SETS OF UNIQUENESS AND SETS OF MULTIPLICITY. II

BY
R. SALEM

1. Introduction. In a recent paper we have investigated the properties of
symmetrical perféct sets of constant ratio of dissection from the point of view
of their classification in sets of uniqueness and sets of multiplicity for trigo-
nometrical series. (See Salem [1](?), where we refer the reader for the defini-
tions and the terminology used.) We have shown the connection between
this problem and the properties of a class of algebraic integers which we
have called “Pisot-Vijayaraghavan numbers,” or briefly, “P.V. numbers,”
and which are defined by the condition that all their conjugates have their
moduli inferior to the unity. We have proved that a symmetrical perfect set
of constant ratio of dissection £ is a set of uniqueness if and only if £ is the
reciprocal of a P.V. number. For all other values of £ the set is a set of multi-
plicity.

The main purpose of this paper is to study, from the same point of view,
sets of constant ratio of dissection, but unsymmetric, and to find the neces-
sary and sufficient conditions for these sets to be sets of uniqueness (§2-8).

The solution of this problem will lead us to a particular result in the classi-
fication of symmetrical perfect sets of the Cantor type and of variable ratio
of dissection (§9). The general problem for such sets remains unsolved, but
we shall give results showing some of the features of the problem (§10-13).

2. Definition of unsymmetric perfect sets of constant ratio of dissection.
Let AB be an interval of length L, let d be an integer not less than 1, and
let us mark, on AB, d+1 “white intervals,” nonoverlapping, of the same
length L{ (0<£<1/(d+1)), the origin of the first interval being 4 and the
extremity of the last interval being B. We then remove the d open “black
intervals” lying between two consecutive white intervals (some black in-
tervals may be empty if two successive white intervals are abutting). Let

Loy=0, Lay, Laz, - - -, Lag be the distances from A to the origins of the d+1
white intervals. (We have ag=1—¢ and aj1—aj;=£.)

Such a dissection will be called a (d, & a1, as, - - -, aq) dissection of the
given interval.

Let us now start with a (d, £, a1, o, - - -, aa) dissection of the interval
(0, 27r) and let us remove the black intervals.

In a second step we make a (d, & a1, + - -, aq) dissection of each of the

d-+1 white intervals left after the first dissection, and we remove the black
intervals.
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We proceed in the same way indefinitely and we get thus a perfect set P
of measure zero, which we shall call an unsymmetric perfect set of constant
ratio of dissection (d, &, ay, - - -, @a).

It is easily seen that after p dissections we get (d+1)? white intervals,
each of length 27£P, whose left-hand end points have their abscissae given by
the sum of p terms

(1) 2r[aler) + ale)t + ale)t? + - - - + ale,)E71],

where a(j) stands for a; (@(0) =0) and where the ¢ take all values 0,1, 2, - - -,d.
Also the points of the perfect set P have their abscissae given by the in-
finite series

x = 2nfa(e) + a(ef + ale)g + - - - + ale)irt - .

3. Construction of a continuous non-decreasing function constant in each
interval contiguous to P. To each integer k& we associate a set of d+1 numbers
Ne(0), Ax(1), - - -, Mi(d) satisfying the following conditions:

(1) they are non-negative,

(2) they are all less than or equal to ux, ux being inferior to 1,

(3) they are such that Ag(0) +Ne(1)+ - - - +Xe(d) =1.

Our function F will be the limit, for p = «, of the function F,(x) defined
in the following manner: F,(0) =0, F,(27)=1; Fp(x) is continuous and in-
creases linearly by Mi(e))Az2(e2) - - - N,y(¢p) in the white interval whose left-hand
end point is given by (1); finally F,(x) is constant in each black interval.

Obviously

| Fpra(a) — Fy(2) | < pasa - - + ppe
Hence if the series Dy uws - - - up converges, which we shall assume, Fy(x)
tends uniformly to a function F(x) continuous, non-decreasing, constant in
every interval contiguous to P.

