ON THE GROWTH PROPERTIES OF A FUNCTION OF
TWO COMPLEX VARIABLES GIVEN BY ITS
POWER SERIES EXPANSION

BY
ABE GELBART

1. Introduction. One of the most fundamental formulas in the theory of
functions of one complex variable is the Cauchy integral formula. It is of par-
ticular value in the Weierstrass-Hadamard approach, i.e., in obtaining prop-
erties of a function from the coefficients of its power series expansion. A
similar formula cannot be obtained for functions of two complex variables
for an arbitrary four-dimensional domain, as is obtained, for instance, for the
bicylinder, where the integration is taken over a two-dimensional surface on
the boundary. Bergman(?) has shown, however, that for certain domains far
more general than those previously considered, i.e., domains bounded by a
finite number of analytic hypersurfaces, an analogous formula does exist, the
double integral being taken essentially over the two-dimensional surface com-
mon to two or more of the analytic bounding hypersurfaces(?).

In this paper we shall obtain growth properties in terms of the coefficients
of the power series expansion of a function f(z;, 2;) of two complex variables
analytic in special domains of the type mentioned above; first, with the aid
of Bergman’s integral formula, along the two-dimensional surfaces common to
the bounding hypersurfaces, and then, along a class of two-dimensional sur-
faces lying in only one of the bounding hypersurfaces and having a line of
contact with another bounding hypersurface. We also obtain a mapping theo-
rem which determines from the coefficients a convex region in the f;f;-plane,
f(21, 22) =f1+1f2, which must be contained in the smallest convex region of the
mapping on the fif.-plane of the surfaces considered.

2. Properties of f associated with G2(r). Let us consider a finite four-di-
mensional domain P which is bounded by the hypersurfaces

2y

51:(r) = E[za = re"" 0 < M < 27),
sZ(r) = E[z re + p(A)z2 = h(Ag, 22), 0 £ \g < 27,

and which depends on a positive parameter 7; p(\;) is assumed merely to have

(2.1)

Presented to the Society in two parts: October 28, 1939, under the title On functions of
two complex variables given by power series expansion, and December 27, 1939, under the title
On the growth of a funciion of two complex variables given by its power series expansion on certain
hypersurfaces; received by the editors May 28, 1940.

(1) Bergman [2, 3]. See the bibliography at the end of this paper.

(?) Bergman calls such surfaces “distinguished boundary surfaces.”
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a first derivative. Let G*(r) be the two-dimensional surface on the boundary
of M* which is the common part of the bounding hypersurfaces, i.e.,
(2.2) G2(r) = si-s:.

__ THEOREM 1. Given a function f(z1, 22) =D o m0GmnZyZs regular in the domain
WM(r); if M(r) is the maximum-modulus of f(z1, 22) on G2(r), then

(2.3) M(r) = max _M—a"l

where m and n range over all non-negative mtegral values, B(p) is a constant
depending upon p, and G(m, n; p) is a function of m, n, and p, given by

1+f ( 1+1gm> I ()\)I"d m m
m max | pha) ["0x log p 1+logm’

when max | p| < 1,m = 1,

ntl 14 logm
1 14+g—V"27 No) |7dx,
2.4) +fo <+ m )max“’( ) [da

when max | p| = 1, m = 1,

1 — max | p(N2) |"+1
1 — max| p(ns) |

when m = 0 for all ».

Proof of Theorem I. Keeping 2, constant, say equal to ¢3, we obtain for a
particular value of 2z, say 4,

2 fh(Ns, ta), t2] [ire™s + p'(A2)ta)dNs
(2.5) f(t, t2) = '27 [(re"‘z 20w — tl] .

Since the numerator of the integrand is an analytic function of %, we again ap-
ply the Cauchy integral formula and obtain

1 ore FLA(hs, re™), res]
ty b)) = ——
2.6) f(t, t2) (2m')2fo fo [(re™ + p(A)ta) — 1] [re™s — 2]
- [ire™s + p're™]ire™dn dn,.

For the mth derivative of f(t, {;) with respect to ¢, we obtain

A™f(ty, t) _ m! fz' fz" Flh(ne, re™), reir]
2.7) aey - (2mi)*J o o [(re + p(a)ts) — L]mt[re™ — 1,]

< [ire™s + p'(Ae)re™]ire™dn dNs.

