Xa«'2 will be in L on [0, ft], and xaiu'-\-r¡')2 will be in L on [0, ft] if and only if

x<V2 is in L on [0, ft].

Theorem 9.3. A necessary and sufficient condition that a focal extremal

y = x'aix) i<j > 0; 0 ^ x ¿ ft)

afford a minimum limit to J relative to curves y = w(x)+i7(x) for which 77(x) is

a-admissible on [0, ft] is that [0, 6) contain no point conjugate to x = 0. This

minimum limit is improper if and only if x = bis the first conjugate point of x = 0

and a>T. The value of the minimum limit is g(ft)w(ft)M'(ft).

That the conjugate point condition insures a minimum limit will follow

from (9.4) and Theorem 9.1 once we have shown that

(9.5) lim T[vie), w(e)] = 0.
e=0

Observe that

7/(7?, u) = ■nix)xax"-'Oi\).

But r¡ is a-admissible, and it follows from Lemma 8.1 that

V = x<1-a)'20(l).

Recalling that a = 1 — a— r we see that

Tir¡, u) = X<"-->'20(1),

so that (9.5) holds as stated.

The remainder of the theorem follows from (9.4) and Theorem 9.1.

Example 9.2. We shall now derive a theorem of H.L.P. With a slight

variation which accords with the present notation this theorem is as follows.

If p. >4, y(0) =0, y(l) = 1, y(x) is absolutely continuous and y' is in L2, then

Jiy) = J   Ly*-^\dx£p<r.

The only case of equality occurs when y = x".

The indicial equation is

1
P2-P + — = 0.

ß
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If m>4, the roots are real and distinct with o->0. The focal solution x"

vanishes only when x = 0 so that there is no point conjugate to x = 0. The

minimum limit afforded by x* is accordingly proper. Its value is

|(1)«(1)«'(1) = po-.

III.  Two SINGULAR END POINTS

10. Necessary conditions. We return to a function/of the form (1.1) and

a functional of the form

(10.1) Jiy)\'= [X'fix,y,y')dx,

where Xi and x2 are constants such that

(10.2) 0 < xi < x2 < d.

Functions y(x) which are A-, a-, or ^-admissible on [0, b] have already

been defined. A function yix) will be termed A-, a-, or F-admissible respec-

tively on [0, d] if for each constant b on (0, d), yix) satisfies the conditions

for A-, a-, or F-admissibility on [0, b] excepting at most the condition that

y(b) = 0.
The transformation

(10.3) x* = d - x

interchanges the points x = 0 and x = d. Functions which result from curves

A-, a-, or F-admissible on the interval [0, b] or [0,d] upon applying the trans-

formation (10.3) will be termed A*-, a*-, or inadmissible respectively on

[0, b] or [0, d].

Let X denote one of the symbols A, a, and F, and Y one of the symbols

A*, a*, and F*. A function y(x) will be termed (X, Y)-admissible on [0, d] if

by an alteration on an arbitrarily small neighborhood of x = d, yix) can be

made X-admissible on [0, d], and if by an alteration on an arbitrarily small

neighborhood of x = 0, yix) can be made F-admissible on [0, d]. A curve

y=yix) will be termed (X, F)-admissible if y(x) is (X, Y)-admissible. We

thus have nine different types of (X, F)-admissibility.

We shall begin by seeking conditions under which

/> "i
fix, y, y')dx ^ 0

i,

for curves which are {A, A*)-admissible on [0, d]. If (10.4) holds, we shall

say that [0, d] affords a minimum limit to / among curves (A, A*)-admissible

on [0, d].



280 MARSTON MORSE AND WALTER LEIGHTON [September

In (10.2) we defined the first conjugate point of x = 0 on [0, d). Under the

transformation (10.3), / will be carried into a functional J*. Relative to /

the first conjugate point of x = d will be defined as the image under (10.3)

of the first conjugate point of x* = 0 relative to /*.

