ON THE JACOBI SERIES

BY
J. H. CURTISS

1. Introduction. Let F(z) denote a function regular in a neighborhood of
each of the points of the complex z-plane determined by the N numbers «;,
j=1,2,- -, which are not necessarily distinct. By means of interpolation
to F(2) in the points «;, the coefficients a, of the following series are uniquely
determined [20, p. 53]:

a6 + aG@-a) Fale—a)@—a)t---+ oalz—a)--- (z—an-1)
(1.1) 4+ o) +onGE—a)o@)+ - Fana(z—ar) - - - (z—an-1)w(z)
+an(@)*+ - - -,

where w(z) =] [}_;(z—a;). We shall denote the partial sums of this series by
S.(z; F) or S.(2),n=0,1,2, - - -, and the Cesiro means of order 7 by S (z; F)
orSP(z), n=0,1,2, - - - .

Jacobi [8](*) seems to have been the first to study developments of this
type. He was interested in the problem of finding a formal expansion for F(z)
of the type 2.¢¢,(2)(w(2))?, in which the functions g,(z) are polynomials of
degree less than A. The sum of the first # terms of this original series of Jacobi
is the polynomial of degree at most Az —1 which interpolates to the function
F(z) in the points «;, each considered to be of multiplicity #. Thus the nth
partial sum of Jacobi's original series is identical with the Anth partial sum
of the series (1.1). A change in the order of the points «; naturally changes
(1.1), but does not change Jacobi’s original series. We shall call (1.1) the
Jacobi series for F(z) with respect to the points «;. The series is a generaliza-
tion of the Taylor series, to which it reduces if the @; all coincide.

The present study of the Jacobi series was undertaken at the suggestion
of Professor J. L. Walsh. The purpose of the paper is to develop two general
methods for studying the Jacobi series on the boundaries of its regions of con-
vergence, and to obtain thereby certain typical results concerning the be-
havior of the series on these boundaries. The first method, in which the basic
idea (§4) is due to Professor Walsh, consists in the study of certain expres-

Presented to the Society in two parts: §§1-5 and 9, December 27, 1934, under the title
The Jacobi interpolation series on the lemniscate of comvergence (jointly with Professor J. L.
Walsh); §§10-11, October 30, 1937, under the title Uniform convergence and summability of the
Jacobi series on an unrestricted lemniscate; received by the editors July 15, 1939, and, in revised
form, June 13, 1940. The author is indebted to Professor Walsh not only for the contributions
acknowledged in the text, but also for a number of suggestions concerning the exposition of the
results contained in this paper.

() See also [20, pp. 54-64];and [5, 6, 9, 10, 11, 12, 13, 19]. The Jacobi series has been used
by Lebesgue to establish Weierstrass’s theorem on approximation to continuous functions by
polynomials; see 2, p. 60].
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sions for the sums of the columns of the array (1.1). This method is developed
in §§4-7, and is applied in §8 to the problem of determining the order of the
coefficients of the series (1.1) under various conditions on the function F(z).
The second method consists in expressing the Anth partial sum of (1.1) (that
is, the nth partial sum of Jacobi’s original series) as a definite integral similar
to Dirichlet’s integral (§10). The technique of working with this integral is
illustrated in §11 by the derivation of several convergence tests for the Jacobi
series analogous to the de la Vallée Poussin test and related tests for Fourier
series. Both of the two general methods depend upon a fundamental connec-
tion between the Jacobi series and the Fourier series of the boundary values
of F(z) (Theorem 7.7). The existence of such boundary values is discussed in
some detail in §7, not only because it is an essential step in establishing the
relation between the Jacobi and Fourier series, but also because it is a func-
ion-theoretic problem of some interest in itself.

Many further results concerning the convergence and summability of the
Jacobi series are quite immediate consequences of the work in this paper. It
is perhaps well to mention that one of the chief reasons for undertaking the
present study was the hope that Jacobi series results might be indicative of
those to be expected in the study of certain more general series of interpola-
tion, and that the methods developed here might also be applicable in more
general situations. A

2. The regions of convergence. There exists a greatest positive number u
(finite or infinite) with the property that F(z) is single-valued and regular on
the set D: |w(z)| <u [20, p. 58]. This set consists of the finite plane if u= .
If u< o, it consists of A’ (1 =N =\) mutually exclusive Jordan regions Dy,
k=1, - .-, N, the boundaries of which are contours(?) which we shall denote
respectively by the letters Cy, k=1, - - - , N'. The set D+ Ci will be denoted
by Dy, and the set |w(z)| <p by D. The set Y 1 C; is the lemniscate(®) T':
|w(z)| =u, which, for reasons contained in Theorem 2.1 below, is called the
lemniscate of convergence of the series (1.1). In the neighborhood of a point 3
on T at which dw/dz=w'(2) has an (m —1)-fold zero, the locus T" consists of m
analytic arcs passing through the point 8, with equally spaced tangents(%).
The point B is called a multiple point of order m of I'. By the index of a set E
on the lemniscate I', we shall mean the number m(E) such that w’(2) has a
zero of order m(E)—1 on E but has no zero of higher order on E. We shall
always denote the index of T by 7.

The fundamental convergence theorem is as follows [20, pp. 57-60](%):

(2) By a contour, we mean a Jordan curve of the finite plane composed of a finite number of
analytic Jordan arcs.

(3) For a complete discussion of lemniscates, the reader is referred to [20, pp. 54-56], and
[21].

(4) This statement is easily proved by the implicit function theorem.

(5) See also [10] and [11].
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THEOREM 2.1. The series (1.1) converges absolutely for z on D, and uniformly
to F(2) for z on any closed limited subset of D. The series diverges for Iw(z)[ >pu.
Moreover, we have

lim sup | a,.l”" = (1/u)t,
| F(2) — Sa(2) | £ M(ua/u2)™™,

<

Iw(z)| §#1</‘r

where M is independent of n and z but not of u, and ps, and where pus >y is an
arbitrary positive number less than p.

The coefficients a, are given by the formulas(®)

2.1) 1 F(z)dz
. A\y+K = — )
T mid e G—a)—a) - (5= axen) [0 ]

K=01--- ,A—1,»=0,1,2,---,

where I'’ denotes the lemniscate lw(z)l =u;. It is easily shown that if by any
means whatsoever we can find a series of type (1.1) which converges to F(z)
at every point 2 for which |w(z)| < g, then the coefficients of this series (which
must converge uniformly, |w(z)| <u1 <pe) are identical with the coefficients
of (1.1) determined by interpolation. We shall make constant use of this re-
mark in constructing examples, most of which will be derived from the bi-
nomial theorem.

3. Examples. An interesting special case is that in which A=2, a;=1,
a;= —1; the series (1.1) then has the form

(3.1) Y [oa(a® = 1)" + asuia(z — 12 — 1)),

=0
We shall frequently have occasion to refer to the following examples in the
sequel.

(@) Let gi(3, ¢), ¢ real, be an even function which, for Rz>0, coincides
with a branch of the function z2¢ chosen so that it is regular for R2>0 and
so that g1(1, ¢) =1.

In particular,

1/z, Rz > 0,

gl(z) 3) = {_ 1/2, RZ <0.

’

We may write(?)

(®) Integrals such as this one with complex differentials are to be taken in the Lebesgue-
Stieltjes sense, and those with real differentials are to be taken in the Lebesgue sense. See [16],
especially pp. 64-67, for the theory of such integrals.

(") With proper interpretation of the second member of the equation.
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r@onr - Z&@-m Ity

where C; 9= (—¢q)(—g—1) - - - (—g—v+1)/¥!=0(ne?), Cye=1.
(b) Let gs(2, ¢), g real, be an odd function which, for Rz>0, coincides with
a branch of the function z'-2¢ chosen so that it is regular for Rz>0 and so

that g.(1, ¢)=1.
In particular,

6z, 9 =

+1, Rz > 0,
8 1) = §
-1, Rz < 0.
We may write(?)
1 z—1

8:(2, 9) = [14 (2= 1)]e + [1+ - 1]

[Cre(z2 — 1) + Cra(z — 1)(z2 — 1)*], |22 — 1] < 1.

I
Ms

-
1
o

4. Walsh’s representation of F(z) by columns of (1.1). It was observed
by Professor Walsh(?) that for |zz—— 1| <u, the series (3.1) expresses the gen-
erating function as the sum of two components, the first of which is an
even function, and the second, the product of an even function into (z—1).
He found that if we write Wo(z)=[F(z)+ F(—2)]/24 [F(s)— F(—2)]/22
and ¥,(z) = [F(z) — F(— 2)]/22, then F(z) = ¥o(2) + (z — 1)¥1(z) and
o(z) =D g an(z2— 1), ¥1(2) =D ¢ am(z2—1)", |s2—1] <p. (Thus in §3(b),
Vo= (1 +22— 1)_q=\1’1.)

He further pointed out that an analogous situation exists in the general
case. We may write the following equation for |w(z)| <p:

Vk(z) = i ok [0(z) ]’

=0

1 F(z') 2, [w(z)
(4.1) = o ’ ’ EI: ’ ]
2rid i (3 —ay) - - - (5 — agy1) o Lo(z)
1 F(z)Px(d
- ___(f_)_f;(z_)_dz/’ K=0,1, A — 1,
2rid rr w(z') — w(s)
where Px(z")=][)-x42(z’'—a;), K=0, 1,- -+, A\—=2, and Py (z’)=1. The

equalities in (4.1) are easily established by reference to (2.1) and Theorem 2.1.
We then have

(®) The material of this section was communicated to the author in conversations with
Professor Walsh.
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F(Z) = ‘I’o(Z) -+ (Z — al)\Ill(z) + .-
+ (Z - Oll)(z - az) S (z —_ a)‘—l)\I’)\—l(Z), | w(z) ’ < p1

The functions ¥x(z) are each invariant under the substitutions which
leave w(z) invariant, and in this sense are generalizations of even functions.
Their Jacobi series are the second members of (4.1).

5. Evaluation of the integrals in (4.1). We henceforth shall assume that
u< . Let w=w(z)/u (it is assumed invariably in the sequel that z and w are
in this relationship) and let functions z,(w), p=1, - - - , A, be defined by the
identity

(4.2)

w(z) — pw = (z — 21(w))(z — 22(w)) - - - (z — a(w)).