Let
Hy = (re™ 4+ p(Na)ta) — 4y, Hy = re — ¢y,
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For the nth derivative of 1/H*"'H, with respect to f;, we obtain by Leibnitz’
rule

(2.8) [1+2 ('”+”)'(— (»)] "

! H™H
Hence we obtain for a™t7f(¢,, {;)/0t™dt» the expression

m!n! f” f” fla, M][ire™s 4+ p'(Ao)res]ire™
0 (re"‘!

2.9 & + pOa)ta) — ] ™ [reds — o]+
. 1 v
[1 L3 ! (_ 1) e
N v=1 m'y Hl
ow
_ 9m(0,0)
h m'nlotTorLy
Hence
o m[mm + prrelire
(2 10) Amn = (21”)2 o rmint? exp z(m)\g + nh+ N+ xl)}
. !
[1 n Z (m+ »)! (e“()‘l_)‘t)?)]d)\ld)\z-

Taking the absolute value of a., we get
1 M() maxosr,s2x [1+] 00 | ]

42 ymtn

[1+E(m+)

Now for m=1, it can be shown that

1+ E[(’"+ ! e | 20|

_S.l+z":(1+v
y=1

| mn| = —
(2.11)
(max |p|)]4«2

(2.12)

1 + log m\™

ENY )
m

When |p| <1 we have

_|_
1+Z o ) —— o max | p(0) |
(2.13)
<1+f [1+x1+logm]mmax|p|’dx— " - ’
- 1 m logp 14 logm

and when |p| 21,
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n ! wtt 141 m
(2.14) 1+2Mmax|p|”§f [1+x—+-—(—)§—"z] max | p|*dz.
v 0 m

=1 mly!

When m =0, (1 —maxl p] ntl) /(1 ——maxl pl ) is the exact value of the left-hand
side of (2.14) for all p.

Therefore for all differentiable p(\;) and non-negative integral values of m
and # we have

(2.15) | @mn| = MGW n; p),

rmtn
where B(p) =maxosa,s2« (1+]p’]), or

f"'+" | Gmn ‘
(2.16) M)z ——-
B(p)G(m, n; p)
To find those values of m and #n, say u(r) and »(7), for which the right-hand
expression in (2.16) is maximum for a given 7, we take the logarithm of the
expression, letting —log|a,,,,,| =gm. and employ a generalized Newton poly-
gon method. Then

— (m + n) log r + log B + log G(m, n)

@2.17) &
2 guw — (u+ v) log r + log B + log G(u, ») = C.

We choose m, #,and gn. as the x-, y-, and z-axes, respectively, and plot the
points (m, , gms). Then the m and # of the first point which lies in the surface
z=x log r+y log r—log G(x, y) —log B+Fk as this surface is translated along
the z-axis from — « by varying &, i.e., until k= C, are the u and » which give
the right-hand side of (2.16) a maximum. If there is more than one point lying
on the surface, the one with the smaller m is chosen; if the m’s are the same,
the one with the smaller # is chosen. u and v are obviously functions of 7.
We then have

rn+v I ayy |

2.18 My 2 ——m8M8M8— -
(2.18) (n =z Bl )

This gives a lower bound for the growth of f(z;, 2;) along the hypersurface
g3=S,.,G*(r), where r varies continuously.
3. The mapping of the surface G*(). Let us introduce the function

(3.1) F(fia) =¢ ™ = A,

r,8=0
where 0 £a =27 and fis defined as in the previous sections. The coefficients
{A4,,} are functions of « and a combination of the a.'s such that m <7 and
n<s. We define the region R2(r) as the product of the half-planes
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(3.2) ficosa+ fosina £ Qe 1), 0= a<2m
where f; and f. are cartesian coordinates in the fif.-plane, and

3.3) Qa, 7) = log | Au(a, @) I + (u + v) log r — log G(u, v) — log B.

THEOREM 11. Let f(21, 22) =f1+if2. Then the smallest convex domain enclosing
the mapping of G%(r) on the fife-plane contains the closed convex region R*(r)
which depends only on the coefficients of the expansion of f(21, 22) and the surface
G*(r).

