ON THE OSCILLATION OF DIFFERENTIAL TRANSFORMS. I

BY
G. SZEGO

1. INTRODUCTION

1.1. In a recent paper G. Pélya and N. Wiener(!) studied the relation
between the analytic character of a real periodic function and the number of
the sign variations of its derivatives. The purpose of the present paper is to
develop another way of attacking this problem different from that used by
the authors mentioned. It leads to a new proof of Theorem 1 of the paper of
Pélya and Wiener and to refinements of their Theorems 2 and 3 which are in
a certain sense best possible results(?).

Let f(x) be a real periodic function with period 27 for which all derivatives
f®(x) exist. We denote by 2N the number of the mod 27 distinct values of x
for which a sign variation of f® (x) takes place. In what follows we give first
a new proof of Theorem 1 of Pélya and Wiener. A further, more elaborate,
application of our method leads to the following results which correspond to
the Theorems 3 and 2, respectively, of the authors mentioned.

THEOREM A. Let Ny <k/log k provided k is sufficiently large. Then f(x) is
an integral function.

THEOREM B. Let p>1 and let N <(k/p)Ve/2 provided k is sufficiently large.
Then f(x) is an integral function of order not greater than p/(p—1).

The following results are more informative.
THEOREM A’. Let for sufficiently large k

k <1 4 log log & — w(k))
log &

1.1.1 N, <
( ) ¢ log &

where w(k)—+ ©. Then the conclusion of Theorem A holds.

THEOREM B’. Let p>1 and let p be a positive number such that pptile>1,
If for sufficiently large k

\

(1.1.2) Ny < (k/p)w(l — logk>,

kl—l/p

then the conclusion of Theorem B holds.

Presented to the Society, November 22, 1941; received by the editors January 2, 1942,

(*) G. Pélya and N. Wiener, On the oscillation of the derivatives of a periodic function, these
Transactions, vol. 52 (1942), pp. 249-256.

(2) See the counterexamples given below, section 7.
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The following result contains Theorem A’ (therefore also Theorem A):
THEOREM A’’. Let H be a constaﬁt such that
(1.1.3) H + log ((1/2) log 2) > 0, '
and let for sufficiently large k

k log log k — H
(1.1.4) N < 1+—~———).

log log &
Then the function f(x) is analytic in the strip
(1.1.5) | 3f(x) | < H + log ((1/2) log 2).

1.2. In various conversations Professor Hille suggested certain analogues
of these problems considering #*f(x) instead of f?P(x) where & is a given sec-
ond order differential operator satisfying suitable conditions(®). In the last
part of the present paper we illustrate the further applicability of our method
by discussing the special operator

(1.2.1) 3 = (1 — x2)D? — 2xD, D = d/dx,

the “characteristic functions” of which are the classical Legendre functions.
Let f(x) be a function having derivatives of all orders in —1=<x=<+41 and
let Ny= Ny, denote the number of the sign variations of #¥f(x) in the interval
—1<x<+1. Then we prove(*)

THEOREM C. If N =N, k sufficiently large and even, then f(x) must be a
polynomial of degree less than or equal to N.

TueoreM D. If N, satisfies the condition of Theorem A'’, k even, then f(x)
1s analytic in an ellipse with foci at —1 and +1 the sum of the semi-axes of which
s

exp {H + log ((1/2) log 2)}.

These results correspond to Theorem 1 of Pélya and Wiener and to Theo-
rem A'’, respectively. The analogue of Theorem B can also be dealt with.

1.3. In what follows we give the proofs of the results formulated above.
Section 2 contains a new proof of Theorem 1 of Pélya and Wiener; the under-
lying idea of this proof is used throughout the present paper. Section 3 con-
tains the proof of Theorem A’/, section 4 that of Theorem B’. Sections 5
and 6 are devoted to the proofs of Theorems C and D involving Legendre’s
operator. Finally in section 7 certain counterexamples are exhibited which

(3) See below, pp. 463-497.
(#) The proof furnishes the conclusion of Theorem C under the condition that N; < N holds
for an infinite number of k values. (The same holds in section 2.)
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show that the conditions of Theorems A and B on N; cannot be replaced
by Ni=0(k) and Ny=0(k*), a>1/p, respectively.

