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Introduction

Let y be a domain of rationality, and let yi, ■ ■ • , yn be a set of indetermi-

nates. Then the set of prime ideals in the ring of polynomials J[yi, ■ • ■ , yn]

satisfies a divisor-chain condition for decreasing sequences as well as for in-

creasing sequences. That is, a sequence of prime ideals Si, S2, • ■ • in

J[yi, ■ ■ ■ , yn] must be of finite length not only if S,-+i properly includes

Zj for every i, but also if Si+1 is properly included in St- for every i.\

However, if the domain of rationality 7 is a set of functions meromorphic

in an open region 21, and if J is closed to differentiation (in other words, if J

is a field, in the terminology of algebraic differential equations}:), and if

y{yu ' ' " > y«} is the differential-ring consisting of all forms in yi, • • • , yn

with coefficients in J, then the set of prime differential-ideals in J {yx, ■ ■ •, yn\

satisfies a divisor-chain condition for increasing sequences, § but does not sat-

isfy such a condition for decreasing sequences. That is, we can have an infinite

sequence Si, S2, • ■ • of prime differential-ideals such that Si+i is properly

included in S<. In the set-theoretic sense the sequence Si, S2, • • • converges

to a limiting set S which is the intersection of the Si. If M( is the manifold

of S,-, then the sequence 5Xfi, 7)(t2, ■ ■ • is a monotonically increasing sequence

converging in the set-theoretic sense to a set H which is the union of the ífrí,-.

However, while the limiting set S is a prime differential-ideal, the limiting

set ?i not only is not the manifold of S, but is not a manifold at all. We are

concerned in this paper with the relation between J<[ and the manifold "M of S.

In the terminology of ADE, what we are considering is an infinite se-

quence Si, S2, • ■ • of closed irreducible systems in yu ■ ■ • , yn such that M{,

the manifold of Si, is a proper part of the manifold of S,+i, (z=l, 2, • ■ • ).

* Presented to the Society, February 26, 1938, under the title Sequences of systems of algebraic

differential equations; received by the editors April 12, 1938.

t Cf. Van der Waerden, Moderne Algebra, vol. 2, pp. 25, 63. The set of all ideals in J[yi, • ■ • , yn]

satisfies a divisor-chain condition for increasing sequences, but not for decreasing sequences.

J See, for example, J. F. Ritt, Differential Equations from the Algebraic Standpoint, American

Mathematical Society Colloquium Publications, vol. 14, New York, 1932. We shall refer to this book

by the letters ADE, and we shall use the terminology of ADE without further reference.

§ As a consequence of Ritt's theorem on the completeness of infinite systems, ADE, §7. The set

of all differential-ideals in J{yi, ■ ■ ■ , y»j does not satisfy a divisor-chain condition for increasing

sequences (by ADE, §11).
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The set Jv{is the union Vtt1+M2+ ■ ■ ■ , and "M is the manifold of the system S

consisting of all forms F such that F is in every 2,-.* Not only does Üíl con-

tain solutions which do not appear in 7{, but there is even a sense in which we

may say that Víí is of higher dimensionality than 7{. This is expressed in the

statement that S has more arbitrary unknowns than S,-, (i = l, 2, • • • )

(Theorem 3). On the other hand, we shall see that M may be described as the

set of all ordered sets of n analytic functions which can be approximated in

a certain manner by solutions in 7^ (Theorem 4).

Approximability, as we shall define it, will not imply the familiar uniform

approximability in a region. Indeed, for certain sequences Si, S2, • • • , every

solution of S which is not in 7{ possesses no region of analyticity in which it

may be uniformly approximated by solutions of the S¿. On the other hand,

there exist sequences Si, S2, • • • such that every solution of S has a region

of analyticity in which it can be approximated uniformly by solutions of

the S,-.

As a converse to Theorem 3, we have the theorem that for every closed

irreducible system S with a non-empty set of arbitrary unknowns there is a

sequence Si, S2, • ■ • of closed irreducible systems such that Si+i holds S<,

S is the set of forms common to the S,-, and S< has fewer arbitrary unknowns

than S, (¿=1, 2, • • • ). In fact, S< may be taken to have no' arbitrary un-

knowns.

In studying the sequences S1; S2, • • • we use several preliminary theo-

rems which are demonstrated in Part I of this paper. These theorems are

extensions of results obtained by Ritt. Theorem 1 deals with the possibility

of approximating a solution of a prime algebraic system by solutions which

do not annul a specified simple form. Theorem 2 has to do with an analogous

question for differential equations.

Lemmas 1 and 2 of Part II are devoted to the study of the degree of free-

dom which one enjoys in assigning initial conditions to a solution of a prime

algebraic system.

Part I. Approximation theorems

1. The following theorem is due to Ritt: Let S be an indecomposable sys-

tem of simple forms in yi, ■ • • , y„. Let B be any simple form which does not

hold S. Given any solution of S, analytic in an open region 2Ii, there is an open

region 21', contained in 2li, in which the given solution can be approximated uni-

formly, with arbitrary closeness, by solutions of S for which B is distinct frojn 0

throughout 21 '.f

* We shall see that 2 is closed and irreducible (Theorem 3, below),

t ADE, §64.
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We shall use the following modification of Ritt's result :

Theorem 1. Let S be an indecomposable system of simple forms in

Ju ' ' ' , y»- Lrt B Qe any simple form which does not hold S. Given any solu-

tion of S, analytic in an open region 2li, there is an open region SDÎ in 2ii, such

that Sfi — 97Î is isolated in 2Ii,* and such that for every bounded simply-connected

open region (5 which lies with its boundary in SDÎ, there exists a sequence of solu-

tions of S, analytic in S,/or each of which B is distinct from zero throughout 6,

the sequence converging to the given solution in ©, uniformly in every closed sub-

set of £.

Following the procedure in ADE, §64, we introduce the system Si

in Zi, • • • , z„ with which are associated the simple forms R, G, D, Eif,

(i=q+l, • • • , n;j=0, 1, • • • , g — 1), as in §§59-61. We denote by C<some

simple form of Si which is of degree m in the z;-, (j = l,2, ■ ■ ■ , q, q+i), and

of degree m in zq+i, the coefficient of (za+,)m being unity (* = 1, ■ • • , p). With

Si and B are associated the simple forms C, N, X, and F of §64. We let

H = XR+YN, and we may and do assume that X and Y are so chosen that H

is divisible by DG. By £i, • • • , £„ we understand that solution of Si which

corresponds, under the transformation of §57, to the given solution of S. Pro-

ceeding from this definition of H and the £,• as in §63, we introduce constants

bi, • • ■ , bq such that H, under the substitution z,- = £<+£>,-, (i = i, ■ ■ ■ , q),

becomes a function of x not identically zero. Then H, under the substitution

Zi = £<+M, (* = 1, • • • , q), becomes a polynomial

arhr + ar+ih*+l + ■ ■ ■ + a.h',

where r¡Sl, the a,- are functions of x, meromorphic in 2li, and aT(x)^0.

Let II be the set of simple forms C, N, X, F, R, G, D, £,-,, Ci, • • • , Cp.

Let SDÎ be the set of points of 2Ci at which the coefficients in II are analytic and

at which the function ar is different from zero. Evidently 2li — SDÎ is isolated

in 2li. The functions a,- are analytic in 9ft.