This gives a lower bound, so to speak, of the mapping of G2(r) on the

fife-plane.
Proof of Theorem II. Let
% (21,24
3.4 P(r) = max Ie 7 )l

on the surface G2(r); then from (3.4) and (2.18)

log P(r) = log | exp {e=ief*(z1, 20) } |
3.5) = log | exp {(f* cos @ + f5* sin )} |
- | exp { —i(f* sin @ — f5* cos @) } |
= fi* cos a + f5* sin &
= log | 4u(a,@) | + (u + ») logr — logG(n, v) — log B = Q(a, 1),

where the * indicates that value of f which gives | P| its maximum, for a
given a. Now, for each a, Q(a, ) has a fixed value (depending on 7). It is
clear from (3.6) that at least one point of the mapping, namely, (f¥, f&), will
lie in the half-plane

(3.7 ficos a + f2sina = Q(a, 7).

The region R?%(r) will therefore be contained in the smallest convex domain
containing the mapping of G2(r) on the fif:-plane. Theorem II is then proved.

It is clear that a similar theorem will hold for any surface for which we
have a lower bound for the maximum of the function f(21, 22) on the surface.
For example, we can state similar theorems for the surfaces considered in
§84 and 5. A

4. Further properties of the function on other surfaces of the type G*(r).
Let us consider the finite four-dimensional region I(7) bounded by the three
infinite hypersurfaces:

3.6)

si(r) = Elz. = rem, 0=\ < 2n),
(4.1) s:(r) = E[z, = re + Caz2, 0 =\ < 27,

() = Elz = e — Cazgy 0 < As < 2r),
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where, as above, 7 is a parameter and C; and C; are positive constants less
than unity. This restriction on C: and C; is necessary in order that the hyper-
surfaces of (3.1) form the boundary of a finite closed domain. Let G(r) be
that part of s3(r)-s3(r) which belongs to the boundary of I*. Now let

(4.2) G'(r) = Gra(r) + Gua(r) + Gas(r).

Let also g3=S]",G%(r), and g, =S/..,.G5(r), where r varies continuously and
r< oo,

Let f(z1, 25), as before, be an analytic function regular in 3. We now ap-
ply Bergman'’s integral formula(®) for functions of two complex variables
which states that at a point (¢, £;) in I,

1
f@u t) = Y D Mi(t, t2)
k.8

_
1 o, f F(@ke s D10 ) Bra(ts, f2, My ) dMsdN,
b

B,

B 2(27i)? % Bi(t1, t2, Ni) Bty t2, Ns)
Zkl(tly t2y xk; xl)
’
(60 — 16D — 1)

Bkc(tl, tﬁy Xk) x‘) = k ;é S,

) (@2
D(¢ s s Phs )
Zku(tly t2y kk, xl) = —k——— [CDt(tlv t2y xo)q:'k(tl’ ¢(l)y klc)

D(A\i, No)
— ®y(ty, L2, M) Bs(ts, 6P, N ],
where B}, is the surface range of integration. We have in our case
Py = 29 — 7e™,
4.3) Py = 31 — re?r — Cazo,

‘1)3 =21 — re“* + CaZg;

) N, iy
Z1=¢12 =re -+ Care ,
2) i\
23 = ¢12 =7re ,
(1) i Y
Z51=¢13 =re  — Cyre |,
gm0 = ™
2 = Q13 = )
(4.4)
(1 1 N, N,
51 =g = [Care™ + Care ' ],
C2+C3
@ 1 N, N,
23 = ¢z = [re ™" —re’];
C:+4Cs

(%) Bergman [2, p. 97] and [3, p. 861].
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and consequently,
(4.5)  f(tyy t2) = M1a(ty, ta) + M1s(by, t2) + Mas(ty, t2)

(1) (@), 2 i\ HAy) )d)\ Y
10A2

1 f fld12, 12 )(re

B (21!”1:)2 332 (fei)‘l — tz)(fei)" + Caty — tl)
1) (@), 2 idHAy)

1 f f(¢l3 , P13 )(f € )d)\ldx:;
(279)? By (re™ — ty)(re™s — Csty — 1)

N ES f f 16 SACNERL SN, |
(2ri)2J J g2 (re™: + Caty — t1)(re™s — Csts — 1)

23

(4.6)

As in §2 we have that
_ am+=£(0, 0) _ gmtn [M12(t1, ) + Mas(ty, t2) + Mas(t, tz)']

4.7 amn
m!nlotpoty m!n'oroty

b
ty,t2=0

™ M s(ty, t2)

atmaty
M@, 2 ik
m! " b1z, 12 )(r e )
(4.8) = 2ff [ ‘)‘f( 12 1;)( _,_l]d)“d)‘?
(273) Bf, Atz L(re™ — tg)(re™s + caoty — )™
- f f@izs 12)(re ) dhdhg
= M
(27i)? B [— <1>1(t2)]"+1[— ®By(ts, to) | ™1
so that
min SN )
3" M1(0,0)  min! f f f@1s 12 )(re )
(4.9) at";atg (21,-1‘)2 sz ,m+n+2ei(mx,+nx,+x,+xl)

r o (m+ v)!