4. Fourier-Stieltjes coeficients of F. Taking as points of subdivision the
ordinates corresponding to the black intervals removed after the pth step of
the dissection we obtain for approximate expression of the integral [ :'e'""dF :

3 N(en)halen) -« - Ap(ep)etrrilatedtatentt - +alep)t” ]
= II [)"‘(0)+)‘k(1)82'"‘"’(1)5*-"1'7\1:(2)62'”"0(2)5"'1..]- e (D) erenia@]
-1
so that
j;zr eizdF = kf[ [Me(0) + Ne(D)e2rmia®e™ 4 L Me(d)errria@e],
-1

5. Choice of a particular function F. In what follows we shall make use
of a particular type of function F obtained by taking, for each integer &,



34 R. SALEM [July

A(0) = 1/2, Ne(t) = 172,

t being a function of £ taking only the values 1, 2, - - -, d, and Ai(s) =0 for
s#0, s#.
In this case we have

2r ©

f eni*dF = H [1/2 + (1/2)62'”“’(‘1;)&"_1]
0 k=1

and

2r L)
f e'""dFl = JI| cos xn-a)e|.
0 k=1

6. Outline of some previous results. For the classification of our sets we
shall make use of the following results which are all proved in Salem [1] and
which . we summarize here for the convenience of the reader.

If the infinite product

v(w) = I cos wutt-1
k=1

does not tend to zero as u— o, then £ is the reciprocal of a P.V. number.

This is proved by showing first that if y(x)s£0(1), there then exists a
number X\ different from zero such that if £=1/6 the series

0
> sin? wA6"
0

converges.

Denoting by a, the integer nearest to A0 and putting N0*=a,+p, it is
then proved, following Pisot, that the convergence of the last series involves
that the determinant

ag ax an

a a * Qo1
D, =

an Apyl * * * A2p

is equal to zero for all # larger than a certain fixed integer. This, by a well
known theorem of Kronecker, involves that ), a.z" represents a rational
function, and by a theorem of Fatou, since the a, are integers, that this ra-
tional function is of the form P(3)/Q(z), P and Q being polynomials with
integral coefficients and Q(0) being equal to 1.

From this the result follows quite easily by writing

had had © A P(z)
2 zo:p,.z —;)\Bz —Zo:a,.z _I—Bz_Q(z)

and by comparing the singularities of the two members of the equality. It is
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found that 1/6 is a root of Q(z) =0, all the other roots having moduli larger
than 1; hence 6 is an algebraic integer whose conjugates all lie inside the unit
circle, the equation determining 8 being 2*Q(1/2) =0 (k =degree of Q).

7. Lemma. We shall need the following lemma which is an easy deduction
from the results summarized in the preceding paragraph:

LEMMA. 0 being a P.V. number, then, given any m numbers oy, aa, * - * , Om
in the field K(0), there are m numbers N1, Ao, - - -, N\m proportional to
Qi, @z, ¢ -, Qm, Such that the series Yy sin? TA@™ converges when \ is equal to
any of the numbers Ny, Ns, - -+ - , M.

In fact it follows from the results of the preceding paragraph that if
> 2 sin? T\ < o, 0 is a P.V. number and that, by (2),

A= lim (1 — 62)P(z)/0(2).
z—1/0
Let ¢(2) =2*Q(1/2). ¢(2) =0 is the equation determining 8. We have Q(2)
=2z*¢(1/2). We can write P(2) =z")(1/2) (k=degree of P) and we have

A= lim (1 — ag) 2/
21/0 z*¢(1/3)
~ lim 1z —g) LA _ VO
2-1/6 ¢(1/2) 69’ (6)

where ¢’(2) is the derivative of ¢(2), Y(2) is a polynomial with integral co-
efficients, and ¢ is a positive integer. (If ¢ <0 we replace the polynomial ¥/(6)
by 6-%(6).)

Conversely, suppose that 8 is a P.V. number, root of ¢(z) =0; let X be an
algebraic number of the field K(6), having the form {(8)/0%’(6), where ¥, g
and ¢’ have the above signification. Then the series Y _; sin? 7Ag” is conver-
gent. In fact, we have
0 (1 1/2
142 = lim (1/z — 6) =y (1/2) = lim (1 — 63) 37! A /—)
6%’ (6) 2-1/0 ¢(1/2) 21/6 o(1/2)

Putting ¥(1/2) =2*P(2), $(1/2) =27*Q(2), where k and % are the degrees
of ¥ and ¢, we have

A= lim (1 — 63)292**P(3)/Q(3),

z—1/6

where P and Q are polynomials with integral coefficients, and Q(0) =1. We
remark that, 0 being an algebraic integer of degree k, we can always suppose
that the degree % of ¢ is less than 2. Hence 2 —%—1=0 and since ¢ =0,

A= lim (1 — 62)P(3)/Q(2),

z—1/0
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P,(2) being a polynomial with integral coefficients. Now the roots of Q(z) =0
are 1/0 and k—1 roots of moduli greater than 1. Hence the function

M (1 — 62) — P1(2)/Q(2)

is regular in a circle |z| =1-a, where a is essentially positive. We have

x )
= D Ngngn
1 — 6z 0
and (
Py(z had
1 ) = Za“zn,
0(2) o

where the a, are integers, since Q(0) =1, and the coefficients of P and Q are
integers. Hence the series ) °(\@*—a,)? is convergent (and converges like a
geometric progression). This proves the convergence of Z;” sin? wA@".