2. NEW PROOF OF THEOREM 1 OoF P6LYA AND WIENER
2.1. Let

+e0

(2.1.1) f(x) = X cevs, Cw =&,
and let 2N, be the number of the mod 27 distinct sign variations of f® (x).
We assume that % goes to + « through a sequence of integers such that N,
has a constant value N. Then we show that f(x) is a trigonometric polynomial
of degree less than or equal to N, that is, we prove cy4+m=0, m >0.

Let x1, %, + - + , x2v denote the mod 27 distinct sign variations of f® (x),
that is, the values of x for which f®(x) changes its sign; x,=x,(k). Let «
be réal and (5) .

Lx—x | X — X . X — X
u(x) = sin 5 sin 5 -+ sin — 1+ cos™ (x + @)
(2.1.2) Nim
= E u'eivz' U_y, = 12,,
pam—N—m

(In case N=0 we write #(x) =1+4cos™ (x+ca).) This is a trigonometric poly-
nomial of the fixed degree N+m, the sign variations of which are the same as
those of f®(x). The coefficients u,=u,(k) are bounded as 2— «; this can
easily be showed by multiplying out the expression

2N

(2.1.3) u(x)=2"NJ] (e3tr+=) 12124 gi(rta) 12g—i212) (1 4 2= m(gingizf- g—ixgiz)m),
p=] ’

Also we obtain for the highest coefficient of %(x)

Q.14 2 mm=(CDmep (= id w2 4 ima)

o = (— DN2-2"-m exp {ixy + ima}

where the real quantity xo=x,(k) depends on k but it is independent of a.
2.2. Let cv4m#0. The sign of

N+m

(2.2.1) z—tr-ﬁ-:'f(*)(x)u(x)dx = Y (ku,

p==—N—m

is independent of a, positive say. We determine « in such a way that the last
term

(5) We could use as well 1+4cos m(x+a) or (1 +cos (x+a))™ instead of 1+cos™ (x+a).
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(N + m)) % Cn 4y mU—N—m

(2.2.2)
= (i(N 4+ m)) *cyim(— 1)N2-W—m exp {—- ixe — ima)

becomes real and negative. Then

N+m- N+m—1
(2.2.3) 2N +m)*| cyym| 27-m < > |v]F|a)|u] = X vHOQ)

y=—N—m+1 p=1

follows where the bounds O(1) are independent of k. But this involves a con-
tradiction for sufficiently large &.
3. ProoF oF THEOREM A’/

3.1. We start with some preliminary remarks.

(a) The constant H must be positive since log ((1/2) log 2) <0.

(b) Let x=0+14t, o and ¢ real, and let T denote the unique value such
that (2.1.1) converges for |t| < T and diverges for M >T (or T is the largest
value such that f(x) is analytic in the strip [tl <T). We have :

3.1.1)  lim sup | e|tr = e 7.

v+

The modifications necessary for T=0 or T'= « are obvious.
Now another form of the assertion of Theorem A'’ is

(3.1.2) T 2 H + log ((1/2) log 2).

(c) Theorem A’ is obviously a consequence of Theorem A’'.
3.2. We assume

(3.2.1) lim sup | ¢, | &7 = + o, v >0,

v+
and show that
3.2.2) v 2 H + log ((1/2) log 2).

From (3.2.1) we conclude in a well known manner(®) the existence of a
sequence of integers { M} such that

(3.2.3) | | ey > c,| e, +v=0,1,2---,M—1.
Now let € be an arbitrary but fixed positive number. We define a sequence of
integers k=k(M) by
(3.2.49) k= k(M) = [MQlog M+ H —¢)]..

