APPROXIMATION BY INTEGRAL FUNCTIONS
IN THE COMPLEX DOMAIN

BY
H. KOBER

The approximation by integral functions to functions defined on the real
axis — o <x< o« or on its positive part only (0 <x< «) has been treated by
the author in an earlier paper(}). The present paper deals with the correspond-
ing problem for functions defined on regions R of the extended z-plane
(z=x-+1y). The only case of interest is that in which the point 2= « lies
on the boundary of R, as has been shown in the previous paper. Originally
the author had intended to treat only the cases where R is a half-plane or a
strip. It has turned out, however, that simple results can be obtained for
approximation in an angle ® (0 <arg 2<®; ©® <2x). This problem is evidently
much more general than that concerning the half-plane, and it is adapted
to elucidate results of the above paper. It will be shown that a function F(z),
analytic and bounded in the interior of an angle ® and satisfying some con-
dition of continuity in the closed domain, can be approximated uniformly by
integral functions of finite types of the order p =7 (27 —©)~!, and that this
is the “best possible” value (§2). The uniform approximation by integral func-
tions to unbounded functions in an angle 0, in particular to 2" (0 <7< «),
is treated in §4; there are, however, rather interesting questions which arise
in the general case, but are left open in the present investigation. The approxi-
mation by rational functions is known to apply under very restrictive con-
ditions only; it fails, for instance, for the function 2.

The approximation to bounded functions in the half-plane is treated in §3,
that in the strip in §5. For the half-plane, extensive use is made of the funda-
mental theory of the class $,(%), developed by E. Hille and J. D. Tamarkin;
some of the results deduced for the strip can be regarded as an extension of
this theory. The investigation of the strip starts from Theorem 13. Its proof
and that of some other results is given as an appendix. Incidentally results

Presented to the Society, April 29, 1944; received by the editors October 28, 1943.
(*) Trans. Amer. Math. Soc. vol. 54 (1943). References to this paper are indicated by F.
There is an error in equation (2.1)F, which should read

xrn
@1 W) = | I1fitre*)ride.
o 7t
Unfortunately, in my manuscript I have written > instead of H
(3) Fund. Math. vol. 25 (1935) pp. 329-352, 1Sp< ».For 0<p <1 see T. Kawata, Jap. J.
Math. vol. 13 (1936) pp. 421—430. §, (0<p < =) is the set of functions F(z) which, for 0 <y < =,
are analytic and such that | F(x+4y)|,<M, where M is independent of y. For the notation
| F(x+1y) [ p see the end of this section.
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due to G. H. Hardy, A. E. Ingham, and G. Pélya(3) are generalized.
Applications of results of this paper and the one mentioned above will be
made in §6, in particular to deduce a new theorem on approximation by ra-
tional functions in a strip. Some auxiliary results are given in §1, among them
a theorem which is a supplement to Theorem 3(b)F.
The symbol l f(x+1y) |, will be used to denote

0 1/p
(f [f(x + iy) |de) or ess.u.b. |f(x + iy)l

—0<z< o
for 0<p< o or p= =, respectively; in this notation the first variable which
occurs is that of integration. Finite positive constants are denoted by
A, A, A", .-, B,B', B", - - .. Throughout this paper the function F(z)
which is to be approximated is required not to reduce to a constant.

§1. SOME AUXILIARY RESULTS
1.1. Functions of order one and finite type.

LEMMA 1. Let k(2) EGa (0<a< «)(*) and k(x) EL,(— o, ©) (0<p< ).
Then k(x+iy)e—elv!—0 as lx| — o0, untformly for — o <y<x, and thus
k(x+1y)—0 as le — oo, uniformly in any finite interval of y.

It will suffice to take y>0. By Lemma 2'(b)F, |K(x+'i&) »
=< | K(x)lpexp (al &l ). Taking §=y'—1, we have Iexp (lax —ay')k(x+iy' —1)| »
ge“| x(x)l,, for ' =0. Hence the function exp (taz)x(z—1) (z=x-+1y’) be-
longs to 9, and tends, therefore(®), to zero as le — o, uniformly for y'=$
whenever §>0. Taking ¥'=y+1 and § =1, we have proved the lemma.

1.2. Functions of finite order and type.

LeEMMA 2. Let (i) F(z) be an integral function of the type a (0Sa< ) of
the order p (1/2<p < ), let (ii) the contour C consist of two straight lines start-
ing at the origin and forming the angles © = 2w —mwp~'and I =wp~! between them,
let F(z) be bounded on C with upper bound A, and let (iii) F(z) be bounded in
the angle ©. Then, for any sz, | F(z)l <4 epr(aI zl ?). When 1/2<p =1 the con-
dition (iii) 15 to be omitted.

Proof. For @ =7 (p=1) the result is well known(®). By a Phragmén-
Lindel6f(?) theorem, IF(z)l <A in the angle O for 1/2<p <1 and, by (iii),
for p>1. We may take arg 2=(0®—)/2 and arg 2=(3r—0)/2 as the two

(3) Proc. Royal Soc. London, Ser. A vol. 113 (1927) pp. 542-569.

(*) G4 is the set of integral functions F(z) which, for any e>0, satisfy an inequality
‘ F(z) | <Acexp {(a+e) [ z| } . Obviously Gg(C G, whenever 0 S8 <a; trivially any polynomial be-
longs to Go.

(%) Hille-Tamarkin, loc. cit., Lemma 2.4.

(®) G. Pélya and G. Szegs, Aufgaben und Lehrsitze aus der Analysis, vol. 2, Berlin, 1925,
p. 36, no. 202. A shorter proof is given in §2F.

(") See, for instance, E. C. Titchmarsh, The theory of functions, Oxford, 1932, 5.61.
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lines forming the angle T'; it is bisected by the positive part of the imaginary
axis which we denote by L. Given ¢>0, the function

(1.21) G(z) = F(3) exp {(a + 26)2”3"‘""/2}

is analytic in T, its modulus is less than 4’ exp {(2a:+3¢)|z|#} in I and is not
greater than 4 on C. On L, we have

(1.22) |G@) | < |F@) | exp {— (a + 2¢) | 5]p} < A”eel=1",

which tends to zero as Izl — o, Applying the above mentioned theorem to
G(2) in both angles formed by L and C, we deduce that G(z) is bounded in both
angles and, therefore, in I'. But I G(z)l <A on C;therefore, by the same Phrag-
mén-Lindelsf theorem, |G(2)| <4 in T. Hence | F(z)| <4 exp {(a+2¢)|2|?}
in I and, therefore, in the whole plane. Taking e—0 we arrive at the required
result.

Remark. If z lies in T', and if ¥ is the angle between the line joining the
origin to 2z and one of the two lines bounding I' (0 <y <T'), then

| R(z)| < A exp {a| 2] sin oy} (3).

This follows from (1.21), taking z=r exp {i(@ —7+2¢)/2}.
By the Liouville theorem, F(3) reduces to a constant when a=0.
1.3. Induced convergence.

LeMMA 3(a). Let the F.(3) (n=1, 2, - - - ) be integral functions of a fixed
type o of the order p (0<a< o, 1/2<p=<1), let O and C be defined as in
Lemma 2 and let, uniformly on C, Fn(2) — Fn.(2)—0 as m, n— . Then there
is an integral function F(3) such that, for any e >0, | F (z)] <A.exp {(a+e) l z|°}
and that, uniformly in the angle ©, F,(3)—F(z) as n—> .

(b) For 1<p< x the result holds under the additional condition that the
functions Fi(z) — F,(z) (n=2, 3, - + - ) should be bounded in ©.

Proof. The functions Fi,.(2) = Fi(z) — F.(2) (n=2, 3, - - - ) are bounded
on C, uniformly with respect to z and #. By Lemma 2, there is a constant 4
independent of # such that

(1.31) | Fin(2) | < 4 exp {a|z]r} (1/2 < p < ).

By the argument used in the proof of Lemma 3F, we deduce that the Fy ,(z)

converge to an integral function ®(z) satisfying (1.31), uniformly in any finite

domain and uniformly on C. Hence F(z) = Fi(z) —®(2) is the required function.
1.4. Functions bounded in sectors.