The functions z,(w) will be studied in some detail below; for the moment it
suffices to observe that w(z,(w))=uw, so that if Iw] <1 (which will be the
case if z is in D) then the points z,(w) are all in D.

If we write w(z’)—w(z) =H2,1(z’—z,,(w)) in (4.1) and notice that
o' (zn(w)) =] I}-1, psen(2(w) —2,(w)), then we obtain the following equation as
a simple consequence of Cauchy’s integral formula:

(5.1) Vi(z) = ﬁ) Flap(w)) Pr(ap(w)) _ Ox(w), K=0---,\—1.
=1 o' (z5(w))

If the second members of (5.1) are replaced by their limiting values at points
w for which w’/(z,(w)) =0, p=1, - - -, \, then these formulas are valid for all
values of w such that |w| <1.

Equation (4.2) becomes

5.2) F(zp(w)) = @o(w) + (2p(w) — o) 21(w) + - -

+ (2(w) — a1)(zp(w) — az) - - - (3p(w) — 1) Bra(w), | w| < 1.
We find, by combining (4.1) and (5.1), that

(5'3) @K(W)=Zd)‘y+x(pw)’, lwl <L, K=01---,x— 1)
v=0

which implies that the functions ®x(w) are single-valued and regular for
I'wl <1, and that the series appearing in (5.3) are the Maclaurin series for
these functions.

It is worth remarking that if F(z,(w))=F(3,(w)), for all p and p’,
p=1,---, N\, p'=1,---, X\, and for all w on some point set E having a
limit point in the region |w| <1, then F(2)=¥,(z). For the right member
of (5.2) is formally a polynomial of degree A—1 in the symbol z,(w), and at
all but a finite number of points of E the functions z,(w) will all be distinct
(they obviously fail to be so only at points corresponding to points z such
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that w’(z) =0). At each point of E at which the z,’s are distinct, we have
®y_1(w) =0, Pr_2(w) =0, - - -, B;(w)=0; and it follows from the nature of E
and the regularity of the functions ®x that these equations must hold identi-
cally for ]wl <1.

6. The functions z,(w). The functions z,(w) may be defined in such a way
that they are algebraic functions(®) of a familiar type. It seems desirable at
this point to give a somewhat detailed description of a Riemann surface
for the function w=w(z)/u which is adapted to our needs, and of certain
properties of the inverse function on this surface.

Let the distinct roots of w’(z) be denoted by Bi, B, - - -, By, and their
respective multiplicities by mi—1, ms—1, - - -, my—1. Let w(B8;)/u=b;,
j=1, - -, \;; these numbers b; are not necessarily distinct. We may assume
that b;5%1, j=1, - - -, Ay, for such a situation can always be brought about

by introducing a rotative factor into the transformation w=w(z)/p, which
would necessitate only trivial changes in the arguments used in the sequel. We
construct the Riemann surface R for this transformation as follows: The
w-plane is replaced by N superimposed planes or sheets, and the points b;,
j=1,---, A\, and the circle v: |w| =1, are plotted in each plane. We con-
nect points b; for which |b;| 21 to » by cuts which lie in the domains |w| =1
along rays starting at the origin and passing through these points &;. There
exists a number p;, 0 <p; <1, such that the set of superimposed simply con-
ected, annular-shaped regions B bounded by the curves ¥, |w| =p;, and the
segment p; <w =1, have the property that none of the points b; lie in the re-
gions or on their boundaries except possibly on the circle y. The points b, for
which |b;| <p: are connected by a cut through all the planes, lying along a
Jordan arc which passes through each of these points and through the point
w=p;, and which coincides with the positive real axis from w=p; to w= «,
but which does not pass through any point of B.

The function z,(w) is now defined in the usual way to be single-valued
and regular on the pth sheet of R except at infinity and possibly at certain
of the points b; on that sheet. The construction of R is then completed by
joining the edges of the planes across the cuts properly.

If wsb;, j=1, -, A, the functions z,(w) have distinct values; but if
w = b;, exactly m; of these functions assume the common value ;. All the func-
tions are continuous for w="5;, and the functions z,(w) for which w’(2,(6;)) %0
are regular for w=>5;. The group of m; functions which assume the value §;
for w==>; forms a single cyclic system with respect to this value of w, because
[0/0w](w(z) —w) =0 [7, pp. 239-240]. For the moment let b=b;, 8=4;, and
m=m; for a fixed value of j; and let 2,,(b) =2,,(b)= - - - =2, (b)=p. Then
for w in each of a set of m regions Nj: |w—b| <8>0, located on the m
sheets numbered px, k=1, - - -, m, there exists a development of the form

(%) See [1, chaps. 2-4], and [7, pp. 233-244].
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B+ 216 [(w—b)Ym], ¢150, which may be made to represent all the roots
2p5,(w), -+ -, 2p,(w), by giving to (w—>b)"™ all of its m determinations(*’).
Thus letting (w—>5)y™ denote the determination for 2p,, We have

(6.1) () =B+ 2 o [(w— 0" T, %0, wE N
1
Or again, we may write
(6.2) Zon(w) — B = (w — b)i "A(W4), w € Ny,

where Wi, = (w—>5)y™ and A(W,) is a nonvanishing regular function of W
for | W| < 8. We have the inequalities('!)

Zp (W) —

(6.3) MlgMgMz, WE N, W ENyh=1,--,m,
Iw—bl”’"
25, (W) — 25, (W'

(6.4) Iph() Ph( )l§M3, ‘wENh,'w’eNh,h=1,"-,m.

| w — o |tm

(The inequality (6.4) is easily proved by using the Heine-Borel theorem.)
The equation z=2,(w) gives a conformal one-to-one map of the annulus
B in the pth sheet of R onto a simply connected region B, in the z-plane. The
region B, lies interior to one of the curves C; and is bounded by an arc of Cy,
an analytic arc of the lemniscate T',,: [w(z)l =p1, and analytic arcs of two
orthogonal trajectories of I' (which may coincide) which are images of the

segment py Sw=1. The regions B,, p=1, - - -, \, have no point in common.
The correspondence of the boundaries of B and of B, is one-to-one and
continuous. Thus the set of functions w=z,(e?), p=1, .-, N\, 0=20=2m,

gives a parametric representation of the lemniscate, and the arcs represented
by the individual functions have no interior points in common.

Let us write z,(e®)={,(0), and arrange the subscripts of the B;'s so
that the b;'s for which |b,~| =1 are by=e'h, by=e'®, - .-, b,=e's, where
0<£H=&< - - - £E,<27. It is obvious that we have constructed R so that
the subset of the functions z,(w) assigned to the curve Cj forms a single cyclic
system for |w| =1. Suppose that the k; functions z,,, Zpy, - - -, 25, are as-
signed to C, and that {,,(0)—¢,,,(0), i=1, - - -, ke —1, and {,,,(0)—¢,,(0)
as §—2m,  <2mw. We now extend the range of definition of the functions ¢, ;(6)
by means of the following conventions:

(9 [1, pp. 32-33], [7, pp. 238-240]. The reason why ¢, 0 in our case is brought out in the
latter reference.

(1*) Letters M, My, M., - - - will always denote finite positive constants which may depend
on T and on F(2), but which will not depend directly upon any other apparent variable or sub-
script, unless the contrary is implied by the use of functional notation, as in the statement of
Lemma 7.1. The significance of these letters will vary with the context.
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fpi(eizn"r)=g.p;+n(0)r i=1-,kn=12---,

where p,.=p, for »’=» (mod ;) and 0 <60 = 2. Then any one of the functions
{:(0), with its range of definition extended in this manner, will give a con-
tinuous parametric representation of the entire curve Ci, if 6 is allowed to
vary through 2wk, radians instead of 27 radians. That is, the function
2={,,(0) now sets up a one-to-one continuous correspondence between the
points of C; and the points of a circumference on R, considered as m-fold,
closed, and of length 2wk Any interval of values of 6 of length 27k; may be
used to obtain the representation. Thus {,,(8) is now a periodic function of 8,
the period being 2wk;. The function is an analytic function of 8 for all values
of this variable except possibly at certain values which satisfy the congruences
0=¢; (mod 27), j=1, - - -, s.

Whenever our notation implies that 6 is not restricted to the interval
[0, 27 ]—as, for instance, in the remainder of this section and in the lemmas
of §11—it is to be understood that we are using the functions {,(8) in the ex-
tended sense.

Suppose now that for a given j we have {,,(§) =¢p,(8) = - - - =§5,,;(5) =8,
where £=£; (mod 27). Let 8=f; and m=m;. For |§—§| <w/4, we write
et —eit= I 2 sin %(0—£)|e"‘“’) where

@Br+0+8/2, 0=k
(r+0+8/2, 0>¢&

There exists a number 8’, 0 <8’ = 1w, and a method of assigning subscripts 1,

vo = {

b2, + -+, Pm to the functions z,(w), such that, by using (6.2), we may write
. o\ 1/m
6.5) $on(0) — B = (e — €'®)r A(Wh)
) = | 2sin (0 — &) |”'"e"("'(")“’"')/'"-A(Wh), |6 — El < ¥,
where

) Y
Wi = (e¥ — ¢if), "

and 4 (W3) is a nonvanishing regular function of W) for |0—£| < 4&’. The fol-
owing inequalities are then true for |0 —¢| <9&’, |6’ —¢| <3':

(6.6) iy @=Ly h=1,,m

. 1= IO—Ell/m = 2y - 4y ’ )

6.7) [£n®) = £n(®) | < My, h=1,---,m.
o — o |um

An important consequence of the periodicity of the functions {,(0) is that
with each number £; we may associate a positive number §;, §;< 1, with the
following property: If for any p, 1 <p <\, we have {,(£) =8;, where £ is any
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number such that £=§£; (mod 27), then a representation similar to (6.5) (with
h suitably determined) and inequalities (6.6) and (6.7) hold for {,(8), provided
that IO—EI =6;. The §; is independent of .p and £. We shall assume that
8;=20; if £&=E£;, that §+46;<Ej0— 0841 if &5#E;4, and that £+ 6,<2m,
£1—06,>0. It follows from these assumptions that {,(0)=8;, j'#j, for
£—6;<0=<£&+05;, where £=§£; (mod 27).

