INTERPOLATION AND APPROXIMATION BY FUNCTIONS
ANALYTIC AND BOUNDED IN A GIVEN REGION

BY
E. N. NILSON AND J. L. WALSH

Introduction. Several new problems in the theory of approximation to an
analytic function were suggested and discussed by Walsh in a recent paper(?).
It is the purpose of the present paper to make additional contributions to
the solution of these problems and to indicate the extent to which the results
carry over to the theory of harmonic functions.

1. Representation of a special harmonic function. Let R be a finite sum
of disjoint regions in the complex plane and let .S be a closed set interior to R.
When suitable restrictions are placed upon the boundaries Co and C; of S
and R, respectively, there exists a function ¢(2z) equal to zero on Cyp and unity
on C, continuous in the extended complex plane, harmonic except upon Co
and G;.

It is convenient for the present to assume that R and S satisfy the follow-
ing set of conditions:

A1l. The boundary of each component region T of R consists of a finite num-
ber of disjoint analytic Jordan curves.

A2. For each component T, the boundary of TS consists of a finite number
of analytic Jordan curves such that those constituting the boundary of each com-
ponent region of T—TS are disjoint.

A3. Each component T contains at least one point of S.

A4. No point of T—TS is separated from S by the boundary of T.

Under these conditions, the function ¢(z) exists, is necessarily equal to zero
on S and unity exterior to R.

Let ¢/(z) be a function conjugate to ¢(2) in R—S. The limit of Y(2), as 2,
remaining within a component region of R —.S, approaches a curve of Cyor C;j,
exists in the small and forms on the boundary of this component region a
continuous periodic function of the arc length. Of course, if a component
curve of Cyor C; is common to the boundaries of two such component regions
of R—.S, the limits of the function y¥(2) from the two sides of this curve are,
in general, not equal.

TuEOREM 1. Suppose R is a finite sum of mutually disjoint regions and S a
closed set interior to R such that R and S satisfy conditions (A). Then, for z not
on Co+Ci, we have

Presented to the Society, December 30, 1940; received by the editors April 20, 1943, and,
in revised form, August 18, 1943.
(*) J. L. Walsh, Proc. Nat. Acad. Sci. U.S.A. vol. 24 (1938) pp. 477-486.

53



54 E. N. NILSON AND ]J. L. WALSH [January

1
(1) 6(2) = ¢() — — log |z — ¢ dy(¢),

2 J corey
where ¢ traces Co+ Cy in the positive sense with respect to R—S.

In the integration over Cq+ Ci, each component region of R—.S is consid-
ered in turn and y(2) is taken as defined by approach to Co+ C; from within
this component. Thus in the integration in (1) some of the curves of Co+C;
may be traversed twice and in opposite directions.

‘Theorem 1 is a direct consequence of Green'’s third identity for z finite.
Equation (1) is valid for z= e in the sense that lim,..(1/27)fc,+c, loglz—g‘l

dy(§) =0.

The normal derivative (d¢/0%) of ¢(z) on Co (normal directed outward
from R—.S) is negative; on C it is positive. From the well known property
of harmonic functions that f¢¢,(0¢/dn)ds =0, it follows that

fc @y = ) (@9/omds = fc @/omis = = [ ay=r>0

Fix the range of ¢ on C; as 0 ¢ <7, on Cy as 7 Y <27. (For each component
of Co+C: will appear one or two subintervals according as this component
appears once or twice in the integration in (1).)

THEOREM 2. Let R be a finite sum of disjoint regions and S a closed
set interior to R such that R and S satisfy conditions (A). Let the points
an(k=1,2, -, n) and Bu(k=1, 2, - - -, n41) for n=1, 2, - - - be uni-
formly distributed(?) with respect to Y on C, and C,, respectively. Then for any
point 27 © not on Co+ C, we have

| (z - ﬁ,.l)(z - ﬂnz) R (Z - ﬁn n+1)

n—onl (Z - anl)(z - an?) A (Z - ann)

= e[ - Zo(=) - s |

1/n

)

the convergence being uniform on any closed bounded set disjoint from Co+Ci.