(%) Cf. G. Pélya and G. Szeg6, Aufgaben und Lehrsitze aus der Analysts, vol. 1, 1925, p. 18;

p. 173, Problem 107. What is needed here is much less than the lemma used by Pélya and
Wiener, loc. cit., p. 252.
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Then an easy calculation shows that

k log log & —
N < <1 +
log & log %

H—¢e¢—loglog M log log M\?
=M(1+ € og log +0(ogog ))

log M log M
loglog M — H log log M\?
.(H_._g g +0(g 8 ))
log M log M
€ log log M\?
(3.2.5) = M(l - +0( ) <M
log M log M

provided M is sufficiently large.
3.3. Let us denote again by x1, x2, * + * , Xow, N =Ny, the mod 27 distinct

sign variations of f®(x), x,=x,(k); here k=k(M). We write, a real(’),
X— % , ¥X— X . X — XN

u(x; M) = sin sin - sin
2 2 2

(1 + cos™ (x + )
3.3.1) o
> wes, U, =1 N+m=M.

r=—M

(For N=0 we omit the sine factors.) Since N <M, m is positive. The trigo-
nometric polynomial %(x; M) is of degree M and it has the same sign varia-
tions as f®(x). We prove

LEMMA 1. Let the trigonometric polynomial u(x; M) be defined by (3.3.1) and
let

+M +M
(3.3.2) U(x; M) = (cos (2/2))2¥(1 + cos™x) = Z U= = Y, U,cosvx;
r=—M

v=—M
then the inequalities
(3.3.3) |w| = U, v=0,1,2,---, M,
hold, with the sign “="7 for v=M.
Indeed as (2.1.3) shows, the coefficients «, of #(x; M) are multilinear func-
tions of eti(*+#)/2 and etie with non-negative coefficients. Thus we do not
decrease ]u, by replacing the quantities eti(v+#)/2 gnd eti= by 1, or by re-

placing the constants x, by —# and « by 0. This leads precisely to (3.3.2).
The assertion regarding [uMl = Uy is also clear. We have (see (2.1.4))

g = (— 1)¥2-2N=m exp {ix, + ima}, o= — 2 %/2,
Uy = 2-2N-m = 2-N-M,

(3.3.4)

(%) See Footnote 5.
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3.4. Now

: 1 +x +M
(3.4.1) — f®(x)u(x; M)dx = (i) *c,u_,
21!' —_ v=—M
has a sign independent of a. Choosing « in a proper way (cx#0) and using
(3.3.3) we obtain
M-1 .
(3.4.2) > vl | U = 2M*| ci| Un.

r=—M+1

Taking (3.2.3) and the inequality x <e*"! into account we find

M—-1

W< Y Uexp {(|v|/M = Dk+ M —|v|)v}

y=—M+1
M—1

= X UQrM<Qo™ Mz_:‘ U0 + 0, 0= éklM—y.

y=—M+1 y=—M+1

From (3.2.4) we conclude that Q=Q(M)— » or more precisely Q(M)
eH-71M as M— . (The symbol a(M)=2b(M) means that a(M) [b(M)]
—1 as M— ».) Introducing

(3.4.4)  E=E(M) =Q@+0V/2 Twm® =@ +0/2

where T'|,(£) is identical with the Tchebichef polynomial, by virtue of (3.3.2),
we can write (3.4.3) in the following form:

(3.4.3)

M-1

(3.4.'5) UQ® £ > UT1(8) = 2781 + Y1 + £m) — 2UnTu(d);

y=—M+1

hence
2UwQ¥ < 2V + DY + £7)
or (cf. (3.3.4))
(3.4.6)  2M(Q/OM < (14 EDV(A + £ < M1 + £,
Now let M— . Then

(3.4.7) 2MQ/OM = (14 Q)M 1
since Q~2=0(M~?). Further {1 M—2¢ H+et7 50 that
(3.4.8) 2 < exp {2¢H+etv}

follows. Since e is arbitrarily small, this involves (3.2.2).