LEMMA 4. Let k(3) be an integral function of the type b (0<b< =) of the
order p (1Zp< ), bounded in the domain D defined by D = D,+ D,

(8) It can be shown that the result holds for the limiting case p=1/2. If, therefore, F(z) is
an integral function of the type o of the order 1/2 and [F(x)| <A for 0<x< o, then lF(z)l
<4 exp {a(lzI/Z—x/Z)’/’}.
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Dy: |argz| < #/2—x/2, Dy |args—w| < w/2—7/2p,
with upper bound A. Then Ix(z)l <4 exp (bly] °).
As in the proof of Lemma 2, we deduce that, for Iarg z—7r/2[ <7(2p)7Y,
| «(2) | < 4 exp {b] z]° cos p(x/2 — ¢)}
(¢ = arg z; ¢ — 7/2| = 7/2p).

We have y= [zl sin ¢ >0, and sin® ¢ =cos p(w/2—¢), by the inequality
cos pA=cos* N\ (p=1, 0=SN=7(2p)"1Y). Hence from (1.41) and from the
hypotheses we deduce that |K(Z)I <4 exp (b| yl ?) for y=0. In a similar way
the result is shown for y <0, which completes the proof.

(1.41)

LeEMMA 5. If | is any positive integer, then there are even functions h(z) such

that 2°h(2) (7=0, 1, - - -, 21) satisfies the hypotheses of Lemma 4.
Without loss of generality we may take b =1. The Mittag-Leffler function
© zn
(1.42) Eyp(z) = X

a0 I'(1 4+ p7'n)

is of the type unity of the order p, and is bounded for Iarg z—1rl Sm—7(2p)!
when 1/2<p< «. Now ’r

(1.43) h(z) = 52| By, (il-Vo5) + Eyj,(— il-Veg) — 2} bz 1)
is the required function. For E;;,(:z) is bounded for w(2p)~!—w/2=arg 2
<3r/2—7(2p)", while E,;,(—13) is bounded for m(2p)~'—3w/2<arg z2<w/2
—m(2p)~! and, therefore, for 7/24+n(2p) '<arg 2=57/2—=w(2p)"L

LEMMA 6. If p=1 and H(z) =2h(z) (0<j<2l—2), defining h(z) by (1.43),
then

(1.44) waH(t—z)|dt§Aexp(| y|#) (4 = A(, p)).

—0

Putting ¢ =u-x, the integral on the left takes the form [, [ H(u—1y) [ du.
‘When p=1, then, by Lemma 2'(b)F, IH(u—z'y)Ilgexp (Iyl)]H(u)Il. Let
now p>1. For | yI <1, the integral is certainly majorized by a constant 4,
since H(x+14y) and x*H(x+17y) are bounded in the strip lyl <1, le < . For
|| =1, we have

@+ D)= Hit — diy) | S|t — iy || bt — iy) | < A7ev?”,
f | H(t — iy) | dt < A"ewf (@ + 1)i2-ldt < A"elv1”,

which proves the lemma.
1.5. An approximation theorem concerning functions of L, (— o, «).
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THEOREM 1. Let F(t)&EL, (— ©, ), that is to say, let F(t) be measurable
and essentially bounded in (— «, ). Then there are functions g.(23) EGa
(0<a< ») such that, for almost all x in (— ©, ®), go(x)—>F(x) as a— .

Let k(z) €G; and such that both k() and #k’(¢) belong to L; (— , «),
and that [2.k(t)dt=1 (see (6.3)F), and take
(1.51) go(x) = afwx(at)F(t + x)dt.
Then |g.(x)| <|«(®)|1] F(£)|«, and

(1.52) ga(2) — F(x) = f wn(t){F‘(x + t/a) — F(x)}adt.

-0

Let x be any point of the “Lebesgue set” of F(x), and

tla

H.(t) = f {F(x + u/a) — F(x)}du = « f {F(x + u) — F(2)}du.
0 0
Then H.(t) =o(t) as t/a—0. Integrating by parts, from (1.52) we deduce that
F(2) — ga(2) = f OB,

taking into consideration that #’(f)—0 as ¢{—+ o and that |H.(t)]|
§2|t| lF(t)I,o. Given €>0, we put

F&) - guta) = ( f_;M+ [ Z+ [D)eomwn =1+ 141,

and fix M so that, for any >0, |11+13| <e¢/2. Taking B =ff"M|tx’(t)|dt, we
can find a & such that

|Ia|§B_21§éM|t‘1H,,(t)|<e/2 for |t/a| < (|t] = m).

Hence | F(x) —go(x) l <efor a= Md§!, therefore g.(x)—>F(x), as a— o, at ény
point x of the Lebesgue set. This proves the theorem.

§2. ON FUNCTIONS ANALYTIC AND BOUNDED IN AN ANGLE
2.1. Order of the approximating function.

THEOREM 2. Let 0<0 <27 and F(z) (z=x-+1y=|z2|e*) be analytic in the
interior of the angle © (0<¢p<0), and let, for any >0, F(z) be bounded and
uniformly approximated by integral functions g.(3) (n=1, 2, - - - ; ga(2) inde-
pendent of €) of order p in the domain e<¢p<O@—¢, 0= Izl < . Then
p=m(2r—0)-1L,
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Proof. Suppose p to be smaller than w(2r —®)~!; then there is an €¢>0
such that p+e<w(2r+2¢—©)~1. Each of the functions g.(z) is bounded
for e¢p<0O—e. In the remaining angle ® —e<¢ <2wr+e we have g.(2)
=0{exp (|z|7+)} as |z] -, while g.(z) is bounded on the two straight
lines forming this angle. It is less than 7 (p+e€)~!, therefore g.(2) is bounded
in this angle, again by a Phragmén-Lindelof theorem. Hence, by the Liouville
theorem, g,(z) reduces to a constant. So does F(z), which is a contradiction.

Remark. If F(z) is not bounded and p <7 (2w —0)~1, then F(z) is an in-
tegral function of order p.

THEOREM 3. Let F(2) and the g.(2) satisfy the conditions of Theorem 2. Given
any p’ > p, there is a set f.(2) of integral functions of order p’ which approximate
to F(z), as n— o, uniformly in the domain eS¢ <0 —e for any €>0.

We have to find a single integral function H(2) of order p’ which is bounded
for 0 <¢ < 0. We can take, for instance, H(z) = Ei, {z exp (iw(2p')~!)}. Then
{f,.(z)} = {g.(2) +n“H(z)} {n=1,2,-..) is the required set. Evidently the
result holds dropping the condition that F(z) should be bounded.

Remark. The theorems remain true if € is replaced by zero.

2.2. Best order. By Theorem 3 there exists a lower bound of the orders
of the integral functions which approximate to an analytic bounded function
in the angle ©. By Theorem 2, this lower bound is not smaller than 7 (27 — @)L
This minimum value is in fact attained.

THEOREM 4. Let 0 <0 < 2w and (i) F(2) (z=x-41y) beanalyticand bounded in
the angle | argz—m/2 | <©/2, with limit-function F(¢) (z—¢,arg¢=7/2+0/2),
(ii) F(2) be uniformly continuous on the lines bounding this angle, or (ii)’ F(z?)
be uniformly continuous on the two lines arg = (r —©)/4 and arg z=(r+0)/4
0= |z| < ®), for tSO <21 or 0<O <, respectively. Then there is a set of
integral functions g.(2) (0<a< ) and a constant A, independent of o, such
that

(2.21) l g..(z)l < A exp (i azl"), p = 727 — ©),
and that g.(2)—F(2), as a— o, uniformly in the angle |arg z—m/ 2] <©/2.

For the border line case ® =0 (p =1/2) see Theorem 3(a, b)F.

We note that the existence of the limit function F({) at almost all points {
is a consequence of the regularity and boundedness of F(z) in the interior of
the angle © and that, therefore, F(z) is defined for |arg z—1r/2| <6,
0= |z| < o (compare §2.4). The conditions (ii) and (ii)’ are not necessary,
except for ® =7 and for the limiting case ® =0 (Theorem 3(b)F). Take, for in-
stance, F(z) =E,,(1z). Possibly both (ii) and (ii)’ can be replaced by the
weaker condition (ii)/’: F(zV/#) is uniformly continuous on the two lines
arg z=(2p)" (v ¥ 0O).