Let S be a bounded simply-connected open region which lies with its

boundary in 5DÎ. Since S is at a positive distance from the boundary of SDÎ, the

function ctr is bounded away from zero in E, and the functions ar+i, ■ ■ ■ , a,

are bounded in <5. This implies that for every sufficiently small nonzero con-

stant h the polynomial arh'+ • • ■ +a,h' vanishes nowhere in S. Therefore

in the considerations of ADE, §63, we may take 2t2 = S. Moreover, we may

take 21s = S, since the functions £i, • ■ ■ , £s and the coefficients in G, ■ • • , Cp

are bounded in S.

* We shall say that a subset @ of an open region 31 is isolated in SR if © is empty, or if © is a non-

empty set which has no limit points in 9Î.
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Let 35 be a region which lies with its boundary in S. Taking 31' = 35, and

following the procedure of ADE, §63, we determine a sequence of solutions

SI.»')  ' *  "  > fn,i) *  =   1)  2, •  •  •   ,

of Si for each of which H is distinct from zero throughout <E, the sequence

converging to &,•••,(■« uniformly in 35. Moreover, the sequence is so con-

structed that there is a positive number d' for which the inequalities

|f/.| <<*'>    j" ii •• • »»;*' = i. 2, ••• ,

are valid in <5. Hence by Vitali's theorem* the sequence ft,,-, • • • , f„,j con-

verges to £i, ■ ■ • , £„ in S, uniformly in every closed subset of S. Correspond-

ing to this sequence is a sequence of solutions of S for each of which B is.

distinct from zero throughout S, the sequence converging to the given solu-

tion in (£, uniformly in every closed subset of S.

2. We use Theorem 1 to prove the following lemma:

Lemma. Let S be a non-trivial closed irreducible system in yu ■ • • , yn, and

let B be a form which does not hold S. Given any positive integer m, and any solu-

tion yi(x), ■ • • , yn(x) of S, analytic in an open region 23, let 23m be the set of

all points Xo in 23 such that for every e>0 there is a solution yi(x), ■ • • , yn(x)

of S, analytic at xa,for which S3 is different from zero at Xo, and

I y«(*«) - ya(xo) I < «, * - l,., »\j - o, l, • • • ,».f

Then 23 — 23m is isolated in 23.

Let «i, • • • , uq be a set of arbitrary unknowns for S, let y\, • • • , yp be

the remaining unknowns in S,J and let

(1) Ai,---, A,

be a basic set for S with the unknowns ordered «i, •••,««; y\, '• • • , yP*

Let

(2) «i. • • • , ««; yi, • ■ ■ , yp

be a solution of S, analytic in an open region 23.

Following the procedure in ADE, §73, without change, we determine the

prime algebraic system ß. Corresponding to (2) is a solution üik, y¡k of ft,

analytic in 23. In accordance with Theorem 1 of this paper there is an open

region 3)î in 23, whose complement in 23 is isolated in 23, such that, in every

open region which with its boundary is included in a bounded simply-con-

* Montel, Les Familles Normales de Fonctions Analytiques, p. 30.

t The second subscript is an index of differentiation.

X We renumber the unknowns if necessary.
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nected subregion 6 of 90?, the solution üik, y¡k of ft can be approximated

uniformly by solutions of ft for which BSi ■ ■ ■ Sp is distinct from zero

throughout (5. In particular, if xa is a point of Wl, then for every e>0 there

is a solution ««, yjk of ft, analytic at x0, for which BSi ■ ■ ■ Sp is different

from zero at x0 and

| uik(x0) — üik(xo) | < e,  | yjk(x0) — yjk{xo) | < «,

i = 1, • • • , ?; j = i, • ■ •, P; k = 0, 1, • • • , m.

Now the Uik(xo), y¡k(x0) in (3) furnish initial conditions for a normal solution

of the set of differential forms (1). Hence for every point x0 in 23 and every

€>0 there is a solution Ui, y¡ of S, analytic at x0, which satisfies (3), and

which gives BSi ■ • ■ Sp a nonzero value at x0. Thus 50Î is included in 23™,

and therefore 23 —23m is isolated in 23.

3. We use this lemma to prove the following theorem :

Theorem 2. Let S be a non-trivial closed irreducible system in yu • ■ ■ , yn,

and let B be a form which does not hold S. Then the open region* 2t contains

a subset ^3 whose complement in 21 is at most denumerably infinite, such that

for every point x0 in $, every solution y1} ■ ■ • , yn of S, analytic at xo, every

positive integer m, and every positive number e there is a solution yi, • • • , y„

of S, analytic at x0,for which B is different from zero at x0 and

(4) | ya(xo) - ;y¡í(*o) | < «, i = 1, 2, • • • , n;j = 0, 1, • • • , m.

We shall use the following notation: If y\, • • • , y„ is a solution of S,

analytic in an open region 23, then by ^(^í, • • • , yn; 23) we shall mean the

set of points x0 in 23 such that for every positive integer m and every «>0

there is a solution y1} ■ • ■ , yn of S, analytic at x0, for which B is different from

zero at x0 and (4) holds. Now for every choice of Ji, • • • , yn and 23 the set

tyiyi) ' ' " ; i"! 53) has a complement in 23 which is at most denumerably

infinite. For let yit ■ ■ ■ , yn be a solution of S, analytic in 23. Then for every

positive integer m let 23m be the set of points x0 in 23 such that for every e >0

there is a solution y\t • • • ', yn of S, analytic at x0, for which 23 is different

from zero at xa and (4) holds. It is easy to see that $(yi, • • • , y„; 23) is identi-

cal with the intersection of the 23,-, (¿ = 1,2, • • • ). By the lemma just proved,

23 —23,-, (¿=1, 2, • • • ), is at most denumerably infinite. Consequently

23 —^(yi, • • • , yn] 23) is at most denumerably infinite.!

* We recall that 21 is the open region in which are defined the functions belonging to J, the

underlying field of coefficients.

f This statement is an extension of a theorem of Ritt, according to which, for every solution

3>i, ■ • • , yn of S, analytic in 58, the set ^(y,, • • ■ , J»; 33) is dense in 33. (ADE, §74, and Ritt, On the

singular solutions of algebraic differential equations, Annals of Mathematics, vol. 37 (1936), note 18.)
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Let $1, S2, • • • be the set of those circles contained in 21 whose centers

have rational coordinates and whose radii are rational. Let S%, (i = 1, 2, • ■ • ),

be the set of all solutions of S which are analytic in the closed envelope of S,-.

We consider S; to be a metric space, the distance between two solutions

yi, • • • , y„ and zi, • • • , z„ in Si being given by

5¡((yi, • • • , y„), (zi, ■ • ■ , z„))

= max ( | yi — zi | + | y2 — z21 + • • • + | y„ — z„ | ),

where the maximum is take over the closed envelope of Si. Then Si is a

separable space.* For Si is a subset of the separable space <¡Ai consisting of

all ordered sets of n functions yi, • • • ,y* analytic in the closed envelope of Si,

the distance between two elements y\f • • • , y» and zt, • • • , z„ of <vft- being

given by (5) ; <¡Ai is separable because the subset of zAi consisting of all ordered

sets of n polynomials with rational complex numbers for coefficients is dense

in zAi and denumerable.