Suppose now that for a given value of p and of &, the point {,(6) lies on Cj.
The length of the arc of Ci described by the point {,(0) when 6 varies from
6: to 0, is given by the formula

M

o | di (0 o
(6.8) f ;d;) @ =fol 3 0)

where w,(0) =w’(¢,(0)). It is well known that T is rectifiable, which implies
that the integrals in (6.8) are convergent for all values of 6, and 6,. We shall
need the following more precise result(%?):

g

LEMMA 6.1. [i7u|w,(r)| —2dr=0(|t| V%) uniformly for 6 on any closed in-
terval [a, b), where m is the index of the arc of T' whose equation is z={,(0),
a=<0=b.

We shall show that for each number £€ [a, b], there exist positive num-
bers M (&) and &(£) independent of 8 such that

0+t o
f [.LI wy(T) l“dr < M@ I tll/"‘
0

for 6 in the interval I(£): £—8(£) <0<+ 8(£) and for |¢| <3(£). The Heine-
Borel theorem will then establish the lemma for all values of 8 in the interval
[a, 8].

The function w,(0) =N[]}L,(,(8) —Bx)™* ! is a continuous function of 6.
If w,(£)50, then |wp(0)| is bounded from zero in some neighborhood of £,
and [§*|w,(r)| ~'dr=0(|¢|) uniformly for 8 in some interval I(f). On the
other hand, suppose that {,(£) =8; and £=¢£; (mod 27). Then for | 0—$| <4,
£(0) satisfies an inequality similar to (6.6), and =’ I ¢o(0) -Bh| mh—1 is bounded
from zero, where 7’ =] [}L,, h#;j. We have

o+t 0+¢
) | w,(7) I‘ldr =< MJ; | () — B ll""‘d‘r
(6.9)

0+t
< le | 7 — g|a-mingr = O(] ¢|m),
o .

|0—£| =< djse |t| < 30,

(12) The letters ¢ and = will always denote real variables. By f(¢) =O(|tl“), we mean that
positive numbers M and T exist such that |f(z)] §M]tl"‘ for || <T.
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where 3=0; and m =m;. Since 7 is not less than m, the proof is complete(%3).
By the measure of a set on a curve Cy, we shall mean its linear Lebesgue
measure. Thus the measure of a set E’ on Cj which corresponds under the
transformation z={,(f) to a set E of values of 6, is given by the formula
Jep|w,(8)| ~1d0; in particular, if m(E)=0, then m(E')=0 [16, pp. 123-125].
7. The classes H* and the existence of boundary values. We shall say
that F(z) belongs to the class Ht, a >0, or more briefly, F(z) EHy, if (1)

A F. |« 2r X F.le
[rallal=ws [ L a2 [T 5 2l
(7.1) Tp =1V |w]|=p |°-’p I 0 p=1 |Wp |
) < M(F,T), 0<p<1,

where T, denotes the lemniscate Iw(z) =pu, and where F,= F(z,(w)),
Wy =w'(z,(w)), w=pe®, and ldz] and Idw denote differentials of arc length
on I', and on the circle |-w =p respectively. The classes Ht are analogous to
the well known classes of functions regular for |w| <1 which F. Riesz [14]
called the classes H*. We shall write H instead of H!, and Hy instead of H};
and we shall use Hy to denote the class of functions F(z), each uniformly
bounded in modulus, z&ED.

THEOREM 7.1. If F(z) EHE, then F(z)EHE, fZa.

The theorem is a direct consequence of the definition of the integrals in
(7.1).

THEOREM 7.2. If F(z) €EHy, then ®x(w) EH®', where
(@) a'=aform=1,0<a= o,

(b) a’=aformz1,a=sl1,

(c) o <ma/[a(@—1)+1] for m>1,1<a< »,

d) o' <m/(m—1) for m>1, a= .

(1) Dr. S. E. Warschawski has pointed out in a communication to the author that the situa-
tion in Lemma 6.1 is typical of a broad class of curves. He formulates a general statement as
follows:

Let the boundary of a simply connected region D contain a free arc C which consists of a finite
number of arcs v1, vz, * * + , Yn with bounded curvature. Let the measure of the corner at the point z;
where the two arcs yir— and v meet be w/my. If 2=2(w) maps the region |w] <1 conformally
onto D, and if the arc 6,<0=6, on |w| =1 corresponds to C, then the arc length s(6) of C satisfies
the condition s(6+t) —s(0) =0(l tI Um), m=max m, uniformly, 6,<6=6,.

The result can be derived by reference to the results of Osgood and Taylor, these Transac-
tions, vol. 14 (1913), p. 282, which reduce the problem to a simple computation of the type car-
ried out in the proof of Lemma 6.1. Dr. Warschawski further observes that the condition that
the vi's have bounded curvature can be replaced by weaker ones; e.g., the conditions required
in Theorem 10 of his thesis (Mathematische Zeitschrift, vol. 35 (1932), p. 433).

Lemma 6.1 can be derived from Warschawski’s result by mapping the regions B onto the
unit circle.

(14) The first two integrals are to be taken in the Lebesgue-Stieltjes (or Riemann-Stieltjes)

sense.
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To prove the theorem, we note that the hypothesis, when taken with (7.1),
implies that

2% a
(7.2) f — | o = M, S p <l a< o
0 Wp
Now
27 N or ' .
| ox(w)|*'d6 < M1 3 F"_P’i(f_"(w_)) 6
° p=1 0 wp
(7.3) A
=¥ ol p<1
p=1v 0 Wy

If m=1and a< «, or in any case if « =1, we may write the inequalities

2| F, |e 2r | F_ e
B P < M, M l"’p’ l“"d@
!’ 7
0 Wp 0 |“’p |
<[ le‘ad0<M <p<1
= 4 { ; I = 5y PL =P ’
0 Wp

because'if @ =1, |w, | is uniformly bounded from zero in the regions B of R.

Thus for these values of 7 and «, we have shown that fg'[@x(w)|“d0§Me

for p1=<p<1, and a similar inequality obviously holds true for 0 <p <1(%).

The case a = «, M =1, is easily taken care of by examining the formulas (5.1).
Consider now case (¢). Here the proof depends upon a lemma.

LeMMA 7.1. There exists a number M(q) such that fg'lw,,’ |"“d0§M (@),
p=1, -, N\ p1=p<l1, where q is any number less than m/(m—1), m=1.

The result is immediate if @ =1. If m > 1, the result is again obvious for
p1=p=p2<1if p; is chosen suitably. In this case we show that for each num-
ber £ in the interval 0 <{£ <27 there exist numbers 8(£) >0, p(£) =p1, and
M(q, £) = M(£) such that

RI6)
[ ot fean s 3o
FTe)
for p(£) < p <1. Suppose first that w’(z,(e*¢)) #0. Then there exists a neighbor-
hood of the point w=e in which |w, | is bounded from zero, and the exist-
ence of M(£), p(¢), and 8(£) follows at once. If z,(e#)=8;, and e¥=b;=b,
then according to (6.3) there is a neighborhood of the point e in which
|y I‘qéMl(E)[w——b|—("‘—1)‘1/"‘, where m=m;. It is quite easily shown by
elementary methods that any branch of the functions (w—e#)~, <1, which

() Indeed, it is well known that fo"| ®x(w)|*d6 increases steadily with p [18, p. 174].
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is regular for le <1, belongs to the class H(*¥). The existence of M(£), p(§),
and 6(£) is now obvious again, provided that we choose ¢<m/(m—1)
=m/(m —1). The proof of the lemma is completed by referring to the Heine-
Borel theorem and by observing that [37|w, | ~%d0 < [t|w, | ~9df, where I is
any set of overlapping intervals covering the interval [0, 27 ].

To return to the proof of the theorem, we use the Holder inequality to

write
2r | B |a’ 2 F, |*) @'/« 1 |9) (e'—a’/a)]q
L e L T
(7.4) 0 Wp 0 |wp | Wp
- 2x 'Fp Ia a’la 27 1 q (a’'—a’la)]q
< { [ do} { [ do}
o o | I

for p1 =< p < 1. In thisinequality, we must have o’ <« and (a'/a)+ (&' —a’/a) /q
=1, ora’=ga/(g+a—1). By referring to (7.2) and the lemma, we see that the
third member of (7.4) is bounded for p1<p<1 if ¢<m/(mM—1); that is, if
o' </ [a(i—1)41]. The proof of this section of the theorem is then com-
pleted by using (7.3).

Case (d) follows immediately from (5.2) and the lemma. The proof of the
theorem is now complete.

It is easily shown that the inequality in (d) cannot be replaced by an
equality. An example is given by the function gs(2, %), which belongs to the
class Hf, where T is now the lemniscate | 22— 1[ =1, and for which ®,(w) and
and ®,(w) obviously belong to the classes H*', a’ <2, but not to the class H2.

Similarly, the inequality in (c) cannot be replaced by an equality. An
example to prove this may be constructed as follows: Let F(z)=0 for Rz <0,
and let F(z) denote for |22—1| <1, Rz>0, a branch of the function z71/2
- [log(e/2%) ]34 regular in the simply connected region defined by these in-
equalities. Then F(z) EHZ, where T is again the lemniscate |zz— 1| =1;and
®,(w)EH, o’ <4/3, but ®,(w) does not belong to the class H*/3. The reader
will have no difficulty in supplying a proof.

When F(z) €H%, it does not follow in general that ¥x(z) EHt (an ex-
ample is again given by g:(z, 1)), but the following result is an immediate con-
sequence of Theorem 7.2.

THEOREM 7.3. If F(z)EH®, then
fl\I'K(z)I“'Iw’(z)Hdz|<M, K=0,1,---,\—1,
Tp

for 0<p <1, where o’ is given by the formulas in Theorem 7.2.

() We have fo'|14p*—2p cos (8—8)|—"2d0< fy"(20)™"2|1—cos (0—£)|~"2d0 < M(),
$=o<1.
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The next two theorems are in the nature of converses to Theorems 7.2
and 7.3.

THEOREM 7.4. If ®x(w)EH*, K=0,1, - - - ,N—1, then

fr |F(z) || '(2) || d2| < M

for 0<p<1.
TueEOREM 7.5. If Vx(2)EHT, K=0,1, - - - , \—1, then F(z) EHzt.

The proofs are easily supplied by referring to (4.2) and (5.2). The example
21(2, 3) shows that in general the factor Iw’ (z)l cannot be omitted from the
integrand in Theorem 7.4.