In the event that a curve C is traversed twice in the integration in equa-
tion (1), there are two methods of effecting the distribution of points. If T}
and T are the two component regions involved, and if ¥, and . are the cor-
responding limit functions of ¥ on C, then there may be a double distribution
of points a.i (or Bar) on C or there may be a single distribution on C made
with respect to Y1 —¥s.

(@) J. L. Walsh, Interpolation and approximation by rational functions in the complex domain,
Amer. Math. Soc. Colloquium Publications, vol. 20, New York, 1935, pp. 164-165.
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Equation (2) follows from equation (1) and the relationship

nl — n
1 loglz—§|d¢(§)=ilim Zgg_l_z__ak_l

2r Co+Cy 27 now k=1 n

n+ll - B, )
Tlimz og | /3,,|’

2T noo  fm1 n

which is a consequence of the definition of uniform distribution.
Under special circumstances, it may occur that in some subregion of R—S
the function ¢(2) is given by

kE log |z — {i| = 4(¢(z) — B),

=1

where A and B are constants, and the points {; are not interior to R—S.
Here it is not necessary to use the points anx and B.: to approximate the
function ¢(2).

The boundary conditions (A) can be considerably relaxed. The conclu-
sions of Theorems 1 and 2 are valid if the boundary curves are merely Jordan
curves and if the disjointness provision in A2 and A3 is omitted. We shall
designate the revised conditions by (A’).

2. Interpolation and approximation by rational functions. Let C,, C;, ¢(2),
¥(2), and T bear the same relation to R and S as in §1. Denote generically
by C,, 0<v<1, the locus ¢(z) =». Let R,, 0<» =1, be the point set where
0=<¢(z) <v and let R, be the closure of R, (Ry=.S). Let the points a.; and B,
be uniformly distributed with respect to ¥(2) on C; and C,, respectively. For a
given function f(2) analytic on S, let 7,(2) be the unique rational function of
degree n(3) having poles at the n points o, and interpolating to f(z) in the
w+41 points Bax.

THEOREM 3. Let R be a finite sum of disjoint regions and S a closed set in-
terior to R such that R and S satisfy conditions (A’). If the function f(2) is
analytic throughout R,, 0<p <1, then the sequence {r.(2)} comverges uniformly
to f(2) on any closed subset of R,, and for any o satisfying 0 <o <p we have

3 lim sup [max |f(z) — 7.(2) |, Zin ﬁ,]x)n < erma)lr;

n—w

if pSu<1, we have

4) lim sup [max | 7.(z) |, 3 in R,]V/» < e-2rtmw)ir,

n—oo

If f(2) is analytic throughout R, but coincides on S with no function analytic
throughout R,, for any p1>p, then the equality holds in (3) and (4).

(®) J. L. Walsh, op. cit., pp. 184 ff.
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Suppose ¢ is given, 0 =g <p. Choose p’, ¢ <p’ <p, such that R,— R, con-
tains neither critical points of ¢(2) nor the point at infinity. The function f(3)
is analytic for z in R, and(¥)

_l_f (Z—Bnl) Tt (Z—Bn n+l)(t_anl) ct (t—ann)f(t)dt .
278 G (—PBn1) - - - (t_ﬂn n+1)(Z—an1) - -+ (3—ana) (t—2)

Choose o’, 0 <¢’<p’, such that ¢’#¢(=). Then the convergence in (2) is
uniform on the point set C,»+C,.. The locus C, is rectifiable and |z—¢|, for
zon C, and ¢ on C,, has a positive lower bound. The integrand in (5) is an
analytic function of z throughout R, (if properly defined at 2= « in the event
that R, is not bounded). Therefore it follows, by the principle of maximum,
that

(8)  f@A—r(a)=

lim sup [max | f(z) — 7.(3) |, 2 in R,.]V/» < e~27@'—o")17,

n—>00
The left-hand member is not affected if p’—p. Also, ¢’ can be replaced by o,
and the proof of inequality (3) is complete. For (4), we make use of the rela-

tionship (5)

__1_ _ (3=Ba1) * -+ (3= Brnt)t—am1) - -+ (E—tan)] f(2)dt
© r”(Z)—ZWi‘fcp’ [1 (t=Bn) - - - (t—lsnn+l)(z"anl) e (z_ann)] (t—2) ’

Suppose now that f(z) is analytic throughout R, but not throughout R,,
for any p1>p. The assumption that the inequality hold in either (3) or (4)
will lead immediately to a contradiction (¢).