A solution w(x)^0 of the E.E. such that for each solution y(x) independ-

ent of w(x)
wix)

lim —^ = 0
x-d yix)

will be called a. focal solution belonging to x = d. A focal solution belonging to

x = d will always exist, if x = d is not its own first conjugate point on (0, d].

If x =d is not its own first conjugate point on (0, d], the first conjugate point

of x = d preceding x = d, if it exists, will be given by the first zero preceding

x = d of a focal solution belonging to x = d. These results and others follow

from the results of §2 upon applying the transformation (10.3) to /.

If [0, d] affords a minimum limit to J among curves 04, ^4*)-admissible

on [0, d] and if ft is any constant on (0, d), [0, ft] will afford a minimum limit

to / relative to curves 4-admissible on [0, ft]. We are thereby led to the fol-

lowing theorem.

Theorem 10.1. If [0, d] affords a minimum limit to J among curves (A, A*)-

admissible on [0, d], there can be no first conjugate point of x = 0 on [0, d) or

first conjugate point of x = d on (0, d].

The conclusions of the theorem are not independent, for it follows from

Lemma 2.2 that if x = 0 has no first conjugate point on [0, d], x = d will have

no first conjugate point on (0, d]. Moreover the roles of x=0 and x=d can

be interchanged.

In §4 we have defined the singularity condition at x =0 belonging to [0, ft].

The condition that
lim inf s[yix), ft] ^ 0 (0 < ft < d)

x = d

for each ^4*-admissible curve for which

lim inf Jiy)
x=d

9*  +  <X>
b

will be called the singularity condition at x — d belonging to [ft, d]. With this

understood we have the following theorem.

Theorem 10.2. If [0, d] affords a minimum limit to J, the singularity con-

dition atx = 0 belonging to [0, ft ] and the singularity condition atx = d belonging

to [ft, d] must be satisfied by each curve v = y(x) iA, A*)-admissible on [0, d]

and each constant ft on (0, d).
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11. Sufficient conditions. If «(*) is a solution of the E.E. which does not

vanish on an interval 7 = (0, d) and y(x) is a function (^4, ^4*)-admissible

on [0, d], it will be convenient to set

(11.0). E[x, yix), y'ix), p[x, yix)]] = 6[y(x), «(at)] (on 7),

where p{x, y) is the slope of the field y = cw(x) at the point (x, y). With this

understood we state an extension of Theorem 3.1.

Theorem 11.1. If yix) is iA, A*)-admissible on [0, d] and m(x) is a solution

of the E.E. which does not vanish on (0, d], then for 0<Xi<x2<d,

IXj /» x2 X,
e[yix),uix)]dx + S[yix),uix)}   .

x,      J x,

The proof of (11.1) is similar to the proof of (3.1). It is based on the for-

mula
|x2 /»  X.

Jiy)\   =
lx, ■'.,

tdX   +    Hy

where H is the Hubert integral set up for the field y = cuix). As in §3 one

shows that

Hv S[yix), uix)]X'

and (11.1) follows at once.

We are led to the following theorem.

Theorem 11.2. In order that [0, d] afford a minimum limit to J, it is suffi-

cient that there exist a solution w(x) of the E.E. such that w(x) 5^0 on (0, d) and

such that

liminf S[yix), «(x)]*'^ 0
x=0,x^d

for every iA, A*)-admissible curve y=yix).

Theorem 11.2 follows at once from (11.1).

An inequality. Let z(x) and ¿i(x) be two solutions of the E.E. such that

z(&) =p,Q>) for some value of b on (0, d) and such that z(x) >0 on (0, b] and

/i(x)>0 on [b, d). Let y = yix) be a curve which is iA, yl*)-admissible on

[0, d]. By a proof similar to that of (11.1) we find that

(11.2) Jiy)\    =   f    £[yix), z(x)]dx + S[y(x), z(x)V\
lx,        J x, b

(11.3) Jiy)\'=   Í  *£[yix),p.ix)]dx + S[yix),pix)]b .
k       Jb l!
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We thus arrive at the following inequality

(11.4) Jiy) >S[y(x),z(x)]'l+S[y(x),ß(x)]

We shall use (11.4) in proving the following theorem.