We now consider the existence of boundary values. We define an S-path (17)
of a Jordan region T bounded by a contour C to be an analytic Jordan arc
terminating at a point Z of C and lying in a closed triangular subregion of
the closed region T, the boundary of which has a vertex at Z but has no other
point in common with C, and is at no point tangent to C.

THEOREM 7.6. If F(3) EHy, there exist finite-valued functions ®g*(w) and
F*(2) such that

(@) Px(w)—>dX*(W),K=0,1, - - - ,N—1, for almost every point W for which
| W| =1, as w—W along any S-path of the regions Iw[ <1;

(b) F(z)—>F*(Z) for almost every point Z on T as z—Z along any S-path
of D(*%);

(c) F*(z,(w)) =P (w) + (25(w) —ar) @ (W) + - - - + (3,(w) —2u) (2, (w) — )
<o (2p(w) —onn—1)®N . (w) for almost every point w on the circle v in the pth
sheet of R;

(d) for almost every w for which ['wl =1

s _ o F*(2p(w)) P (25(w)) _ .
3. (w)—g 2] ) K=0,1, JA—1;

(e) fo'r o' given by the formulas in Theorem 7.2,
fIF*(z)I“Idz] <o, f| SHw) |« | dw| < @, K= 0,1, A — 1.
. T »

Part (a) is a consequence of Theorem 7.2 and a theorem of F. Riesz

[14](9).

(17) S for Stolz.

(*®) The implication here is that F*(z) may be m-valued at a multiple point of order m,
but is single-valued at all ordinary points of T'.

(19) See also [22, p. 162]. :
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We temporarily define F*(z,(w) for |w! =1 by the second member of the
equality in (c). Now if the point z,(w) traverses an S-path in B, terminating
at z,(W) on T, then the point w traverses an S-path of the region B on the
pth sheet of R, terminating at the point W on that sheet. (This is an immedi-
ate consequence of the mapping properties of the analytic function w=w(2)/u.)
The set of points on the circle v in the pth sheet of R at which one or more of
the limits in (a) fail to exist is of measure zero, and (as observed at the end
of §6) the corresponding set o on I is also of measure zero. It is now easily seen
from (5.2) that the statement in (b) is true for all points Z of T" which are not
in o, which are also boundary points of B,, and for which w(Z)/us%1. For
convenience we may add the set of points Z defined by the equation w(Z) /u=1
to the set of excepted points in (b), and since the reasoning of this paragraph
applied to S-paths in all of the regions B,, p=1, - - -, \, the proof of (b) is
complete.

Part (d) is now a consequence of (5.1).

Part (e) is proved immediately by referring to (7.1), parts (a) and (b) of
the present theorem, and the lemma of Fatou [16, p. 29]. The proof of Theo-
rem 7.6 is complete.

Now that the existence of boundary values and the validity of the limit
in part (b) of Theorem 7.6 has been established, we shall revise the definition
of F*(z) as follows: On each curve Ci, F*(Z) shall be the unique limit ap-
proached by the given function F(z) as z—Z along any S-path of Dy, at each
point Z of Cy for which this limit exists and is finite. At all other points of Ck,
we let F*(z)=0. The function F*(z) so defined exists everywhere on T, is
single-valued except at the multiple points, and coincides with the previously
defined boundary value function wherever the latter exists.

It will be convenient henceforth to use the single symbol F(z) to designate
the complete function consisting of F(z), |w(z)| <p,and F*(z), Iw(z)[ =u;and
we shall use the symbols ®x(w), K=0, 1, - - - , A\—1, in a similarly extended
sense. .

The case a=1 is of especial importance because of this theorem:

THEOREM 7.7. If F(z) EHy, then the series ) ootrixp’e™™, K='0, 1, -,
N—1, are the Fourier series respectively of the functions Px(e®), K=0,1, - - -,
A—1.

This result is a consequence of Theorem 7.2, equation (5.3), and a theorem
of F. and M. Riesz [15, p. 42], which states that our conclusion is a necessary
and sufficient condition for ®x(w)E H.

Conversely, if it be known of a series of the form (1.1) that for some num-
ber u the series D ar4xu’e™, K=0, 1, - - - , A\—1 are all Fourier series, then
there exist functions ®x(w) EH, K =0, 1, - - - ,A—1 defined by equation (5.3),
with boundary values on the unit circle for which these series are respectively
the Fourier series; and there exists a function F(z) defined by equation (4.2),




1941} THE JACOBI SERIES 481

such that F(z)w’(z) EHyp (where T is the lemniscate |w(z)[ =u) and for which
the original series is the Jacobi series with respect to the points a;(2°).
Henceforth we shall assume that F(z) € Hy, unless a statement is made
to the contrary. We shall also make these abbreviations: F(z,(e%®)) =f,(0),
Px(e?) =¢x(0), Px(z5(e¥)) =px.»(0).
Theorem 7.7 and Theorem 7.6, parts (d) and (e) enable us to write(2!)

27

wawx = — | ox@e

27!' 0
1 27 A

= — e—ivoz (M) d0

(7.5) 2mJo S\ 0,0
' L2 0@

= _— v d

2m ”z=:l j; w,(6) ° g

'k F(z)dz
= y K=0,1,--- ,A—1,
27ri»fl‘ (83— a1) -+ (3 — agy1) [w(z)]"

Equation (7.5) is valid for all integral values of v if the first member is

replaced by zero when » is negative. In particular, if y=—1 and K=\A—1, we
have
S 1 por , 1
(7.6) - f F(z)dzs = — dr-1(0)ei?df = ———f d(w)dw = 0
2ripd 2rJ o 2rid 4

[15, p. 42]. A function Fy(2) identical with F(g) in Dy and identically zero else-
where, will also be of class Hp. We may accordingly apply to Fi(z) the argu-
ment which led to (7.6), and we find that [pFi(2)dz=[¢,F(z)dz=0. Also,
by Cauchy’s integral theorem, [¢,S.(2)dz=0. Combining these remarks, we
have

THEOREM 7.8. [¢ F(2)dz=1limu.[¢,Sx(2)d2=0, k=1, - - - /| N.

8. The coefficients. We now present a few typical results concerning the
order of magnitude of the quantities ,u,"|a)‘,+xl , K=0,---,A=1,v=0, 1,
2, .

Our first theorem follows immediately from (7.5).

TueoreM 8.1. If |F(z)| < M(F), 2ET, then w|arnix|<M(F)M(T),
K=0,1,---,A=1,»=0,1, 2, - - -, where M1(I") is independent of F(z).

(2°) Strictly speaking, we are using the symbol Hr in a slightly extended sense here, be-
cause in the present instance the lemniscate I' need not be the lemniscate of convergence of the

Jacobi series.
(21) See [16, pp. 36-38], for the theorem on change of variables in the Lebesgue-Stieltjes

integral.
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Our second theorem is simply the Riemann-Lebesgue theorem [22, p. 18]
applied to the Fourier coefficients of the functions ¢x(6):
TraEOREM 8.2. Lim, ., p’ar+x=0, K=0,1, - - - ,A—1,

Suppose now that | F(z)| is uniformly bounded on T. Let C,(8), >0,
denote the modulus of continuity [22, p. 17] of the periodic function f,(6), and
let C(8) denote for each & the largest of the numbers C,(8), p=1, - - -, \.

THEOREM 8.3. |wanix| <M[C(x/v)+(x/v)ti"], K=0, 1, -+, A—1,
v=1,2,---.

For the proof, we write
1 27
2rpronk = 7[ [6x(6) — ¢x(6 + m/v) |e—i*%db,
0

and by reference to (7.5) we see that it is sufficient to show that the integrals

Ix.p = fzt fp(a) fp(o + 7"/")
0

L0 — 22— s 0+ de,
wn® O T g gy PO

each satisfy an inequality similar to the one in the statement of the theorem.
We have
P K ,1;(0)

K=01-:--- ,A=1,p=1,--- )
2%
Ik, éf
? 0 “’p(o)

+fo'lfp<a+w/v>I

=J1+]2.

It is obvious that Ji < MiC(r/v). We shall have shown that Jo=0[(r/»)!/"]
if we establish that

8.1) | j;"

l | 15(0) — 126 + /)| o

prs0) _ prs0+ 7/
00 wpl®+ /)

pK.p(e) _ PK,p(o + )
w,(6) wp(8 + 2)
K=01,---,A=1p=1,---,X

do = o(| t|v=),

and the remainder of our proof will be concerned with this relation.
Assuming that 0=¢<4,/2, j=1, - -, s, we write
2x 8 Ei—t Ei+o—t 8 £ E+8;
f =2 ( f + ) + X ( f + )
8.2) 0 =1\ g3, & i=1 E—t E+8—t
Ei+1—0+1 s
+ > =2 0;+ 32243,

Ej+95 i=1
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where £+ 80=0, £,41— 8,41=2m, and where in )_’ the index j assumes all val-
ues from zero to s for which £;<&;,1. The function px, ,(0)/w,(6) is an analytic
function of 0 for £;4+6,<0=<&,1—6;41+30;41,7=0,1, - - - ,s—1, §<E;41,and
for £'46,=0=<2mw+ 6;; whence Z;=0(f). By Lemma 6.1, Z;=0(!"). If
wp(§;) #0, then o;=0(t). If on the contrary, {,(£;) =8;, then it is rather easily
shown by using (6.5) and the identity AB— CD=A(B—D)+D(4 —C) that

timt titdi—t 1
([ )
¢ &5

—8; 2sin (0 — &)
1
2sin 3(0 4 t—¢))

which establishes (8.1) for t=0. The proof of the theorem is now complete.

We note in passing that (8.1) may easily be established for negative values
of ¢ by a slight modification of the above argument.

In certain senses, the estimate of the coefficients given by Theorem 8.3
cannot be improved. For example, the function gs(z; ) (for which the lemnis-
cate of convergence has the index 2) has the property that C(8)=0, but the
coefficients of its Jacobi series are O(n~'/2), but not o(n~1/2). Again, by using
certain examples(??) in the theory of trigonometric series, it is easy to con-
struct functions of class Hry, with @ =1, for which C(8) S Méd", 0<5<1, and
for which the quantities p,'| a,wxl are O(n~") but not o(n—").