Let 13< be a denumerable dense subset of Si, (* = 1, 2, • ■ • ). Let Q be

the set-theoretic sum

£ (A* - Wyi, • • ■ ,y»;Äi)),

where i ranges over the positive integers, and for each i the solution y"i, • • •, yn

ranges over 13*. Then O is at most denumerably infinite. We define $ as the

complement of JQ in 21. Let x0 be a point of $, y\, • • ■ , y„ a solution of S,

analytic at x0, m a positive integer, and e a positive number. Then there is

a S,- containing x0 such that yi, • • • , y„ is analytic in the closed envelope

of Si. There exists a solution y\, • • • , y„ belonging to 13 i such that

(6) | y,y(x0) - y</(*o) | < í/2, i = 1, ■ ■ ■ , n; j = 0, 1, ■ • ■ , m,

since there is a sequence of solutions in 13,- convergent to y\, • • • , y» uniformly

in S,-. Since x0 is in $(y"i, ■ • • , y"»; S,), there is a solution y1( • • • , yn of S,

analytic at x0, for which 33 is different from zero at xB and

(7) | yi,-(a;o) - ya(xo) | < e/2, * ="1, • • • , n;j - 0, 1, • • • , m.

By (6) and (7) we have (4). Since 21 —^5 is at most denumerably infinite, we

have our theorem.

Part II. Sequences of irreducible systems

4. We state first the following lemma:

Lemma 1. Let 'S, be a prime system in the unknowns U\, ■ ■ ■ , uq; y\, ■ ■ • , yp,

where U\, • ■ ■ ,uqis a set of unconditioned unknowns for S, and let

* Of course Si may be an empty or finite set.
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(8) Ai,--, A,

be a basic set for S, with A( introducing yi} (¿ = 1, • • • , p). Let F be a simple

form which does not hold S. Then there exists a nonzero simple form G in

«!,•••,«, which is a linear combination of the simple forms A\, • • • , Ap, F.

Let / be the product of the initials in (8). Let K be a nonzero simple form

in «i, • • • , m„ such that every solution of (8) which annuls / is a solution of

K* Let $ be the system of simple forms Ai, • ■ ■ , Ap, F, and let <£ be equiva-

lent to the prime systems Hi, • • • , IL; Ai, ■ • • , A, where every IL is held

by K and no A,- is held by K. It is easy to see that each A,- is held by S+F

and is therefore of lower dimensionality than S ; that is, has a nonzero simple

form Gi in Mi, • • • , uq.

Set H=Gi • • • G.K. Then H is a nonzero simple form in Mi, • • • , «„ which

holds $. Consequently, there is a positive integer a such that E' is a linear

combination of the simple forms of $. We evidently may take H' for the sim-

ple form G whose existence is to be demonstrated.

5. We can now prove the following lemma:

Lemma 2. Let Abe a prime system in the unknowns vi, ■ • • , vt; ft, • • • , z„

where vi, ■ • • , vt is a set of unconditioned unknowns for A, and let &, • • • , C,

be a basic set for A, with C< introducing Zi, (¿ = 1, • • • ,s). Let 2\ be the séparant

of Ci, and let F be any form which does not hold A. Then there is a set 9Î in 81

with the following properties:

(i) 2Í - 9? is isolated in 21.

(ii) // a is any integer with i^<ri%s, if x0 is any point of 9Î, and if

<Zi, • • • , at; bi, • • • , K is a set of complex numbers such that C{ = 0 and Ti?¿0,

(¿ = 1, • • • , a), when x=x0, Vj=a¡, and zk = bk, (j=l, • • ■ , t; k = l, ■ ■ ■ , a),

then for every 5>0 there is a solution Vi{x), • • ■ , vt(x); Zi(x), ■ • • , z,{x) of A,

analytic at Xo, satisfying the inequalities

| Vj(xo) - a¡| < 5,   | zk{xo) - bh\ <S,       j = 1, • • ■ , /; k = 1, • • • , a,

and giving F a nonzero value at Xo-'t

Let /,• be the initial of C,-, (¿ = 1, • • • , s), and let k be any integer with

l^k^s — 1. Now Ci, ■ ■ • , Ck is a basic set for a prime system A* which has

Vi, • • • , vt for a set of unconditioned unknowns.% Ik+i does not hold A*,

since it does not hold A. By Lemma 1 there is an identity

(9) Gk = Ek.iCi + Ekl2Ci + • • • + Ek,kCk + Ek>k+ilk+i,

* Ritt, Systems of algebraic differential equations, Annals of Mathematics, (2), vol. 36 (1935), §8.

t We shall apply this lemma only for the case <r= 1.

J Cf. ADE, §45.
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where Gk is a nonzero simple form in »i, • • • , vt. Likewise, since T\ ■ ■ ■ T,F

does not hold A, there is an identity

(10) G = FA +FtC2+ ■■■ + F,C, + F.+1T! ■ ■■ T.F,

where G is a nonzero simple form in »i, • • • , »,. Set L=IiGGi ■ ■ ■ G-i- Then

L is a nonzero simple form in »i, • • • , vt. We now present the set 9Î. Let 9Î

consist of all points in 21 at which the coefficients of the simple forms appear-

ing in the identities (10) and (9), (k = 1, • • • , s — 1), are analytic, and at which

L has one or several nonzero coefficients. Evidently 21 — 9Î is isolated in 21. Now

let <r be any positive integer with l^o-^s, let x0 be any point of 3t, assume

5>0, and let ai, • • •, at; bi, • • ■ , b, be complex numbers such that G = 0 and

Ta¿0,(i = l, ■ ■ ■ ,<r),yfhenx=Xo,Vj = a,;zk = bk,(j = l, ■ ■ ■ ,t;k = \, ■ ■ ■ ,<x).

Since Ti • • • T, is equal to the Jacobian d(G, • • • , G)/d(zi, • • • , z„), there

is a unique set of functions f\(x, »i, ■ • ■ , vt), • ■ • ,f,{x, »i, • • • , vt), analytic

near (x0, ait ■ ■ ■ , at) such that bi=fi(x0, ah • ■ ■ , at), (i = 1, • • • , a), and such

that the substitution of fi(x, »i, • • • , »t) for z< in G, • • • , G yields a functions

of x, »i, • • • , Vt each of which is identically zero.

Let dt be a neighborhood of (x0, Oi, • • • , at) in which every f((x, »i, • • •, »<)

is analytic (t = l, • • • , o-) such that for every point (xh cx, • • • , ct) in 9Î the

relations

| Cj — a¡ | < ô,   | fi(xa, Ci, ■ • • , c,) — bi | < 8, i = 1, • • • , a,

are valid. Let C\, ■ ■ ■ , ct be chosen so that (x0, C\, ■ • ■ , ct) is a point of 9Î

at which L is not zero. Such a point exists because L has one or several coeffi-

cients different from zero at x0. Let ¿,- =fi(xo, C\, • • ■ , ct), (* = 1, • • • , a). Then

the substitution

(11) x = Xo, Vj = Cj, Zi = di, i = 1, • • • , <r;j - 1, • • • , t,

annuls G, • • • , G but not G, and therefore does not annul 7„+i (by (9), with

k=a). Therefore the polynomial in z<r+i obtained from G+i by the substitution

(11) has at least one root dr+i. The substitution

(12) x = Xo, Vj = Cj,Zi = di, i = 1, • • • , <r + 1; j = 1, • • • , t,

annuls G, • ■ • , G+i but not G+i, and therefore does not annul 7,+s (by (9),

with k=a + l). Hence the polynomial in z,r+2 obtained from G+2 by the sub-

stitution (12) has at least one root d,+2.

