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1. Let Sn(x) (n = 0, 1, 2, ■ ■ • ) be the partial sums of the Fourier series

of a function f(x)£.LP (—it, it). Put

(1 • 1) 2<K0 = f(x + t)+ fix -t) - 2S,

and let

(1.2) $(0 =   f    |*(«)|"dw = oit).
Jo

Hardy and Littlewood have proved the following two theorems:

Ai1). If p>l, then (1.2) gives

n

(1.3) ¿2\S™-S\2 = o(n).

•B(2). If p = l, then (1.2) gives

n

(1.4) E|S™-S|2 = o(n\ogn).
m=0

In my previous paper(3), I have replaced Sm in (1.4) by Smk (& = 2, 3, • - • )•

The object of the present paper is to show that the Sm in (1.3) can also be

replaced by the lacunary partial sums Smk, if (1.2) holds with p>k. In

other words:

If p is greater than a positive integer k, and

(1.5) I     | <p(u) \"du = o(t),
J 0

then
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(1.6) J2\Smk-S\2 = o(n).
m—0

Without loss of generality, we may suppose that

oo

f(t) ~ Za«cos nt
1

is an even function with zero mean value, and that x = 0, 5 = 0, so that

<t>(t) = f(t),       Sm «= «i + Oj.H-+ am.

We write

sin (mk + l/2)t

.l/n*

f(t)dtirSmk =
J o sin (t/2)

/i t y» l/n*

cos mHf(t)dt +  I       sin w*¿ cot (t/2)f(t)dt
o Jo

/> l/n /• x

sin m*< cot (t/2)f(t)dt +  I    sin mH cot (t/2)f(t)dt
l/n* V l/n

= am + /3m + ym + Sm.

It suffices to prove the sum Zm=o(am+0m+7m+5„,) is equal to o(n).

2. It is plain that am = o(l), so that

(2.1) ¿aL = *(«).
o

Hereafter, we shall write briefly

(2.2) £-1/»,        V = ir/kn**-1,        f = 1/«*.

If

(2.3) F(t) =   f   | /(«) |»d« = o«) (/> > 1),
J o

then the same relation holds true when p is replaced by any positive small

index. Hence we have

In l/n* y» l/n*
I       sin mH cot (t/2)f(t)dt   ^ mh \        \f(t)\dt=o(l),

Jo Jo

and

(2.5) Z/sl = o(«),
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Assuming

r > 2,        r' = r/(r - 1) < p,

we are going to prove

(2.6) ÊI a« I'= «(»).
0

This is stronger than

(2.7) ¿8» = *(»)•
i

We denote by Cn(r) the nth Fourier sine coefficient of the odd function

x(t), which is equal to fit) in (0, t) and to zero in (t, it). We have then

Sm =   I    sin niH cot (t/2)f(t)dt

(2.8) \
=  j    cot(//2)(— I    sin m kuf(u) du\dt

= - Or/2) cot (£/2)Cm*(Ö + (tt/4)  f   ese 2(//2)C„*(0áí.

From r'<p, it follows by Hausdorff's inequality that

,1/r'

(2.9)

Hence

(2.10)

( ¿ i cmk(t) ¡y=(^ j t i x(«) i'-¿«y

/if.       ,     \1/r'

(Êi^i^r-({^)+0(/;-i-^)

= fl(f-»/') = o(nli').

This establishes (2.6).

3. By the theorem of Riemann and Lebesgue, we have

ym =   J    sin mH cot (t/2)f(t)dt

/■{ sin m"t
-f(t)dt + o(l).

t        t
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Hence

V^    2        ,   rf^(M)   ,     f(W   X-   ■       k      ■       * ^    L    ,y
2_, 7m = 4 I    ■—— du I    ■-2-1 sin w M sm *nhvdv + o(n)

X J x       U J f        V        x

o r ^ ^ r{^w v>= 21    - du I    -2_» cos *«*(« — !>)iii>
(3.2) JfM Jj-Dj

rf/(«)     rf/w ^
— 2  I    - dw  I    -2-1 cos »»*(« + v)dv + o(n)

J X      u J f      v       x

= 7i + 72 +'o(n).

We shall use the fact that if

n

-/*« = Z eimkl,

tn—0

then

(3.3) Z cos OT*/ a|/n(0|.