We need some lemmas.
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LEMMA 7. Let k be a non-negative integer, let F(t) be defined for almost all ¢
in (— o, ), measurable and bounded on any finite interval and O(Itl") as
|¢| > ; let p=1, 1Zk/24+1 and h(z) be defined by (1.43). Then

(2.22) g.(2) = af“h(at — az)F(t)dt

is an gntegral function and satisfies the inequality
(2.23) | ga(2)| = AL +[z|* +a ¥ exp (|ayls) (4 = A(k, p)).
First we take k=0, that is F({)EL,(— «, ). Then

| galz/) | §a|F(t)|,°f |h(a:—z)[dt=|F(z)|°,f | Bt — 2)| ds.
Using Lemma 6 we arrive at (2.21). Now we take £>0. Using Lemma 6
again the proof is completed in a way similar to that of Lemma SF.
2.3. Properties of boundedness.

LeMMA 8. If F(z) satisfies the condition (1) of Theorem 4, for © =, then
the functions g.(2) (0 <a < »), defined by (2.22), are bounded for [arg z—m/ 2l
<0/2, uniformly with respect to a.

First we take 0 <arg z<w. Let 2 be any fixed point in the upper half-
plane and B the upper bound of F(2) in the angle. We draw a small semi-
circle with centre at the origin, apply the Cauchy theorem and observe that
h(r—2)(r—2)? is bounded as lrl-—)oo, uniformly for 0= &(r)=<y. Thus we
can move the path of integration upwards, and so

| a(2) | = @

iyt
f h(at — az)F(r)dr

y—o0 d

ng | B(2) | dt.

Hence the g.(2) are bounded for 0 <y < «, uniformly with respect to a.
Now we take z=wue** where — » <u< © and |¢| <(®—m)/2. Using the
Cauchy theorem again, we turn the line of integration by the angle ¢, and so

Teid
lim f h(ar — az)F(7)dr
7y

T—o J _p,t

| 8(0)| = @ < Ba [ | Mactt = )} | a,

| ga2)| = B f °"I h(te'%) | dt.

The function k(7) is certainly bounded for ITI <1, while k(r) =0( lfl"’), as
| 7| = o, uniformly for |arg 7| <(® —)/2. This completes the proof for the
case m <0 < 2x. The proof for ® = is left to the reader.

2.4. Proof of the theorem for 7 <© <2w. For ® =, see §3.
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Let x(2y=ak(z) where k(z) is defined by (1.43) and @ is fixed so that
J2ok(t)dt=1. Then
TeW
(2.41) lim - k(dr =1 (r=te¥, — o <t < ),
T—w —-Te'v’
whenever NI <(©®—m)/2. The function g.(2) is defined by (2.22), replacing
k(z) by k(2), and z is supposed to lie on the straight line arg z2=(r—0)/2=¢
(0= |z] < x). First we show that g,(z) can be represented in the form

(2.42) ga(2) = aei* f ”x{ae“(t — | 2| ) }F(tei)ds.

For fixing 2= |z| e and «, and turning the path of integration in (2.22), we
have ga(z) =ae'¥ [2 k(ate’? —az) F(te'¥)dt (¢ <y =0). Given €>0 we can find a
number M such that

(2.43) a (f_;M-l- f]:)| k(ate — az) | dt < B,

uniformly with respect to ¥ for ¢ <¢' <0 as we can easily see from a figure.
using Lemma 5. By the Lebesgue convergence theorem, we have
M M
f k(ate — az)F(te¥)dt — k(ate*® — 2)F(tei¢)dt
-M -M
as Yy—¢, which, together with (2.43), finally gives (2.42).
Using (2.41), we deduce from (2.42) that

ga(z) — F(z) = &% f ”K(:ew)(p{ e?(t/a+|2]|)} — Flet] 2| ))dt
- (0 =|z| < o).

By the conformal transformation 2 =u® exp (1w /2—10/2), we deduce from
(i) and (ii) that F(z) is continuous for Iarg z—1r/2| <0/2,0< Izl < . Hence.
F(r) (r =ve*) is uniformly continuous for §<v< » (6§>0). Using a familiar
argument, we deduce that, uniformly on the line arg z=(r—0)/2=¢,
g.(2)—>F(2) as a— . The same result applies to the line arg z=(r+0)/2
(0= Izl < ).

In consequence of the hypothesis and of Lemma 8, the function g.(z) — F(z)
is bounded for Iarg z—7r/2| <0/2, We can now employ a Phragmén-Lindelsf
theorem. Thus we have, uniformly for |arg z—7/2| <0/2,

|ga(®) —=F(x)| = ub. |ga(s) —F()| >0 as a— =,
arg 2=(r10)/2
which completes the proof.

2.5. The case 0<O® <w. The function F(z?) is analytic for larg z—m/4

<©/4and, defining F(z) = F(ze~*) for |arg z43r/2| <©/2, for |arg z+3r /4
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<0©/4, F(z?) is uniformly continuous on the two linesz=u exp (iwr/4 £:0/4)
(—  <u < «) which form both the above angles between them. By the sub-
stitution ®'=7+©/2, Z=2¢—i7/4 the regions concerned become |arg Z|
<(®’'—m)/2 and Iarg §+7r| <(®’—m)/2. The function

(2.51) 0.(5) = &t [ *farstt - 1)} {2} at

has the following properties:
(I) It is an integral function, and lQa(z)I <4 exp (| za1/2| )
(p’ =m/(2r—0")). This follows from Lemma 7.
(II) Q.(2)—>F(z%'*/?) as a— o, uniformly for |arg 'z'l <(®’—m)/2 and
|arg Z+7| <(0’—m)/2. This can be seen by arguments used in §§2.3 and 2.4.
(III) Q.(2) is an even function; for (%) is even.
Therefore P,(w) = Q.(w'/?) isan integral function,and lPa(w)l <Aexp (Iawl ?),
where p=p'/2=7(2r—0')"1/2=7(2r—0)~1. Taking w=7%2, from (II) we
have P.(w)—F(wei*'?) as a— o, uniformly for |arg wl <@’ —7r=0/2.
Finally, putting gu(2) =P.{z exp (—ir/2)}, we have g.(2)—F(z) uniformly
for |argz—1r/2| <0/2,and |g.,(z)| <A exp (| azl #). This completes the proof.
2.6. The problem of best approximation. By means of Lemma 3, we can
prove

THEOREM 5. Let F(z) be defined for |arg z—mn/2| <©/2, whether it be ana-
lytic or not, and bounded in this angle, and let b>0 be fixed. Then in the set G,
consisting of the integral functions of the type b of the order p=n(2r —©)~! or of
smaller type or order, there is at least one function g(z) such that, for any h(z) EG,

|F) —g@| = ub _ [F@) — k)]

u.b. .b.
|arg z—x/2|<8/2 |arg z—x/2| <©/2

2.7. Approximation in regions different from the interior of an angle.

THEOREM 6. Let (i) R be a region extending to infinity, bounded by a Jordan
curve C(®), and let all the points of R lie in the interior of an angle © (0 <0 <27).
Let (ii) F(2) be analytic and bounded in R and (iii) its limit function be continu-
ous everywhere on C, including infinity. Then F(z) can be approximated by in-
tegral functions of order p =mw (2w —®)~1(1%) uniformly in R (or R+C).

(°) Here Cis a Jordan curve in the general sense, that is to say, it is mapped on an ordinary
finite closed Jordan curve I' by any substitution = (z—3,)~! where z, does not lie on C, ex-
terior to R+4-C, say. The function F(z) is said to be continuous everywhere on C, including in-
finity, when it tends to a finite limit L, as z moves towards the point at infinity along C. Then
A (w) = F(z0+w™) is continuous on the curve I' and, by (ii), analytic and bounded in its interior
R’, therefore continuous in the closed domain R’+T. Hence, uniformly in R+C, F(z)—>L
as |z| >,

(*) Among the functions approximating to F(z) there may occur integral functions of
order smaller than p. By the argument of Theorem 3, they can be replaced by functions of
order p. This applies to Theorems 7, 7/, 10.
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Let the angle © be formed by the lines arg 2=7/2—0/2 and arg z=7/2
+0/2. It is known that, uniformly on C+ R, F(2) can be approximated by ra-
tional functions whose only singularity lies outside C+ R, at the point z= —1,

say. Hence(!), given €>0, there are numbers a; (k=0, 1, .-+, n) such that
(2.71) Fi@) — > az+ i)~*| < ¢
k=0

uniformly in C+R. By Theorem 4, each of the functions ai(z+41)~*
(k=1,2, - - -, n) can be approximated by integral functions of order p, uni-
formly in the angle ©. This yields the required result.

