ON MOBIUS’ INVERSION FORMULA AND
CLOSED SETS OF FUNCTIONS

BY
OTTO SZASZ()

1. Introduction. We consider the functions x(¢) of a variable ¢, defined on
a point set E, consisting of an infinity of real or complex numbers. We assume
that each function is bounded, and denote the totality of these functions by
S. Given a sequence of real or complex numbers:

A= 1,Nz A3, - -+, Ay = Ay for v # u,

(1.1)
A #0 for all o,

and a sequence of real or complex numbers
(1.1a) a1=1,0as0s- -, 2] < =,

we now assume that if t€E, then all \tEE.
Consider the transformation

D) 30 = 3 ouxOnt) = 50) + 32 6a0) = I(2) + A(3),
1 2

say; clearly, if x(¢) €S, then y(f) €S. We further assume that the sequence
(1.1) has the property: (P) the product of any two X is a A. It then follows
that \j! - - - W} is in the sequence (1.1); a1, @, - - - are non-negative integers.
We shall give conditions under which the functional equation (1.2) has a
unique inverse; we shall express the inverse in the form x(£) =) _b,y(A.f), and
we shall give applications to problems of closure and completeness. The spe-
cial case A, = is a generalization of an inversion formula due to Mgbius.
It has been applied to prove completeness (closure) of certain sequences in
two papers by E. Hille and the author [5, I and II].

Actually the assumption (P) is no restriction of generality; for adjoining
successively all A-products which are missing in (1.1), we get a new de-
numerable A’-set, and (1.2) can be rewritten in the form Y a.x(\/?); we
must however also extend the point set E, so that it contains all points
Nt of tEE’.

Using the terminology of abstract spaces (see [1, pp. 11, 53]), defining
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() The main results of this paper were presented in December, 1944, at Brown Univer-
sity, at the University of Pennsylvania, and the Ohio State University. In the meantime
closure theorems of a similar type have been announced by D. G. Bourgin [2]. Numbers in
brackets refer to the literature at the end of the paper.

213



214 OTTO SZASZ [September

distance of two elements x;(f), x2(¢) by (x1, x2) =l.u.b.,eg[x1(t)-—x,(t)|, and
putting "x(t)“ = (x(t), 0), we see that S is a normed vector space of type (B).
Under the assumption (1.1a), (1.2) is a linear operation in S and

4@l < 14 ] o

2. The inverse transformation.

THEOREM 1. If Y 7 | aa| <1, then the transformation (1.2) has a unique in-
verse

2.1 x(®) = y(& + B(y),
and B(y) is again of the form

2.2) B(y) = i::b,y(w, Y ba] < .

Formal operational calculus(?) yields from (1.2)
@3 50 = T +470) = (Z (- D44) ) = T (- D),
where 4°%(y) =I(3) =y, and

(2.9 VLC) D VERRED I SRR NE0 VNP W)R k=1

v =2 V=2

Let

L

Sla.| =a<1, Lub | y®) | =,
3]

2

then the general term in the multiple series (2.4) is majorized by
la.,,l < a.,,ln, hence the series (2.4) is absolutely and uniformly convergent’
for tEe¢, and

| A¥(y) | = n(ZZI Gn |)k= na*,

Substituting (2.4) into (2.3) we get again an absolutely and uniformly con-
vergent multiple series, representing a function x(¢) €S; moreover

We next show that x(¢) satisfies the equation (1.2); let
(® I am indebted to E. R. Lorch for reminding me of this procedure.
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() = 3 (— 1)4Hy),

k=0
then evidently
%(£) — x(f) uniformly in E, asn— o,

Furthermore

I+ Az = 3 (= DrA) + 3 (= 1raE(5)
0 0

=T+ (= Dr4™)y - I(y),

as n— o ; this proves (I+A4)x=1y.
To prove that (2.1) is the only solution of (1.2), we show that

I+ 4)x=0
has only the solution x =0. In fact if
A(x) = — I(x) = — 2,
then
Lu.b. l x(t)| =< a Lu.b. l x(2) |;
IEE

but <1, hence x=0 for all tEE.
Finally collecting corresponding terms in (2.3), (2.4), we get (2.2), where

bn = — an-l- Zavla”— P +(_ l)kZa::a::. .. + ..
2.5) i
( = 20 (= 1)*Bu(n),
k=1
say; to each factorization N, =NIN? - - -, au+aa+ - - - =k, into k not neces-

sarily different factors, N\,>1, corresponds a term in Bx(n), the order of dif-
ferent factors A\J being essential. In other words, we have the formal identity

o k L]
( E)‘" ) = Eck(v))\,, y
2 v=2
where Ci(n) is the number of terms in Bi(n). It is clear that

a
)
1 —

0

2ol = Xar=
1

2

K

and equality holds if all @, are not greater than 0.
While the solution (2.1) is unique, it is possible that the representation
(2.2) is not unique; this is the case if and only if 0 has a development
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0= 280,  2Z|8a] < o,
2
and not all 8,=0.
3. Other conditions for the inversion of the functional equation.