Continuing in this manner, we obtain a set of values et, • • •, c%\ d%, • • •, d,

such that the substitution

(13) x = xo, Vj = Cj, Zi = di, i = 1, • • • , s;j = 1, • ■ • , t,

annuls G, • • • , G but not G, and therefore does not annul Z\ • • « T,F (by
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(10)). Since Ti • • • 7", = d(Ci, • • • , C,)/d(zi, ■ ■ ■ , z,), there is a unique set of

functionsÇi(x, vh ■ ■ ■, vt), ■ ■ ■, Ç,{x, Vi, ■ ■ ■, Vt), analytic near (x0, Ci, • • •, c<),

such that di = Çi(xo, Ci, ■ ■ ■ ,ct), (¿ = 1, • • • , s), and such that the substitution

Zi = Çi(%, Ht ' • ' i i>t), (¿ = 1, • • • , s), transforms G, • • • , C, into 5 functions

of x, Vi, • ■ • , vt, each of which is identically zero.

Let vj(x)=cj, Zi(x). = ^i(x, Ci, • • • , ct), (j = L •••,/; »«l, •• -, *). Then

»,■(*), Zi(a;) is evidently a solution of A, analytic at x0, for which F is different

from zero at xB, and

| Vj(x0) — a¡\ < 5,   | z&(x0) — bk\ < 5,        j = 1, • • • , t; k = 1, • • • , a.

6. We now prove the following theorem :

Theorem 3. Let

(14) Sx, 22, • • •

be a sequence of closed irreducible systems in the unknowns yi, • • • , yn such that

the manifold of S¿ ¿5 a proper part of the manifold of S,+i, (¿=1,2, ■ ■ • ). Let S

be the set of all forms F such that F is in every system S¡, (¿ = 1, 2, • • ■ ). Then S

is a closed irreducible system having more arbitrary unknowns than S,-,

(¿ = 1,2, •••)•*

S is obviously closed. S is irreducible because if GH holds S, then either G

holds an infinite set of the S¿, hence all the S,-, or H does; so either G is in S

or H is.

Now let Si be any system in (14). Evidently, if there is a set of unknowns

in which S, has no nonzero form, then S has no nonzero form in the unknowns

of that set. Hence S has at least as many arbitrary unknowns as St-. Now sup-

pose that there is an m such that Sm has the same number of arbitrary un-

knowns as S. Then there is a set of unknowns ytl, y,2, • • • , yiq which is a set

of arbitrary unknowns for S, and which is also a set of arbitrary unknowns

for Sm. Now S,-, (j"è.m), has no nonzero form in y<„ • • • , y,-, because Sm has

no such form. But S,- has not more than q arbitrary unknowns, because S

has q arbitrary unknowns. Hence yiv ■ ■ ■ , yi, is a set of arbitrary unknowns

for every S,-, (j¡ím). Taking yiu ■ ■ ■ , yiq as a set of arbitrary unknowns for S

and for each S„ (J^m), we introduce a resolvent for S and for each S,- (ad-

joining xto J if necessary) and we let p, p} be the orders of the resolvents of

S, S,-, respectively (j^m). By a theorem of E. Gourin,f since S has the same

* For a closed irreducible system A, the number of unknowns in a set of arbitrary unknowns for A

is independent of the manner in which the set is chosen (ADE, §30). This number we call the number

of arbitrary unknowns in A.

f E. Gourin, On irreducible systems of algebraic differential equations, Bulletin of the American'

Mathematical Society, vol. 39 (1933), pp. 593-595.
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set of arbitrary unknowns as each of the S,-, we have pm<Pm+i< ■ ■ ■ <p,

which is clearly impossible.

Corollary. S has a non-empty set of arbitrary unknowns.

7. We now make the following definition:

Definition. Let n be any positive integer. Let fi(x), ■ • ■ ,fn(x) be an ordered

set of n functions analytic in an open region 93. Let Tibe a set each of whose ele-

ments is an ordered set of n functions which have a region of analyticity in com-

mon. Then if mis a positive integer, we shall say that a point x0 of 93 is a point

of mth order contact between the setfi(x), ■ ■ ■ ,fn(x) and the set of sets 7{ if for

every e>0 there is a set yi(x), • • ■ , yn(x) in T{, analytic at xo, such that

I ya(xo) - fu(xo) | < «,* i = 1,- ■■ ,n;j = 0,1,- ■■ ,m.

If Xo is a point of mth order contact between fi(x), ■ ■ ■ , fn(x) and 7{ for

every m, then we shall say simply that Xo is a point of contact between

h(x), • ■ ■ ,fn(x)and7i.
8. We can now state the following theorem:

Theorem 4. Let Si, S2, ■ • • , and S be as in the hypothesis of Theorem 3.

Let 9íti be the manifold of S,-, (i = l, 2, ■ ■ ■ ), and let 7^ be the set-theoretic sum

Mi+VÏÏ2+ • • • . If fi(x), ■ ■ ■ ,fn(x) is an ordered set of n functions analytic in

an open region 93, then a necessary and sufficient condition for fi(x), • • ■ ,f„(x)

to be a solution of S is that 93 contain a point of contact between fi, •••,/« and >£.

Sufficiency proof. Let

(15) /i(*),-",/.(*)

be an ordered set of n functions analytic in an open region 93 which contains

a point xo of contact between (15) and 7{. We shall prove that (15) is a solu-

tion of S.

If H is a form in S whose coefficients are analytic at x0, then H, considered

as a function of x and the letters appearing in H, is continuous when x is

near x0.

Let m be a positive integer greater than the order of H in y,-, (i = 1, • • •, n).

Assume e>0. Let

(16) yi(x), • ■ ■ , yn{x)

be a solution in 7{, analytic at xa, such that

(17) | fij(xo) - y¡j(x0) | < e, i -= 1, • • • , n;j » 0, 1, • • • , *».

* The second subscript is an index of differentiation.
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When we substitute (15) and (16) in ff,we obtain functions h{x) and k{x),

respectively, which are analytic near x0. Evidently k{x) =0, since (16) is in N.

and is therefore a solution of S. In particular k(x0) =0. Now e is arbitrarily

small; consequently, the relations (17) and the continuity of H imply that

\k(xo) — h(xo)\ is arbitrarily small. Thus |A(#o)| is arbitrarily small, so that

h(xo) =0. Now h'(x0) may be obtained by substituting (15) in E' and putting

x = xo* Hence, by the preceding argument, h'ixo) = 0. Continuing in this man-

ner we prove that every derivative of h(x) vanishes at x0. This means

h(x)=0. Hence (15) is a solution of H, where H is any form of S whose

coefficients are analytic at xB. But if G is any form of S, the product of G

by a suitable nonzero function \¡/{x) in J is a form H of S with coefficients

analytic at x0.f

Since (15) annuls H, it annuls G. This proves that (15) is a solution of S.|

Necessity proof. The necessity of the condition is implied by Theorem 6,

below.