Probably (iii) can be replaced by a milder condition (see §4.1).

Application. Let C be a parabola and its “interior” R be defined as the
part of the plane lying on its concave or convex side, respectively, and let
F(z) satisfy the conditions of Theorem 6. In the first case F(z) can be uni-
formly approximated by integral functions of any order p>1/2. It can be
shown, however, that in the second case F(z) cannot be approximated uni-
formly by integral functions of any finite order.

§3 ON FUNCTIONS ANALYTIC AND BOUNDED IN A HALF-PLANE

3.1. Approximation in the mean in a half plane. In this section we take
© =7, p=1. The results will be sharper than those obtained in the general
case (see §2). We shall deal not only with functions which are bounded in the
ordinary sense, but also with the class ,. In the latter case uniform conver-
gence will be replaced by convergence in the mean of order p when 0 <p < .
We shall prove

THEOREM 4'(a). In order that, uniformly in the half-plane, the function F(z)
can be approximated by functions g.(2) EG, (0<a—> =) which belong to H.,
it is necessary and sufficient that (i) F(z) belong to . and (ii) its limit function
F(x) is uniformly continuous in (— o, «).

THEOREM 4/(b). Let 0<p< x. In order that there should exist functions
2.(3) EG. (0<a< =) belonging to O, and such that, uniformly with respect to y,
(3.11) |F(x+ i) — ga(z + i) [, =0 (a > ©,0 < y < ),
it is necessary and sufficient that F(z) belong to .

Without proof we state

THEOREM 4", Let F(2) €D, (0<p=< ). Then there are functions g,(2) EG,
(0<a< ) such that for any €>0, d*g,(2)/dz"—d*F(2)/dz" (n=0,1,2, - - ;
a— ) uniformly in the half-plane e<y < oo.

(1) J. L. Walsh, Interpolation and approximation by rational functions in the complex
domain, Amer. Math. Soc. Colloquium Publications, vol. 20, 1935, §2.4.
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Proof of Theorem 4'(a). The necessity of (i) follows from a known theo-
rem, that of (ii) from Theorem 3(b)F. The sufficiency of the conditions is
deduced from the Lemmas 4F and 8 and from Theorem 3(b)F by means of a
maximum-modulus theorem.

3.2. Proof of Theorem 4/(b). The necessity of the condition follows from
a known result. To prove its sufficiency, we take first 1<p < . The limit-
function F(x) belongs to L,(— =, «), while k() (see §2.4) belongs to
Ly(— , »). By Lemma 4F, therefore, g.(z) belongs to G,. Using Lemma 1
and the known results(1?): F(2) is bounded for y= 6 (6>0), and

| F(t + i8) — F(t)|,— 0 (510), | k(t — 3) |» < ev| x(t) |, < B,

where z is fixed (y>0) and p’ =p(p —1)~!, we can apply the Cauchy theorem.
Thus we deduce that

iy+oo ©
ga(2) = af " k(ar — az)F(r)dr = af k(a)F(t + x + iy)dt.

y—o -

By a well known convexity theorem, we have

| ga@) " = |k |77 f | k@) || Fta™" + = + iy) |"dt.

Hence

f|g,,(x+iy)|"dx§|x(t)|f“‘f ]x(t)|f | F(x + iy) |"dxds

< B« |1,

where B, is the upper bound of |F(x+z'y)l p for 0<y< «. Thus g.(2) €EP,.
Using theorem 3(a)F and a maximum-modulus theorem due to Hille and
Tamarkin (), the proof is now completed as that of Theorem 6.

3.3. The case 0<p<1. To cope with the case 0<p <1, we represent
F(2) in the form () F(z) =¢(z)H(z) where H(3) E9., while ®(z) belongs to
9, and has no zero for y>0. Let k be an integer not smaller than p~! and
kp =g, so that g=1. The function

¥(2) = {g(2)}1/* (y>0)

belongs to §,. Let H(x), ®(x), ¥ (x) be the limit-functions of H(z), ®(3), Y (2)
respectively; then ¢(x) = {y(x)}*. By the result of §3.2, there are functions
f2(2) EG5 (0<B < =) belonging to §, and such that |fs(x) —(x) | ,—~0as — co.
Let Qs(z) = {fs(z) }*. Then Q4(3) EGis and, by Lemma 6F, | Qs(x) — ®(x)| ,—0
as B— . By Theorem 1 and Lemma 8, there are functions #,(z) EG,
(0<y< ) belonging to 9, and such that, for almost all 2 1n (— e, ),

(12) Hille and Tamarkin, loc. cit., Lemma 2.4 and Theorem 2.1 (iii), part 1; Lemma 2'F.
(1) Loc. cit., Theorem 2.1 (iii), part 2.
() Hille and Tamarkin, loc. cit., Theorem 2.2, and T. Kawata, loc. cit.
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ho(x)—H(x) as y—=. It is easy to see that Ih.,(z)l <A (y>0) where 4 is
independent of v (see (1.51)). Now the function g.(2) = Qs(2)%,(2) belongs to
9, and to G,, where a =kB++, and we have

f wIF(x) — ga(#) |Pdx < ess. u.b. | H(2) |? f i | ¢(x) — Qs(x) |Pd=

- —w<lz<»
+ f | Qs(2) |2 | H(x) — hy() |7du.

Given >0, we can fix 8 so that the first term on the right is smaller than /2.
Then, by the Lebesgue convergence theorem, we can fix v, so that the second
term is less than ¢/2 for v =1,; for ]H(x)—h,(x)l Pé(lH(x)I,,+A)”. Thus
IF(x)— ga(x)l »—0 as a—», and applying the Hille-Tamarkin maximum-
modulus theorem, we arrive at (3.11).

3.4. Best approximation. In consequence of the above maximum-modulus
theorem, the results of §9F on best approximation can be extended to the
case F(2) €9, (compare §2.6). In the case p =2, in particular, the sequence
of best approximation is
a

(3.41) 2a(2) = Da(F; 2) = ifm Sinti—zzm)dt (0 < a— o).

§4. ON FUNCTIONS WHICH ARE ANALYTIC IN AN ANGLE BUT
NOT NECESSARILY BOUNDED

4.1. Introduction. If, uniformly in a region R extending to infinity, a func-
tion F(z) is approximated by rational functions, it is necessary that there
exist a polynomial f(z) such that F(z) —f(z) tends to a finite limit uniformly
for zin R as |z| — . Obviously this is a very restrictive condition.

Consider first bounded functions. In this case we can take f(z) =0. Func-
tions which oscillate in the region concerned, or on its boundary, near z= «,
for instance F.(z) =exp (2%) (1/2<a=<1, w(2a)~1=Zarg 2=<3w(2a)"!), cannot
be approximated uniformly by rational functions, no matter how the poles
are chosen. By Theorem 4, however, F.(z) can be approximated by integral
functions of any order p=a(2a—1)"!, uniformly in the domain w(2a)~!
<arg z=3w(2a)".

Now consider unbounded functions. When r is not an integer, the func-
tion 2" (0 <7< ») cannot be approximated by rational functions uniformly
on any straight line, or any curve extending to infinity. For there is no poly-
nomial f(z) such that z—f(z) remains bounded on this curve, not to speak
of continuity (see §2.7). By integral functions of finite order, however, 2" can
be approximated uniformly for 0<arg z<© whenever 0<0 <27 (Theorems
11, 117).

On regions extending to infinity, therefore, approximation by integral
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functions appears to be a stronger tool than that by rational functions.

We shall now state some theorems on the approximation by integral func-
tions to functions which need not be bounded.

4.2. General theorems.

THEOREM 7. Let 0<0 <2, p=m(2r —O)~L. If F(2) is analytic in the angle
O (0<arg 2<0), and if there is an integral function h(2) of order not greater
than p such that F(z) —h(z) is bounded in the angle, and that

(@) F(z)—h(z) or (b) F(z2)—h(z?)

is uniformly continuous on the two straight lines forming the angle (a) © or
(b) ©/2, for <O < 2w or 0 <O < respectively, then there are integral functions
of order p which approximate to F(3) uniformly in the angle ©.

~ This follows immediately from Theorem 4. For its conditions are satisfied
by the function F(z)—hk(z).