(mj—1) [ mj

(mj—1) [mj

do + O(¢1/mi) = O(t~1™),

THEOREM 8.4. If F(z) is of bounded variation on T, then
(3) ”'ya)\v+K = O(V—ll'—")v m> ly
b) warix=0@"), m=1.

It follows at once from the continuous, one-to-one nature of the corre-
spondence between the boundaries of the regions B and B,, that under the
present hypothesis on F(z), the functions f,(f) are of bounded variation on
any finite interval, as are also the functions w,(0) and px,,(0). If m=1, it is
a consequence of the formulas in Theorem 7.6 (d) that the functions ¢x(8)
are of bounded variation. Therefore since they are the boundary values of
functions of class H, they are absolutely continuous [15; 22, p. 158], and their
Fourier coefficients are o(n~") [22, p. 18]. This proves part (b) of the theorem.

Turning to part (a), we write

27 it+8; Ei+1—8i+1

1
ox(8)e="0do = Y/ ox(8)e*0do + D' ox(6)e=i*%d8,

0 &5 E+d5
= E1 + 221

where £+8,=0, £41—8,1=2m, and D’ has the same significance as in

(22) See for instance {22, p. 38, ex. 3] (the conjugate is € lip a, by the theorem of Privaloff
[22, p. 156]).
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(8.2). The function ¢x(f) is of bounded variation, £;468;<0=&;11— 041,
j=0,1,---, s, £<Ein, so by a classical theorem [22, p. 18], Z:=0(1).
If w,(£;) #0, then f,(0)px,»(0)/w,(0) is of bounded variation for 6 in the closed
interval I: [£;—8;, £46;], and [1[f»(0)pk.»(0)e="/w,(0) ]d0 =0(1), by the
classical theorem. Suppose now that {,,(§) ={,,()= - -+ ={,.(§) =B, where
£=¢;. Then by referring to (6.5) we may write, for 0&1,

2 fou(0) px.p4(6) _ Xm: fph(o)XK.p;.(o)
h=1 wp,(6) a1 (Epa(6) — B)™!
1 l:e—i[(m—l)/mw(o) | 9 — El(m—l)/m

8.3
®-3) | 2 sin 3(6 — §) [(mDIm

= | 6 — E'(m—l)lm

i fph(o)XK.m(o)ehih/m
T I ]

where xx,,(0) is a rational function of {,,(8) with no poles for §&I. Since
XK, ,,h(B) /[A (W) ]! is an absolutely continuous function of 8 for § 1, and
¥(0) is a step function, and |0 £| / I sin 1(0— E)l is an analytic function of 6
for 61, it follows that the quantity in brackets in (8.3) is of bounded varia-
tion for § 1. Let us denote this quantity by X (6). Another classical theorem
[3, p. 494] now states that

—w0
lim v‘”"‘fX(G) | PR dg = K, X(¢ 4+ 0) + K. X(¢ — 0),

where K; and K: are complex constants depending on m. The proof of part (a)
is complete.
We observe that

(8.4) X(+0) = —'i[(m—l)/m]iﬁ(EiO)XK'm(g).ci_m > fonlE £ 0)e2ritim,

=1
If F(2) is of bounded variation on T, it can have only simple discontinuities
on T. It can be shown that such discontinuities cannot occur on the curves Cy,
which means that we can replace f,,(§+0) by f,(§) in (8.4). If we further

suppose that fp,(§) =f,,(§) = - - - =f,,.(£), then obviously X(£+0)=0. Thus
we have the following theorem:

THEOREM 8.5. If F(2) is single-valued and of bounded variation on T, then
war gk =0 1m), m=1.

The function g2(z; 3), which is absolutely continuous on each of the two
contours of its lemniscate of convergence, has coefficients which are O(n—1/™),
but not o(%#=1/™); so the estimate in Theorem 8.4(a) cannot be improved. We
cannot replace o(»1/™) in Theorem 8.5 by O(—(1/™—¢), where € is any fixed
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positive number, because the function g:(z; q), ¢ <%, is absolutely continuous
on its entire lemniscate of convergence (for which # =2), but its Jacobi co-
efficients are O(n¢ ') but not o(n?1).

We conclude this section with two results analogous respectively to Par-
seval’s theorem and to the Riesz-Fisher theorem.

Let Q, denote the series D 20> k=o| #arsx|”-

THEOREM 8.6. If F(z) EHY, 1 <a =2, then Qg is convergent, where
(@) B=a/(a—1) for m=1,
(b) B>am/(a—1) for m>1.

The theorem is an immediate consequence of Theorem 7.2, parts (a) and
(c), and of the Hausdorff-Young theorem [22, p. 190]. The class H? is of par-
ticular interest because in this case 8=a; but the class H?2 is of comparable
interest only when 7 = 1. The example g(z; %) is worth mentioning in this con-
nection. This function is of class Hy, and the nth partial sum of the corre-
sponding series Q; is twice the Landau upper bound for the modulus of the
nth partial sum of the Taylor series for an arbitrary function of class H*,
and is asymptotic to (2 log n) /.

THEOREM 8.7. Let ag, a1, - - - be any sequence of numbers such that for some
w>0,2 00> kb | u”ax,,.,.xl * is finite, 1 <a = 2. There exists a function F(z) regu-
lar and single-valued for |w(z)| <u such that [r,| F(z)|#|w’(2)||dz| <M for
0<p<1, where B=a/(a—1), and for which the numbers a, are the coefficients
of the Jacobi series with respect to the points o;.

It is easily established by means of the Hausdorff-Young theorem [33, p.
190], and with the aid of the theory of Abel means [33, p. 87], that functions
®x (w) € HP exist for which the numbers p’a»,x are the Maclaurin coefficients;
and the remainder of the proof may be supplied by reference to Theorem 7.4
and the remark at the end of §2.

9. Convergence theorems obtained by using the functions ¢x(8). The work
of §§4-7 allows us to answer many questions concerning the convergence and
summability of the Jacobi series by merely referring directly to the theory of
Fourier series. We shall of course not attempt to give a catalogue of such con-
vergence theorems here, but shall refer briefly to certain results which can
perhaps be considered typical.

The first of these is an analogue of the Fejér-Lebesgue-Hardy theorem
[22, p. 49].

THEOREM 9.1. Lim,.., S”(z) = F(z), >0, almost everywhere on T'.

The theorems of §7 and the Fejér-Lebesgue-Hardy theorem establish this
result immediately for the functions ¥x(z) and their Jacobi series; and the
proof may be completed by using a theorem of the author on the Cesaro
method of summation [4, pp. 707-708], and Theorem 7.6(c).
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We turn next to convergence in the mean. It is well known that if
|¢K(0)| », p=1, is integrable for 0 <0 <2, then the Fourier series for ¢x(f)
converges in the mean to ¢x(f) with index p’, where p’=p if p>1, 0<p’ <1
if p=1 [22, p. 153]. The proof of the following theorem is easily supplied by
using the results of §7 and the Minkowski inequality [18, p. 384].

THEOREM 9.2. If F(2) €EHy, a=1, then

(@) lim | |¥x(z) — 2 ax,+x[w(z)]"la |o'(z) || dz] =0, K =0,1,--- ,A—1,
n—o T y=0
(b) lim | |F(z) — Sa(z) || ' (2) || d2| = 0.
n— o r

The number o’ is described by the formulas in Theorem 7.2 if a>1. If a=1,
then 0 <a’ <1.

Uniform convergence theorems may be obtained by imposing suitable con-
ditions directly on the functions ¢x(6). We have, for instance, as an analogue
of Dirichlet’s theorem [22, p. 25] the following result:

TuEOREM 9.3. If the functions ¢x(0), K=0, 1, - - -, N\—1, are of bounded
variation for 0 <0 < 2, then im, ., S.(z) = F(2) uniformly for z in D.

Obviously there is a theorem of this type for each of the many tests for
convergence of the Fourier series. But it would seem to be of interest to de-
rive such results from conditions imposed directly on the function F(z) rather
. than on the functions ¢x(6), particularly if # >1. The functions ¥x(z) may
behave much less “smoothly” than F(z) in the neighborhood of a multiple
point on T, and the convergence properties of the series ) ¢ @& [0(2) ]’ may
not adequately reflect those of the Jacobi series for the function F(z). For
example, the function g(z, g), 0 <g <3, is absolutely continuous on its lemnis-
cate of convergence, and its Jacobi series converges uniformly on this lem-
niscate(23); but the corresponding functions ¥,(z) and ¥,(z) are both infinite
for =0 and their Jacobi series are properly divergent at this point.

In the remainder of this paper we shall introduce methods which enable
us to derive convergence theorems without reference to the properties of the
functions ¥x(z) and their series.

10. The function H(Z, w) and the integral formulas for Sy.—1(2; F). Let
F(z) be any analytic function, not necessarily of class Hy, for which T is the
lemniscate of convergence. We define the function H(Z, w; F), or H(Z, w),
for any Z and for |w| <1, as follows:

(10.1) H(Z, w) =@o(w) + (Z—a)2r(w) + + - - +(Z—a) - - - (Z—or1)Pra(w).

(28) See Theorem 11.7.
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The variables Z and w are to be considered as independent here. For a fixed w,
this function is a polynomial in Z which coincides with F(Z) in the points
Z=23,(w), p=1, - - -, \. Therefore for wsb;, j=1, - - - , \;, we may use the
Lagrange interpolation formula [20, p. 50] to write(%)
A F(zp(w Z) —w
(10.2) HZ w) =Y ,( o(w) o@) —w
=1 &' (2p(w)) Z — z,(w)
The quotients in this formula are of course supposed to be defined by their
limiting values for Z=z,(w), p=1, - - -, \. If F(z)=1, then H(Z, w)=1, so
for any number f we have

| w| < 1.

A F(z,(w)) — Z) — pw
0.3 B — = 3 T 1 oD s
=1 0 (z3(w)  Z — z,(w)
|w| <1, wsb;, j=1,--, A
TueoreM 10.1. If F(z) €EHY, then H(Z, w), considered as a function of w,
belongs to the class H*', where o’ is given by the formulas of Theorem 7.2.

The result is an immediate consequence of (10.1) and Theorem 7.2.

