A NEW CRITERION FOR COMPLETELY
MONOTONIC FUNCTIONS

BY
HARRY POLLARD

A function f(x) is completely monotonic (c.m.) in 0 <x < « if it belongs to
C” and

¢Y) (= D*®(x) 2 0 (k2 0,x>0).

If f(x) can be extended to be continuous at x=0 it is said to be c.m. in
0=sx<w.

Various conditions are known under which a function is c.m. [4](*). Bern-
stein proved that if

@ (= DA = 3 Con(= D f(x+nk) 20 (k2 0,2> 0,k > 0)
0

then f(x) is c.m. in 0 <x < co. It is known, though apparently not stated ex-
plicitly in the literature, that if we assume the continuity of f(x), then we
need require (2) only for some infinite sequence of integers k. (This may be
obtained, for example, by use of the results of [1].) A fundamental theorem
of Bernstein and Widder states that a function is c.m. in 0<x<  if and
only if it admits the representation

3) fx) = f we—“‘dF(t), x> 0, F(t) increasing.

A new difference criterion which includes the above is suggested by the
following considerations. If k;=0(1/k?) then (3) is inverted by [3, Theorem
4.2],

F(f) — F(0) = f() + lim dy f & A f()dz,
k

E—o /¢
where

4 dr = (= h)~%/(k — 1)1
This suggests the following theorem, which is the principal result of this paper.
THEOREM. Let f(x) be continuous for x 20 and have a limit at infinity. Sup-

pose it satisfies the inequalities
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) (— 1"anf(=) z 0 (x> 0)
for an infinite sequence of integers k, where
hiy > 0, hy = o(1/%® (k— «).

Then f(x) is c.m. in 0Sx < .

This says essentially that in the difference criteria it is sufficient that the
inequalities hold for one (suitable) value of % for each k&, rather than all >0.

Before proceeding to the proof we make some observations about the theo-
rem.

(i) The conditions are trivially necessary.

(ii) The continuity of f(x) is not a redundant condition. For let ¢(x) be a

discontinuous solution of the functional equation ¢(x+y) =¢(x)+¢(y) [2, p.
96]. Both +¢(x) are convex and hence unbounded in every interval [2,
pp. 91-92]. Then (5) is satisfied for arbitrarily small {k:} by the function

flx) =et®.
1. Lemmas. The following identity is known [4, p. 303]

LeEmMA 1. For >0, x=20, #>0,
ok kx
- [e-kz/uuk—lj P _) e—kzlu,
ouk % \u
For fixed x, these functions are increasing in 0 Su Sx/2.

LeEmMA 2. If g(x) and r(x) are any functions of x then
k
A:[g(x)r(x)] =X Crabig(zx+ &k —n h)A:_”r(x).
0

This is the analogue of Leibniz’ rule for the differentiation of a product
and can be established by induction.

LeEMMA 3 (GENERALIZED ROLLE’S THEOREM). If f(x) € C* then

k (k)

Avf(x) = K7 (x)
where X lies between x and x+kh.

LeMMA 4. Suppose k=1, x>0, h>0 are fixed, and f(u) is continuous for
u=kh,f(0)=0. Then

—eu —kz/u k—1 [—kz/u k—1

lim A_;.[ "f(w)du = f Ak, 1f(w)dx,

«—0 kh

where we difference with respect to u.
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Proof. The existence of the integral on the left is guaranteed by the pres-
ence of the factor e~**. The integral on the right converges since, by virtue
of Lemmas 3 and 1, its integrand is dominated for large # by (x —kh)"""‘l fw)].

If we subtract the right-hand side the problem is then to show that

©) H) = f :Af;.[gw)r(u) Jfwdu = o(1) (e— 0 +4),

where
g(u) = e *=lvyk1 p(u) = 1 — e,

Using Lemma 2 with & replaced by —#% and separating out the term for
which n=Fk we obtain

k—1 © » o ken
HEO =Y Cin f A" gl — E = B)-A" () - flw)du
ne=( kh

7 0
™) + fk hAf,.g(u)-f(u)'f(u)d“

= K(e) + L(e).
By Lemmas 3 and 1 the integral [A*,g(u)-f(u)du exists. Hence
L(e) = a1 - e—m)Ai»g(u)f(u)du = o(1) (e—0+).
Kk
We turn now to the expression K(e). First by Lemma 3

k—n (k—n) k— n —eU

AS"r(w) = (— B) (U) = (he) ., u—(k—mhsUSu,
so that for 0<e<1

(8) I A_;. "r(u) I < Klek_“ e,

where K; does not depend on # or e. Also

n (n)

@ Algu—F—nk)=(—hg (U), u—kh=UZu—(k—nh
But
g™ (u) = 2 Caj — [e—kzlu][uk—ll(n—i)

Ju=0
Ifx>0
oi
- [eteie] = 06 (5 ),
so that

g™ (u) = Y O(u—iut—1-m+i) = O(ur-"1), 0n=<k-—1.
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If x=0 this result is obvious. Then by (9)
(10) |a%gu —F=nh)| =K' (O0snsk-—1),
where K; does not depend on #. Then by (7), (8), (10)
k—1 )
| K(9)| £ KiK: Y Cim f eneet-| () du (0 < e< 1),
kh

nm=0

Since f()=0 a simple Abelian argument proves that each term of the sum
approaches zero with e. Hence K(0+4) =0, so H(0+) =0; this establishes (6).