_Either the requirement in Theorem 3 that no point of R—.S be separated
from C; by S or some other related assumption is necessary. This is seen from
a consideration of the following situation: C; is the unit circle |2| =1 and R
is its interior; S= G, is the point set ]z] =1/2; f(2) is the function 1/2.

A special case of Theorem 3 is that in which the points a.; and B, are
independent of n. Here the sequence of rational functions {r.(z)} is replaced
by the ordinary series of interpolation(?).

The dual of Theorem 3 is of some interest. Instead of the sum of regions R,
we can consider the sum R* of regions comprising the exterior points of S
and having C*=C, as its boundary: thus R* is the point set upon which
¢(2) is positive. For the closed point set S* choose the set where ¢(2) is unity:
thus C¢* = C, is the boundary of S*. That conditions (A’) are satisfied for R*
and S* follows immediately from the corresponding assumptions upon R
and S. The dual function ¢*(z) is 1 —¢(z). Equation (1) becomes

(*) J. L. Walsh, ibid.

(%) J. L. Walsh, ibid.

() Cf. J. L. Walsh, Trans. Amer. Math. Soc. vol. 47 (1940) pp. 293-304, esp. p. 298,
Theorem 3.

(") J. L. Walsh, op. cit., pp. 188-189.
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6 = o*(=) —— [, ,log |5 — ¢| dw*Q).
2z Co+C1
For the analogue of (2), take o =Bn1x (=1, 2, - -+, n) and Bh=ani1x
(k=1,2, - - -, n+1). In order to approximate a function F(2) analytic on S*,
choose rational functions 7.*(z) of degree # having poles at the points o and
interpolating to F(z) in the points 8. If F(z) is analytic throughout R* but
not throughout R,* if p1>p, and if 0S¢ <p, we have

lim sup [max | F(z) — 7a(2) |, z in Rin = gm0,

n— o
if pSu<1, we have

lim sup [max | r:(z) |, 5 in 'I?:]”" = e 2r )T,
n—rwo

3. Best approximation by functions of given norm. Suppose now that R
is a single region. Let f(z) be a function analytic on the closed set S but
let there exist no function analytic throughout R which coincides with f(z)
on S. For a given positive quantity M, there exists, among the functions
analytic and of modulus not greater than M in R, a function fx(2) which has
the property that my = [max|f(z) —fu(2)|, z on S] is least(®).

Let us assume here that the region R and the point set .S satisfy the con-
ditions:

B1. The boundaries of R and S consist of a finite number of continua, each
continuum not a single point.

B2. No point of R—S is separated by S from the boundary of R.
Then we have the following theorem:

THEOREM 4. Let the region R and the closed set S interior to R satisfy con-
ditions (B). If the function f(2) is analytic throughout R,, but not throughout R,,
for any p1>p, then as M is allowed to increase without bound the functions
{fu(2)} converge uniformly to f(z) on every closed subset of R,. Indeed, for any o,
0=0<p, we have

) lim sup [max | f(z) — fu(2) |, 2 in R, ]V/1os ¥ = glo=p)1 =),
Moo

Moreover, if p=u=1, we have

@®) lim sup [Lu.b. | fu(2) [, z in R,]/10eM = gl—p)/G=p),
Moo

This theorem has been proved(?) for the case in which R —.S is connected.
Here we lighten the restrictions upon R and .S and make use of a new method
of proof.

(®) J. L. Walsh, Proc. Nat. Acad. Sci. U:S.A. vol. 24 (1938) p. 477.
(®) J. L. Walsh, ibid.
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We shall assume that R is finite and bounded by a finite number of dis-
joint analytic Jordan curves: this assumption entails no loss in generality
since the theorem is invariant under a one-one conformal map. It is now
possible to extend the function ¢(z) harmonically across C;. Choose 7,
0<7n<p, so small that there are no critical points of ¢(2) on the point sets
where 1=5¢(2) =147 and 0<¢(2) <79. Let R’ be that region bounded by
C{ = Ci+, and containing R. Let S’ be the set S together with all points 2
where 0 <¢(2) =7. If Theorem 3 is applied to R’ and S’, we obtain

lim sup [max | f(s) — 7.(3) |, 3 on C¢ ]V/» < g2 mmi7

n— o
and
lim sup [max | 7.(z) |, z on C, ]!/ < e~2r(e-1)/7,

n— o

where the poles of 7,(2) are on C{ and the points of interpolation on Cy.
The quantity 7 is independent of 7. For arbitrary €>0, there exist con-
stants M’ and M'’ such that for all » we have

