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1. hetf(x) be a function which is integrable in the sense of Lebesgue and

periodic with period 2ir. We consider the Fourier series off(x) and write

(1.1) f(x) ~-h 2-, (an cos nx + bn sin nx),
2 n-l

Ao = ao/2,        An = A„(x) = an cos nx + bn sin nx        (n > 0),

(1.2) o-l

<b(t)

(1.3) 4>p(t)

It is a theorem of PaleyO) that if a = 0 and v^-^s, then <j>x+a+s—»0 for every

positive 5. The result is best possible of its kind(2). That is to say, we cannot

replace 5 by 0 in the conclusion of the above theorem. We are interested in

such a problem, whether we can replace 5 by 0, whenever we emphasize the

hypothesis a little. This has been done by Hardy and Littlewood(3) in the

case a = 0. They proved that if (i) An = 0(n~s) for some positive 5 and

(ii) an — 5 = o(l/log «), then <px(t)—*0. The object of this paper is to investigate

the analogous problems for the case a>0. We prove that for a>0 a single

condition corresponding to condition (ii) in Hardy and Littlewood's theorem

is sufficient to deduce <px+a(t)—>0. Our theorem runs as follows.

Theorem 1. Ifa>0, and

(1.4) <r„ — s « o(l/log n),

then

(1.5) <bx+a(t)-^0.

Presented to the Society, November 25, 1944; received by the editors March 16, 1944.

(*) R. E. A. C. Paley, On the Cesdro summability of Fourier series and allied series, Proc.

Cambridge Philos. Soc. vol. 26 (1930).

(*) Ibid.
(3) G. H. Hardy and J. E. Littlewood, Some new convergence criteria for Fourier series,

Annali Scuola Normale Superiore, Pisa, vol. 3 (1934).

Sn 1
7 j (-'rt+a—v,n—vAy

^n-{-a,n ^n+a,n   c—0

<Po(t) = {f(x + t)+ f(x - t) - 2s}/2,

p_  o'

/(t - u)v-l<p(u)du
0

(a > - 1),

(P > o).
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It is natural to ask whether the more stringent condition a" — s = 0(n~')

(l>e>0) combined with an order condition on the coefficients, An=0(n~s),

is sufficient to deduce </>„(/)—»0. We prove that this is true when a is any

positive integer, and also require a certain restriction on 5.

Theorem 2. If ais any positive integer such that

(1.6) o-"-5 = 0(m_<) (1 > e > 0),

(1.7) An = 0(n-°) (5>l-a),

then

(1.8) <■>„(/) ^0.

2. We begin by making the usual standard simplification of data, and dis-

cuss some properties of the function

(2.1) yp(t) =   f   (1 - m)"-1 cos tu du (p > 0).
J o

We suppose throughout this paper that a0 = 0, s = 0, then

00

(2.2) <b(t) = {f(x + t) + f(x - t) }/2 ~ JZ An cos nt,
n= 1

and if p>0,

11/" r1
— <t>P(t) = — I     (t - «)í'-10(M)áM -   I     (1 — uy-^(tu)du
p t" Jo Jo

oo y» 1 oo

= zZ A* I   (1 — w)"-1 cos ntudu = ¿Z AnyP(nt).
n—1 J 0 n-1

(2.3)

If ièli we denote by "/„(i) thej'th derivative of yp(t), while yv(t) is defined

as yp(t). Then we have the following lemma.

Lemma 1. yi(t)=0(l) 0' = 0, 1, 2, • • • ) for all t, and if t^l, then

(2.4) yPit) - Oil/tW) (j = 0,1,2,-■■)

where y = min (1, p — (j+l)).

This is well known(4).

Lemma 2(6). If p>0, q>p>0, then

(*) E. W. Hobson, The theory of functions of a real variable, vol. 2, 2nd ed.