LEMMA 5. Let k21, k>0, x20 be fixed, f(u) continuous, 0su< oo,
f()=0. If Aff(u) does not change sign in 0<Su< «, then

feoe_kz/uuk lAhf(u)du

0

(11) = Z Ck.n(—l)k-"fkh e_kz/(u_"h)(u - nh)k_lf(u)du
nh

nm=0

—kz/u k— l]

+ A—h[ f(u)duv

where we difference with respect to u.

Clearly the integral
I(e) = f e z/“u"_lA;’:j(u)du
[]
exists for all e>0. We have

k 0
I(é) = E Ck.n(_ l)k—»f e—eue—kz/uuk—lf(u + nh)du
0

0

= ?Ck,n(— 1)""‘( j:':h-l- k:) exp [— e(u — nh) — kx/(u — nh)]

, (4 — nh)*'f(u)dy,
obtained by a change of variable. Then

(12) I(e) = A(e) + B(e),

where

k kh )
A(e) = 2 Cra(— 1)"""f exp [— e(u — nh) — kx/(u — nh)]
' " (= nh)f(w)d,

B(e) =f A_}.[ —Cu —kz/u k-—llf( )d‘u
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By dominated convergence

kh

13) A0 +) = Zk:Clc.n(_ 1)""‘Af e~ k=l =mh) (o — k) *~1f(u)du,.
0

nh

and by Lemma 4
(14) o+ = [ 4"
kh

-k z/u k-1
~a[e

- f(w)du.

From (12), (13), (14) it follows that I(0+) exists and equals the expres-
sion on the right-hand side of (11). Since Aff(x) does not change sign in
0=<u< «, a Tauberian theorem enables us to conclude that I(0+) is also
equal to the left-hand side of (11) [4, p. 192].

For the remainder of the paper it is assumed that % belongs to some se-
quence S of non-negative integers; k—® means that %k becomes infinite
through the elements of S.

LEMMA 6. Let f(x) satisfy all the hypotheses of our theorem and suppose also
that f(o)=0. Then for any fixed x>0 the quantities

I = da f ¢ T A f(w)du
[]

approach f(x) as k— «. The d; are defined as in (4).
Proof. By Lemma 5 we have I, =4+ B; where

kh

k
Ay = dkz Crn(— l)k_"f e kzl(u=nhi) (g — nh;,)"“f(u)du,
0

nhy

® k. —kz ., k—1
Bi = di f ALl T Sy,
kh

We show first that 4; vanishes with 1/k. Let M be the maximum of
If(x)l in (0, «). Then

k khi
lAk| = MI dgl Z Ck'”f e-’w(“-nhk)(u —_ nhk)k—ldu
0

nhy
(k—n)hk

sM|d| 2 C;,,,.f e kalvyk=ldy

0

khk
= M|d| X Cin f ekzlvyk-1dy

khx

3 ’
S M|d|e=™Y Ci f ut-1dy
0

0

= Me=IM2kRk/ R,
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Choose k&, so that khi<x/2 for k>ko. Then for k> k,
| 4| = Me2%2%k*/ ).
By the test-ratio test this last is the general term of a convergent series, so

that Ax=0(1), k— .
We must prove then that

lim B = f(x).

k=

By Lemmas 3 and 1, and equation (4),

e (L LG ]

= Cx + Dx,
where
(15) 0= ¢x = khy.
By the second part of Lemma 1

B AL

= o(1) (k— ).

Our problem then is to show that lim;.,, Cx=jf(x). But it is known that [4, -
p. 283]

T —l—~f°° ! (k—x)ke""/“f(u)du — f(x), k— o,

T =-01J.s w \u

It therefore remains only to show that limi.,, (Jx—Ci)=0 and the proof of
the lemma will be complete.

Now
(16) JomCom— f i -l(g)ke"“/“f(u)l’k(u)du,
(k=1)1J 22 u \u
where Y b b
Pi(u) =1 — (u — 4’,‘) exp(-—- m) (v = x/2).
We have
¥ dy kxdi

log (1 — Pu(w)) = (k + 1) v—.y U 4 — 1)

(B + Do kxgs

| log (1 = Putw) | = —or  u(u— 1)
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By (15) we have 0S¢ Skh:. Since kr=0(1/k?), ¢ <x/4 for k> k. It follows
that for u=x/2, k>k,,

(B4 DEkhy " kx- khy
x/2 — x/4  (x/2)(x/2 — x/4)
= o(1) (k— )

| log (1 — Pu(w)| =

uniformly for u=x/2.
Let ¢>0 be arbitrary. Then for k> &,

By (16 | Pu(w)| < e (2 2/2).
y
) 1 k k
el gty L) i@l

As k— o the right-hand side approaches ¢| f(ag)[ [4, p. 283]. Hence
limsup | J» — Ci| < €| f(®) ],

) 2

and this completes the proof.
2. Proof of the theorem. We may assume f(®)=0 (otherwise consider

f(x) —f()). By hypothesis

Lilf] = (= b " /80 [ A0S () Jamirs 2 O

for an infinite sequence of integers k. By Lemma 6 with a change of variable
we have
f(x) = lim | e =Ly.[f]at (x> 0).
kE—o0

0

It remains only to show that the integrals

an L = f ka,e[f]dt

exist and are bounded. For then it will follow by a familiar argument that
f(x) has the representation (3) [4, p. 307]. From Lemma 5 with x=0 it fol-

lows that
khi

Li= 43 Cun(— 1) [ 7 = miyran
0 . n

hi
= (= b AWFi(0)
where

Fi(x) = (T—IW f :M (u — 2)*'f(u)du.
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By Lemma~3

L = (- 1)'FS (X0, 0= X: < khs

But F®(x)=(—1)¥(x), so that Ly=f(X3) and limy..Ly=£(0). Then L, is
bounded.
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