® | /) = 7a(2) | S M'e2n0=1017, 3 0n C,
and ,
(10) | 7a(2) I < Me 2xnle—1=0l7 5 0on C).

When M is given not less than the right-hand member of (10), the func-
tion r,(2) is itself analytic and of modulus not greater than M in R. Thus it
follows that

If(z) — fu(2) l < M'e2mnG—19Ir 7 on C,
and, consequently, that

(11) lim sup [max | f(s) — fa(3) |, 3 on S]M/lesM < gol =D,
Mow .

On the other hand, the definition of fum(2) yields the inequality
(12) lim sup [Lu.b. | fa(2) |, 2 in R]11ee™ < ¢,
Moo

The remainder of the proof of Theorem 4 consists of a simple application
of the following three lemmas. These lemmas are extensions of a recent theo-
rem by Walsh(1%) to which reference has been made previously.

LEMMA 1. Under the conditions of Theorem 4 on R, S, and f(z), suppose
4£4(2)} is a continuous family of functions analytic and bounded in R such that

(13) lim sup [max | f(z) — f,(s) |, zon S}V < &8 < 1

y—®

(1) J. L. Walsh, Trans. Amer. Math. Soc. vol. 47 (1940) p. 298.
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and
(14) lim sup [Lu.b. f,(2), z in R]'/" < e*, = > 1.

y—®

If ap+B—PBp =0 and if {v.} is any monotone sequence of values of vy approach-
ing infinity, then

(15) lim sup [max If(z) — f1.(2) |, zin R, ]V < ele—p)(a=h)

n—r0
whenever 0 <o <p; if p=pu=1, we have
(16) lim sup [Lu.b. | £,.(2) |, 2 in R,]V/m < et—e)(a—b),

n— oo

LeEMMA 2. Under the conditions of Theorem 4 on R, S, and f(2), suppose
{fv.(2)} is any sequence of functions analytic and bounded in R such that

(17) lim sup [max | /() = fr,(@)], zon S]m < ¢ < 1
and
(18) lim sup [Lu.b. | f,,(2) |, 2 in R]'/% < e=, e= > 1,

n— 00

where the sequence {v.} is monotone increasing and satisfies

(19) 0 < lim inf (Ya41 — ¥») S lim sup (Yas1 — ¥a) < .
n—owo n—roo

Then we have

(20) ap+ B8 —Bp =

LEMMA 3. With the hypotheses and notation of Lemma 2, zf ap+B—PBp=0,
we have, whenever 0 <o <p,

(21) lim sup [max | f(z) — f,.(2) [, 2in R, ]!/ = el—e)(a=b),

n—w
and, whenever p=Sus1,
(22) lim sup [Lu.b. | £,,(3) |, 5 in R,]V/% = eW—o)(a=8),
n—ro

The proof of Lemma 1 is by contradiction. Assume for some ¢ and some
€>0 that

(23) lim sup [max | f(z) — f4.(3) |, 5 in R,]1/7» 2 gte—p) (b0,

n— oo

The sequence {y.} can be altered so as to give a new sequence {y4"} for
which (23) is still true but for which
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lim v)'/n = 1.

n—rowo

Indeed, choose a subsequence {v. } of {va} such that
[max | f(z) — f+.(2) |, 5 in R, ]/ = elo—p)(a—p=)

and such that v/ —v. =1. Take v{’ =v. if kSyi! <k+1; take v{' =k if
there is no vy, satisfying k<vy, <k+1. We now have
lim sup [max | f(3) — fv/'(3) |, z in R,JV/» = ele—r)(a—p=0),
fn—> o

and we obtain a contradiction to the theorem by Walsh referred to above.
A similar proof is used to obtain (16).