THEOREM 10.2. If F(2) EHY, there extists a finite-valued function H*(Z, w)
defined for each value of Z and for almost every w, |'w| =1, by the equation

H*(Z, 'ZD) = ‘bo(‘lﬂ) + (Z o a1)<1>1(w) + cee + (Z —_ al) LR (Z - a)‘_l)@)\_l(w),

and such that
(a) H(Zv ‘ZU)—‘)H*(Z, W) and H(zp(w)v w)'—)H*(ZP(W)y W)v P'—"ly Ty xy
for almost every point W for which I Wl =1 as w—W along any S-path of the
regions |w| <1;
) —
- g, = 3 ) o) — o
=1 &' (2p(w)) Z — zp(w)

for almost every w for which |w| = 1}

() f | HZ, w) |*'| dw]| < =, f | H(z,(w), ) |2| dw| < o,
! Y p=1,--:,1
where a’ is given by the formulas in Theorem 7.2.

The theorem is easily proved by using (10.1), (10.2), and Theorem 7.6. We
shall henceforth use the single symbol H(Z, w) to designate the complete func-
tion consisting of H(Z, w), |'w| <1, and H*(Z, w), |w| =1. Let k,(6’, 6)

(*) The function H(Z, w) is independent of the order of the points ;. Thus in studying
this function, we are turning to Jacobi’s original point of view.
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=H(z,(e®), e®) and let
pe® — et H?=1.i#p ($a6) — §i689)
we(8) £(0) = £40)  N[DL(¢o(6) — B)™

(10.4) xp,4(0',0) =

Then
A
(10-5) hp(oly 9) = Z fq(o)Xp,q(e,r 0)1
A
(10.6) hs(0',0) = [ = 22 (o) = Nxp.o(®, 6).

For a fixed value of 6/, formulas (10.5) and (10.6) are true for almost every
value of @; and if it should happen for a given value of 0 that they are true
for some value of ', then they are true for all other values of §’.

The Jacobi series for H(Z, w(z)/u) with respect to the points «; is the series

0

(10.7) E) {ov+aun@ —an) + - - |
+ owpalZ —ar) - (Z — o)} [w(@) ]

The Taylor series for H(Z, w) about the point w=0 is obtained from (10.7)
by substituting pw for w(z).

TureoreM 10.3. If F(z) EHy, the series

0

SHlovtamZ —a) + -+ ol — o) -+ (2 — oa) fure

y=0
is the Fourier series for the function H(Z, %), considered as a function of 0.

The theorem is a consequence of (10.7), Theorem 10.1 and the theorem
of F. and M. Riesz to which allusion has previously been made [15, p. 42].

Henceforth we assume invariably that F(z) € Hf.

We write:

Sa(2p(e%)) = 55.n(0),
; {ah + anvp1(&p(0) — o) + - - -
) + anira1(§p(0) — o) - - - (£5(0) — o) fure

=2 Cps(8)e" = 0,a(0", 0);
y=0

5.0, 6) = a',,,,,(O) = sp.)\n+)\—1(0)-

Dirichlet’s integral formulas [22, pp. 20-21] for ¢,,,(8’, 6) take the follow-
ing forms:
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1 L
(10.8) opn(0, 60) = —f ho(0', 0 + 7)K.(7)dr,

1 *
(10.9)  0,..(6’,60) — f = - f (7,0, 0 + 7) + k(8,0 — 7) — 2f]|K.()dr,

both formulas holding for all § and 6’. When 6’ =6, these formulas become
useful expressions for the A(z+ 1)th partial sum of the series (1.1). We obtain
the following result by referring to Theorem 8.2:

THEOREM 10.4. If lim, ., 05,.(0) =f(0) uniformly on a set E, then lim, ..,
Sp,n(0) =f(0) uniformly on E.

11. Convergence tests. When 7% =1, the integrals (10.8) and (10.9) are es-
sentially no more complicated than the ordinary Dirichlet integral in the the-
ory of Fourier series. However, when 7 >1 the integrals must be studied by
methods which are modifications or extensions of certain of the methods of
Fourier analysis. Some of the extensions are trivial, some non-trivial and of
interest in themselves.

The methods are perhaps best illustrated by deriving convergence criteria
for the Jacobi series analogous to the de la Vallée Poussin test and to some
of the tests which it includes. Accordingly, we shall devote this final section
to such derivations.

It will be convenient to have formal statements of a few simple results on
functions of bounded variation. If ¢(¢) is a complex-valued function of the real
variable ¢ which is of bounded variation on the interval [0, ¢ ], we shall denote
the absolute (or total) variation [16, p. 96](%) of ¢(¢) over the interval [0, ¢]
by V(¢;t). Obviously V(R(¢); ) = V(h;t) and V(3(p);¢) = V(; H).

LemwMmA 11.1. Let f(t, 0) be a real function of the real variables t and 0, and let

f(0, 0) =0. A necessary and sufficient condition that f(t, 0) be of bounded variation
intfor 0=t =T and for each 0 on a set of E, and that lim ..o f(¢, 0) =lim ..o V(f;?)
=0 uniformly for 0 EE, is that f(¢, 0) may be expressed as the difference of two
non-negative functions of ¢ and 0 which are monotone non-decreasing functions
of t for any fixed values of 6 €EE, and which approach zero uniformly, 0ECE, as
t—0.

The sufficiency is obvious, and the necessity may be proved by simply
writing down the usual expression for f(¢, ) in terms of its upper and lower
variations with respect to ¢ [16, p. 98; 18, p. 356].

LeMMA 11.2. Let f(¢, 0) and g(t, 0) be complex functions of the real variables ¢
and 0, defined and integrable with respect to t on the closed interval [0, T'] for each
0 on a set E. If g(t, 0) and the function

(%) We shall use Saks’ terminology in referring to functions of bounded variation.
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1 t
Tf f(T, 0)d1', t# 0,
0

f(Ov 0, t= 0,

F(t,0) =

are of bounded variation in t over the interval [0, T | for each 0 EE, then so is
the function

1 ¢
7]; g(r, 0)f(r, O)dr, t#0,

g(+ 01 0)f(0, 0)’ t= 0.

Gl(tr 0) =

Moreover if
[Pt 0| +VE; 0 < ME), [ gt 0]+ V(e < M),
for t on the interval [0, T'), 6 EE, then
|Gt 6)| < AMP)M(g),  V(G; ) S AMF)M(p),

for t on the interval [O, T, 8EE, where A is an absolute constant. In particular,
if lim,.o F(t, 0) =lim,.o V(F;t) =0, or ¢f lim,.o g(¢, 0) =lim ..o V(g; ¢) =0 uni-
formly, 6 EE, then lim,.o G(¢, 0) =lim,.o V(G; t) =0 uniformly for 6E€E.

It is sufficient to prove the theorem for the case in which 7">0 and F(¢, 0)
and g(¢, 0) are real, non-negative, non-decreasing functions of ¢ for each € E.
We write

1 ¢ 1 t oF
G(t,0)=——f ng-r+—f g—rdr=1,+4 I,
t Jyo tJo O7

A well known theorem [17, p. 100] enables us to assert immediately I is non-
decreasing on the interval [0, T']; and clearly I, < M(F)M(g). We integrate

by partsin I,:
I f‘ aFd 1 ‘[ u aFd]d
= —dr — — —d7 |du.
? ogaT t Jo oga‘r

Each of these expressions is a non-decreasing function of ¢, and [gg[dF/dr|dr
S M(g)[F(t, 6)—F(0, 8) | < M(g) M(F). We leave the remaining details to the
reader.

LEMMA 11.3. Let f(t, 0) be defined as in Lemma 11.2. If lim,.o f§| f(r, 8)|dr
=0 uniformly, 0 CE, then the function

1 t
- 0)dr, 150,
(¢, 6) = tj;ff(f dr

0, t=0,
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is of bounded variation in t over the interval [0, T'] for each 0 EE, and
1 t
lim ¢(z, 6) = lim —f 7| f(r, 0)| dr = lim V(é;8) = 0
t—0 =0 t Jo t—0

uniformly, 6EE.

A proof may be given by the methods used in the proof of the preceding
lemma; we again leave the details to the reader.

We now let f(6) be an arbitrary complex single-valued function of 6, and
we write

H,0, 75 f(6)) = hy(8,0 + 7) + hy(8, 6 — ) — 2f(6),
1 ¢
-t—j; H,0, v; f(8))dr, t#0,

0, ¢t=0.

Jo(t, 05 f(8)) = J,(H) =

This equation defines a single-valued function of ¢ and 8 for all values of 6
for which f() is defined, and for all values of ¢.

If a function f(¢, 8), defined as in Lemma 11.2, is of bounded variation
int, 0St<T, T>O0, for each 0 on a set E, where T is independent of 8, and
if lim .0 f(¢, 8) =lim,.o V(f;¢) =0 uniformly, § €E, then we shall say that this
function has property <4 uniformly on E. If E consists of a single point, we
shall simply say that f(¢, 6) has property <4(%).

The fundamental theorem of this section will now be stated:

THEOREM 11.1. (a) If for some number f, Jo(t, 0; f) has property <A, then
lim, .o Sp,2(0) =71

(b) If £(8) is defined on a set E, if |f(8)| <M, 0EE, and if J,(, 6; £(8))
has property A uniformly on E, then limy .., Sp,.(0) =f(0) uniformly on E.

To prove the theorem, we first establish a result of the Riemann-Lebesgue
type.

LeMMA 11.4. Assume that ¢(t) is a bounded integrable function of t for
a=t=b. Then

b sin nr
im [Ch@ 0+ e M=o, pe1

n— o a COS nr
uniformly for all values of 0 and 6'.

For we have

(28) It is perhaps worth while to point out that if f(¢, 6) is of bounded variationin ¢, 0S¢t<T,
T>0, and if lim .0 f(¢, 6) =0, then lim,.o V(f; £) =0; but uniformity of the first limit in # does not
imply uniformity of the second limit in 6.
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fa ", 0 + T)¢(T){Sin ’"}df

COs nt

= fab¢0(0 + ‘r)fﬁ(f) {ilons ::}dr + (£(6) — 1) fab¢1(0 + 7)¢(7) {sin nr} dr

COs nt

b in nr
e ) — a) - EoE) — o) f S8 + 7)6() {Sm n }df,

COs 1t

and we may apply a familiar extension of the Riemann-Lebesgue theorem
[22, p. 22] to each of the terms in this sum, which are periodic functions of 8
and 6’.