9. The next theorem is as follows:

Theorem 5. Let the notations S,-, SW,-, and S have the same significance as

in the hypothesis of Theorem 4. Then there exists a function b = b{m), defined on

the positive integers, and assuming positive integral values, such that for every

solution yi(x), ■ ■ ■ , yn(x) of S, analytic in an open region 23, and every positive

integer m, the set of points of mth order contact between yi(x), • ■ • , yn(x) and

5Wd(m) is a set whose complement in 23 is isolated in 23.

Let »i, ■••,«, be a set of arbitrary unknowns for S. If S is non-trivial,

we introduce a resolvent for S with a new unknown to satisfying w — Q = 0.§

If S is trivial (that is, if S has no nonzero forms) we introduce a new un-

known o) satisfying « — Q = 0, where Q=0.

In either case let ft be the set of forms holding S + (co — Q), and let fti be

the set of forms holding Si+(co—Q), (¿ = 1, 2, • • • )• Then fti+i holds fti, ft is

closed and irreducible, || and ft is the set of all forms F such that F is in every

system ft,-, (¿=1, 2, • • • )•

Let yi, ■ • ■ ,yP be the unknowns in ft other than «i, • ■ • , uq, to. If Let the

unknowns be ordered u\, ■ ■ ■ , uq; u; y\, ■ ■ • , yp, and let

(18)_ R,Ai,.-.,Ap

* Superscripts indicate differentiation.

t For if G has a coefficient <¡>(x) with a pole at xa, then the reciprocal of <¡>{x) will have a zero at xo,

and a suitable power of that reciporal will serve as^(a).

t This proof is similar to a proof given by Ritt for a different theorem, ADE, §72.

§ ADE, §§25-29.
|| ili is also closed and irreducible.

H We renumber the unknowns if necessary.
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be a corresponding basic set for ß. Then A ,• is of zero order in y¡ and is linear

iny<o, (» = 1, • ■ • ,p).*

Let h be the order of R in w. We assert that if a is any positive integer,

then there is an integer b depending upon a such that the system Qh has no

nonzero form in the letters

(19) uaß, uiy, a = 1, • • • , q; ß = 0, 1, • • • , a; y = 0, 1, • • • , h - 1.

For let us assume that this assertion is false. Then there is an a such that

every Oi has a nonzero form in the letters (19). From each Í2,- let a nonzero

form Fi in the letters (19) be selected which is of minimum rank. With-

out loss of generality we may assume that Fi is algebraically irreducible

(¿ = 1, 2, • • • )• Since 0¡¡ must have solutions, each Fi, (i>2), involves un-

knowns.

Since the totality of letters involved in the F< is a finite set, there is an

infinite subset of the Fi such that if Fk and F¡ are two forms in the subset,

then Fk and Ft have the same order in ua, (a = 1, ■ • • , q), and the same order

in w. We assert that the quotient of any two forms in this subset is a (nonzero)

function in J. For if Fk and Fh(k<l), are relatively prime, then the resultant

G of Fk and F¡, with respect to the highest letter in Fk and Ft, is a nonzero

form free of that letter. Then fí* has the form G in the letters (19).f But G

is lower than Fk. This contradiction with the minimal property of Fk proves

that there is an infinite set of the Ft, each of which is the product of a fixed Fk

by a nonzero function in J. Then this Fk is in all the Oi, and therefore in 0,

although it is lower than R. This contradiction proves that for every a there

is a b such that ß» has no nonzero form in the letters (19).

Now let S, Si be the séparant of R, A{, (i = l, • • ■ , p), respectively, and

define K~i=SSi ■ ■ ■ Sp. Discarding a finite set of the 0< if necessary, we as-

sume that K\ holds no Oi, since K~i is not in ß.

Let g be a positive integer greater than the maximum order of each form

of (18) in each unknown.

Let m be any positive integer, to be fixed throughout the remainder of

this proof. Let a = m+g, and let b = b(m) be the smallest positive integer such

that fi& has no nonzero form in the letters (19).

We take any set of arbitrary unknowns for fí¡,, order the remaining un-

knowns in any fashion, and let

(20) Bi, B2, ■ ■ ■ , Br

be a corresponding basic set for tlb.

* Since either R is a resolvent for 2, or 2 is trivial. In the latter case (18) is simply the form R.

t Since G is a linear combination of .Fi and Ft, each of which is in SÎ*.
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Let t, T.-, o-, be the orders of the highest derivatives of co, yi,Uj, (¿= 1, • • ■ , p;

j = \, ■ ■ ■ , q), respectively, appearing in (20).* Let K2 be the product of the

séparants in (20). Let A be the set of all simple forms that vanish for all solu-

tions of the system

(21) Bif,        ¿= 1, ■•• ,r;;=0, 1, •• • ,a,t

for which K29*0, where the forms (21) are to be considered as simple forms in

the unknowns

Un, ook, y„„ j = 0, 1, • • ■ , a + a; i = 1, • ■ • , q;

k = 0, 1, ■ ■ ■ , a + t;     v = 0, 1, • • • , a + t„; n = 1, • • • , p.

It is easy to see that A is prime, that every simple form which holds A,

when considered as a form in the unknowns U\, ■ • • ,uq,u>;y\, • • ■ ,yp, and

their derivatives, will hold ft&, and that every form of ft6 in the letters (22),

when considered as a simple form in those letters, will hold A.%

Since every form in A is in ft&, there is no nonzero form in A in the letters

(19). Renaming the letter (22), let

(23) vi, ■ ■ • ,vt

be a set of unconditioned unknowns for A, and let

(24) zi, ■ ■ ■ ,z3

be the other unknowns in A. We may and do choose (23), (24) so that (23)

includes (19) and also so that Zi=toh, the latter being possible because R is

in A.

With the unknowns ordered vh ■ ■ ■ ,v,; Zi, ■ ■ ■ , zs, let

(25) C\, C2, ■ • • , C,

be a basic set for A. Then R can be taken for G- For if F were a simple form

of A in the unknowns Vi, ■ ■ ■ , vt; Uh, of lower degree than R in coh, then the

resultant of R and F with respect to con would be a nonzero simple form of A

in the letters (23),§ although (23) is a set of unconditioned unknowns. We

shall assume that G = R.

* If a, yi, or Uj does not appear in (20), then r, n, or <r„ respectively, is to be taken as zero.

f The second subscript is an index of differentiation.

Î If F holds A, then KsF vanishes for every solution of Oj, since such a solution either annuls

K% or yields a solution of (21) for which Ks^O; hence F holds ilb, since Ks does not. Conversely, if

F holds ii,, then F vanishes for every solution of (21) for which K^0, since such a solution provides,

at every point where the coefficients in (20) are analytic and Kit^O, initial conditions for a normal

solution of (20). If FG holds A, then it holds Q¡,; so either F holds Qb, hence A, or G does. Thus A is

indecomposable. A is obviously simply closed.

§ if is algebraically irreducible as a polynomial inc«, in the field J(vi, ■ ■ ■ , vi). Cf. ADE,§§65,45.
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We note that K2 does not hold A.

Taking Kt for the form F in the hypothesis of Lemma 2, we let 91 be the

corresponding point set in 21 with the properties (i), (ii) of the lemma.

Let 9cm be the set of points in 9} at which the coefficients of the forms in

(18) and (20) are analytic. Evidently 21 — 9im is isolated in 2Í.