We also require the following lemmas:

Lemma 1. Let a, b and k be three integers such that a<b, k = 2. Let g(x) be

a real function having differential coefficients of the first k orders. If Rgm(x) ^ 1

(or á — 1) throughout the interval (a, b), write

(3.4) K = 2\        P = R\g<-h-»(b) - «(*_1)(o)|,

where R is a positive number. Then

(3.5) y^ giTioim)      <   lOOpiR-lUK-i)  _j_  RHKp-2klK _j_ p-S/JCl

This theorem is due to Van der Corput(4).

Lemma 2. If t>0, then

(3.6) Jn(t) = 0(ntl"-K-2)) + 0(nx-2klKt-2<K) + 0(nl-2'K).

Put a = 0,b = n, g(x)=xkt/2w (t>0), Rrl = k\t/2ir. We have

gU-U(x) = k\xt/2ic,        g^(x) = klt/2w = 1/R> 0,        P = ».

Lemma 2 is therefore an immediate corollary of Lemma 1.

Lemma 3. Let g(x) be a real differentiate function in the interval (a, b),

g'(x) be montonic in this interval, and |g'(*)| <l/2. Then

(4) J. G. Van der Corput, Zahlentheoretische Abschälzungen mit Anwendung auf Gitterpunkt-

probleme, Math. Zeit. vol. 28 (1928) p. 303.
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(3.7) E e****00 =   f   e2ri°<-*>dx + 0(l).
a£n¿b Ja

This theorem is due to Titchmarsh(6).

Lemma 4. If 0<t^ir/knk~l = r], then

(3.8) Jnit) = Oil/tV).

Puta = 0, b = n, gix)=xkt/2ir (/>0). Evidently, g'(x) = kxk~H/2-K is mono-

tone in the interval (0, ir) and 0<g'(x) < 1/2. Hence, by Lemma 3,

n /» n

A(0 = Eeimlí = I  e"*í¿* + o(i)
o Jo

i   rnhl / i \

= - e^u'i^du + Oil) =01-).
kti"<Jo v*1'*/

4. We are now in a position to estimate Ei7m-  Firstly,  remembering

£=l/re, f = l/»*, we have

/21 = n \    —-L a«        '        ' (« + vytvt-vdv

■ dv

f'l/WI ,   f l/WI ,    ,   u
= » I    - du I    -iu + vy

¿ » M-l+l/(X-2) | ]fu) | ¿M   |      1¿1J_

+ « I    —-L ¿M I     9-1+1/»-« | ffv) | dv
J r U J f

= oin1~lKK~2) log n) = oin),

J [ u J{

¿ »i-«»» r «-i-i« i f'u) | ¿M r p-i-i/K | fi„) | ¿0

•£   /(«) f«   /(r)

ti

= oinl-2kiK-nklK-nkiK) = o(n),

J r U J t V

= o(w1_2/x-(log n)2) = oin).

dv

Observing the definition of 72 in (3.2) it follows from (3.3) and (3.6) that

(6) E. C. Titchmarsh, On Van der Corput's method and the zeta-function of Riemann, Quart.

J. Math. vol. 2 (1931) pp. 161-173.
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(4.1) 72 = 0(72i + 722 + 725) = o(n).

Secondly, observing (3.2) and (3.3) we have

l£iL rf l/(«)l , r I/m
4 J { u J {

JI u J t

Z cos rnk(u — v)
o

dv

-du I      -1 /„(« — v)\dv
u J ¡ v

f(v)
+  I    - d« |      -| /n(w — i>) | dv

J i[ U J u—f V

(4.2) .u-r |/C»)I
+  I        - du I        -1 /„(« — v)\ dv

J 2J- M                 J f                  Í)

rf l/(«)l     ru-r l/(»)l
+  I — du |                  -1 /„(m — ») | dv

J „j■>+r       «

i"    f(«)   J  f-* /(»)  i .'        u .- d« | -|^»(« - ")l dv

Writing
= lu + 712 + J« + lu + 7i6.

c2f I/(«)I     rui     i. i
Jn = 1^171 d« I     | /(») | | /.(« -v)\dv

J { M2 J f

r2f I/(«)! .  fl/wl ,       -, r,     ,, .
+  I      -du I    -(« — ») I /„(« — o) I dv

J l U2 J {• D

= 7ih + 7n2,

we have

21 |/(«)

and

7in S « I      - du I     I /(») I dv,
JI u J {

l/wl*s^j i/wi**) y d»j

=  »(«""(M - O1")  = 0(«1/pf1/<!)  =  0(«-fc/'M1/3').

since m g 2f. It follows that

/in = w1-
/2f /.2f

„-2+1/P | y(«) I ¿M = wi-*/, I     M-i-i/8 I f(u) du

= o(n1-"l"r1"') = oí»1-*/«»*") = o(n).