Thus for any fixed 8, 0 <8 <, we find that

(11.1) lim TH,,(O, 73 )Kn(r)dr = 0

n—o s

uniformly, §EE. We write
H) 8 ]
f H,0, 75 f)Ka(r)dr = f T (D) Ka(r)dr + f T ()rKa(r)dr.
0 0 0

We apply Lemma 11.1 to the real and imaginary parts of J,(¢); and by pro-
ceeding exactly as in the classical proof of Dirichlet’s theorem [22, pp. 25-26;
18, p. 407], we can show that for an arbitrary positive number ¢, there exists
a number &8’ independent of # and 6 such that if § <8¢’

s
(11.2) f Jo(M)Kn(r)dr | <e¢ 0EE n=0,1,2,---.
0

Suppose now that j(¢) is one of the monotone components of J,(¢) referred to
in Lemma 11.1. Then there exists a number &'’ independent of # and 6 such
that if 8 <6’/ then

3 s
(11.3) f 7 (1K (r)dr £ Cf J(n)dr =Cj(®) <e¢, 6EE,n=0,1,---,
0 0

where C is an absolute constant. Inequalities similar to (11.3) may be estab-
lished for each of the other monotone components of J,(¢). The proof is com-
pleted by combining these inequalities with (11.1) and (11.2), and by applying
Theorem 10.4.

The theorems in the remainder of this section contain sufficient conditions
for convergence which are imposed directly upon the function F(z) or upon
its transform on the surface R.

The first of these theorems is an exact analogue of de la Vallée Poussin’s

test.
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THEOREM 11.2. If §p(8)=¢p(8)= + + - =p,(8), m21, and if numbers fi,
h=1, .- -, m, can be chosen so that the functions

%‘ﬁ‘(fm(g +7) +fm.($ i 2fh)d7', t#0,

0, =0,
all have property A, then 1im, .o, Sp,.n(£) =F, where =2 _Tfi/m.
We give the proof by establishing the following lemma:

LemMaA 11.5. If K, (t) has property A, k=1, -, m,then J,(, & T) has
the property A.

Km(t) =

We write
Tnt, &) = Z ; [fm(s + 1) + folE = ) = 2ilxorm& &+ 17
h=1
fm.(é —7) = I:Xm m(f: f—1)— X1, m.(f» $+T):|
+ h;l ¢ "’ph(f - T) rlm
.wm(s - ") d
p(m—D/m
(11.4)

+ 3 [5= Dt £ 1)+t £— Din

h=11?
# [ e+ ) = Dttt £+ 9
+ (fq(E -7 = f)Xm o6 E— 1) ]dT
_EI(I)+EI(2)+ZI(3)+E, (4) t7£0,

h=1

where Z’=Z’-1, g#=py, P2, - - -y Pm(?T). If m>1, then for some subscript j,
we have £=¢; (mod 2n), ¢p,(§) =B;, and m=m;; and

T+ 7 — ta®] ,
MI7[soE + 7 — Ba]™?

whereH —H,,_l, n#Epy, b2, - -+, Pm, and H” —H,,_l, n#j. Thus the function
Xp1.2 (& E+7) is a rational function of {,,(§+7) with no poles for —§;<7<;,
and consequently is an absolutely continuous function of 7 in this interval.
Applying Lemma 11.2, we find that I{" is of bounded variation in an interval
to the right of £=0, and lim .o IV =0.

Now

Xm.q(fy £+ 7') =

(27) We may write I,(,") =0 for t=0.
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| xoroa6 £ = 1) = XoumE E+ D | S M| EE — 1) — G+ 1) | = Ma| 7 |um
for ITI =< d;, according to (6.7); and, as we have seen in the proof of Lemma
6.1, | w,, (E—7)| /| 7| m=2Im is uniformly bounded for || < §;. Therefore, since
lim.o fo| (fon(§—7) —fi) /wp,(§—7)|dr =0, we may apply Lemma 11.3 to I?,
and we find that it is of bounded variation for |¢| < §;and lim,., I =0.

Next we notice that

w(z) — w(B;) 1
y : = lim ———— = —, I
tl—lilol anph(£ £+ t) tgnﬁi wl(Z)(Z - ﬂz) m * 1 "

where z={,,(§+1). Since D_m,(fi—f) =0, we find from Lemma 11.2 that I{®
is of bounded variation for |¢| <§; and lim,.o I¥ =0.

In connection with I, we shall state for future reference a result which is
rather stronger than the one needed at present(?8).

LeMMA 11.6. If ¢(0) is a function such that ¢(0)/w,(0) is integrable on an
interval [a, b, a<b, and if a number T exists, 0<T = (b—a)/2, such that
| £5(0) —o(042)| is bounded from zero for all 0 on the interval [a+T, b—T],
and for —T =t =T, then the function

1 t
J— 0 0' [] d , ! 0’
®B,,.(8) = ®,,,0,0;0) =4 ¢ j; o0 + 7)xp.0(6, 8 + 7)dr =

0, t=0,
is of bounded variation in t for —T<t<T and for each 0 in the interval

[e+T,b—T), and

1 ¢
lim ®,,,() = lim — f | 60 + 7)xp.0(0, 0 + 7) | dr
—0 —0 )/ 0

= lim V(®p,4;8) = 0
=0

uniformly for 0 on the interval [a+T, b—T).

The proof of this lemma may be given by referring to Lemma 11.3, in
which we let

e 1 pei® — peid+o
wg(0 + D) $,(0) — $,(0+0) ¢

The application of Lemma 11.6 to I is obvious. The proof of Lemma 11.5

[ 6) =

(28) Lemmas 11.6and 11.8 are stated in a form in which they are useful in obtaining certain
results concerning the Cesiro means of the Jacobi series which the author intends to publish
elsewhere. Thus the functions Y5, 4(¢, 6) and y(¢, 6) in Lemma 11.8 and its proof are not needed
in the present discussion.
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for m >1 is completed by the observation that the sum of a finite number of
functions which have property <4, itself has property <4; we have shown
Jp (¢, £;F) to be such a sum.

The case m=1 is treated similarly, but the details are simpler, and will
be omitted.

Using the notation of this theorem, we may state a test analogous to
Dini’s test:

THEOREM 11.3. If the functions

[+ 0 + [l =) — 2
¢

, h=17...'m'

are integrable in an interval to the right of t =0, then lim, ., Sy, (8) =7.

A proof may be given by showing that the conditions in the hypothesis of
Theorem 11.2 are satisfied; this may be conveniently done by using the
method usually employed to show that de la Vallée Poussin’s test includes
Dini’s test [18, p. 410; 22, p. 36]. The theorem may also be proved by break-
ing up the integral in (10.9) into a number of integrals which correspond to
the functions I?, I?, I?, I of the proof of Theorem 11.2, and by showing
that the Riemann-Lebesgue theorem applies to each one.

The following result can easily be established by using Theorem 11.3.

THEOREM 11.4. Let B be a point of T of multiplicity m,m =1, belonging to the m
curves Cry Cry -+ -y Cr,. If | F(z) —F;.I §M| z—BI 1, n>0, for almost every
2E Cy, in some neighborhood of B, k=1, - - - , m, then limn .., S.(8) =Z’{‘Fh/m.

Another consequence of Theorem 11.2 worth mentioning is the following
theorem. :

THEOREM 11.5. Let 3 be a point of T of multiplicity m, m= 1, belonging to the
m curves Cry Cry - - -y Cr,. If F(3) is of bounded variation on some arc of Cy,
containing B as an interior point and if lim,.p F(z) =F, 3&€Cx, h=1, - - - , m,
then limy, ., Sp(8) =Z{"Fh/m.

The proof may be given by using Lemma 11.2 to show that the conditions
in the hypothesis of Theorem 11.2 are satisfied by the numbers F; and by the
transforms on R of the function F(z).

We turn now to the question of uniform convergence. By an arc of T', we
shall mean a closed arc. A proper subarc of an arc 4 will be a closed subarc
which contains neither end-point of 4.

Our first theorem is the analogue of Jordan's test.

THEOREM 11.6. Let B be a point of T of multiplicity m, m =1, belonging to
the m curves Cr,, Ciy - - -, Ck,,. Let Ay be an arc of Cy, containing B as an in-
terior point, but containing no point of I' of multiplicity greater than one, other
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than B. If F(2) is single-valued, continuous(?®), and of bounded variation on
the set Y m \1Ay, then lim, ., S.(z) = F(z) uniformly on any proper subarc of As,
h=1, - -, m. If for any given h, Ap=Cx,, then lim,., S.(2) = F(2) uniformly
on Cy,.

We base the proof on Theorem 11.1(b) and on certain properties of the
functions x,,,(0, 0+1¢), which we study by means of two lemmas. For future
reference, we state these results in a somewhat more precise form than is
necessary for present purposes.

Let

1 ¢ sin 16 @

—-f — % |dr, 0<a<1,i0,
Sa(t,0) =S¢ 0) =< ¢t Jo |sini(@+7)

1, t=0,

1 ¢ 0 |«

—f dr, 0<a<1,t#0,
0.(t,0) =0a(t,0) =< t Jo |0+ 7

1, t=0.

LeMMA 11.7. The functions S(¢, 0), V(S; t), (¢, 0), and V(s; t) are uni-
formly bounded, IOI <3, |t| <ir.

For the proof, we observe first that the function
sin £(6) 0+t
0 sin (6 + #)

a

and its abolute variation with respect to ¢ are uniformly bounded for [ 0| <im,
|t| <ir, so by Lemma 11.2, it will suffice to establish the desired result for
the function ¢ (¢, 8). The result is trivial for § =0; henceforth we suppose that
620.

o=t [t a = [ )
y = — —_— AU = — —_— AU = R
’ 1Jo J1+uls vde [1+ul

where U=¢/6. The function f(U) is continuous for all values of U, and is a
monotone increasing function of U for U< —1 and a monotone decreasing
function of U for U> —1. Thus for any fixed value of 8, V(S; t) is equal
either to |¢r(t, ) —a (0, 0)] or to a(—0, 8)—c(0, )+a(—0, 8)—0c(t, 6), and
since a(¢, 8) is obviously uniformly bounded for all values of ¢ and 6, so also
is V(S;t). The proof is complete.