Let Xo be a point of 9tm, and let

(26) üi(x), ■ ■ ■ , «„(»); £»(*); ?i(*), • • • , yp(x)

be a normal solution of (18), analytic at x0 and giving Kx a nonzero value

at xo. We shall prove that xa is a point of wth order contact between (26)

and the manifold of ßt. Assume

Rk s Suh+k + Vk,       An = Siya + 7\,-,
(27)

k = 1, 2, • • • , m; i = 1, 2, ■ • ■ , p;j = 0, 1, • • • ,m.*

Then Vk is of order less than h+k in w, and Ta is of order less than j in y¿.

Evidently the equations

(28) Rk = 0,Aij = 0,      ft- 1,2, •• •,«;*- 1, •••,*;.;-0,1, •--,«,

define «;,+&, y a recursively as functions of x, uh, and the letters (19), con-

tinuous near (x0, üaß(x0), wy(xo), m(xo)), (a = l, • • • , q; ß = 0, 1, • • • , a;

7=0, 1, • • • , A-l).f
Assume e>0. Then there is a ô>0 such that if üx{x), • ■ ■ , üq{x); ü(x);

yÁx), • " " , 5>p(x) is a solution of fi6 with

(29) | üaß(xo) — ü0ß(xo) I < 5, | üy(xo) — côT(a;o) I < S, I ¿>h(xo) - S>h(x0) \< S,

then

| ûjk{xo) — üjk(xo) I  < «,    I ¿>i(*o) — ¿>*(*o) I  < e,

(30) | ya(x0) — y<*(*o) | < «,

/= 1, • • • , q; i » 1, •• • , p; h = 0, 1, • •• , m.

This results from the fact that every solution of ß, and therefore also every

solution of ß», must satisfy the equations (28).

Now each v¡, (j= 1, • • • , /), corresponds to one of the letters (22) ; let a¡ be

the value at x0 assigned to that letter by (26). Let bi = wh(x0).

Then G, (Ci=R), vanishes under the substitution x = x0, Vj = ajt uh = bi,

(j= 1, • • • , /), and 5 does not; thus, since x0 is in 9c, there is a solution v¡(x),

* Rk is the &th derivative of R, and Ai¡ is the^'th derivative of Ai.

f Henceforth, whenever a, ß, y appear as subscripts, we shall understand that their ranges are

the ones given here.
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Zí(z),(¿ = 1, • • ■,s;j = í, ■ • -,/),of A, analytic at #o, for which | »,(»0) — a¡\ <ô,

I Zi(a;0) — ii I < S, (/ = 1, • • • , t), and for which K2 is different from zero at x0.

Evidently this solution of A provides initial conditions at xa for a normal

solution ûi, ■ • • , yp of (20) which satisfies (29). The inequalities (30) are

valid for this solution of ft&. Therefore x0 is a point of mth. order contact be-

tween (26) and the manifold of Qb-

Now let

(31) Mi(*), • • • , «„(*); y^x), • • • , yp(x)

be a solution of S, analytic in an open region 23. Corresponding to (31) is a

solution

(32) «i(aO, • • • , uq(x); a(x); yi(x), • • • , yp(x)

of ft, analytic in 23. According to the lemma of §2 there is a set 23m whose

complement in 23 is isolated in 23, such that every point Xo in 23m is a point

of mth order contact between (32) and the set of those solutions of ft which

give Ai a nonzero value at x0. Let 9îm = 23™ • üftm. Then for every «>0 and

every point x0 in 3îm there is a solution

(33) mi(z), • • • , üq(x); «(*); yi(x), ■ • • , yp(x)

of ft, analytic at x0, for which

I Üjk(x0)  — Ujk(Xo) I   < €,     I  Ûk(x0)  — 0¡k(Xo) I   < «,

(34) I yik(x0) — yik(x0) \ < e,

» - 1, •' • ,t\j - L • • • ,0; k = 0, 1, • • • ,m,

and for which Ki9*0 at xa; and then there is a solution

(35) Mi(s), • • • , üq(x);ü(x); %{x), ■ ■ • , yp(x)

of üb for which (30) holds. By (30) and (34) we have in particular

I üjk(xo) — ujk{xo) I < 2e,   I yik(xo) - yik(x0) \ < 2e,
(36)

i = 1, ■ ■ ■ , q; j = 1, ■ ■ ■ , p; k = 0, 1, ■ ■ ■ , m.

Consequently every point of 9îm is a point of mth order contact between (31)

and Mb. Since 23 — dtm is evidently isolated in 23, we have our theorem.

10. As a consequence of Theorem 5 we have the following theorem:

Theorem 6. Let the notations Si, "Mi, S, N. have the same significance as in

Theorem 4. Then the open region 21 contains a subset $ whose complement in 21

¿5 at most denumerably infinite, such that if x0 is a point in 'iß, and y\, • • • , %

is a solution of S, analytic at x0, then x0 is a point of contact between yi, ■ • ■ ,%

and N..
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We prove Theorem 6 by using Theorem 5 in the same manner in which

the lemma of §2 was used in proving Theorem 2. We simply replace the con-

cept of a solution of S for which B is different from zero at x0, by that of a

solution in N..

11. Extending this result in a special case, we assert that when J consists

purely of constants, then for every solution yi(x), • • • , yn{x) of S, analytic

in an open region 93, every point of 93 is a point of contact between

yi(x), ■ ■ ■ , yn{x) and K

For every point Xt in 93, every positive integer m, every e>0, and every

S>0, there is a solution yi(x), ■ ■ ■ , yn(x) in 7i, analytic at a point x0 in 93,

with |it;i—*o| <5, and with

I y"<i(*o) - ya(xo) | < «, * - 1, • • • , n\j - 0,1, • • • , m.

We assume that 5 is sufficiently small so that

I :y¡í(*i) - yaixo) | < «, » - l, • • •, »;¿ - 0,1, • • •, ».

Then |yij(x0) — ya(xi)\ <2e, and this may be written \zij(xi)—yij{xi)\ <2e,

where

Zi(x) m yi(x + xo — Xi), i = 1, • • • , n;j = 0, 1, • • • , m.

But Zi(x), • • • , zn(x) is in N, since J consists purely of constants. Therefore Xi

is a point of contact between yi(x), ■ ■ ■ , yn(x) and 7i.

Part III. Examples

12. We give an example of a sequence Si, S2, • • ■ and a solution

yi(#), • • • , y„(x) of S, analytic in an open region 93, such that the set of those

points in 93 which are not points of contact between y\{x), • • • , yn(x) and

7i is dense in 93. From §11 we know that in such an example there must be

functions in J which are not constants.

Let J consist of all rational functions of x. Let

(37) au a2, ■ • •

be a sequence of points dense in the complex plane. Let Sx, S2, • • • be the

closed systems in one unknown y such that the manifold of S„, (« = 1,2, • • • ),

is the family of functions

C\ c2
y =-1-f-  .  . .

x — di       (x — ai)2(x — a2)

(38)
cn

H-»
(x — a{)n(x — a2)n~l ■ ■ ■ (x — an)

where the c,- are arbitrary constants.
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Then it is easy to see that the manifold of Sn is identical with the mani-

fold of a linear differential equation in y, with coefficients in y. This equation

affords a basic set for Sn; therefore S„ is irreducible.* Obviously the manifold

of Sn is a proper part of the manifold of S„+i.