(6) S. Verblunsky, Note on the sum of an oscillating series, Proc. Cambridge Philos. Soc.

vol. 26 (1930).
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A"yP(vt) = 2Z (- l)("-^Cs,n_,7P(»/)

(2.5)

=   í    (1 - u)"-l(2 sin (tu/2))" eos   í vt -\-tju-ir \ du.

We have

(2.6)

while

/(l - m)"-^ ¿ (- l)("-,,)C9.n_, cos«te)¿M,
0 \ n—f /

22, (-  l)C"-*)Cs,^-, COS MÍM
n=i>

= eos vtu — Cq,x eos (v + 1)ÍM + Cq,2 eos (v + 2)tu — • • ■ +   ■ • •

= [e*"« - C?,ie<("+1),!' +•■•-•■■ ]/2

+ [e-i"" - C3,ie-i("+1)í" +•••+••• ]/2

= c*»««^! - eitu)"/2 + «r*""(l — e~ilu)"/2

= ei¡""(2 sin (tu/2))"ei"(-tu-^i2/2

+ r**"(2 sin (tu/2))"e-il!(-tu-T)'2/2

= (2 sin (tu/2))" cos [(W + (q/2)t)u - (q/2)*].

Substituting into the right-hand side of (2.6), we get the required result (2.5).

Lemma 3. If p>0, q>s>0, then

oo

(2.7) 2Z (- lV~>C9-..n-A'yP(fU) = A"yP(H).

We have by Lemma 2,

00

£(- iy»-^Cq_s,n_,A'7p(nt)

(1 - u)»-1 [2 sin —)   2Z (- 1)<"~>CV_.„_.
o \ 2 /   „_„

• cos   («¿H-1   «-it   du,
LA 2   / 2     J

and using the same method as in the proof of Lemma 2 we can deduce that
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S (-   l)<»-»>Ct_^_ COS \(nt + y / W - y 7T

-(2smTJ    COs[jrf + T* + —rj«-yir- —rj

/       /«y-»     ry       9 \       g   i
= I 2 sin — 1    cos   I W H-t\u-u \.

\ 2/ L\ 2   / 2     J
Hence

00

£(- l)c-'>C^.iMA«Y,(iii)

= Jol(l - uy-^2 sin D' cos [(* + f #). - { *}«•

Our result follows from Lemma 2.

3. To prove Theorem 1, we begin by choosing r such that

r > (1 -f- ee)/a   if    a ^ 1,

r > 2 if    a > 1,
and then write

(3.1) 1= [r1],       k= [/-'].

We have by (2.3) that

(3.2) -—<bi+ait) = ¿¿«7i+«(«0 = E +  E   = Xi(0 + »CO.
1 + « r_l n=l        n=4+l

say. Since the Fourier coefficient of any integrable function tends to zero,

we notice that

/0((n/)-'-), 0 < « á 1,
(3"3) yi+aint) = In//- A-n ^ 1

\0((nt)  2), a > 1,

in virtue of Lemma 1. Hence we have

(3.4) Xi(t) = 0(±±n-i-°) = O(^) = 0(r—) - o(l),

when cy^I, and

(3.5) X2W=0(l|:n-2) = 0(^)=0(^) = .(l),

when a>l.

So it is enough to prove that xi(0 =o(l). Since
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An  =   2—i ( I) Ca+l.n—rS,
v=0

holds for any a > — 1, hence

k k n

Xl(t)   =   J2A*yi+<>(nt)   =   X)t1+«(»02  (-   1)   n~' Ca+l.n-^S"

(3.6) -1 -;1 a k   -8 ^

=   2'S'vS(—   1) C„+l,„_,7l+a(«0.

In order to establish xi(t)=o(l), we require some further lemmas.

Lemma 4.

00

J2(- l)(n-r)Ca+x.n-,yx+a(nt)

= ii+a(1+f()  f   (l - u)°u1+a cos\(vt + --tju---A du

where f<—>0 as t—»0, uniformly in n.