Now, to prove our lemma, let

ay = p1(0)/q(6), az = p2(6)/9(0), - - - , am = pm(6)/9(0)

be the m given numbers of the field K(6), where the p:(8) and ¢(8) are poly-
nomials with integral coefficients. We can take

M= p1(6)/9"(0), N2 = p2(6)/9'(0), - - - s Am = Pm(6)/9'(6),

which proves the lemma.

We add two remarks, which will be useful later:

Remark 1. We can take for the \;, instead of the preceding values,
Ni=p:(0)/0%'(0) (¢=1, 2, - - -, m), ¢ being any positive integer. Hence we
can choose the \; such that I)\;l <a(i=1,2, .- -,m), abeing any fixed num-
ber.

Remark 2. Since each of the series E: sin? m\;0* (+=1, 2, - - -, m) con-
verges like a geometric progression, there is a convergent geometric progres-
sion dominating the m series ). sin? 7\;0". In other words, there exists a
positive 8<1, and a positive constant 4 such that |{A\é"}|<4s"
(n=1,2,-.-)fori=1,2, .-, m, where {u} denotes, as usual, the differ-
ence between # and the nearest integer.

8. The main theorem. We can now prove our main theorem.

THEOREM 1. If the unsymmetric perfect set P of constant ratio of dissection

d, & ay, - - -, aq) is a set of uniqueness then
1. =1/t is ¢ P.V. number,
2. ay, a3, - - -, agare algebraic numbers of the field K(6).

Conversely, if these two conditions are satisfied, P is a set of uniqueness.

Suppose first that P is a set of uniqueness. Let us choose our function F
defined in §5 by taking f; independent of % and always equal to d. Then
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2r
f eni<dF I =
0

If this expression does not tend to zero as n— «, it follows from §6 that 1/¢
is a P.V. number. This is a trivial consequence of the results of §6, which
can also be obtained by observing that P contains a symmetrical perfect set
of constant ratio of dissection £, and that a subset of a set of uniqueness is
also a set of uniqueness.

Let us now choose our function F by taking #, for every &, such that

k — t;, = 0 (mod d).

In other words a(t) is o when £=1 (mod d), a(t) is as when k=2 (mod d)
+ - and a(t) is ag when k=d (mod d). From

2r
l f em‘zdF
0

we deduce that if P is a set of uniqueness, then for an infinite sequence of
values of n:my, ny, - - -, M, - - -, the d inequalities

fI cos mn(l — §)EF14,

ke=l

= Hl cos wna(t)tk1! |

ke=1

| cos wnay-cos wnastd-cos wnasg? - - - | > a,

| COS Thagf- CoS Tnatstl- cos wnagfet! - . . | > a,

........................

¢ being a positive constant, hold together.
Let us write
ao’Ei—1= 3 (i=1)2""»d)
and let
E=1/8, 6¢=0.

We have when 7 belongs to the sequence {#,} :
| cos mnfB;- cos wnBitd- cos wnBikd - - - | >a (i=12-.--,4d).
Let
or1t<n =0

the integer m =m, being a function of s. We can write n,=py,0™ where
1/@ <p,=1. Let us take an infinite subsequence {m,} of {m,} such that u,
tends to a limit u as ¢— . Taking #n =u,0™ we have

I COS TgBi COS Tu PO - -+ cos quﬁi(:")"‘«l >a (t=12,.---,4d).

