NOTE ON THE STRONG SUMMABILITY OF
FOURIER SERIES

BY
CHING-TSUN LOO

1. Let Su(x) (n=0, 1, 2, - - - ) be the partial sums of the Fourier series
of a function f(x)EL? (—m, 7). Put

1.1 20(t) = f(x + &) + f(x — 8 — 25,
and let
(1.2) B(f) = f | 6() |2du = o(s).

Hardy and Littlewood have proved the following two theorems:
AQ®). If p>1, then (1.2) gives

(1.3) Zn:ls,,.—-5|2= o(n).
‘B(®. If p=1, then (1.2) gives
(1.4 z”:|Sm — 5|2 = o(n log n).

In my previous paper(®), I have replaced S, in (1.4) by Snx (8=2, 3, - - -).
The object of the present paper is to show that the S, in (1.3) can also be
replaced by the lacunary partial sums Snx, if (1.2) holds with p>k. In
other words:

If p is greater than a positive integer k, and

1.5) [ 166 [rau = o0,
then
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(1.6) i|S».k—S|2= o(n).

Me0

Without loss of generality, we may suppose that

[ ~ i a, cos nt

is an even function with zero mean value, and that x=0, S=0, so that

o) =ft), Sm=art+ar+ - -+ am

We write
* sin (m* + 1/2)¢
S dt
omk = 0 sin (¢/2) “amay P

' . 1/nk

= f cos m*t f(t)dt + f sin m*t cot (¢/2)f(¢)dt

1.7 0 0
‘m1lln x
+ sin m*t cot (¢/2)f(t)dt + sin m*t cot (¢/2)f(Hdt
1nk Un
= am+Bm+'Ym+8m-

It suffices to prove the sum > _&_o(o2 +B%+v2%+02) is equal to o(n).
2. It is plain that a,=0(1), so that

n

(2.1) 3 am = o(n).
0
Hereafter, we shall write briefly
2.2) £ = 1/n, n = 7/ kn*1, § = 1/n*.
If
(2.3) | PO = [ 1) 7du = o0 >,
0

then the same relation holds true when p is replaced by any positive small
index. Hence we have

(2.4) |Bal= f l/"ksin m*t cot (t/2)f(t)dt'; m* f w] 1) | dt = o(1),

and

n

2.9 > B = o(n).

0
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Assuming
r>2, r=r/r—-1)<p,

we are going to prove
(2.6) ' ?l bm |" = o(n).
This is stronger than
(2.7) ia.’, = o(n).

We denote by C,(7) the nth Fourier sine coefficient of the odd function
x(£), which is equal to f(¢) in (0, 7) and to zero in (7, v). We have then

Om = j; 'sin m¥t cot (¢/2)f(s)dt

= f:cot t/2) (%j;‘sin m"uf(u)du)dt

= = /) cot @/DCw® + (x/8) [ ese /D00

(2.8

From 7' <p, it follows by Hausdorff’s inequality that

(Zlcan |'>m SCNES |r'du)”"

= (—:_— f_ : | 7(s) l"éu)w = o(#!/"").
Hence

n 1/r ' 1 * 1
r _ - r’ I, ¥ £ 1 .
(2.10) (zf“'”‘) "(e & )+"(fs L)

= o(£1I7) = o(nll7).

(2.9)

This establishes (2.6).
3. By the theorem of Riemann and Lebesgue, we have

¢
Ym.= f sin m*t cot (¢/2)f(Hdt
3.1

¢
¢ sin m*¢
-2 fr —— 1)dt + (0.
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Hence

i 'Y?n = 4f5f(u) dufs f@) f: sin m*u sin m*vdv + o(n)
1 t U ¢ v 1
= Zf:'f(:) duf: f?) ?cos m*(u — v)dv

- ZI:M duf: 1) i cos m*(u + v)dv + o(m)

u v

3.2)

Il + Iz +.o(n).
We shall use the fact that if

n

Talt) = 20 &,

m=0

then

(3.3) < | 7.0 .