4. ProoF oF THEOREM B’
4.1, Let the order X of f(x) be greater than p/(p—1). Then using the pre-
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vious notation (2.1.1),

loglog 1/| ¢, A
(4.1.1) tim ing 818 VN0l _ <»p
N log » A—1
holds(®). Consequently
(4.1.2) lim sup | ¢,| &* = .
y—+c0

We obtain now instead of (3.2.3) the inequalities v
(4.1.3) | e | e > | c,| e, +v=0,1,2--+,M—1,

holding for a certain sequence { M} of integers.
The previous proof needs only unessential modifications.
4.2. We write

(4.2.1) k= k(M) = ["M"(l te ljff)]

where g is a fixed constant satisfying the conditions
(4.2.2) 1/p < g < ppitile,

An easy calculation shows that for large &

M < (k/,,)u»(1 —p% k)

kl—l/p

_uli » log M log M
N ( e e T
log M log M
1= po
(1 P e +°( Mﬁ“l))

log M log M
=M(1—(pp“ﬂ—qp~1) o8 +o( o8 ))<M.

(4.2.3)

M1 Mer1

Using the same notation and the same argument as in .§3.4 we obtain
instead of (3.4.3)

M—-1
(4.2.4)  2Ux S 3 Urexp {(|v| /M — DE+ M —|v]e].

p==—M41
Since M*—|»|*< (M —|v|)p M+~ we find as before
M1
(4.2.5) 2Uy S RM E U, (R’ + R™), R = ekiM—pMr1
y=M41

(8) See Pélya and Wiener, loc. cit., p. 254.



-

1942] DIFFERENTIAL TRANSFORMS. I 457

On account of (4.2.1) we have R=R(M)=M**—>» as M—x.
Now let
(4.2.6) . n=9(M) =R+ RY)/2>x as M — =»;
then we obtain (cf. (3.4.6))
(4.2.7) 2-M(R/M < e M(1 4 1Y),
But pg>1 so that (14+R-2?)-¥—1. Moreover
(4.2.8) 1M 22 2M1—a — (),

This furnishes the contradictory inequality 2 <1.

5. ProoF oF THEOREM C

5.1. The proofs of Theorems C and D are based on arguments similar to
those followed in the previous part. Instead of trigonometric series, expan-
sions in Legendre series are used.

Let

(5.1.1) flx) = ic.Py(x),
r=0

¢, real, be the Legendre expansion of f(x) where P,(x) is the Legendre poly-
nomial in the customary notation. By using the notation (1.2.1)

(5.1.2) 3 (2) = 22 (= N)'aPy4), N=0(+ 1),
v==0
follows. Let Ni=N,; denote the number of the sign variations of #f(x) in
—1<x<+1andlet Ny=Nzu=N be fixed as ]—  through a proper sequence
of integers. We show then that ¢y4m=0, m >0.
Let x, x5, - - -, v be the sign variations of #!f(x) in —1<x<+41. We
form(?) '

N+m

(5.1.3) o(x) =(x— x1)(x — x9) -+ - (x — xN).(l + 6x™) = > 0,P,(x)

where 6 is either +1 or —1. This is a polynomial of degree N+m with the
same sign variations as ¢f(x). The coefficients v, =v,(l) are bounded as l— «.
Furthermore vy.4m = 0hn4m if , denotes the highest coefficient in the Legendre
expansion of x”. '

Now .
+1 N+m
(5.1.4) f {8Y(x) }o(x)dx = X (v + 1/2)"1(— N) o,

(°) We could use 1+ 6Pn,(x) instead of 1+ 6x=. See Footnote 5.
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This expression has the same sign whether =41 or § = —1. We obtain by a
suitable choice of &

- N+4+m—1
(5.1.5) > 0+ 1/2" M6l v] = W +m+ 1/2) wvim] ovim| Ayim.
r==0

Division through by M= leads to a contradiction as /— « unless cy4m=0.