Now let

(29) If F(z) is of bounded variation on an arc of T, it can have only simple discontinuities
on that arc. It can be shown that such discontinuities are impossible on each of the curves Ci;
therefore this condition of continuity may be replaced by the requirement that F(z) be single-
valued for z=0.
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1 3
— f Xoa8, 8 + 7)dr, t % 0,
0

Xp!ﬂ(t’ 0) =
= 17 , x' = 11 , xl
0, t =0, ? 1
and
[ |
— Xp.o(0,0 + 7) | dr,t # 0,
Yp,q(ty 0) = ¢ 0 ? Q( )

0,¢=0,

LemMA 11.8. If T is any positive number, there exists a number M(T) inde-
pendent of 0 and t such that | X, o(¢, 0)| < Vyp.o(t, 0) < M(T), V(Xp.05t) < M(T),
p=1,---, N g=1,---, N, for |t| =T and for all values of 6.

The functions X,,, and Y, , are each periodic functions of 6, so for a given
p and ¢ it will suffice to prove the lemma for the values of 6 in a period. Now
the numerator of the third member of (10.4) is a polynomial in {,(8) and
£i(0), =1, - -, \, j#p, so this numerator is bounded in modulus for all
and 6’. Therefore, since [¢|w,(8+47)|dr is uniformly bounded for all  and
for |t| < T, so also is f¢] xp,e(8, 0+7)|dr. Furthermore,

T

V(t-Xp05 ) = f | Xp.q(0, 0 + 7) | dr
=T

for Itl =T and for all 6. It follows from these remarks that given any 3§,

0<6<T, a positive number M(8) independent of § exists such that

| Xpolt, )| < Vprolt, 8) < MGB), V(Xpo;8) < MO), s=|t|<7T, allo.

We now prove that for each real number £, there exist positive num-
bers M(£) and 6(¢) independent of ¢ and 6 such that Y, (¢, 0) < M(§) and
V(Xp.q; t) < M(£) for |t| <8(£) and for 6 in the interval I(§): £—8(§) SO<¢E
+6(%). If w/ (£) %0, then it may easily be shown (compare the proof of Theo-
rem 11.2) that both | x,.o(8, 8+t)| and V[x,.o; t] are uniformly bounded for ¢
suitably restricted and for 6 in some interval containing £ in its interior. The
existence of () and M(£) then follows from Lemma 11.2.

Suppose instead that £=£; (mod 27) and {,(§) =$g,(§) = - - - =§,,.(§) =8B.
Let 6(§)=6;/2.If p=~qu, h=1, - - - , m, the existence of M (£) is again immedi-
ate, this time because of Lemma 11.6 (with ¢(8) =1). If p =¢qy, 1 S H=<m, and
g=gx, 1=K <m, we write

L6 + &) — £a®)

».q(0, 0 = R(0, 6
Xodl 00 == rp et ROOTD
g'qh(a)_ﬁ
= R,  EREL L
© 0+t)I;I|: i’q(O-I-t)—B]
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whereH;.’ =] |1, k> H, and where R(0, 6+1) is a rational function of {,(0+1)
with constant coefficients in the denominator, and with numerator coeffi-
cients which are polynomials in certain of the functions {,(6). Moreover
R(#, 0+¢), considered as a function of {,(0+4¢), has no poles for |0—£| <15;
and |t| <14;. Consequently, |R(0, 0+t)| and V(R;t) are uniformly bounded
for 8 in I(£) and |t| < 6(%). By reference to Lemma 11.2, it is now seen that
our problem reduces to one of showing that if we let

SR Y NOR
x(t, 6) = Tfo I,,I [ifq(0+r)—ﬁ]dr’ =0
1, ¢t=0,

1Lt fa®) — 8
y(t,0) ={ t Jo i lr04+7) -8

1, t=0,

dr, t#0,

where in [[#’, the index % assumes o values which are an arbitrary subset
(not containing the integer H) of the first m positive integers—then y(¢, 6)
and V(x; ¢) are uniformly bounded for 8 in I(£) and for [tl < o(¥).

We use (6.5) to write

x(t, 0) = ift M ’/ml:e(u/m)w(o)—wow))
b i o—&+ "
o Ising(@ —&+7) . ,,A(W,,)] b 10
: - = | a7 s
(11.5) [A(W)]’
1t sind@—9 i |14 |
t, ) = -—f d , t 0,
y( ) t Jo |sin %(0 —Et4+ ‘r) I A(W) la T =

where W = (¢i®+" —¢it)¥™ and A is a constant independent of 6 and ¢. The
quantity in brackets in (11.5) is uniformly bounded in modulus for 6 in I(£)
and for | 7| £38(£), and so also is its absolute variation with respect to 7 (com-
pare proof of Theorem 8.4). Lemmas 11.2 and 11.7 therefore permit us to
draw the desired conclusions concerning x(¢, 8) and y(¢, 9).

The proof of the lemma may now be completed by an appeal to the Heine-
Borel theorem.

We now proceed with the proof of Theorem 11.6. Let us suppose (as ob-
viously we may) that the functions z,(w) are numbered in such a way that

z=0(0),0.<0=6),h=1, - - -, m,are the equations respectively of the arcsA,,
k=1, - - -, m. We choose the intervals Is: [0, 6/ ] so that each contains the
number £ such that {1(§)=¢(2(8)= - - - ={m(£)=PB. Since the numbering of

the curves Cy, is quite arbitrary, it will evidently suffice to prove that
liMn.s 51..(8) =f1(8) uniformly on the closed interval I(8): [6,+8, 8 — 3],
where § is any positive number less than the smaller of the two numbers
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0{ —%)/2 and (§—6,)/2. This will be done by proving the following result.

LeEMMA 11.9. The hypotheses of Theorem 11.6 imply that J1(¢, 0; f1(6)) has
property A uniformly on 1(8).

As we remarked in the proof of Theorem 8.4, f4(6) is continuous, and of
bounded variation on 6 for 6 < 6 <6, . We now write J1(¢, 0; FO)=D_r-1(Pa+0n)
where

1 t
- [ 6+ = 1@1a0,0+ i, 10,
0, t=0;

1 t
TL (fh<0 - T) - fl(a))Xl.h(os 0 — 7)d77 ¢ 0)
0, t=0.

It follows immediately from Lemmas 11.8 and 11.2 (in which we let g(¢, 6)
=f1(0+¢) —f1(0)) that P, and Q, are of bounded variation in ¢ for 8 in I(8), and
for 0 ét =< 6, and that limg..o P1=lim¢¢0 Q1=limg_.o V(Pl; t) =limt..o V(Ql; t) =0
uniformly for 6 on I(9).

Consider now Py, 2 < H =m. Given any €>0, there exists a positive num-
ber &(e) < & independent of 6 and ¢ such that if we write g(¢, 8) =fa(6+1¢) —f1(8)
= [fa(@+0)—fua(®) 1+ [fa(®)=H1(6)], then |g(t, 0)| <e and V(g; £)<e for
|6— £| <d(e), Itl =< d(e). We find from Lemma 11.8 (in which we let 7= §) and
Lemma 11.2, that | Py| <44eM(8) and V(Px;t) <44 eM(8) for (0—£) < 5(e),
|t| =8(e). On the other hand, if |¢| <3(e)/2 and if 6:<O=<E—38(e), £+ 6(e)
<6=<40/, then the quantity |§'H(0+t) —¢ 1(0)] is bounded from zero, and also
|f1(0)| is bounded. We then find from Lemma 11.6 (in which we let 7= 6(¢)/2)
that Py is of bounded variation in ¢ for these values of ¢ and 0, and that fur-
thermore, there exists a positive number é’(e) < §(¢)/2 such that I PHI <eand
V(Pr; t)<e for |t| <8'(e) and for 6: <0 <E—8(c), £+ 8(e) SO <6/. We have
proved that Py has property 4 uniformly on I(8). Moreover, the argument
has been stated so as to show simultaneously that Qp has property <4 uni-
formly on I(8). .

Now | £1(0) =6 (0+0) | 2| |60+ —61(0+0)| — |10+ —51(0) | | . I > m,
then there exist positive numbers d and 8’’ £ independent of 6 and ¢ such
that |&(041) —5(0+2)| >d and |1(04+1)—§1(8)| <d/2 for 6 on I(8) and
|t| =< ¢''. Therefore, although the point {,(§) may lie on the curve Cy,, never-
theless |§'1(0) - {h(0+t)| is uniformly bounded from zero for all such values
of 6 and ¢. It follows from Lemma 11.6 that P; and Qs, b >m, have property o4
uniformly on I(8).

We have now shown that Ji(¢, 6; f1(0)) is the sum of a finite number of
functions, each of which has property <4 uniformly on I(8). It follows at once
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that J, itself has property ¢4 uniformly on I(8), and the proof of Lemma 11.9
is complete.

It follows immediately from Theorem 11.1(b) that lim,., S.(2) = F(2)
uniformly on the subarc of 4, which is the transform of I(8).

If A;= Ci,, we may replace the interval I(8) by the interval [6;, 8/ ] in the
above argument, where now 60{ —60;=2m«k;,. We then find that lim,_.,, S.(2)
= F(2) uniformly on Cy,. The proof of the theorem is complete.

It is of interest to observe that if lim,_., S.(2) = F(2) uniformly on Ci, then
the sequence {S.(z)} converges uniformly in the closed limited Jordan region
bounded by Ci, by the principle of the maximum. It follows in this case that
F(2) is uniformly continuous in this closed region (®?).

We append two corollaries of Theorem 11.6; the second of these will be
stated in terms of the notation introduced in the proof of that theorem.

TuHEOREM 11.7. If F(2) is continuous(®') and of bounded variation on T, then
lim, . Sa(2) = F(2) uniformly on D.

TueoreM 11.8. If (1) m>1, (ii) F(2) ¢s single valued, continuous(®'), and of
bounded variation on A, (iii) Pn and Q have property A uniformly on I,
h=2, - --,m,thenlim,., S.(2) = F(2) uniformly on any proper subarc of A:.

The proof of Theorem 11.6 may also be given by a direct consideration of
the integral in (10.9), but further lemmas of the Riemann-Lebesgue type are
then needed to take care of the terms involving fi(6+7), £>1. Our develop-
ment has indicated that the tests in Theorem 11.1(a) and (b) include all the
other tests of this section. We add the remark that the tests contained in
Theorems 11.3 and 11.5 are not comparable.
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