. Z S__.l (caei®29) 7@\ dNs.
v=0 m!V!

This yields, by a process analogous to that used in §2,

_ Bulgi) M(r)Gua(m, )

ymtn

8™ M12(0, 0)
atpaty

1

(4.10)
m!n!

where M(r) is the maximum-modulus of f on G*(r), B(g%) is a constant de-

pending on the hypersurface g, =S[.,G},(r) and Gu(m, n) is a function of m

and 7, also depending on g, and is defined in a way similar to G(m, n) of §2.
In the same way we obtain

1 19" M 13(0, 0) < Bl3(Gf3)M (n)G1s(m, n) )

min! =

4.11
(.10 otpaty prtn
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From (4.3), we have

(4.12) ‘I’z(tl, tz) = (tl — reP: — Cztz), @3(!1, tz) = (h — rets + Cstz).

Hence
o™ 1 m 1
(4.13) ——[ ] =(-1)m™m!Yy, —-,
atl"' P, P, y=0 ‘1);+lq>;"_”+1
and

m 1 m n m + ” — _ !C;Cn—ll
(4.14) — l: :I (=)™ mmint 330 ( v — u) 3
at;” Do P5 y=0 =0 (m — y) !(n — ”)!cp;+u+lq>;n+n—v—n+l

(=)™ "mln! 2 1 (Cg @3)“

(4.15) spteir S (n— w)I\Cs &,
no(m4+n—v— )/ B\
' E}, (m — v)! (g) )
Then
118" Mu(0,0)| _ 1 [f [ fom' om) | o 1 (9) |
min! amary T 4y Bl ymtn w0 (n — w!\Cs
. i (m+n—v—#)!d)\2d)\3
(4.16) - me)
< Ba3(Gas) M (7) & 1 (9)"
B rmin L (n— w)!\Cs

’z"':(m—i-u—-v—u)!.

y=0 (m - l’)!

The constant Bas(g3s) is given by (1/4m?) [[5;,d\ad\s, where the precise limits of
integration are obtained by a tedious process and can be omitted here since
they are not necessary. for our purpose; it may be noted, however, that
0 <Bj;<1. We shall denote by Ges(m, n) the expression

(4.17) 3 1 <Cz>"i m+n—v—u!

S m-w\e) & m—»

This gives
m+n
w5 ([T D
m!n! arrary

(4.18) S
— > Bk.(g:,)Gk.(m, n).

2 k,8=1

6"'+"M13(0, 0)
. ooy

3™+ M 55(0, 0) )
atpoty

rm+n
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Therefore
ymtn I Amn l

3 ;:a-lB (8)Gy, (m, n)

Those values of u and » which make the right-hand side of (4.19) a maximum
can be obtained by a process similar to that employed in §2. Hence

(4.19) M@ =2

s | Qv l

% Z;:c-lB ke (gzc)G’“(ﬂr ")

(4.20) M(r) 2

We can then state

THEOREM II1. Given a function

oo

m n
f(zlr Zg) = AmnZ1 32
m,n=0

regular in the closed domain INA(r) ; then along

3

4

r:Sl'Gz(r) = s Gia(r) + Gis(r) + Gaa(n)),

0 prtu I ;‘" I
12 eiBra(gh)Grlu, ¥)

5. Properties for the function on certain classes of surfaces lying in the
boundary and different from G%(r). We next wish to consider the growth of

the function f(z;, 22) over a special class of surfaces H%(r) belonging to the
boundary of . Let

M(r) 2

(5.1) Hz(r) = Elz; = ¢(r, \1, 0), 22 = reih, )\1(1) =AM S )\1(2), 01 = ¢ £ o2

where for all o satisfying 1 <0 <03, and for any fixed A\, in the range consid-
ered,

§'(f, )‘lv d) e Sf(rr xl)y
31(r, M) = A1(r, \)- Aar, \);
Af(r, ) = EH z1 — szz| <rz=re |

(5.2)
Azz(", \) = E[I 71+ C322I =7, 3%

]
~
N

and for ¢ =02, with \; again fixed,

(7, Ay 03) € s1(r, M),

where s, is the boundary of 3¥(r, \;). It will be assumed that the set of all
points of H?(r) for which \; has an arbitrary fixed value in the range consid-
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ered is a continuous curve k(r)(4) with an initial point 2, ={(r, Ay, 31(A1)), and
a terminal point on sj(r, \;). The surface H?(r) lies completely in that part of
s3(r) which belongs to the boundary of the () of the previous section. A
portion of the boundary of H?(r) lies on G2(r) of (4.2).