Theorem 11.3. If in the case c(x) = 0 there exists a solution u(x) of the E.E.

for which

»'(*) ^ 0, «(*) > 0, (x > 0),

neighboring x = 0 and a solution vix) such that

v'ix) ^ 0, vix) > 0, (x < d),

neighboring x = d, and if x = 0 possesses no conjugate point on [0, d), / assumes

a minimum limit on [0, d] among curves which are iA, A*)-admissible.

Let w(x) be a solution of the E.E. which is positive on (0, d). Let ft be a

constant on (0, d). Let z(x) be a solution such that

(11.5) z(ft) = wib), z'(ft) = «/(ft) - e (e>0).

Note that

z(x) ê w(x) > 0 (0 < x ^ ft).

Similarly let m(x) be a solution such that

(11.6) p(ft) = w(ft), p'(ft) = it/(ft) + e.

Observe that

ju(x) ^ w(x) > 0 (ft ^ x ^ d).

Let y = y(x) be an (A, A*)-admissible curve. We turn to the relation (11.4).

If the above constant e is sufficiently small, neither z(x) nor ¿i(x) will be a

focal solution belonging to x = 0 or x = d. It follows as in the proof of Theorem

5.3 that

(11.7) lim inf S[yix), z(x)] ^ 0,

(11.8) liminf 5[y(x),p(x)] ^ 0.
X , = <J

From (11.4) we see that

(11.9) lim inf Jiy)
x,=0, x,=d

^S[yib),pib)]-S[yib),zib)\.
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Upon letting the constant e approach zero the right member of (11.9) tends

to zero, and the theorem follows directly.

The following theorem is an easy consequence of the preceding (cf. proof

of Theorem 5.4).

Theorem 11.4. If p^O neighboring x = 0 and x = d, if q=0, and if there

is no point on [0, d) conjugate to x = 0, [0, d] affords a minimum limit to J

among iA, A*)-admissible curves.

12. The regular case: two singular points. We now suppose that the inte-

grand/ in (10.1) may be given the form of the integrand in (8.0) or (8.1)

neighboring x = 0, and that neighboring x = d it may be given the form

(x - d)a'g*ix)y'2 - (x - dy-2h*ix)y2

(12.1)
= (x - d)a'g*ix)y'2 - (x - d)m'~2k*ix)y2,

where g*(x), A*(x), and £*(x) are analytic in x neighboring x = d, with g*ix) >0

and k*id) ¿¿0. The E.E. corresponding to such a functional will have a regular

singular point at x = 0 and at x = d. The indicial roots corresponding to the

singular point x = d will be denoted by o-*, and t*, with a* ^ t* when a* and

t* are real.

Our first theorem is as follows.

Theorem 12.1. Necessary and sufficient conditions that [0, d] afford a

minimum limit to J among curves which are iA, A*)-admissible are that [0, d]

contain no point conjugate to x=0 and that m>i if ß(0)>0 and m*>i if

fe*(0)>0.

That the conditions of the theorem are necessary follows from the theo-

rems for one singular point. One considers the segments [0, b] and [b, d]

with b on (0, d).

To prove the conditions sufficient we consider the limits

/' b p x2
xay'2dx, lim   I     (x - d)a'y'2dx,

X, Xi —¿   J b

where y(x) is iA, A*)-admissible on [0, d] and (0<6<¿). If one or both of

the limits (12.2) are infinite, it is clear that

(12.3) lim inf/(v)
£1=0, Xt=d

>o,

as desired. Suppose both of the limits (12.2) are finite. It follows from Lemma

8.1 that 5 [yix), m(x) ] tends to zero as x tends to zero or d where m(x) is any

solution of the E.E. which is not zero on (0, d).



284 MARSTON MORSE AND WALTER LEIGHTON [September

The theorem follows from Theorem 11.2.

Theorem 12.1 has the following corollary.