To prove Lemma 2 we note that (17), (18), axlg (19) imply the existence,
for each € (0 <e< —p), of constants 4, B, and M such that for all » suffi-
ciently large we have

(24) | 1) = fra(3) | S Me®+om, zonS,
(25) | fra(@) | < Metetom, zin R,
and
(26) 0<4<%41— 71 <B< .
Thus

If“/.m(z) — fr.(2) , S MeB+om[1 + eBto4] zonS,
and

| frona(2) = fra(@) | S Metatom[1 + elatoB], z in R.

From the Two-Constant Theorem(!!) we can conclude for z on C,, 0<»<1,
and for all » sufficiently large, that

@7 | fran(® = fra(&) | S HMemtartasrio[1 4 eGroaJi[1 + etator].

Thus the sequence { S, (2) } converges uniformly in R, provided av+8—8r <0:
that is, provided » < —B/(a—p). Since this sequence converges to f(z) on S,
it follows that p = —B/(a—2).

The inequality (27) suffices to prove that the left-hand member of (21)
or (22) is not greater than the corresponding right-hand member. For, if 2z
isin R,, 0o <p,

f@) = 1@ + [ra0® = fra@] + [frana(® = fran@]+ -+,
while, for z in R,, pSu =1,

Srwea(®) = frn(2) + U7N+l(z) - f”fN(z)] +--- 4+ [f7N+n(z) - f‘m+»-;(z)]-

(1) R. Nevanlinna, Eindeutige analytische Funktionen, Berlin, 1936, p. 42.



1944] INTERPOLATION AND APPROXIMATION BY FUNCTIONS 61

That actual equality must hold in (21) and (22) is seen from Lemma 2.
There are many further consequences of Lemmas 1, 2, and 3. Some of
these are included in the corollaries which follow.

COROLLARY 1. For any continuous family of functions { gu(z)} such that
gm(2) is analytic and of modulus not greater than M in R, we have

lim sup [max | f(z) — gu(2) |, 2 in R,]1/1oe ¥ = gle—p)101=p)
M-w

for all ¢, 0 =0 <p.

COROLLARY 2. Suppose { M.} is a monotone sequence of positive quantities
such that

(28) 1 < lim inf M,41/M, < limsup M,/ M, < «.

n— o n— oo

Then for 0 <o <p, we have

(29) lim sup [max | f(3) — fu,(3) |, 3 in R,J1/1oe ¥ = gle=p)101=p),
n— 0
while for p Su =<1, we have
(30) lim sup [Lu.b. | far,(3) |, z in R,]1/1oe M = gl—)10=p),
n— o

COROLLARY 3. If {M,.} is @ monotone sequence of positive quantities satisfy-
ing (28) and if {gu,(2)} is any sequence of functions such that gx,(2) is analytic
and of modulus not greater than M in R, then for 0 <o <p we have

lim sup [max | f(2) — gar,(3) |, 3 in B, ]!/1oe Mn > gle—0)101=p),

n— o

The equality in (29) and (30) is valid for many sequences of functions
other than an extremal sequence {fm.(z)}. An example is the sequence of
functions {r.(2)} with poles on C{ introduced in the proof of Theorem 4 but
with C{/ approaching C; as # increases indefinitely. Compare Theorem 3.

Essentially, the right-hand member of (7) is not dependent upon S but
rather upon R, itself. If S is replaced by $* = R,, 0 <a <, the harmonic func-
tion ¢*(2) for R—S* is (¢(2) —a)/(1 —a) and

e@*—e*) | (1=p*) = glo—p)/(1—p),
A similar property for (8) and for the corollaries is immediately suggested.
A limiting case of Theorem 4 is that in which f(2) is analytic throughout R.