THEOREM 7'. The function F(2) can, uniformly in the upper half-plane, be
approximated by functions g.(2) EG. (0 <a— ) if, and only if, there is an in-
tegral function h(z) satisfying an inequality Ih(z)l <4 exp (blzl *) for some
p=1 and such that F(z)—h(z) is bounded in the half-plane and uniformly con-
tinuous on the real axis.

The sufficiency of the conditions is obvious; so is their necessity, taking,
for instance, k(z) =g1(2). A similar result holds for the approximation in the
mean of order p (0<p< »).

THEOREM 8. Let, uniformly in the angle ® (0<0O <2xw), F(z) be approxi-
mated by integral functions of finite types of the order p=mw(2r —0O)~1, and let
the limit infeyior of the types be a finite number 3. Then F(z) is an inteéral func-
tion, satisfying an inequality | F(z)| <A.exp {(8 +e)]z| o} for any €>0.

The proof is based upon Lemma 3, observing that the difference of any
two of the approximating functions is an integral function of finite type of
the order p, bounded in the angle ©, and using an argument presented in §8F.

4.3. A Lipschitz condition. When we try to apply Theorems 7 or 7/ to a
given function F(z) which is not bounded then a particular difficulty arises.
There is no general criterion for the existence of a function k(z) as required
in the theorems.

We shall deal with special cases, using another method. We start with a
Lipschitz condition.

THEOREM 9. Let 1<p=7(2r—0)~! and 0<r=1; and let k be a positive
integer. If

(i) F(2) is analytic for Iarg 2 —7r/2| <©/2 and, uniformly for larg z—7r/2,
<0/2, F(z)=0(|z|*) as [z] — o, and
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(ii) | F(z+t)—F(2)| <A|¢|" uniformly for — 0 <t< ®,0<y< , and
(iii) | F(z+7)— F(2)| <A|7|" uniformly with respect to u, t and ¢,
where z=ue", r=te", — o << o, —ow <t w0, |¢| <(®—m)/2, then there is
a set of integral functions ga(z) such that | ga(2)| <Aa. exp (| (a+e€)z|?) for any
€>0 and that, uniformly for |arg z-—1r/2| <0/2, g.(3)—>F(2) as a—x.

Evidently (iii) is to be dropped when p =1, ® =7. By means of a conformal
transformation we deduce that the limit-function of F(z) exists at any finite
point of the two lines arg 2=+ (0 —)/2 and that, therefore, (iii) holds on
these two lines. We set

(4.31) ga(2) = f ”K{a(t — 2)}F()ds,

where k(2) is defined as in §2.4 and #+2%(f) is bounded in (— «, »). By
Lemma 7, g.(z) is an integral function satisfying (2.23). Fixing 2z in the upper
half-plane and observing that, uniformly for 0 < 3(r) <y, k{a(r —2) }7#—0 as
I-rl — 0, we can apply the Cauchy theorem to move the path of integration.
Thus we deduce that

(4.32) 2(2) = a f " ()F(t + 5)dt.

—o0

Hence, using (ii), we have

|6)) = FO| 5 [ "1k || Pt 2) — F0) |
(4.33) -

< Ao f | x(8)er| dz.

The term on the right tends to zero as a—» =, uniformly for 0 <y < .

Observing that tk(ate™ —aue#)—0ast— + « (u,¢ fixed, |¢| <(©—7)/2),
uniformly for 0S¢ <¢ or ¢ <Y <0, we can turn the path of integration in
(4.31); hence

ga(z) = ae’t f °°K{oee“’(t — u) }F(te'*)dt (z = ue'®).

Using (iii) it can now be shown that g,(2) = F(2) as a— = (see 4.33) uniformly
for |¢l <(®—)/2. This completes the proof.
4.4. A Taylor condition.

THEOREM 10. Let, uniformly for Iarg z—m/2| <©/2, the functions F(z)
(=1, 2, - - -, n) be approximated by integral functions of finite types of the
order p=m(2r—0)~! (p21); let F(2) satisfy. condition (i) of Theorem 9, and
let 0<r<re< « + + <r,< = and
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(4.41) F(z + 1) = F(z) + >_ r"iFi(z) + R(z; 7)

=1
where, uniformly for 0<y< o, — o <7< » (arg 7=0or w), and uniformly for
—w<<u<w, —0 << o, (1—0)/2<dp<(O—7)/2 (z=ue*, r=ve’),

| R(z;7) | < 4o 7] (0 < ¢ < ).

Then, uniformly for larg z—m/2| <©/2, F(z) can be approximated by integral
Junctions of finite types of the order p.

Let I>max (k/241, 7,/24+1, ¢/2+1) (see §1.4 (1.43)), and let g.(2) be
defined by (4.31). Then we have

(4.42) gu(2) — FG) = 3 a—"iF(z) f OFidt + a f c(a)R(z; §)dt.
=1 — —0
The last term is majorized by 4y, as we see by estimating the integral first
for y>0 and then for Iarg zl <(®—7)/2 and for Iarg z—-1r| <(©®-—m)/2.
From the hypotheses we deduce that the integrals [=.«|¢|#idt are finite
constants ¢;, and that there are integral functions g,,;(2) of the type a* of
the order p such that F;(2) —g.,i(2) is bounded uniformly with respect to 2
for Iarg z—1r/2l <0/2and to a for ap<a< = (ap>0), with upper bound 4,
say. Hence, taking g.(2) =ga.(3) —2_cjo"iga.;(2), we have

IF(z) — ga(z)[ = Ea"iA,«l ci[ + a49—>0 as a— ®
=1
uniformly for Iarg z—mw/ 2[ <©/2. Thus we have proved the theorem.
4.5. An extension of the binomial theorem. The equality which will now
be proved is treated in more detail than needed for our purpose, since it can
be regarded as an extension of the binomial theorem.

LEMMA 9. Let 0Sarg 25w, — o <t< =, 0<arg (z+¢t) =m; let n be an in-
teger and 0 =n <r =n-+1. Then, uniformly with respect to 3,

(4.51) (z4 07— X Citiz—i| < 4, |,

=0
where the best possible value of A, is unity for 0<r—n=<1/2 and for r=n+1,
while it is not greater than 2"+~ sin w(r—n)/2 for 1/2<r—n<1.

LeMMA 9'. The result holds, uniformly with respect to ¢, t and 3z, if arg 3z,
arg ¢, arg (z3-+1t) take the values ¢ and ¢ +m only (¢ real).

This follows from (4.51), taking z real and turning the real axis by the
angle —¢.
Proof of Lemma 9. Let 0<r<1. The function A(z) =(z-+1¢)"—2" belongs
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to Y. Hence, by a maximum-modulus theorem, we have

|G+ =5 S| M@= ub |+d 7]

—o<z<®

u.b. | % — x'| (x; = 2+ ).
—0<z<w, —0<z<o

A

When x and x, are both either positive or negative, then we have
r r r r
|x1—-x|_5_|x1—x| =It|.
Let <0, x:>0. Then |«]—x7| Sx{+]|#|" <217 (x,+|x|)r =21, Hence
certainly 4,=<2'-", Putting x;x~1= —s, we have
r ixr
|s'—e™|

= G = V.(s) (0 <s < ).

Taking W,(s)=s—"(s+1)2{1—( V,(s))’} , we have W,(1)=2%2+2 cos mr—2.
Now we need some inequalities.

r r
X1 — X

(21— 2)"

>1—2r 0<r<1/2
(4.52) cos r for
<1-—2r 1/2<r<1.
>0 0<r<1/2,
(4.53) 47 — 4r or
<0 1/2<r < 1.
4.54) Q-9 —95)t=s (14 s)! 0<a=1;0<s< o).

Possibly (4.54) is known, while (4.52) and (4.53) are obvious.
First we suppose that 0 <r=<1/2. We have

aW(s) _ 7(s = 1){(3 IRPICA sz,} .

ds s+l 1—s5

By (4.54), the term in braces is not negative. Hence W,(1) = 2% 42 cos 77 —2
is the minimum value of W,(s) in (0, «). By (4.52) and (4.53), we have
W,(1)=4"—4r=0. Hence V,(s) <1, and so A,=<1. Taking x;— © we see that
A,=1.