Let the maximum-modulus of f(z1, 2;) on H?(r) be y(r). We now map
(using for simplicity the same notation for the mapped region) 32 into the
unit circle so that 2;=0 goes into itself and the direction of the real axis,
R(21) =0, at the point 2, =0, remains unchanged. The curve 4'(r) maps into a
segment of a continuous curve, its initial point determined by ¢ =1(\;) and its
terminal point lies on the unit circle. Now let 6= |z| =|{(r, Ay, 5:(A1))| for
AP <\ =\?. The quantities  and a =A% —\? were introduced by Bergman
and are the characteristic numbers of the surface(®).

One form of the Milloux theorem is(®): Let J be a continuous finite arc
lying in the unit circle [zl =1 joining a point 2, within the circle to a point on
the boundary. Let W(z) be regular, single-valued, and | W(z)[ <1 inside the
unit circle, and let | W(z)[ Z=won J. Then

(5.3) | W(0) | < wrm sin™ a—on1a+en)

where 8’ = | 2] .
Using this theorem for the mapped region 3} with

_ f(zh 29
(5.4 W(z) = —M(r) )
we have
] S| _ v
(5.5) | W) | = no S ) ,
and get, letting ©® =(2/7) sin 1(1—6)/(1+6),
(5.6) | 70, 22) | < M-0ye,

where M(r) is the maximum-modulus of f(z1, 22) in 9, N¥* is an arbitrarily
. . . 3k
chosen value of \; in the range considered, and 2, =25* =re®1.

Now
1 A 0, re™ @ (0, re™
a0n=_{f‘ S0, re%) )dx1+f‘ 1O ™) o,
0 Y

rnein)\l {l) f"ei")‘l

2r 0’ ret™
N LIPS
@ rreinhy

(*) The restriction that 4!(r) be continuous is not essential since theorems of the Milloux
type hold for more general one-dimensional sets.

(5) Bergman [1, pp. 347-348, Corollary]; and [4, pp. 200-201].

(®) R. Nevanlinna [5].

(5.7)
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1 ® 0, ret™ ® 0. reiMs
|ao,‘|§_{fx 102y 8 110 ]
0

(5 8) T rn x{l) rn
. = 0, re™s)
+ f | /¢ | dh}’
AR rm
and
1 — v\®

(5.9) | aon | ém[(Zw—a)M-l-aM(E) ],
where M =max |f(0, 2;)| =max |32 0a02|. Then

[ | aw|rm M| W °
(5.10) —”[—I-fll———]+—§(—"—) .

a M M M M
Let A be defined by the equation

"
(5.11) Aoy Lol
M

u being that » which maximizes Iao,.l r*, and u depends on r. Then A is posi-
tive.
If a>27A, we have that

(5.12) +0) = M) [g (1-Z A)]e_lm,

a

where the right-hand side is positive.
From these results we can state

THEOREM IV. Given the function

-
f(B1, 22) = D Gmnd1 22,

m,n=0

regular in MA(r). Let max | (21, 22) | < v(r) on the surface H*(r) of (5.1) having the
characteristic numbers 0(r) and a, a=\P =\ >27A, where A=1—|aou|r*/M;
then

M(r) 2rA\ 18 ®
where M =max |f(21, 22)| and M =max |f(0, ,)].
Since
(5.14) Loal ™ 520, o>,

p—r
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a lower bound for y(r) can be obtained in terms of the coefficients of f(zi, 2»)
by replacing in (5.12) M(r) by the right-hand side of (4.20), ¥ (r) by |ao.|r*,
and the M (r) in A by

p+1
(5.15) Lo o1
. p1L—7
where
(5.16) ] ao,"| p = 4_&;2.})4“ [m.:.x | a“"l pn],

for an arbitrary positive e. p; is a function of 7 and of the coefficients {ao,. !,
and can be determined by a process similar to the Newton polygon method.
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