From this we deduce easily (the details of the calculations, which are ob-
vious, can be found in Salem [1, p. 222])



38 R. SALEM [July
sin? wugB; + sin? 7uB:0 + - - - + sin? Tu B0 ™ < log (1/a%)
(t=1,2,---,4d).

In the same way, taking n=u,0™ (r>¢) and m, belonging to the sequence
{m,}, we have

sin? wuB; + sin? 7,80 + - - - + sin? mu,8:0™ < log (1/a?)
(i=1,2--,d),
and since 7 > ¢, we have a fortiori
sin? wpB: + sin? 7 B0 + - - - + sin? 7u,B,0™ < log (1/a%)
(t=1,2,-..,4d).
Keeping ¢ fixed and letting #— « we have, as u,—u,
sin? wuB; + sin? 7pB:0 + - - - + sin? 7uBO™ < log (1/a?)
(i=1,2,...,4d)
and, since m, is arbitrarily large, ’

Zsin’rﬂﬁ.@"‘< ] (i= 11 27"’ td)'
0

We know (see §§6 and 7) that this involves that the numbers uB; are all alge-
braic numbers of the field K(®), hence also of the field K(). The same is

true for the numbers pa;. Hence a, oz, - - -, a4 are proportional to algebraic
numbers of the field K(f). But since ag=1—§(=1—1/60, the numbers
o, 02, + -+ , ag belong to the field K(0). This proves the first part of the
theorem.
To prove the second part we suppose that 6 =1/ is a P.V. number and
that o1, ae, - - -, aq belong to the field K(8).
Then by the lemma we can find & numbers \; (¢=1, 2, - - -, d) propor-
tional to the a; and such that
Zsin’r)\.ﬂ"<c fore=1,2,.-.,d.
0
Let \i=Aa; (A\>0). Then
> sin? mhabr < o fori=1,2,---,d.
0

By the first remark of §7, we can suppose A <8 and by the second remark we
can find a positive number § <1 and a constant 4 such that, for all #,

©) | {haitn} | < 46m, i=1,2---,4d

where {u} denotes the difference between % and the nearest integer.
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We can now prove that the set P is a set of uniqueness. The argument,
although a little less simple, is in essentials the same as in Salem [1].
The points of P are given by

x = 2rf[a(e) + a(e)t + -+ - + ale)tr 1 4 - - - ]
= 2n0[a(er) /0 + ales) /02 + - - - + alep) /07 + - - - ],
where the ¢; take the values 0, 1, - - -, d. Let
y = (A/6)x.

Since A <6 the set G of the points y lies in (0, 27) like the set P of the points x.
We have

y = 2m\[a(e)/6 + (e /6 + - - - ].
Let & be a fixed integer to be chosen later and consider the (d+1)* possible
combinations of €€ - - - €, where ¢,=0, 1, - - -, d. Let CiC; - - - Cay1y* de-
note the combinations. Writing

@) y=2m[(a(e)/0 - +al@)/0)+ (alrsd/04414+ - Falea) /04 - ]

consider the sequence of the e; belonging to one same group of terms in paren-
thesis. They form one of the (¢+1)* combinations CiC; - - - Ca4ny™

Denote by G, (s=1, 2, - - -, (d+1)*) the subset of G such that if y be-
longs to G, the combination C, occurs in infinitely many groups of terms in
parenthesis when y is written in the form (4). Then

G=G1+G:+ -+ +Guasy™

G being closed we have also

G=Gi+G)+ Ge+6G) + -+ + Gearp + Glarn),
where G; denotes the derived set of G,.

Considering now G, for a fixed s let my, mq, - - -, m,, - - - be the infinite
sequence of the ranks of the groups of terms in parenthesis where the com-
bination C, occurs. Let z be any point belonging to G,. We have

20hmn = 27\ [a(enm,) + 0a(erm,—1) + + - - + Oh“la(e;,mn_h“)]
+ 27\ [oha(ehm”—h) + -+ ohm"—la(el)]

a(ermur1) | (enmyt2)
+2‘n')\[ . + m +'°':|,

and denoting the three successive brackets by 8(s), v¥(2), y(2) respectively we

have
z0hmn = B(s) + v(3) + y(2),

where v(2) and y(z) depend on the particular point 2, but B(s) depends on s
only but not on z.
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Let us put
No(€rm,—1)0% = ar + pr (k=hh+1,---, bm, — 1),
where a; is the integer nearest to the first member of the equality. We have
v(z) = 2x[an + en1 + - -+ + Game—r] F 27 [un + prpr + - - -+ pame—1]
= 2xN(z) + 711(2),
say, N(z) being an integer. But by (3)
| e | < 48*
hence
(5) | 71(s) | < 2xA (8% + o1 + - - - ) = 2wd8*/(1 — ).
Also, since 0 is a P.V. number, we have, bxs, being the integer nearest to 6*m»,
04 = Bim, + {0%7)
and, for m, large enough,
| {gPm} | < ahm,
where 8’ <1. Hence
260%™ = 2bpm, + z{o’""ﬂi,
where
(6) | s{6rm} | < 2mo',

Finally, we remark that y(2) is a point belonging to G,, hence to G.