If 1/2<r<1, then W,(1) <4"—4r<0, therefore V,(1)>1, and so 4,>1.
Since s"(s+1)~2r <4, wé have { V.(s) } 21 §4—'] W,(l)l, and so 4,.=V,(1)
=2'""sin w7/2. Hence the lemma is true for 0 <r <1, even in a slightly sharper
form than stated above. For n<r=<n+1, we deduce that the left side of
(4.51) is equal to

r(r — 1)~-~(r—n+1)lﬁtdt1j;“dtz--~f ""’{(z+z,,)r—n—zr—n}dt,. .

t
0
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Since 0<r—n =1, the modulus of the term in braces is not greater than
Ay_a|ta| ™" Thus the required result follows at once.
4.6. Application to the function 7. We suppose that —w/2 <arg z<3w/2.

THEOREM 11. When 0<O<m and p=w(2wr—0)! then, uniformly for
|arg 2—m/2| <©/2, the function z7 (0 <r < ) can be approximated by integral
functions of finite types of the order p, the types tending to infinity.

First we take 7 <0 <2w. For 0<r <1, the theorem is an immediate con-
sequence of (4.51), with =0, and of Theorem 9. Suppose that it holds for
0<r=mn, where n is a positive integer. Then, by (4.51) and Theorem 10, it
holds for n<r=<n-1, which completes the proof.

The case 0<O < is treated in a similar way as the corresponding one
in §2.5, but using some result corresponding to Theorem 10 and the first
part.of

LEMMA 9. Let 0=n<2r=n+1, — o <t, u<x. Then, for even or odd
values of n, respectively,

[+ 07} = 3 Cusltsgn )6)—12 | 5 @) or 20wy

=0

and

{(u + t)z}' sgn (u +¢t) — Z Coay,jti(sgn u) it (u?)r—il2 » < 2vH=2r (i) op ($2)7,

i=0
We observe that, with a suitable choice of «(f), [Z.«(t)t’dt=0 for

7j=1,3,5, .- (j=<n).

It can be shown that the theorem holds in the limiting case © =0:

THEOREM 11'. The function x* can, uniformly in (0, =), be approximated
by integral functions of finite types of the order 1/2.

§5. THE sTRIP

5.1. Approximation in the mean in a strip. Let a and b be finite real num-
bers (@ <b) and 0<p £ ». Let .S be the region — © <x< », a<y<b, and let
Sp(a, b) be the set of functions which are analytic in S and satisfy the condi-
tion

(5.11) |Fx 4+ iy) |, < 4, (a<y<b),
where 4, does not depend on y. We shall prove

THEOREM 12. (a) Let 0<p< = and F(z)ES,(a, b). Then there are func-
tions g.(2)EG. (0<a< ) such that, uniformly for a<y<b, l F(x+1y)
—g,,(x+iy)],,—>0 as a—w,

(b) Let F(z) ES.(a, d), that is to say, let F(z) be analytic and bounded in S,
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and let F(x+1a) and F(x-1b) be its limit-functions. Then F(z) can be approxi-
mated, uniformly in S, by functions g.(2) EG. (0 <a< ») if and only if the
limit-functions F(x+ia) and F(x+1b) are uniformly continuous in (— o, =),
We note that the g.(3) can be replaced by integral functions of any higher order,
but not of any smaller one.

The proof is based upon a theorem which corresponds to results of Hille-
Tamarkin on the class §,. Its proof will be given in the appendix to the pres-
ent paper.

5.2. The factorization theorem.

THEOREM 13. Let 0<p <  and F(2) ES,(a, b).

(a) Then F(z) is represented in the form F(z) =G(2)H(z) where G(2) has no
zeros in the interior of the strip and belongs to Spy(a, b), while H(z) belongs to
S.(a, b) and IH(x+ia)| = |H(x+ib)l =1 for almost all x in (— «a, x).

(b) For almost all t in (— o, ©), F(2) tends to limit—functions F(t+1ia) or
F(t+1b), respectively, as z tends to t-+ia or t+ib from the interior of S along
any path not touching the lines bounding S.

(c) When 0<p < o then

F(x + ia) yla
. —0 as
F(x + 1b) |, y1b.

(c’) When p= = then |F(x+iy)|,.,—>l F(x+ia)| ., asy | aand I F(x+iy)l,,
—| F(x+1b)| w as ¥ 1 b, while (5.21) holds for p= o if and only if the limit-
functions F(x+1ia) and F(x+1b) are uniformly continuous in (— «, ). When
this condition is satisfied, or when the limit-functions are merely continuous in
(— o, ), then F(z) is uniformly continuous or is merely continuous, respec-
tively, for — o <x< ©,a=<y=b.

(d) When 0<p = o then, for a <y<b,

(5.21) F(x + iy) —

(b=v)/(b—a) (¥—a)/ (b—a)

(5.22) |F(x+iy |, S |Fx+ia)|, | F(x + ib) |,
() When 1=p< o, then, for a <y <b, F(z) is represenied by its proper
Cauchy integral
1 © F(t + ia)dt 1 © F(t + <b)dt
G2 o= [ TeTWE Lt It BE,
2mid o t+ ta — 2 2rid _o t+ b — 2
(f) When 1=p= o then, for a<y<b, F(z) is represented by its proper
Poisson integral

B 1 r* (y— a)F( + ta)dt
R B
1 p> (y — a)F(t + ib)dt

T o (t— 2+ ib—ia)’+ (y — a)?

(5.24)
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"~ and by the corresponding formula resulting by interchanging a and b, and the
signs of the integrals.

5.3. Proof of Theorem 12. We need

LeEMMA 10. Let 0<a<w, let 1<Sp= o and F(z)ES,(a, b). Let k(3) EG,
and k(x) EL,(— », ). Then the function

wtia
(5.31) ga(2) = af k(ar — az)F(r)dr

—owo+ia
belongs to Sy(a, b).

The proof is similar to that of Theorem 4’(a, b), using Lemma 12 (§7.1)
and Theorem 13(c).

To prove the theorem for 1 £p < =, we suppose that k(z) satisfies the con-
ditions of the lemma and that [*,x(f)d¢=1. By Theorems 13(c) and (c’), we
have

i . - Pt .
g(x+1.a)=af K(at)dt(+x+1:a) (— 0o <2< x).
ga(x + b) — F(t + x + 1ib)

Using a result due to E. Hille (Lemma 7F), we deduce that, for 1 Sp < «,

| gu(x + ia) — F(x + ia) |, =0, | ga(x"+ ib) — F(x + ib) |, — 0,

as a—». Now we apply Theorem 13(d) to the function g.(z) — F(2), and so,
uniformly for ¢ <y <b, g.(3)—F(z) as a— . The necessity of the uniform
continuity of the limit-functions for p = « is deduced as in Theorem 3(b)F.
This completes the proof for 1 <p = «. For 0<p <1, the proof follows lines
of §3.2, but using the Theorems 13(a) and 13(d).

§6. SOME APPLICATIONS

6.1. The Weierstrass approximation theorem. Let f(f) be continuous for
0=<t=1. Given ¢>0, we take F(¢) =f(0) or f(¢) or f(1) for t<0 or 0=¢t=1 or
t>1, respectively; by Theorem 3(b)F, we can find an integral function g(2)
of exponential type such that ]F(t)—g(t)lw§ ¢/2. Expanding g(2) into a
power series, we can find a polynomial T'(2) such that |g(z) —T(t)l <e/2 for
0=<¢=1. Hence [f(t) = T(¢)| Sein (0, 1).

6.2. A property of the Dirichlet singular integral. Let F(2) €EG. (0 <a < =)
and F({)EL,(—», ©) (05p< »). Then F(z) =Dy(F; z) (see (3.41)) when-
ever © >f3=a.

This result is known(!%). Here we give another proof. Let 0<p<2. By
Lemma 2/(a)F, the function F(x) belongs to Ly(— «, «). Among all ele-
ments of G, the function Dg(F; 2) is that of best approximation to F(x) in
Ly(— o, ) (Theorem 5’F). But certainly F(3) EGs and lF(x) —F(x)|2=0,

(%) H. Kober, Quart. J. Math. Oxford Ser. vol. 11 (1940) pp. 66-80, Theorem 6.
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which yields the required result for 0 <p=<2. When 2<p < =, we apply the
preceding result to the function (ez)~!sin ezF(3) and take e—0; thus we prove
the assertion for 8>« and, by continuity, for =q.