Again, from
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,2f l/(«)l , r l/wl

and

we obtain

r2f \f(u)\      ru,
J112 è n1-" I      ' '  du I    —--dv,

J f U J { V

ru I/Ml /     »\
J    -lilü <fo = o Í log — J = »(log 2) = o(l),

f2f I /(«, ,
/ii2 ^ «1_* I      -du = »(m1-*«*) = o(»).

J [ u2

•2f /(«)
iUI è A*-"   I

•'I

Therefore

(4.3) 7n = 0(1 m + Im) = oin).

The same method of estimation can be applied to J12, by assuming 2f ;£ u.

Thus we obtain

(4.4) In = »(»).

Apply Lemma 2 to J«. We have

Jl51 = »   f        -— du   I - (w — »)l'<*   2,il!)
J,+f        M Jt V

=« r M-i+i/<x-2>i/(«)idM r ¿!)

= o(«i->/<*-2> log n) = oin).,

_„,-..,xf kWi^pMIi.-,;
J,+r      « Jr »

r£  l/(«)l     ru
á n1-2k'KV-2IK I        —        d« I

= of»1-**« .»(»-»•« -(log»)*)

= o(»^*'*(log w)2) = o(»),

,f  |/(«)|   J    f-' l/M

1/6»)-I , r"-1 I/Ml ,
——dv

Im = ni-,«c\m±dur ■ ¿s

-   0(Ml-2/X(log „)*)   =   „(»).

It follows that

(4.5) /„ = 0(Jui + /i62 + Ju.) = oin).

Observe that in J«

u <v + ^   and   fa • á « - f,
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or

o<fá«-5á«-fáí.

Using Lemma 4, we have

,,+f l/(»)l , ru_r I/«1

J 2f M •/ f
(m — v^'Hv

=   I        - du I        -(w — v)l~llkdv

J 2f W2 «/f »

[/(*)

=   7l31 + 7l32-

r,+f /w       r u~r,     i
+-L d« | f(v) | (w - »)-»/*d»

J 2f M2 •/{•

From

r,+r i      ,     r""~r I/Ml
Im i M-1"1'* I /(«) I du ' d»,

»/2r «/¡-s

and

/•«-r I 7(d) I / ru_f , \1/p/ ru_f      V'4
I        —--dv^l) \f(v)\pdv)    M        tr'dsj

= o(i<1/pf_1+1/«) = o(uUpnk~kl") = o(uilpnklp),

we obtain

/•i+r M-i-i/*+i/p|y(M)| ¿M

2f

= o(nkipÇ-llk+llp) = o(nklpn1-klp) = o(#).

Again, from

■,+f I /(«) I     ru-r i
/i32 = LL^1 d« I f(v) I (« - i-)-"

J 2f        « «7 r
»'*dti

J 2f M2 J f

and

|/(») | (« - »)-*'** ̂  Í   I        \f(v)\pdv)    M       («-»)-«'*)

= o(«1/p(« - i-)-»'»*"«) = Km1-1'*),

since —l/k + l/q>0, we obtain

/•i+f M-^'^l/MldM
2f

= oír1'*) = o(n).
Therefore

(4.6) 7i3 = 0(713i + 7i32) = o(n).
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Finally, by applying Lemma 4 to In we easily deduce that

(4.7) Iu=o(n).

Combining (4.2), (4.3), (4.4), (4.5), (4.6) and (4.7) we get

(4.8) J, = 0(1 n + In + l„ + lu + In) = o(n).

It follows from (3.2), (4.1) and (4.8) that

(4.9) ¿71 = o(n).
i

Summarizing (2.1), (2.5), (2.7) and (4.9) we obtain

YJ (am + ßm + ym + om) = o(n).

i

The theorem is thus proved.
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