Let I be the length of the greatest interval contiguous to G, and let us
suppose that % has been chosen such that the second members of (5) and (6)
be both less than /8. Then we have

2bam, = 27N (z) + B(s) + ¥(2) + 72(2),
where
va(z) = y1(z) — z{8Pm}, | volz) | < 1/4.
This is equivalent to
2bam, = B(s) + ¥(2) + 72(2) (mod 27).

From now on, the proof follows exactly the argument given in Salem [1]
for symmetrical perfect sets of constant ratio. We repeat it briefly: the last
equality proves that the set G* deduced from G, by multiplication of z by
the integer bim, and reduction modulo 27 has a contiguous interval of length
not less than /—2l/4=1/2. The same is true for the closed set G;+(G})’,
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which proves that the set G,+G. is of the type H. Hence the set

(d+1)A

G= Y, G.+G!),

being the sum of closed sets of the type H, is a set of uniqueness.

Finally P being homothetic of G, and both sets lying in (0, 27), is also a
set of uniqueness, which achieves the proof of our theorem.

9. Application to some symmetrical perfect sets of the Cantor type and
variable ratio of dissection. We denote by this expression a perfect set ob-
tained by a trisection of the fundamental interval (0, 27) in three parts of
lengths proportional to &, 1 — 24, &, respectively, and the removal of the cen-
tral “black” interval. Each “white interval” left is trisected in parts propor-
tional to &, 1 —2&,, &, and the two central intervals are removed. The process
is continued indefinitely, the sequence &, &, - - -, £, - - - being such that
0<£,<1/2. If 27518, « - - £,—0, the perfect set obtained has measure zero.
The points of the set are given by the formula

x = 21!‘[61(1 - 21) + 5251(1 _— 52) 4+ .-+ epEl e gp—l(l — Ep) 4 .. ]’

where the ¢; are 0 or 1.

The problem of finding the necessary and sufficient conditions which must
be satisfied by the sequence {£,} in order that the set be a set of uniqueness
is unsolved. We shall deal here with a particular case as an application of the
theory previously developed for unsymmetric perfect sets of constant ratio.

We shall suppose henceforth that we are given g numbers &, &, -+ -, &,
and that

=& if PEi(mOdg) (i=1,2,-'-,g),

in other words, we have a periodicity of the ratios of dissection, the first g
ratios being arbitrary.

Let
Gy Ei=X
and let
@) n=1—§&,rn=50—§&), -, r,=§& - a1 —&).
Thus

x=2r[(er1+ ers 4 -+ F+ 7)) + X(egrri + - -+ + e2,7,)
+ X%ezgu171 + - - - F €sp70) + - - - ]
Now let us observe that
eri+ ers + - - -+ €57y,

where €;=0 or 1, takes 22=d+-1 values which we can denote in ascending
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order of magnitude by a(0), a(1), - - -, a(d) ((0) =0, a(d) =r1+r+ - - - +71,
=1—X). Thus

x = 2r[a(n) + a(12)X + a() X2+ - - - ],

where 7;=0, 1, - - -, d. We have X <1/2¢=1/(d+1). We see that we have
here a particular case of an unsymmetric perfect set of constant ratio of dis-
section and of the type (d, X, aucs - + - @a).

Thus if the set is a set of uniqueness:

1. X=§8& - - - £, must be the reciprocal of a P.V. number 0=1/X.

2. The 29—1 numbers D ter; (the combination e =€= -+ =¢=0 ex-
cluded) must be algebraic numbers of the field K(6).

Conversely, if these two conditions are satisfied the set is a set of unique-
ness.

Now it is obvious that we can replace the condition 2 by the following one:

The numbers r1, s, * + - , 1, given by (7) must be algebraic numbers of the field
K(0). (This gives explicitly the admissible values for &, &, - - -, &, keeping in
mind that 71+7.+ - - - 47, must be equal to 1—-X.)

10. A theorem on general symmetrical perfect sets of the Cantor type.
The problem of the general symmetrical perfect sets of the Cantor type when
the sequence & - - - £, + - - is arbitrary seems difficult. We shall prove the
following theorem:

THEOREM. If £, has a limit £#0 as p— « and if the set is a set of uniqueness,
then 1/ is necessarily a P.V. number.