Now S must have a non-empty set of arbitrary unknowns, as we have

seen, so that y is a set of arbitrary unknowns for S. In other words, there is

no nonzero form in S ; so every analytic function is a solution of S. Let N be

the union of the manifolds of the S¿; that is, let N be the union of the families

of functions (38), (w = l, 2, • • • ). Let/(x) be a function which is analytic in

an open region 23 and which is not in N- Then the set of those points of the

sequence (37) that lie in 23 is dense in 23. No point in (37) is a point of contact

between/(x) and N., since for every positive integer I the only functions in N_

which are analytic at the point at are the functions which are in the family

(38) when n = l — \. Hence the complement in 23 of the set of points of contact

between f{x) and N. is dense in 23.

We note that there is no open subregion 23i of 23 in which/(x) may be ap-

proximated uniformly, with arbitrary closeness, by a solution in N- For if

such an open region 23i exists, then every point of 23i is a point of contact

between f(x) and >{.

13. The phenomenon exemplified in the preceding section is in marked

contrast with that appearing in the following example :

Let S4 be the closed irreduciblef system in the unknown y with a basic

set yk.%

S is trivial as in the preceding example. Here, however, if f(x) is any func-

tion, analytic in an open region 23, then every point of 23 has a neighborhood

in which/(a;) may be uniformly approximated by solutions of the Si. In short,

every polynomial is a solution of some system S£.

14. In the example of §12, for certain solutions of S there existed no re-

gion in which uniform approximation by solutions of the Si was possible.

Each solution of S having this property had the additional property that

every subregion of its domain of analyticity contained a point which was not

a point of contact between the given solution and the union of the manifolds

of the Si. This second property of course implies the first. We shall prove that

the converse is not true. That is, we shall exhibit a sequence Si, S2, • • ■ and

a solution of the corresponding system S, such that every point in the domain

of analyticity of the given solution is a point of contact between the solution

and the union of the manifolds of the S,-, while on the other hand, there is

* Cf. ADE, §§65, 45.
f The existence of such a Z* follows from two theorems of Ritt, ADE, §§65, 45.

t Subscripts indicate differentiation.
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no open region in which the solution can be uniformly approximated by solu-

tions of the S,-.

Let

(39) «!, a,, ■ ■ ■

be a sequence of complex constants. In terms of the sequence (39) we define a

sequence of operators

(40) 0i, 62, ■■ ■ ■

as follows:

(41) diS(x) = g(x){g'(x) + aig(x)), 9iA = A(A' + aiA),        i = 1, 2, ■ ■ • ,

for every analytic function g(x) and every form A. Set <t>k = dk9k-i • ■ • 02B\,

(ft-1, 2, • • • ).Let

(42) S1; 22, • • •

be the sequence of closed systems such that the manifold of Sn, (« = 1,2, • • • ),

is the family of all functions y(x) which satisfy the equation

(43) — (*-y(*))=or
ax

Set Ak=<t>ky, setBk=Ak , and let Sk be the séparant of Bk, {k = l, 2, • • •).

Evidently the manifold of Bi+x includes the manifold of Bit so that Si+i holds

S,-, (»—1, 2, ■ ■ ■ ). Since SiSi+i does not hold Bit the general solution of Bi+i

includes the general solution of Bi.

We shall prove that S„ is irreducible. This is equivalent to proving that

the manifold of B„ is identical with the general solution of Bn. It suffices to

prove that the manifold of Sn is in the general solution of Bn. This last is easy

to see when n = 1. We assume that it is true when n = r. Then the manifold

of Br is identical with the general solution of Br. Now ST+\=ArST. Hence

every solution of Sr+i i s in the general solution of Br, and consequently in the

general solution of BT+\.

Thus Sn, (» = 1, 2, • • ■ ), is irreducible. As in §12, the system S is the

trivial system of which every analytic function is a solution.

Let Mi be the manifold of Si; (¿-1, 2, • • • ), and let 7i=M1+'M2+

Let y(x) be an analytic function such that for some k the function 4>ky(x)

is not identically zero, and has a zero at a point x0. Then y(x) is not in N..

For suppose y(x) is in N.. There exists an n such that y(x) satisfies (43). We

may and do assume that n>k. Let x0 be a zero of order <r for <f>ky(x). Then it

is easy to see that x0 is a zero of order 2"_fc(cr — 1) +1 for <j>ny(x). But this is
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impossible, since <t>ny(x) is a constant, by equation (43). Hence y(x) is not

in N..

Let fix) be a polynomial of positive degree. Then for every choice of a

sequence (39) the function <j>kf(x) is a polynomial of positive degree

(k = l, 2, ■ • • ). Let SRi, 9Î2, • • • be a sequence of open sets such that for

every open region 23 there is a k such that dtk is included in 23. We shall choose

a sequence (39) in such a way that for every k the function <t>kf{x) has a zero

in ft*.

We take a point bx in 9îi such that/(&i) 9*0, and define ax= —f'ih)/fibi).

Then </>if(x) has the zero £>i in $Ri. When au a2, • • • , a„_i have been chosen

so that 4>kf{x) has a zero bk in dtk, (k = l, 2, ■ ■ ■ , n — i), we take a point bn

in 9în at which <j>n-\f{x) is not zero, and, letting g(x) =ct>n-if(x), we define

an= —g'(bn)/g(bn). Then <t>nf(x) has the zero bn in 9Î„. Proceeding in this man-

ner we determine a sequence of points

(44) bh b2, ■ ■ ■ ,

dense in the complex plane, and a choice of the sequence (39), such that the

point bk is a zero of (f>kf(x), (k = \,2, • ■ • ). We now retain this choice of (39).

Now suppose that there exists an open region 23i in which f(x) can be ap-

proximated uniformly by solutions of the S,-. Let y-iix), y2(x), ■ • • be a se-

quence of functions in N., converging to f(x) uniformly in 23i. Then for each k

the sequence </>kyi(x), <j>ky2(x), ■ ■ ■ converges to <l>kf(x) uniformly in 23i. Let k

be such that <j>kf(x) has a zero in 23i.* Then there is an m such that <f>kym(x)

is not identically zero and has a zero in 23i. We have seen that this implies

that ym(x) is not in N- This contradiction implies that there is no open region

in which f(x) can be approximated uniformly by solutions of the S,-. On the

other hand, every point of the complex plane is a point of contact between

fix) and N., since 7 is a field of constants.

Another such example can be constructed as follows : Let 6 be the operator

such that

*«(*) = g(*)[2(s'(*))3 - Hix)g'ix)g"ix) + igix))2g'"ix)],

for every analytic function g(x). Let Si, S2, • • • be the sequence of closed

systems such that the manifold of S„, (« = 1, 2, • • • ), is the family of all

functions yix) which satisfy the equation

(45) — (6»yix)) = 0.
dx

Arguments similar to those used in the preceding example show that Si is

* We are using here the fact that the sequence (44) is dense in the complex plane.
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irreducible and is held by Si+i, (i = 1, 2, ■ • • ), and also show that if y{x) is a

function such that dky(x) has a simple zero for some ft, then y(x) is not in T{.

Let «i, o^ be any two complex numbers whose ratio is not real, and let

<r{x) be the corresponding cr-function of Weierstrass.* Using a functional

equation of a(x) ,f we find that

Okff(x) = 23*<*-1>/V(2*z), ft = 1, 2, ■ • ■ .

Every circle which is of diameter greater than |coi| + |co2| contains a sim-

ple zero of <r{x), so that every circle which is of diameter greater than

(|coi| +1co2|)/2* contains a simple zero of 0*cr(a;).