n
>~ cos mkt
1

We also require the following lemmas:

LEMMA 1. Let a, b and k be three integers such that a <b, k=2. Let g(x) be
a real function having differential coefficients of the first k orders. If Rg™® (x) =1
(or < —1) throughout the interval (a, b), write

(3.4) K =2% P =R|g*n() — g*D(a)],

where R is a positive number. Then

b
z £2%ig(m)

m=a

3.5)

< 100P { R-1/ (!~ | RUKP-2kIK 4 P~2K},

This theorem is due to Van der Corput(%).
LeEmMMA 2. If t>0, then
(3.6) Ja(t) = O(ntt! E=D) 4 O(n!—2kIK42EK) 4 O(n1—2/K),
Put a=0, b=n, g(x) =x*/2r (¢t>0), R-'=Fk!t/2w. We have
g*V(x) = klat/2m, g®(x) = k%/2r = 1/R > 0, P = n.
Lemma 2 is therefore an immediate corollary of Lemma 1.

LemMA 3. Let g(x) be a real differentiable function in the interval (a, b),
g'(x) be montonic in this interval, and |g’ (x)l <1/2. Then

(*) J. G. Van der Corput, Zahlentheoretische Abschitzungen mit Anwendung auf Gitter punkt-
probleme, Math. Zeit. vol. 28 (1928) p. 303.
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b
3.7 > erriom =f e2riv=dy 4+ 0(1).
asSnsSb a
This theorem is due to Titchmarsh(®).
LEMMA 4. If 0<t=w/kn*"'=1), then
(3.8) J. () = O(1/8/F),

Put a=0, b=n, g(x) =x*/2r (¢>0). Evidently, g’(x) = kx*/2m is mono-
tone in the interval (0, 7) and 0<g’(x) <1/2. Hence, by Lemma 3,

n

Z eimkt — f e*dx + 0(1)
0

0
nkt 1
iugy 1) k—1 =
j; et =1dy + O(1) 0(;%)'

4. We are now in a position to estimate » tyZ. Firstly, remembering
§=1/n, t=1/n*, we have

E|f(“)| $|f(”)]
Izl = d 1/(E=2)q
nj; uf! . (u + v) v

u

= nf‘u—1+1/<x—2>|f(u)lduff Ifiv)l do
¢ ¢

& fu) | ¢
d —1+1/ (K—2) d
+n L u ﬁ v | f) | dv

u

Ja(2)

1
ReV/

= o(n'"Y &= log n) = o(n),

E|f(“)| Elf(v)l
122 = pnl—2k/K —_ d —2/Kd
=n j; uj; " (u + ) v

u

¢ ¢
< n,_z,,/xf u“—”KIf(u) | duf v—1-l/K|f(v) ] dy
¢ ¢

= o(n' 2K . ykiK. . ykIK) = o(p),

¢ If(“)l ¢ )]
Ios=ni-2k | 22714 d
n j; uj; v

u 2

= o(n"¥K.(log n)?) = o(n).

Observing the definition of I, in (3.2) it follows from (3.3) and (3.6) that

(°) E. C. Titchmarsh, On Van der Corput's method and the zeta-function of Riemann, Quart.
J. Math. vol. 2 (1931) pp. 161-173.
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4.1 Iy = O(Io1 + Iz + Ias) = o(m).
Secondly, observing (3.2) and (3.3) we have

FAPNEAFO) “ | f(0) |
zéf,—u d“f, »

> cos m*(u — v) di
- .