Let us consider the function F(x), continuous, non-decreasing, constant
in each interval contiguous to the set, and equal to

€/2 + /22 + - - + €/27 + - - -
when x belongs to the set and is given by
x=2rla(l — &) Febi(l — &)+ - b Epa(l — &) + - ]
(&;=0 or 1). Then it is easily seen that

2r
f enizdF
0

We suppose & =§(1+ux) where #;—0 as k— . Then

frec e Bl — &) =810 w) -+ - (14 we)(X — & — Eus)
= Ek—ld’(k - 1)!

= HI cos wnfy -« + Era(1 — &) |

k=1

say.
Then

.

k=0

‘ j; he’""dFl = fII cos wne(k)E*
\
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We observe that & - - - &a(1—&) > & - - - Ex(1 —&k41) as a result of 1—§;
> (1 — £441) which is true since £ <1/2. Hence ¢ (k) £* is decreasing and tend-
ing to zero as k— .

If the set is a set of uniqueness the Fourier-Stieltjes coefficient of F does
not tend to zero. Hence we can find an infinite sequence {7,} such that for
n=n,

ﬁ| cos mngp(B)Ex| > a,

k=0

a being a positive constant.
Let £=1/0; since 6%/¢(k) increases infinitely with k, we can associate to
every #, an integer m =m, such that

0m1/p(m — 1) < n, < 0™/p(m).
We write
ne = NO™/p(m,)

and we have \, £1. On the other hand
N > (0™ $(ms — 1)) (¢p(ma) /0™) = (1/6)(d(ms)/d(ms — 1))

and since ¢(m)/¢(m —1) approaches 1 as m— » we have for s large enough
A > 1/26,

hence the sequence {\,} has at least one limiting point A>0. Let us consider
a subsequence {m,} of the sequence {m,} such that \,—\. We have, taking
n=ng

0 < T1| cos (mn(87e/0(ms)) - (9(£)/69) |?

k=0
< cos? whg- cos? A (p(my — 1) /d(m,))0
+€os® mhg(@(mq — 2)/d(mg))6 - - - cos® wh(d(my — p)/¢(m,))67
for any integer p Sm,. From this we deduce easily

sin? whg + sin® T ($(m, — 1)/(my))0 + - - -

8

® + sin® A\ (lmq — P)/b(m)0> S log (1/a?.
Now

© | sin? wh\(¢(m, — k)/P(my))0* — sin? w)\qﬁkl

< mng*| d(mg — B)/d(mg) — 1].
Since ¢(m)/p(m —1)—1 as m— «, we can write

¢(m) = (1 + vm)p(m — 1)

where v,,—0 as m— . Then
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é(m) = (1 4 vm)(1 + vm_)(1 + vms) - -+ (1 + Omeir1)p(m — k).
Suppose that
max (| vml, | omea],~ ooy | Omeiir|) = wim, &) = w
then
(I = w)* = ¢(m)/é(m — k) = (1+ w)*

Let now w(m) be an integer, function of m, increasing infinitely with m, and
such that w(m) =0(m). We have, if & Sw(m),

w(m, k) < w(m, w(m)) < wim, [m/2])

say, for m large enough, [m/2] being the integral part of m/2. This last num-
ber tends to zero as m— « ; hence taking w(m) such that

w(m) - w(m, [m/2]) >0
as m— o, we see that
| $(m)/o(m — &) — 1]

tends uniformly to zero with m for all £ such that 1 £k Sw(m). We write, in
these conditions,

| ¢(m — EB)/$(m) — 1| < e(m)

and we can assume that e(m) tends to zero monotonically. We take in (8)
p <w(mg) and we have, by (9),

d(mg — k) ok

— sin? 7\ 0% | < TN B%(m,) < m0%e(my)
&(m,)

sin? A,
for 1Sk =p.
Now choose p <w(m,) such that p is the largest integer such that
(10) Tp0re(m,) < 1.

Since e(m,)—0 steadily, p is a function of m, increasing infinitely with m,.
We denote it by 2,.
Comparing (8), (9), and (10), we have

sin? 7\, + sin? w0 + sin? wNH2% + - - - + sin? w07 < log (1/a?) + 1.