Thus if a(x) can be approximated uniformly in an open region by solutions

of the S,-, there is a ft such that for some function y(x) in Tithe function 6ky(x)

has a simple zero at some point in that open region. This contradiction proves

that there is no open region in which a{x) can be approximated uniformly by

solutions of the S,-.

15. Let Si, S2, • • • be a sequence of closed irreducible systems in

yi, • • • , yn such that the manifold of S¿ is a proper part of the manifold

of S<+1, (¿ = 1, 2, • • • ). Let S be the set of all forms F such that F holds

every St. Discarding a finite set of the S< if necessary, we assume that there

is a fixed set of unknowns yi, ■ • ■ , y« which is a set of arbitrary unknowns for

every S.-.J Of course q<n. Let Ai¡q+l, Ai¡q+2, • • • , Aiin be a corresponding

basic set for S„ with Ai{ introducing y,-, and let y a be the order of An in y,-,

(j = q+i, ■ ■ ■ , n; i = 1, 2, • • ■ )• Let r be the number of arbitrary unknowns

inS. Thenc/<r^w. If S is not trivial, thatis, if r<n, let^4r+i, Ar+2, ■ ■ • ,-A„

be a basic set for S, with Ak introducing y*,§ and let 7* be the order of Ak

in y*, (ft=r+l, • ■ • , «). We consider the question of whether the values of r,

and (when yk exist) of the yk, are determined uniquely by n, q, and the 7,-,-.

We know that the answer is affirmative when n—q = \, since in this case

n—r=0 and S is trivial. We shall indicate by examples in §§15, 16 that the

answer is negative when n—«7^2.

Let a be any nonnegative integer, and let S„, (» = 1, 2, • • • ), be the closed

irreducible system in «, y with a basic set An, Bn where

n-l

An = «„,        Bn = y — X t'Wi-ll
i-l

Since the order of A „ in u becomes infinite with n, S cannot have a non-

* Hurwitz and Courant, Funktionentheorie, p. 179.

t Ibid., p. 184.
t We renumber the unknowns, if necessary.

§ We renumber the unknowns again, if necessary.

|| For the existence of such a 2„ cf. ADE, §§65,45.
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zero form in u alone. We shall prove that S has a nonzero form in u and y,

so that « is a set of arbitrary unknowns for S. Moreover, we shall prove that

the nonzero forms in S of lowest order in y are of order o- + l in y. Set

Cni = Tí - X) i'Ui+j, j = 0, 1, ■ • • , <r + 1; n = 1, 2, • • • .
i-l

Evidently C„¡ is a form in Sn since it is a linear combination of derivatives

of An and Bn. Set

«+1

Dn = E(- i)',+ACni.*

It is easy to see that

Dn - E (- VUicXy, - E (* - i)'«*].t

Since Dn is independent of n, Dn is in S,- for every j. Therefore S contains

the nonzero form Dn which is of order o- + l in y. Let m be any positive integer

greater than a — 1, and let a0, ah ■ ■ ■ , am; b0, h, ■ ■ ■ , b, be any set of complex

numbers. Let n = m+a+2. We shall prove that S„ has a solution m(x), yix)

such that Mi(0) =ait yki0) =bk, (¿ = 0, 1, • • ■ , m; k=0, 1, • • • , <r).

It is easily seen that such a solution exists if the system of linear equations

m— k n— 1

(46) bk = E i'ii+k + E (« - k)'ua,        h = 0, 1, • • • , <r,
t=l a—m+l

has a solution in ua, (a = w+l, • • • , » — 1).

The system (46) will have a solution if the determinant dim, cr) is not zero,

where the element of dim, a) in the ¿th row and/th column is (m + l+j—i)',

ii,j~\, ■ ■ ■ , cr+1). By repeated subtraction of adjacent columns, and then

of adjacent rows, in dim, <r), it can be shown that d{m, a) = iaï)a+19*0.

Hence S has a solution uix), yix) such that

«¡(0) = ai, yki0) = bk, i = 0, 1, ■ ■ ■ , m; k = 0, 1, ■ ■ ■ , o-,

where m is any positive integer and the a¡ and bk are arbitrary. This obviously

implies that S has no nonzero form whose order in y is less than ct + 1. Evi-

dently if u is taken as a set of arbitrary unknowns for S, then <r + l is the

order in y of a basic set for S.

* Note that „+1C, is a binomial coefficient, not a form.

t This reduces quickly to proving the identity ^ÍLo'í-l)'»+iCj(*—i)"=0, which holds for all

complex k, since the left-hand member is the <rth derivative at the origin of ekx(\—e~x)'+1.
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16. Let S„, (« = 1,2, • ■ ■ ), be the closed irreducible system in u, y with a

basic set An, Bn where An=un, Bn=y—Eili^«*- We shall prove that for

every positive integer m and every set of complex numbers <z0, ax, • ■ • , am;

bo, bi, • • ■ , bm the system S2m+2 has a solution u, y in which «,-(0) = a,-,

yi(0)=&i, (i, j = 0, 1, ■ • ■ , m). It suffices to prove that the system of linear

equations

m—k 2m+l

(47) bk = E *!«**•* + E (<* - k)\ua,       ft - 0, 1, • • • fm,
i—1 ct=m+l

has a solution in ua, (a = m + l, ■ ■ ■ , 2m + \). Such a solution exists because

the determinant dm of the coefficients is not zero, where the element of dm in

the ith. row and jth. column is (m+\+j — i) !, (i, j = 1, • • • , m+1). The value

of dm is easily seen to be ( —l)m(m+l)/2(l!2! • • • ml)2(m+l)l.

Consequently, for every set of complex numbers a0, ai, ■ ■ ■ , am;

bo, h, • • •, bm, S has a solution u(x), y(x) with M,(0)=a,-, yi(0)=t>,-,

(i, j = 0, 1, • ■ • , m). This means that S has no nonzero form. That is, S is

the trivial system having u, y as a set of arbitrary unknowns.

17. Let S be any closed irreducible system in «i, •••,«„; yi, • • • , yp,

where «i, • • • , uq, (q ̂  1), is a set of arbitrary unknowns. Let s be any integer

with O^s <q. We assert that there is a sequence

(48) Si, 2,, • • •

of closed irreducible systems such that S< has 5 arbitrary unknowns, such that

the manifold of S ¿ is a proper part of the manifold of Si+i, (* — 1, 2, • • • ), and

such that S is the totality of forms common to the S<, (t = l, 2, • • • ).

For example, we may construct a sequence (48) as follows :

Let ^4i, At, ■ ■ ■ , Apbe a basic set for S, with Ai introducing y<. Let

m he a. positive integer greater than the order of Ai in u¡, (i = l, ■ • ■ , p;

j = 1, • • • , q — s). Then for every positive integer n the ascending set

(49) «l,m+n, «2,m+n,  '  * *  , «j—«,m+n, A\,  ' • •   , -¡4p

is the basic set of a closed irreducible system. This is a simple consequence

of Ritt's theorems characterizing the basic set of a closed irreducible system.*

Let S„ be the closed irreducible system having (49) for a basic set

(« = 1, 2, • • ■ ). It is easy to see that with this definition of S„ the sequence

(48) has the desired properties.

* ADE, §§65, 45.
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