_S_f:{-‘-—f—(ﬁﬂduj;u l—f(—:llf,.(u-—v)ldv

u
+ »flf(_u)| dufu If(—v)lI.T,.(u—v)|dv
2¢ u u—{ v
(4.2) ™ | f(w) | )] | .
+f ———duf -——IJ,.(u—v)‘dv
114 u I3 v
POl (O]
+f ———duf —-——|J,.(u—v)|dv
e u u—y v
(O] | f(v) |
+f»+r ” duf{ . | Ja(u — v) | dv

=In+ T+ I+ Iu+ Is.
Writing

Iy = L”IL::)_I d,,f: | 7@) || Tu(s — v) | do
+f" 2 "“,f,"@ (8 = 9| uw = )| do

= I + I,

% |fw)| .
Illlé d d’
nﬁ uﬁ | 1) | do

u

[NICICE ( [ 1o ) ( I w) "

= o(ul?(u — {)U9) = o(ull/rrlle) = o(n—*layll?),

since # <2¢. It follows that

we have

and

2t 2
Iin S ni~Hie f WP | f(u) | du = ni-kle f w Ve f(u) | du
¢ ¢

= o(”l-k/QI'-l/q) = o(nl"klﬂnqu) = o(n).

Again, from
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% | f(u) | “ | ) |
Ige < ni* —d —dv,
=n fr uft v

u v
and
r v £ .

we obtain _

2t

I < nt* f |76 du = o(n""*n*) = o(n).

¢ W
Therefore
4.3) Iy = O(Iin1 + Iniz) = o(m).

The same method of estimation can be applied to Iz, by assuming 2§ Su.
Thus we obtain

4.4 I,5 = o(n).
Apply Lemma 2 to. I1;5. We have
4 f(y u—y
Isy = nf If(“)l duf M (4 — v)/(E-Dgy
¢ v

%

= ”f':, W E=D) | f(y) ’duj;u_' |f(v)| dv

v

= o(n*"1(&E-2 log n) = o(n),

ey LN (O] e O] -
Igp=n /Kf ———duj; —T—(u_,,) IR dy

ot U
< wthEgoE f‘ FOIN fﬁ lr@1l
U 't v

o(n'—2*IE . 5 (=-D2K. (log #)?)
o(n'~*(log n)?) = o(n),
ey LN Ol [ /@l

U ¢ v
o(n'~*X(log n)?) = o(n).

1

It follows that
(4.5) Ing = O(I1s1 + I'sz + Iss) = o(n).
Observe that in I3
usy9+¢ and {Sov=u—1¢,
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or
O0<{=u—v=u—¢=1.

Using Lemma 4, we have

™ | f) | | f@) |
I3 = — d — y)~lUkg
3 f2 uf{ (u — v) v

e u 2
i j;:ﬂ ”%I_ o fru_{ M (u — v)*=tkdy
- fz:ﬂ |f54u) | f | f(2) | (u — v)~*dy
F = Iy + L.
rom
" “t 0|
I e
11 S j;r u /klf(“)ld“j; : o,
and

j; u=t | f(:)| o< ( fr u—f If(v)lpdv)w( j; u—f v_q@)l/q

—_ o(ul/pg-—l-f-lIQ) = o(ullpnk—k/q) = o(ulli’nkh’)’
we obtain

L2xY
T s wtt> [ urmaimeits| )| du
2t

= o(nk/Pg"‘llk“'l/P) = o(nk/l’nl—k/l’) = o(n).

Iwz=j”rH lf(“)l du f |f()|(“‘—1’)—”kd”

14

Again, from

and

7 1o o s ( [ o) ( [CEERON

—_ o(ullp(u — g‘)‘—llk‘f'l/Q) = o(ul—l/k),

since —1/k+1/¢>0, we obtain

+
I = f u"‘”""|f(u)| du
2t

= o(§~1*%) = o(n).
Therefore

(4.6) Iis = O(I1s1 + ©1s2) = o(n).
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Finally, by applying Lemma 4 to I, we easily deduce that

4.7 I,y = o(n).

Combining (4.2), (4.3), (4.4), (4.5), (4.6) and (4.7) we get
(4.8) It =0(Iu+ LI+ LIis + Iy + Iss) = o(n).
It follows from (3.2), (4.1) and (4.8) that
4.9 > v = o(n).

1

Summarizing (2.1), (2.5), (2.7) and (4.9) we obtain
> (am + B+ Ym 4 80) = o(m).
1

The theorem is thus proved.
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