Corollary. If [0, d) contains no point conjugate to x = 0, necessary and

sufficient conditions that J assume a minimum limit among (.¡4, A*)-admissible

curves on [0, d] are that for each constant ft on if), d) J assumes a minimum

limit on [0, ft] and [ft, d] respectively among curves A-admissible and A*-admis-

sible on [0, ft] and [ft, d] respectively.

We next consider the possibility of improper minimum limits. Theorem

8.2 includes the conditions

(12.4)' m > 1,       a < 1 if ¿(0) > 0,

(12.4)" a = m,   or a > 1  if k(0) < 0.

We term these conditions the finite conditions in Theorem 8.2. Analogous

finite conditions at the point x = d are obtained by placing an asterisk above

m, a, and k in (12.4). With this understood we state the following theorem.

Theorem 12.2. Necessary and sufficient conditions that [0, d] afford an im-

proper minimum limit to J among curves which are iA, A*)-admissible on [0, d]

are (1) that a focal solution belonging to x ■= 0 be a focal solution belonging to x = d

and (2) that the finite conditions (12.4) hold oJx = 0 and the analogous conditions

hold at x=d.

We begin by proving condition (1) necessary.

If [0, d] affords an improper minimum limit to J, there exists an admissi-

ble curve y = yix) 9^0 such that

(12.5) lim inf/(y)
xi = Q, Xt~d

Suppose in particular that y (ft) >0 where 0 <ft <d. Let z(x) and /*(*) be focal

solutions belonging to x = 0 and x = d respectively such that

(12.6) zib) = p(ft) = yib).

If condition (1) is not necessary, as we now assume, z(x)^p.(x). It follows that

(12.7) z'ib)>p'ib)

as one sees from the properties of focal solutions.

We shall make use of the relation (11.4). If (12.5) holds, it is impossible

for either of the limits (12.2) to be infinite. It follows from Lemma 8.1, as

we have noted previously, that (11.7) and (11.8) hold, and accordingly (11.9).

Upon making use of the definitions of z(x) and ¿u(x) and the relation (12.7),

(11.9) takes the form
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(12.8) lim inî Jiy)
*i = 0, xt=d

^ rib)yib)[z'ib) -p'ib)] >0

contrary to (12.5).

We infer that z(x) =^0*0, and condition (1) of the theorem is proved neces-

sary.

To prove conditions (2) necessary we trace (12.8) back to equations (11.2)

and (11.3) and observe that the equality holds in (12.8) only if

yix) m z(x) = pix);

that is, if y(x) is a focal solution belonging to x = 0 and x = d. That conditions

(2) are necessary and that conditions (1) and (2) are sufficient follow now

as in the proof of Theorem 8.2.

It is clear that we can use theorems on minimum limits when the func-

tional has one singular point to suggest theorems on minimum limits for the

various types of (X, F)-admissibility. The methods of proof will combine the

methods of §9 and the present section. We give one additional theorem sug-

gested by Theorems 9.1 and 9.2.

Theorem 12.3. Sufficient conditions that [0, d] afford a minimum limit to J

among curves which are (a, F)-admissible are that [0, d) contain no point con-

jugate to x—Q and that t* <0 or a* =t* = 0. This minimum limit is improper if

and only if a focal solution belonging to x = 0 is a focal solution belonging to

x = d, if <r>0, <r — r>0, and er*>0.

Example 12.1. The following theorem is stated in H.L.P. It follows from

Theorem 12.3.

If y' belongs to L2(0, °° ), y0 = 0, and y is not always zero, then

(12.9) Jiy) =  f    Uy'2-—}dx>0.

The curves admitted by H.L.P. are a sub-class of those (a, F)-admissible

on [0, oo ]. To apply the preceding theorem we make the transformation

x t
t =

1 1 - t

The transformed functional will have singular points at / = 0 and t = l with

a=i = \ and a* = w* = 2. Since

_ 1  =  1 _ a* = o-* + T*,

we infer that t*<0. The E.E. corresponding to (12.9) has the focal solution
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x1/2 so that the conjugate point condition is satisfied. The minimum limit

afforded by [0, eo ] is proper since ¡t = t.
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