This is an immediate corollary of Lemma 2. From this lemma we easily

see the following result.

Lemma 5. For all positive t,

00

(3.7) 2Z (- l)Cn-'',C«+i.»-,Yi+«(*0 - 0(tl+").

Lemma 6. If vt > 1, then

(3.8) ¿ (- l)<"->Ca+i.n_,7i+a(«í) = o(—Y

Putting, in Lemma 4, vt = X, (a+i)(ut — ir)/2=ß, we are going to prove

(3.9) f (1 - M)««1+a cos (Xm + 0)d« = 0Í—^-Y

If a is an integer, we have by successive integration by parts

I r1
I     (1 - u)"u1+a cos (Xu + ß)du

I J o

-   -—  |    cos   Am + j8 + (a + 1) —T¿ 4,(1 ~ u)a-'u1+'du  ,
I XaJo        L 2jM

where the ^4's are numbers which depend on a. Each term can be integrated

by parts again, whence our result follows.
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If a is not an integer, let [a] denote the greatest integer which does not

exceed a. Integrating by parts gives

I    (1 - u)*ul+a cos (Xu + ß)du
I J o

=   - I    cos \Xu + ß + ([a] + 1) —      Y) Aj(l - uY^W-^+'du  .

Each of the first [aj + l terms can be integrated by parts again and is thus

seen to be numerically less than

K/XW+2,

which is the form required, since A>1, and [a] + 2>a+l. The numerical

value of the last term, on taking x(l— u) as a new variable under the inte-

grand, is seen to be

^- f   cos fi* - X - ß - i[a] + 1) —1 (l - — )     W-^-'du
A
~X»

which is again of order 0(l/A1+a), since the last integral converges.

4. We are in a position to prove xi(0 = o(l). First, we shall confine our

proof to the case 0<aiSl. We have by (3.6)

k        k

Xl(t)   =   ID-S-X)  (—   1) Ca+l,n-,yl+a(nt)
(4.1) '=1     n='

V * 00 k 00

= ¿ZS,zZ (— 1)      Ca+i,n-,yi+a(nt) — ¿<S,  YJ .
»-=1 n=v v=l n»fc+l

We put

(4.2) D S:JZ (- 1) ̂C^un-ryiUnt) =zZ+zZ = Xt(t) + X*(0
v=l        n=v v=l Í+1

say. In xÁt)< nt^l, we have by Lemma 5,

i

(4.3) XaW = ¡1+"Z»('") = o(t1+"l1+a) = o(l).
»=i

On the other hand, in xt(t)> nt — 1, we have by Lemma 6,

X40   =  "f è-")  =   <Y E  ——\
(4.4) \ i+i   k"+1 log nj \ 1+i » log »/

= o( log log r* - log log r1) = o(l).

It remains to prove
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(4.5) ¿S: ¿ (- l)(n~P)Ca+i,n-„yi+a(nt) = o(l)-
v=l n=k+l

We have yi+a(nt) =0(l/(nt)1+a) for 0<agl, hence the left-hand side of (4.5)

is

/ 1     * S 1 \ /   1      *        °° 1\
of— E*- E-) = of—-E   X) —-—)

\tl+a ZÍ     n=t+i »1+"(n - 0a+V V1+<"¿ ZÍ   n=t+i (n - v)«+2J

= o(— E-1 = of—J = o^-"-1) = o(i),

for r>(a + l)/aèa+l, when 0<a^l.