For each p less than unity, inequalities (11) and (12) are valid. Thus by
Lemma 1 we may conclude for each p(0<p <1) that

(31) lim sup [max | f(z) — fu(3) |, z in R,]1/1e M < gle—)101=p),
Moo
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provided 0 =0 <p; moreover, if pSu=1,

(32) lim sup [Lu.b. | fa(2) |, 2 in R,]1/10sM < el—p)/O=p),
Moo

The following corollaries now result:

COROLLARY 4. If R and S satisfy the restrictions of Theorem 4 and if the
Junction f(z) is analytic throughout R but not bounded there, then

lim [max | f(z) — fu(2) |, z in R, ] 118 ¥ = 0,
Moo

for 0=0<1. If 0=p<1, then
lim sup [Lu.b. | fu(2) |, 2 in R,]V/1es ¥ = 1,
. M-ow
while

(33) lim sup [Lu.b. | far(z) |, z in R]/1esM = ¢,
M-ow

COROLLARY S. Under the hypotheses of Corollary 4 upon R, S, and f(2), if
{ M.} is a monotone sequence of positive quantities satisfying (28), then

lim [max If(z) — fu,(2) I, zin R,]/1es Ma = 0,

n—roo0
for0So<1. If0<u<1, then
lim sup [max Ian(z) |, zin R,]!/les M = 1,
n—r
while

(34) lim sup [Lu.b. | fa,(2) |, z in R]V/1os ¥ = .

4. Approximation by functions of minimum norm. Under the conditions
of Theorem 4 upon R, S, and f(2), there exists for each positive m a function
fn(2) analytic and bounded in R such that I f(2) —-f,,.(z)l <m on S and such
that the quantity

M, = [Lub. | fa(3)], z in R]

is a minimum. The existence of fn.(z) is a direct consequence of Theorem 4
and well known properties of normal families of analytic functions.

THEOREM 5. Let R, S, and f(z) satisfy the conditions of Theorem 4. Then the
family of functions {fa(2)} converges to f(z) uniformly on each closed subset of
R, as m—0, and we have

lim sup [max | f(z) — fm(2) |, 2 in R,]-1/1e8m = ¢le=0)1
m—0

whenever 0 =g <p. Moreover, if pSu =<1,
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lim sup [Lu.b. | fm(2) |, 5 in R,]-1/1oem = gt=p)lp,
m—0

This theorem also has appeared elsewhere(!?) for the case in which R—S
is connected. It may be proved by a method analogous to that used for Theo-
rem 4, or it may be demonstrated for the most part as a consequence of
Theorem 4.

The analogues of Corollaries 1 to 3 of §3 are clear and need no further
consideration. The analogue of Corollary 4 is the following:

CorOLLARY. Under the conditions of Theorem 5 upon R and S, if f(2) is
analytic throughout R, then

lim sup [max | f(z) — fn(2) |, 2 on S]-Viem = ¢1,
m—0

If 0<o <1, then

lim sup [max | f(s) — fm(3)|, 3 in R, ]-1/1oem < 71,
m—0

while for all u, 0Su =<1, we have
lim sup [L.u.b. |f,,,(z) |, zin R,]'/lesm = 1,
m—0

The corresponding result for sequences { f,,.,,(z)} of extremal functions is
immediately suggested.

5. Extension to regions of infinite connectivity. The theorems of §§3 and 4
can be extended, under certain circumstances, to regions of infinite connec-
tivity. Indeed, the conclusions of Theorems 4 and 5 are still valid if R and S
satisfy the following conditions:

C1. The boundaries of R and S consist of a denumerable number of continua,
each continuum not a single point.

C2. Any point of R—S, which can be included in a Jordan curve of arbi-
trarily small diameter composed exclusively of points of R—S, also belongs to
R-S.

C3. No point of R—S is separated by S from the boundary of R.

These conditions are sufficient to insure the existence of the harmonic func-
tion equal to zero on the boundary of .S and unity on the boundary of R(%).

The extended forms of Theorems 4 and 5 for these new conditions (C)
on R and S result from a consideration of limiting cases of the results of §§3
and 4; the proofs are routine affairs and need not be discussed in detail.

6. Further relaxation of boundary restrictions. Theorems 1, 2, and 3 can
be extended to cover situations in which much less restrictive conditions are
imposed upon the boundary of R—.S than those contained in the set (A’).

(12) J. L. Walsh, Proc. Nat. Acad. Sci. U.S.A. vol. 24 (1938) pp. 477-486.
(13) H. Lebesgue, Rend. Circ. Mat. Palermo vol. 24 (19Q7) pp. 371-402, especially §16.
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Suppose, instead, that R and S satisfy the following:

B’1. The boundaries of R and S consist of a finite number of mutually dis-
joint bounded continua, each continuum not a single point.