In the same way, taking instead of m, an integer m, of the sequence {m,}
with m,>m,, we have

sin? 7\, 4 sin? 70 + - - - 4 sin? #A\ 07 < log (1/a?) + 1
and, since p, = pq,
sin? #\, + sin? #\0 + - - - + sin? 7\ 07 < log (1/a%) + 1
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‘Keeping now ¢ fixed, we let r—«, and we get
sin? #\ + sin? 7A@ + - - - + sin? 7\67¢ < log (1/a?) + 1.

Since p, is arbitrarily large, this is equivalent to
0
> sin? 7\ < 0,
1]

which proves that 8 is a P.V. number.

11. Questions of stability. The conclusion of the preceding theorem is
that if &= &(14+ux), ux—0, then the set is a set of multiplicity whatever the
sequence {u:}, if £ is not the reciprocal of a P.V. number (£50).

On the other hand if 1/£=0is a P.V. number, a set for which

& = (1 + wi), ur — 0,

is not necessarily a set of uniqueness. As a matter of fact, it is, in general, a
set of multiplicity. It has been proved, in fact (in Salem [2]), that, given a
positive decreasing sequence {u,,} , if we consider all sets such that

(11) (1 = w)E < & < (14wt (£#0)

“almost all” of them are sets of multiplicity, provided that u; does not tend
to zero too rapidly, more precisely, provided that log (1 /) =o(k).

A symmetrical perfect set Q such that its £:'s satisfy (11) with #,—0 can
be said to be “in the neighborhood” of the set P for which &, is constant and
equal to & Thus if P is a set of multiplicity, all sets in the neighborhood are
also sets of multiplicity; while if P is a set of uniqueness there are sets Q in
the neighborhood of P which are sets of multiplicity. This suggests, to use an
expression of A. Zygmund, a “stability” of sets of multiplicity, and an “un-
stability” of sets of uniqueness thus considered.

It would be interesting to investigate if the “stability” of sets of multi-
plicity is true in more general cases. Let £, £, - -+, &, - - - define a set of
multiplicity. Let a positive #,—0. Is it true that all sets such that

(1= udte < & < (1 + )k

are sets of multiplicity ? We have proved this to be true if {2=§¢ (k=1,2, - - -)
but I have not succeeded in proving it in the general case.

Another interesting aspect of the problem of stability is supplied by the
symmetrical perfect sets S of Cantor type and of constant ratio of dissection
£, which are sets of uniqueness if and only if £ is the reciprocal of a P.V.
number. It has been proved (Salem [3]) that the set of P.V. numbers is
closed, and thus that small variations of ¢ will change the character of a
set Sif it is a set of uniqueness, but not if it is a set of multiplicity. No simple
general result, however, can be expected in this direction, for certain sets of
multiplicity can also be, in this last sense, unstable. Consider the sym-
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metrical perfect set of Cantor type where £; is equal to £ or to 5 according
as ¢ is odd or even. Let {n=1/6, where 0 is a P.V. number, but suppose
that £ (and so 7) are transcendental. Then the set is of multiplicity but can
be transformed into a set of uniqueness by changing £ and 7 as little as we
please if we make them equal to algebraic numbers of the field K(6). (See §9.)

12. Example of a set of uniqueness with transcendental ratios of dis-
section. We have mentioned that the problem of classification of general sym-
metrical perfect sets of the Cantor type seems difficult. We shall give an ex-
ample to illustrate the complication of the cases which may arise.

Let, according to §9, &i& - - - &, - - - (§,<1/2) be the sequence defining
the set P. We write

n=1—§&,rn=1—§8), -, =% &l —&), .

It is easy to see that the r,>0 are arbitrary, except for the following condi-
tions,

(12) n+rnt--trnt--=1,

e > tey1+ Tige + -0,

the last one corresponding to £&,<1/2.
The points of the set are given by

x=2rleri+erst - Farnt---] (e; = 0 or 1).

Now choose the 7;’s in the following way: let mme - - - m, - - - be an in-
creasing sequence of positive integers and let

C1/3m 4 1/3m s 13 =
We have y£1/3+1/32+ - - . =1/2. Take

rie = (1/7)-(1/3m).
Thus the first condition (12) is satisfied. The second also, since
1/3m > (1/3™)[1/3 4+ 1/30 + - - - ] 2 1/3mn 4 1/3mer oo
Thus we have a set P for which
z= Qr/Y[a/3m+ /3™ + - /3t ]

This set is contained in (0, 27) and is homothetic to the set E of the points y
such that
y=4rle/3™ + /3™ + -+ -+ €/3™+ -+ ],

which is also contained in (0, 27). Now E is a subset of the Cantor ternary
set whose points are given by

drfer/3 + €/32+ -+ - + /304 - |;

hence E is a set of uniqueness, and P is a set of uniqueness by homothety.
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Now in this case we have
E/(1 — &) = (ngr+ riga + -+ - )/rie = 3m6(1/3men - 1/3mein . . 0 )

which is a transcendental number if v is transcendental. Thus the £; can all
be transcendental.