6. ProOF oF THEOREM D

6.1. For the proof of Theorem D we follow again the previous argument.
Under the assumption (3.2.1) we obtain a sequence { M} of integers such that ,
(3.2.3) holds. The definition of 2=2! is in this case slightly different from
(3.2.4), namely

(6.1.1) B=2=2[(M/2)(og M+ H— 9]

Then & is even and N=N,;<M. Now we define m by N4+m=M and
v(x) =v(x; M) by (5.1.3). We prove

LEMMA 2. Let the rational polynomial v(x) =v(x; M) be defined by (5.1.3)
and let

. M
(6.1.2) V(z; M) = (x + D¥(1 + 2m) = 3 V,P,(x);
v==0
then the inequalities
(6.1.3) |o| =V, v=20,1,2,---, M,

hold with the sign “ =" for v= M.

It is well known(!?) that P.(x)P,(x) expanded in terms of Legendre poly-
nomials has non-negative coefficients. Multiplying out

. N
(6.1.4) o(x; M) = [] (Pi(x) — %) {1 + 8(Pi(2))™}
r=1
we see that the coefficients v, of v(x; M) are multilinear functions of —x, and o
with non-negative coefficients. Obviously we do not decrease |v,| by replacing
—ux, and & by 1 which leads precisely to (6.1.2).
6.2. Starting from (5.1.4) we obtain (5.1.5) and

(6.2.1) (M + 1/2)"hy = Mf (v + 1/2)"1(\/Nn) ¥/ 26 M7V,

v=0

(19) See J. C. Adams, On the expression of the product of any two Legendre’s coefficients by
means of a series of Legendre’s coefficients, Proceedings of the Royal Society, vol. 27 (1878), pp.
63-71; Collected Scientific Papers, vol. 1, pp. 487-496. See E. T. Whittaker and G. N. Watson,
A Course of Modern Analysis, 4th edition, 1935, p. 331, Problem 11.
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Now let

(6.2.2) 1 13 -1 1,23
b gO— ] gl‘"" 2421' ) V= )y “y Iy .

. Then (v+1/2)g,\;"! is decreasing as v increases since

172 g (M7 1/2)(v — 1
(6.2.3) kel g( )=("+/)(” ) ¢4
v —1/2 g1 \\y v+ 1)
Hence
(6.2.4). O+ 1/2gN > (M + 1/2)gadn y=0,1,---, M —1,
so that from (6.2.1)
M-1
(6.2.5) gl =Y g (N/Na) /2 e MY,

=0

But

(6.2.6) M—r =0+ ==+ A+,

is positive and increasing with » so that

(6.2.7) M < exp {200 — Mo} < exp {200 — M)A ).
Hence

Rl /2
(6.2.8)  guhu £ D gV,S"M, 5= —v,

y=0

From (6.1.1) we conclude that S=S(M)=2eH~«* M as M— .
Writing

(6.2.9) = +5Y/2> o, M— o,
we obtain by using a classical representation of Legendre polynomials(!?)
(6.2.10) P,() 2 5, v=0,1,2,---,
so that from (6.2.8) and (6.1.2)

M-1
(6.2.11)  guha < S™ 3] V,P,(§) = S™M(1 4+ OV + ™) — SMhy Pu().
r=0

The representation mentioned furnishes also gaky =2-M so that using (6.2.10)
we again conclude :

() See, for instance, G. Szegd, Orthogonal Polynomials, American Mathematical Society
Colloquium Publications, vol. 23, 1939, p. 92, equation (4.9.4).
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2K S SH(L A+ ON(L + §7)

or
(6.2.12)  2M(S/OM < (14 &OVA + ) < & N(1+ ).
Now let M— . Then (cf. section 3.4)
2MES/OM =1+ S5H)™M -1,
g——lM — 2 H+ety

so ‘that (3.4.8) follows. Consequently (3.1.1), (3.1.2) hold.