Collecting our results from (4.1), (4.2), (4.3), (4.4), and (4.5), we get

Xi(t)=oiD-
We notice that (4.3) and (4.4) are established for all a>0, while (4.5)

holds in general only for 0<a = l; this is certainly the sole reason for us to

treat the case 0<a^l first. As for a>l, by repeated use of Abel's trans-

formation [a] times, we have

Xi(0 = zZAnyi+a(nt) =   Y2 Sn"    A" yi+a(nt)

(4.6)
n=l

Also(6),

+   £ sL/A y1+«((* - j)t).
J_0

A'yi+ai»»/) = yi+a(mt) — yi+a((m + 1)0

= - ty'i+a((m + 6i)t) (0<6i< 1),

A2yi+a(mt) = Alyi+a(mt) - A>yi+a((m + l)t)

= t2y'i+a((m + 6i + 8i)t) (0 < 0, < 1),

in general,

A'y1+a(mt) = (- l)'t'y'1+a((m + 9X + 0, -\-+ 6¡)t)

= (- 1) í 7i+„((«i + 0)0

where O<0¿<1 (t'=l, 2, • • • ,j).

We have by Lemma 1 that

y'lUim + 0)0 = 0(l/(«O (i = 0, 1, 2, • • • , [a] - 1),
(4.8) [a] 1+a

yulimt) = OH/imt) + ),

and by (4.7),

(6) Hereafter y'(mt) denotes differentiation with respect to the argument.
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A''7i+a(f»0 = 0(t'/(mt)'+2) = 0(l/m'+2t2)
(4.9)

(j = 0, 1, 2, ■ ■ ■ , [a] - 1),

(4.10) A^yi+Ámf) = 0(t^/(mty+a) = 0(l/m1+ata-^+1).

We notice that An = o(l), hence Sn = o(ni+l). Thus

sLa'-y**-«* - m = o((k - i) í+7(¿ - j) /+V)
(4.11) 2 r-2

= 0(l/& ) = 0(t    ) = o(l)

(j = 0, 1, • • • , [a] - 1)

since r>2. That is to say, each term in the second sum of the right-hand side

of (4.6) is o(l). We thus obtain

(4.12) Xx(0 =   Z  Sn]~XAia\x+a(nt) + o(l).
n=X

We notice that if p>q>-l, SQ„= Z"-o(-l)lK~")LV(;,n_,5:. Hence

*—["]       r   i     ,     r   i

2  sl^A^yxUnt)
B—* i     r    1

Tal " (n—!•)

=     Z     A        7l+a(»/) S   (_   1) C„_[a] + l.n_Ä
»=1 »-.I

(4.13
*-[«]    a   *-[«] . ..

=   Z  ■S'»     X)   (_ !)        C„_[„]+i,n_,A " 7i+a(«0
v=l n=s»>

fc-[a]     œ   oo

=     S    & S (_   1) Ca_[o] + l.n-»A  " 7l+«(«0   +  "(1).
*=1 11=1*

The last formula is justified by

(4.14) ~¿ SÍ      ¿      (- l){n~v)Ca-W+x.n-*A{a\l+a(nt) = o(l),

>_1 n=J;-[6Y] + l

which can be easily deduced by noticing that 5ír = o(í'a) and (4.10).  Hence

the left-hand side of (4.14) is

o(—— Z »a    Z   -J
Vt«-M+i     J-        »aiili+i (» - v)"-M+2na+1/

/ 1 fc-[or] oo IK

= o(—:— Z    Z-J

/_i__*^?] i       \
\r-[«]+i^     ¿J       (M _ vy-W+i)

= o(i/f-^+1k) = o(r-(a-ia]+1)) = o(i),



516 CT. LOO [November

since r>2>a— [a] + l. Combined with (4.12) and (4.13) it follows that

(4.15)      Xx(t) =   Z S,"¿ (- l){n~y)Ca-la]+x,n-,Aía]yx+a(nt) + o(í).
n=X n=v

Moreover, by applying Lemma 3 to the above sum we obtain

k-[a] oo

i- i;

n= 1 n=e

(4.16) Xi(t) =   Z S, Z (- 1)       Ca+x,n-,yx+a(nt) + o(l) = o(l),

in virtue of (4.2), (4.3) and (4.4). Theorem 1 is thus completely proved.