6.3. Approximation by rational functions. We use the notation of §5.

THEOREM 14. Let 0<p< x and F(z)ES,(e, b), and let 2z =u+1v,,
2o =1z 110, be any two fixed points outside the strip S, lying in the lower or upper
half-plane, respectively. Then there are rational functions f,(z) (n=1, 2, - - - ),
with their only poles at 2, and 2, and such that, uniformly for a <y <bd,

(6.31) | falx + iy) —F(x 4+ iy) |, =0 as n— .

It is known () that the result is true for p = « under the additional con-
dition that the two limit-functions are continuous in (— ®, «), and that the
four limits, as x—% « in F(x+ia) and F(x-+1b), exist and are finite and
equal. To deal with the case 0 <p < =, we need

LeEMMA 11. Let F(2) be analytic and bounded for y <0 and F(x) be its limit-
SJunction as y—0, and let 20 be any fixed point in the upper half-plane. Then
there are rational functions r,(z) (n=1, 2, - - - ) with the following properties:

(1) They have no singularity except at z=2.

(II) 7r.(x)—>F(x) at almost all x in (— o, ©),as n— .

(III) 7.(z)—>F(z), as n— «, uniformly in any finite domain of the half-
plane y<0.

(V) |ra(a)| <| F@)] o for y=0.

If F(x) is continuous in (— o, «), then (II) holds uniformly in any finite
interval.

The proof of the lemma is given in the appendix to the present paper,
but that of its last assertion is omitted.

By Theorem 12(a), there are functions g.(z) €EG. (0 <a < ) such that,
uniformly for e <y<b, |F(x+iy)—ga(x+iy)|,,—>0 as a— . Hence, uni-
formly for a <y <b,

(6.32) | F(x + iy) — eieG+vH (x 4 iy — da) |, >0 as a— o,

where H,(z—1a) =ei**g,(z). By Lemma 2’(b)F, with P(z) =1, H.(z) belongs
to $,. Now we fix a. By a known result('?), there are rational functions
R.(2) (n=1, 2, - - - ), with their only singularity at the point 2’ =2; —a, and
such that IHa(x+iy)—R,.(x+iy)l,—>0 as n— o uniformly for y>0. Hence

(6.33) | e""'(’“"){Ha(x + iy — ia) — R.(x + iy — ia)} |,,—>0 as n—> ©

uniformly in the strip a <y <b.
The function exp {—ia(z+1ib)} satisfies the condition of Lemma 11.
Hence there are rational functions, r,(z) (m=1, 2, - - - ) say, with a single

(%) J. L. Walsh, loc. cit.
(*7) H. Kober, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 437443, Theorem 2(b).
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singularity at 22— and such that Ir,,.(z)l <e* for y <0 and that 7,(z—1b)
—exp (—daz) as m— o at almost all (even at all) points of the two lines
y=a, y=>. Fixing » and applying the Lebesgue convergence theorem, we
have

(6.34) | {emiet+in) — g (x + iy — ib)} Ra(x + iy — ia) |,,-—>0 as m—

for y=a and y=>5 and, by Theorem 13(d), therefore, uniformly for a <y <b.
Combining (6.32), (6.33) and (6.34), we can construct a sequence f,(2)
(n=1, 2, - - - ) of the kind required in the theorem. This completes the proof.

For 1<p< « the result can also be deduced from (5.23). Denoting the
terms on the right of (5.23) by Fi(z) and Fy(2), it can be shown that both
Fi(z+1ia) and Fi(sb—3) belong to 9,. The proof is completed by employing
a known result(!”) on the approximation to elements of , by rational func-
tions. This method, however, fails for p=1 and 0<p<1.

§7. APPENDIX

7.1. Estimates in the strip. For p =2, the assertions (b), (c), (e) of Theo-
rem 13 have been proved by E. C. Titchmarsh(8). For p= =, (b) is well
known, so is probably (d). The proof follows the lines of a classical proof due
to F. Riesz(?®), using a result due to G. H. Hardy, A. E. Ingham and
G. Pélya, and the Titchmarsh theorem. Without loss of generality, we take
b= —a=m/2. We need some lemmas.

LEMMA 12. Let 0<p< o and F(z)ES, (—n/2, 7/2), and let 0<5<w/2.
Then, for |y| <w/2—208, F(2) tends uniformly to zero as Izl—»oo and lF(z)|
<A,67%7? where A, is defined by (5.11).

Using results due to Hardy and an argument due to Plancherel and
Pélya(?°), we have

1 5 b 1 b =+8
|F(z) | < —f f | F(z 4 s + it) |Pdsdt = —f dtf | F(s + i2) |»ds
w2 J 5 J mo% J s 28

1 */2 o z+8
<— dtf | F(s 4 it) |#ds = I.
mo? —x/2 z—38
By (5.11), the inner integral is uniformly bounded in .S and tends, for any ¢
in (—m/2, w/2), to zero as x— =+ «. Since I is independent of y, we arrive
at the required result by means of the Lebesgue theorem.
Using the lemma and applying the Cauchy integral theorem, we have

(18) Introduction to the theory of Fourier integrals, Oxford, 1937, Theorem 97. The proof
can, however, be based entirely on the Riesz theory for 0 <p < .

(*9) F. Riesz, Math. Zeit. vol. 18 (1923) pp. 87-95.

(%) Comment. Math. Helv. vol. 10 (1937/1938) pp. 110-163, inequality (73).
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LEMMA 12/, Let 0<p=< o, 0<6<mw/2 and F(z)ES,(—7/2, 7/2); then
d"F(z)/dz* (n=0, 1, 2, - - - ) is bounded for |x| <, |y|Sw/2—3.

7.2. Proof of Theorem 13(a). The conformal transformation
(7.21) w = (e? — 1)/(e* + 1) = tanh (3/2)

maps the interior of the unit circle I' of the w-plane on the strip S in the
z-plane(?!). Let F(3) =f(w), then f(w) is regular in T'. Let a;, o, - - - be the
zeros of f(w) in I, in order of increasing Iakl , multiple zeros being written
multiply. Let a; =tanh (8:/2), | 38:| <7/2, then the ;' are the zeros of F(z)
in S. First we suppose that F(0) =f(0) is different from zero. We set

» sinh (B — z)/2<sinh 5k) 1/2

(7.22) Ha(e) = }-_Il cosh (E;, — 2)/2 \ sinh B4

o e I

(7.23) ha(w) = 1

k=1 ar 1 — wa;

(n=lv2v°")v

where the square roots are defined so that the factors of the product in (7.22)
are positive at 2=0. Then I{,.(z) =h,(w), and the function H,(3) has the fol-
lowing properties:
(7.249) lH,.(z)I—->1 as z—x =+ ir/2.
(7.25) | H.(3) I —1, as | zl — o, uniformly for |y| < =/2.
Any rectangle le =4, Iyl =B, where B<w/2, is mapped on a part of the
circle |w| <R, where R<1. For

| 'wI2 = (cosh x — cos y)(cosh x + cos y)~!

=<1 — cos y (cosh x)* < 1 — cos B/cosh 4.

If, therefore, we can show that, uniformly in any circle le SR<1, ha(w)
(n— =) converges to a function k(w) which is analyticin I, then H,(z) (n—x)
converges, uniformly in any rectangle le =4, ly] <B<w/2, to a function
H(z) which is analytic in S. It is well known that the convergence of the

infinite product J]|au| is a necessary and sufficient condition for the above
property of k.(w). Now we have

(7.26) 11| ax| = #.(0) = H.(0).

k=1
Therefore we have only to show that H,(0) = B,, where B, is independent
of n. Let F(z)=G.(2)H,(z). Given €¢>0, by (7.24) and (7.25) we have
IH,.(z)l =1l—eform/2—-6= lyl =w/2, where § depends on € and 7. Hence,
for 0<p =< », we have

(*) Compare Hardy, Ingham, Pélya, loc. cit., Theorem 1.
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(7.27)  |Ga(z+ iy |, S QA — 9| Fx+ iy) |, S 1 — 4,
(r/2—-8=]|y| <x/2)

where 4, is defined by (5.11). In consequence of Lemma 12, the function
G.(2) = F(z)/H,(2) is bounded for l yl =w/2-34. Applying the Hardy-Ingham-
Pélya theorem(??) to G,(2) in the closed strip |yl <w/2—6 and using (7.27),
with y=+(nr/2-4§), we deduce that lG,.(x+iy)l,.§A,(l —e)~1 for
Iyl <w/2-46. Hence, for |y| <w/2, we have