B’2. Each component region of R contains at least one point of S.

B’3. No point of R—S is separated by S from the boundary of R.

Denote by R, (=1, 2, - - -, m) the component regions of R—S. Each re-
gion R; can be mapped one-one and conformally onto a region R{ whose
boundary Ci,+ Cf, consists of disjoint analytic Jordan curves: Cj and Cj;
correspond to Cio and Cu of the boundary of R, and R{ has the same con-
nectivity as R;. If 2= Fi(2’) is the mapping function of R/ onto Ry, and if {’
is a point on the boundary Cl+Cj;, then for normal approach to this
boundary

lim Fi(z'), z' in R{,

Ly
exists for all {’ on Cly+ Cj; except possibly for a set of (Lebesgue) measure
zero.

The function ¢(2), equal to zero on S and to unity exterior to R, harmonic
(although not necessarily monogenic) in R—.S, exists here also. Let T,
0=<0<1/2, be the set of all points zin R—S for which ¢ <¢(2) <1 —0o. Choose
09>0 so small that T, contains all the critical points of ¢(z) in R—S and also
the point at infinity in case some Ry is not bounded. For 0 <o <0, the increase
7 of Y(2) on C1,, as the latter is traced in the positive sense with respect to T,
is independent of ¢; the constant 7 is also equal to the decrease of the con-
jugate function y/(z) along C, as the latter is traced in the positive sense (with
respect to T,). Fix the range of ¢(2) on Ci_, (0<o =0, as 0=¢(2) <7, on C,
as 7 <y(z) <27.

The variable 2, expressed as a function z=2Z(¢, ¥) of ¢ and ¥, is a single-
valued function in (R—S) — T, when the range of ¥ is thus defined. Moreover,
the limits
lim Z(¢, ¥), lim Z(¢, ¥), ¥ fixed,

#—0

#1

exist for almost all ¥ in 0 =Y <7 resp. 7 =y <27. Denote the limit functions,
where defined, by Z,(¥) and Zy(¢¥), respectively.

THEOREM 6. Let R be a finite sum of disjoint regions and S a closed set in-
terior to R such that R and S satisfy conditions (B’). Then for all finite z not on
the boundary Co+ C; of R—.S we have

1 T 1 T
35)  #(z) = ¢(=) — ;f log | Zy(w) — 3| dy — —Z;f log | Zo(¥) — z| d¥.

Suppose first that the point z is in R—S. Choose 71, 0 <01 =0y, such that
T,, contains z. Define ¢,(2) = (¢(2) —0)/(1—20¢) for 0 <o <1. By Theorem 1,
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1
8.0) = o) = - [ 10g | 260, 0) — 5| a0
2rJe,

_ 1 log |Z(1 — o, ¥) — z| dy.

2rJd cig

Equation (35) results if ¢ is allowed to approach zero. A similar proof suffices
for z interior to .S or exterior to R.

THEOREM 7. Under the conditions of Theorem 6, there exist sets of points
{anlyarﬂ; c e yann}; n=1,2,---,and {Bnlan‘h R ann+l}) n=1,2,---,
on C, resp. Co such that for 2% © not on Cy+ C, we have

2= Pa1) - (22— Pan
(36) lim (z2 — Ba1) (3 — B nt1)

n—o (Z - a,.l) LR (Z - a,m)

1/n

~ exp [—  (8() - ¢(z>)].

the convergence being uniform on any closed bounded set disjoint from Co+-Ci.

To prove the theorem, let us extend the definition of the functions Z;(})
and Zo(y). Heretofore, Z1(y) has been defined only when limy.1 Z(¢, ¥) exists.
For the remaining values of ¢ in the interval 0 Sy <7 define

arg Z,(¥) = lirgjlup arg Z(¢, ¥), —r<argZ(p, ¥) <,

and
|Z:) | = lim sup | Z(, ¥) .

In a similar fashion exterd the definition of Zo(y).
Choose a denumerable set {z.} of points (2.5 ®, not on Co+Cy) every-
where dense in the complex plane. Corresponding to each 2., form the sum

1 4 1 4
37 Ej; log | Z:(¥) — 2n| d¥ +erzf log | Zo(¥) — 2m| ay.