If the coefficients ¢, of the Legendre expansion (5.1.1) satisfy (3.1.1), then
f(x) must be analyticin an ellipse with foci at —1 and + 1 the sum of the semi-
axes of which is e7(12).

This establishes the proof of Theorem D.

7. COUNTEREXAMPLES

7.1. In this section we show that the conditions N;<k/log # and
N <(k/p)Ye/2 of Theorems A and B cannot be replaced by N,=0(k) and
Ni=0(k?), respectively, where @« >1/p. I owe the necessary counterexamples
to a suggestion of Professor Pélya.

7.2. The first assertion can be proved by considering the non-integral

periodic function

(7.2.1) f(x) = (1 — 2k cos x + A2, 0<h<l
We see by mathematical induction that

(7.2.2) F®(x) = tu(x)(1 — 2k cos x + h%)—+1

where te(x) is a trigonometric polynomial of degree k. Consequently in this

case N <2k.
7.3. Let p>1. The integral function

(7.3.1) f(x) = D e cos nx
n=1 .
is(*®) of order p/(p —1) and as we shall prove N, =0(k'?). This furnishes, in-
deed, the desired counterexample by assuming a <1 and choosing p according
to the conditions 1/p<1/p<e; then p/(p—1) <p/(p—1).
Let k be even. We apply Jensen’s theorem to the function

L

(7.3.2) f®(x) = (— 1)*¥2Y nke" cos nx

n=1

in the circle |x| < 2. Since

(12) See Szegs, loc. cit., p. 238, Theorem 9.1.1.
(13) See Footnote 8.
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(7.3.3) . | f®o ()| = iln"e‘”’“'"
and
(7.3.9) | f®) | = iln"e‘"’
we find for the number N(w) of the roots of f*(x) in the circle |x[ §;r
(7.3.5) 2”(’)2 nke "’ < i n."e""“"'.
=l i
Obviously N < N(w).

In order to find a suitable bound for N(r) let us consider the function
A(¥) =v*e~" of the continuous variable », » 2 1. It is increasing for » <, and
decreasing for » > v, where
(7.3.6) vo = vo(k) = (k/p)*'".

The maximum of A(») is exp { (k/p) log (k/p) —k/p } .

The function A*(¥)=r%e¢~"/? assumes its maximum for »)=r}(k)

= (2k/p)V>.
Now let w be fixed, w>(2/p)'?, log w—w?/2< —(log p+1)/p. Then for

k— o

(7.3.7) I= Y nreritinn < ezruk”’lf(k)(o) |
nSuk"I’

Further A*(v) is decreasing for » >wk/? >y{ (k) so that

L
II = Z nke—ntHiTn < N (wkl/?) E e~ (7PID)+27n
n>wklP el

=0(1) exp {klog w + (k/p) log k — w?k/2}.

By use of the mean value theorem we find

(7.3.9) log A(vo) < log A([ve] + 1) + CR-1/»

where C>0 is independent of k. But for large &

klog w + (k/p) log k — w?k/2 < (k/p) log (k/p) — k/p — Ck*-1I»

(7.3.8)

(7.3.10) < log M[ve] + 1),
hence
st I = O(1)| f®(0) |,

I+ II = O(1)e2=*” | f(0) |.
Consequently
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(7.3.12) W@ = O(1)g2rek”

from which N(m) =0(k'?) follows.

7.4. In case of an odd %k we have f®(0)=0. Then in Jensen’s theorem
f®(0) has to be replaced by

(7.4.1) fED(0) = (— 1)(k+1)/2i nhtlg—nr,

n=1

The previous argument holds good except that & has to be replaced by £+1.
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