(7.28) [Gu(x 4+ i9) [, S 4p,(1 — €)1 —> 4, as e—O0.
Using Lemma 12, we have |G.(3)| <4,6~%» for |y| Sw/2—§. Hence the
Gn.(0) (n=1,2, - - - ) are bounded ; hence there is a positive constant B, such

that H,(0)2 By, since H,(0)=|F(0)||Ga(0)| ~*. Thus we have proved the
existence of the Blaschke function H(z) in S. Taking G(z) = F(s)/H(z), the
proof for the case F(0)7<0 can be completed exactly as the Riesz proof. Let
now F(z) havea zero of order m at the origin. Taking H(z) = Hy(z) { tanh (z/2) } m
where Hy(2) is the Blaschke function belonging to F(z)(tanh (z/2))—™, we have
proved the theorem except for its last assertion. Now we have to anticipate
(b) and (d). We replace F(z) by F,(z)=F(2) exp (icz) and G(z3) by Go(2)
=G(2) exp (icz), fixing ¢ so that | Fo(x —im/2)| ,=| Fo(x+im/2)| 5, while H(z)
is not altered. Using (5.11) and (7.28) and the inequality IGo(z)l = I Fo(z)l
(|y| <m/2), we deduce that, for almost all x in (— o, ©), IH(x iir/Z)l =1,
which completes the proof.

7.3. Proof of (b)—(f). The function ¥(2) = {G(z) } ?/2 (0 <p < ) can be de-
fined uniquely in S; it belongs to S:(—w/2, w/2). Therefore, by the Titch-
march theorem, its limit-functions (y | @, ¥ T b) exist. The corresponding re-
sult holds for the function H(z) which belongs to S, (—7/2, 7/2). Thus we
have proved the existence of the limit-functions of F(z) for normal approach
to the lines z2=x +17/2. We omit the proof of the more general assertion of
the theorem.

Proof of (c). Let E be a measurable set in (— ©, «) of finite or infinite
measure; let 0<p < . Following the Riesz method, we can show that:

(7.31) f |F(x+ iy)]”dx—»f |F(x £ in/2) |?dx (0 < p < =)
E E

asy| —w/2 or y T w/2, respectively, and can then deduce (c) from (7.31) by
means of the Egoroff theorem, taking some care as the interval is infinite.
To prove (d) we apply the Hardy-Ingham-Pélya theorem to the function
F(z) in the closed strip |y| Sp=m/2—§; we have, for 0<p < «,

(v—n)/(2n)

|F(z+ iy) |, < | F(x — in) |, | F(z + in) |

(y+n)/(2m
» .

(®) Loc. cit. (4.13).
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Taking n—w/2 and using (5.21) we deduce (d). The assertion (e) is proved by
a customary argument, using (5.11), Lemma 12 and (c). By a similar argu-
ment it can be shown that the right side of (5.23) vanishes identically for
y< —m/2 and y>w/2. This, together with (e), gives (f) for 1 £p < « ; when
p= » then we apply (f) to the function F(z) exp (— 82%) and take 6—0. The
first part of (c’) is deduced by means of the conformal transformation (7.21)
and the Egoroff theorem, the second and third part of (c’) are deduced by
Lemma 12/, taking =1, and by the Poisson integral. Thus we have proved
the theorem.

7.4. Consequences of Theorem 13. The following results can be deduced
from Theorem 13.

THEOREM 14(%). Let F(3) €S,(a, b) and F(x+ia) EL,(— ©, ©), F(x+1b)
€L (-, o). If 0<gSr<p=», then F(z) belongs to Si(a, b) whenever
r<s=<p. If 0<p=<q=r= o, then F(z) belongs to S,(a, b) whenever p <s=q.
The corresponding results hold for r <qg<p and p <r=q.

THEOREM 15(24). Let the function (1 —w?)~V? be defined so that it is analytic
for |w| <1, and let F(z)=f(w) where w=tanh (3/2). Then F(z) belongs to
Sp(—m/2, w/2) if and only if (1—w?)~V7f(w) belongs to the Riesz class H,
(0<p= ).

TueoreM 13’. Let (i) F(z) be analytic in S(a, b), (ii) 0<k<w(b—a)~l,
0<p< o and fleF(E+'iy)|1’dE<A exp (e*121) for — oo <x< o, a<y<b.
Then Theorem 13(a, b) holds, replacing the assertion G(z)ESy(a, b) by the
weaker one: G(2) is analytic in S.

TueorReM 13”'. If F(z) satisfies (i) and (ii), and if (iii) its limit functions
F(x+ia) and F(x+1b) belong to L,(— », ), then F(z) &S,(a, b).

The latter result has been proved by Hardy, Ingham and Pédlya(%),
replacing (ii) by the slightly stronger condition (2x)~1f%,| F(£+idy)|»d&
<A exp (e*'#!) and adding the condition that IF(z)[ should be continuous
in any finite part of the closed strip ¢ £y =b.

To prove Theorem 13’ we show that the function Q(2)=F(z) exp
{—17 cosh k'(z—(a+b)/2)} (n<0, k<k’<m(b—a)~') belongs to S,(a, b),
using integration by parts, and apply Theorem 13(a, b).

Therefore F(x+ia) and F(x+14b) exist. Now we apply (5.22) to Q(z) and
take n—0, which proves Theorem 13",

7.5. Proof of Lemma 11. Without loss of generality, we may take zy=1b
where b>0. The linear transformation

() Compare V. Smirnoff, C. R. Acad. Sci. Paris vol. 188 (1929) pp. 131-133.

(%) Compare Hille-Tamarkin, loc. cit., Lemma 2.5, and H. Kober, Bull. Amer. Math. Soc.
vol. 49 (1943) pp. 437443, Lemma 2. The proof of the present result is similar, but more diffi-
cult.

(®) Loc. cit., see Theorems 1,7, 9 and 10.
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(7.51) w = (z + ib)/(ib — 2), z2=1b(w—1)/(w+ 1)
maps the lower half-plane on the interior of the unit circle I and the point 2,
on w= «, the point 2= o on w= —1, the real axis on I'. The function

h(w) = F(2) =F{ ib(w—l)(w+1)‘1} is analytic and bounded in the interior
of T'. Let E be the set on which the limit function %(e*®) of k(w) (w—e®,
—7 <0 <7) exists, let

© 1 m i
(7.52) h(w) = Z arwk, Sm(w) = 33 apwt
k=0 m+ 1 ;20 ko

(|wl<1vm=011s2""))

and let 0<Ry<R;<R;< - -+ <land R,—1 asn— o,
To any m (m=0, 1, 2, - - - ) we can find an integer &, such that, uni-
formly for ]wl <1,

(7.53) | B(Raw) — sk, (Rnw) | < 1/(m + 1).
Thus we have a sequence of polynomials
Hun(w) = Si,(Rmw) (m=0,1,2,---).

At any point of E, H,,(e*®) tends to 4(e®) as m— . For, given €>0, at this
point we have Ih(R,,,eie) —h(e‘e)] =e€/2 for m=M and, using (7.53), ]Hm(e‘e)
—h(R,,.e‘e)l =<e¢/2 for all sufficiently large values of m (m=2e1—1). Given
A <1, we have k(R,w)—hk(w)—0, as m— ©, uniformly for I'wl =<A. There-
fore, by (7.53), H,.(w)—h(w), as m— « , uniformly for Iw] <A.

Finally we show that | H,(w)| <| F(x)|. for |w| <1. The s,(w) are the
Cesaro means of the partial sums of the power series of £(w). This function is
bounded in T'; therefore(2¢), for lwl <1, we have Iskm(w)l <ess.u.b. Ih(e‘e)l
= | F(x)Im and, a fortiori, IH,,.(w)l =< I F(x)]‘,‘1 for lwl <1.

Hence the rational functions 7,(z) =H,.{ (ib—l—z)(ib—z)‘l} possess all the
properties required in the lemma.

(¥) By a result due to J. F. Steffensen. See, for instance, E. Landau, Darstellung und
Begriindung einiger neuerer Ergebnisse der Funktionentheorie, Berlin, 1916, first theorem.
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