By a theorem of Hahn(4), sets of numbers ¢{?, {2, - - -, ¢, and y&, ¥,
<o+, Y841, can be found (G—1)r/n=YW<ir/n and 7+@E—1)7/(n+1)
SY@ <r+4ir/(n+1)) such that for all m

n » 1 T
lim —— > log |Zl(¢§.~’) - 2n| = -Z;f log | Zi\(¥) — 2m| ¥
0

now 27N i=1
and
n+1

" 1 -
lim —— 3" log | Zo@e) — 2m| = ;f log | ZoW) — 2m | d¥.
2r

n—w 27N =1

(%) H. Hahn, Sitzungsberichte der mathematisch-naturwissenschaftliche klasse, K.
Akademie der Wissenschaften, Vienna, vol. 123 II a 1 (1914) pp. 713-743. Cf. B. Jessen,
Ann. of Math. vol. 35 (1934) pp. 248-251.
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The functions

() n+1

(38)  —— X log | Z@i) — 5] + —— D log | Z@We) — 2],
2mn i=1 2w

i=1

are harmonic for finite 2 not on Co+Ci. In any closed bounded set T dis-

joint from Cy+ Cj, these functions are uniformly bounded and therefore equi-

continuous. Convergence on the everywhere dense set {2} implies uniformity

of convergence on T to a function harmonic for all finite 2 not on Co+ Ci.
The function

1 T 1 T
(39) ;fzfloglzo(w)—zld¢+5;fo log | Zu(¥) — 5| d¥

is harmonic in z for the values of 2 under consideration and coincides on the
everywhere dense set {z,,.} with the limiting function of the sequence (38).
Thus these two harmonic functions. must coincide. All that remains to be
done for the proof of (36) is to choose onx =Z; (W) and Bur=Zo¥%). More-
over, we have at once the extension of Theorem 3:

THEOREM 8. Let R be a finite sum of disjoint regions and S a closed set in-
terior to R such that R and S satisfy conditions (B’). Let f(2) be a function
analytic throughout R,, 0<p<1, but not throughout R,, for any p1>p. Let
ra(2) be the rational function of degree m with poles at the n points o
(k=1,2, - - -, n) defined above which interpolates to f(2) in the n+1 points B
(k=1,2, .-, n+41). Then for any ¢, 0=0 <p, we have

lim sup [max | f(z) — r.(2) |, 2 in R,]¥/» = ¢~2xGo—o)7;

n— oo
also, if p=u <1, we have

lim sup [max | 7,(z) |, 2 in R,]V/» = e2=twr,

n— o

7. Application to harmonic functions. Many of the results in the preceding
paragraphs carry over to the theory of approximation to harmonic functions.
The three lemmas of §3 are valid for harmonic functions if R and S satisfy
the following conditions:

D1. The boundary of R consists of a finite number of disjoint continua, each
not a single point.

D2. The set of interior points of S forms a finite sum of regions, each of
finite connectivity.

D3. The set S is the closure of the set of its interior points.

D4. No point of R—S is separated by S from the boundary of R.
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The methods used are essentially those introduced in an earlier paper by
Walsh (%5).

Theorems 4 and 5 with their corollaries carry over to the present situa-
tion. In general, the problem of approximation to a harmonic function u(x, y)
is referred back to the corresponding problem of approximation to the ana-
lytic function f(2) of which #(x, ) is the real part. For the most part, the diffi-
culty arising from the possibility of multiple-valuedness of the conjugate
function v(x, ) of #(x, ¥) can be avoided. Obtaining the analogue of equation
(11) is the only point offering serious difficulty. Here it can be shown that
there exists a finite set of points (as, b:), 1=1, 2, - - -, n, exterior to R and
corresponding constants 7; such that

)

L — b
v(x, y) — >, — arc tan 4
-1 27 X — a;

is single-valued in R. Theorem 4 can be applied to the function

{u<x, = % Zlog [e = 00+ (5 - b.-)zlm}

t=1

n -— b‘,
+ i{v(x, y) — > = arc tan Y }

=1 4T X — a;
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(1) J. L. Walsh, Ann. of Math. vol, 38 (1937) pp. 321-354.
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