5. In the proof of Theorem 2, we may suppose 0<5<1. We write

1 oo k oo

(5.1) — 4>Jfi = Z Anya(nt) = Z +  Z  = Xi(fl + X2(t).
O- n=l n=l        n— k+1

Notice that An = 0(n~s), and that

\(nt)"J<(nt)
ya(nt) =

0 < et S 2,

0(-Y a > 2,
\(nt)2)<(nt)

and write

(5.2) i = [r1],      k = [r-J,

where r is so chosen that

(5.3) 1/(1 - e) > r > I/o.

Thus we have for a = 1,

X»(t) =   Z Anya(nt) = O (\ ¿ «-'-«) = 0(-¿)
(5.4) n-k+X \t    k+X / \kHj

= 0(t'*-i) = c-(l),

and for a = 2, 3, - • • we have

X2(t) = 0 ( — Z n~2~s J = 0 (-)
\t2kTi     J     \*,+W(5.5) \f- *+i

= 0(t^+s^~2) = o(l),

since r>l/5>2/(l + o).

It is enough to prove xi(t) =o(l). By repeated use of Abel's transforma-

tion, we obtain

k-a-X
,«    <*+l

(5.6)  xi(0 = 22,Anya(nt) =   Z  sX+ya(nt)+ Z Si-A V«((* " j)0-
n—l n—1 J—0
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Making use of Lemma 1, we have

(5.7) yÍimt)=Oil)

tor all /, and

/.    ,        (0(l/(mt)'+2)        ij = 0, 1, • • • , a - 2),
(5.8) ya(tnt) = <

\0(l/(mt)2) (j = a-l,a,a+l),

when mt>l.

From (5.7), (5.8) and

(5.9) AÍya(mt)=0(tÍ\yÍ(mí)\),

we easily deduce that

(5.10) A'y a(mt) = 0(f)

for all positive /, and if mi > 1

A'y«(«0 = 0(l/m'+2/2)     (y = 0, 1, ■ • • , (a - 2)),

A"-lya(mt) = 0(l/mat),  A"ya(mt) = 0(l/ma),  A«+17œ(î«0 = 0(t/m").

All of the following estimates depend upon (5.10) or (5.11).

Since An = 0(n~i), so that 5i = 0(n''+1-8), we have for j = 0, 1, 2, • • • ,

(a-2),

sLa t«((* - i)0 = o((* - /) m_5i/(¿ - iff)
(5-12) =o(iA1+V)^o(ri,r-2) = 0(i)

since r>l/§>2/(l + S); and iorj = a — 1 we have

sCI-dA1""1?.«* - (« - i))0 = OilT*/lti)
(5.13) , 7,_i

= 0(1/* 0 = 0(i      ) = o(l).

Moreover, since 5^ = o(wa_')i because of our hypothesis we have

(5.14) S°k-aAaya((k - a)t) = o(k"~' — j = 0(0 = o(l).

It follows that each term in the second sum of the right hand side of (5.6) is

o(D-
Lastly, we write

(5.15) E   SanAa+1ya(nt) = ¿ +  E   = XiW + X«(0
n—1 n-1 1+1

say; we note that in Xä(0. w/< 1,
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Xftt = 22SanAa+\a(nt) = O (t"+1 ¿ „~) = OO**1"'**")
n=l \ n-1 /(5.16)

while in x<M> «í>L

= 00****") = 0(t) = .(1),

(*-a-l J \ /     *-a-l \

t  Z   «a_<— )=0(í   X)   n-«J = O(*'-0
*—a-l 1  \ /     ¡fe—a—1

(5.17) *(0

= 0(/'<«-»+») = o(l),

since r<l/(l-e).  Collecting our results from (5.6), (5.12), (5.13), (5.14),

(5.15), (5.16), (5.17) we get xiW=o(l). Theorem 2 is thus proved.

National University of Chekiang,
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