Besides, we have

lim (& -~ &) =limry =1lim 3 ™"
and we can choose my such that this limit be any number we like (less than
1/3). We can take, for example, m;= [ka], a being an irrational greater
than 1. This shows that in the theorem of §10, the hypothesis lim £,=£ can
not be replaced by lim (&&. - - - Ep)VP=E.

We observe that we can have v transcendental with a sequence {mk} of
arbitrary positive density. For if ¥ were not transcendental we can add to it
a Liouville number of the form 23""’, which does not alter the density of
the sequence {m}.

13. A sufficient condition for a symmetrical perfect set to be a set of
uniqueness. In the preceding example we have constructed a symmetrical
perfect set of uniqueness for which the arithmetic nature of the £, was arbi-
trary but the &, were all connected in a simple way with the same number 7.

In the following theorem, we shall get a set of uniqueness by imposing
on the & conditions related only with their order of magnitude, but in no
way with their arithmetical properties.

THEOREM. If there exists an infinite sequence S of integers q such that
(if2 - - - £V < a/q (a < 1/4)
and if for the same sequence of integers q we have, for a positive 8,
£4151/2 —2a—3
then the set is of the type H, hence a set of uniqueness.

The numbers 7; having the same signification as above, we have for every
x belonging to the set

x=21l'[€171+€2f2+"'+€kfk+'°°] (e.-=00r1).

Let g be a number of the sequence S. By Dirichlet’s theorem we can find an
integer 7 =n(q) < (¢/a)?, increasing infinitely with ¢, and such that:

| {nri} | S o/, | {nra} | S a/g, -, [ {wre} | < a/g.
We have

13) nx = 2r[ads + eds + - -+ + ed ] + 2r[a{nn} + - - - + ¢ {nr}]

+ 2n[equinross + eqrontora + - - - ]
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or
nx = N(x) + a(2) + y(x),

say, wheré N(x), a(x), y(x) denote the three successive terms in the second
member of (13). The 4; are integers, and we can write

(14 nx = a(x) + y(x) (mod 2r).
We have
(15) | a(2) | < 27ga/q = 27a.

We have also
nkr- - f S n(a/g)? =1

and
y(2) = nk1 - - - £ 2w [eera(1 — $041) + equabqrr(l — Egia) + - - - |
= nfL - Eq'z(x)v

say, where z(x) denotes a point belonging to the symmetrical perfect set con-
structed on (0, 27) with the sequence ({441, £442, - - - ). This symmetrical
perfect set has a contiguous interval of length 27 (1 —2£,41). Thus the set of
points y, which lies entirely in (0, 27), has a contiguous interval of length
2rngy - - - £,(1—2£,41). But the set of points y has also, in (0, 27), a contigu-
ous interval of length 27 —2wné, - - - £, since

y(x) < 2wngy - - - &
Hence the set of points ¥ has a contiguous interval of length N not less than
max {2mngy - - E(1 — 2641), 2r(1 — ngr - - - &)}
hence not less than

2rngy - - - Eq(l - 2Eq+l) + 27"(1 —nEy - Eq)(l - 2£q+1)
2 — 241

that is to say not less than
(1 — 2Eq+1)/(1 - £q+1) > (1l — 2£q+l)-
Now we have by our hypothesis

1— 21240+ 25

hence
\ = 47a + 2706.

Now by (15) |a(x)| <2ma. Hence by (14) we see that the set of points nx,
reduced modulo 27, has a contiguous interval of length not less than

N — 2 max |a(x)lg)\—41ra221r6.



1944] SETS OF UNIQUENESS AND SETS OF MULTIPLICITY 49

Thus the set of points x is of the type H, which proves the theorem.
In particular we see that the set is a set of uniqueness if

lim inf q(¢, - - - £)Y¢ =0 and lim sup §, < 1/2,

more particularly if

§& = o(1/9).
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