THEOREM 2. Suppose that ) mee: Ia,.u.,y()\.)\.t)] < o, where u, is a solu-
tion of the system of equations

(3 1) ay = l, Uy = 1,
) Zu.,a,. = 0, summing over all A\ Ap = A, m= 2,
then
3.2 x(t) = E %nY(Nat)
1

is a solution of the equation (1.2). Furthermore any solution of (1.2) which
satisfies the condition

(3.3) > | stz | < 0,

where u, is a solution of (3.1), is represented by (3.2).
Proof. Under the assumption
(3.9 | aatteydat) | <

substitution of (3.2) into (1.2) yields, in view of (3.1)
Za,(z u,y()\,.)\.,t)) =20 2 8. )y0nd) = ().
n=1 vl M=l =N\ m

This proves the first part of our theorem. Furthermore if x(¢) is a solution of
(1.2) satisfying (3.3), then from

yAot) = i RTON )]
and from (3.1),
i U YNol) = 2 Gatha2(AaAot) = 2(2).
1 PR

This proves the second part of Theorem 2. For \, =7 see [4, Theorem 3.2.1;
9, chap. 3].

Note that we no longer assume that x(t), y(t) belong to S. The theorem
holds for those values of ¢ which satisfy the assumption of absolute con-
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vergence of (3.3) and (3.4). In Theorem 1, we had the assumptions » 3 l a,.| <1,
x(t), y(¢) bounded in E. The unique solution was

3.5) #(l) = }'f,b,.y(x,»,

where b, is defined by (2.5), and Z| ba| < . We can now show that b, is a
solution of (3.1). Clearly (3.1) is equivalent to the formal identity

(3.6) ( i a”k:')( Z.::u,.)\:') =1,

if we employ Dirichlet-multiplication of the two series. If we choose y(f) =¢t—*
t=1, (3.5) becomes

x(t) = t—. Z bnx:.’
1
while equation (1.2) becomes

£ = 3 abal) £ =1 (X aad ) (b );
n, vl
thus (3.6) holds, which proves (3.1) with u, =b,.

It follows from Theorem 2 that if (3.1) has exactly one solution which
satisfies (3.4), then the equation (1.2) has exactly one solution which satisfies
(3.3), and the solution is given by (3.2).

We call a sequence %, that satisfies (3.1) a reciprocal or inverseof these-
quence a, of A-type.

For \,=mn, (3.1) and (3.2) reduce to the inversion formulae of Mébius:
aQ = 1, U= 1,

D 4,8,=0, m>1 or (X an*)(> 4 =
x(t) = D uny(nt).

4. The inverse of certain sequences. We now assume that the sequences
an, \n are completely multiplicative, that is, a1 =1, My =1,

(4'1) QnGy = Gy, Ado = Anoy nv=123---.

(3.7)

A multiplicative sequence a, is uniquely determined by prescribing the
subsequence a,, p - any prime, arbitrarily. For if mn=pp3 - -
then a,=aglaf - - - . Furthermore if ), |a.| < », then g,a=a3—0 as a— e,
hence |a,| <1, and Ia,.l <1, n>1. Moreover

II 1 HZI%I 2| el

l—l
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hence Y |aa| < « if and only if |a,| <1 andif J_|a,| < .
If (4.1) holds then formula (2.5) becomes

“.2) bo = — @p + Ce(m)a, — - - - = a,.i (— 1)*Cy(n)

kaal

where Ci(n) is the number of factorizations of #,
n=v v, artat - =k

into & not necessarily different factors greater than 1, the order of different
factors being essential. (For example, 12=22.3=3-22=2.3-2 are the dif-
ferent factorizations of 12.) The inverse is now indcpendent of the sequence
An. The series Y_x(—1)*Ci(n) is actually finite as Ci(n) =0 for k>n. D _:Ci(n)
= F(n) is the number of factorizations of # into factors greater than one,
order being essential. It is clear that

(4.3) iCk(n)n" = (¢(s) — 1)¥, Rs> 1, k=123,

n=2

and, putting F(1) =1,

iF(u)n—' @) £ = Zn-

From (4.3)
L] 0 ® 1 _
2 (1) Culmn= = 2 (1 —(())* = 1=
b=t n=2 1 §(s)
or
0 -] 1 ©
E(E(— 1) Ck(”))" ¢ = g_(—s) - 1= ;N(n)n *
hence
?(— 1)*Ci(n) = p(n),
and

by = p(n)an.

u(n) is the Mébius’ function: u(n) =0, if n contains a quadratic factor,
u(n)=(—1)* if n is the product of k different primes.

The system (3.1) now reduces to (3.7), which has the unique solution
%n=pu(n)an=>b,. This is seen from the formal identities
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Z::'a..n-' c A=), I = ap) = 3 u(n)awn—.

Note. If the sequence a, is multiplicativeand if 3| a.| < «, then evidently

4.9 (élm - 5l < =

If in addition > g |a,.| <1, then X o, (2°5 Ia,.l)"= ZF(u)Ia.I is conver-
gent,
Ca(n) is closely related to d(n), the number of divisors of n; we have

2 dmn— = (),

1
which yields, in view of (4.3) with k=2, C:(n) = d(n) — 2. It follows that
2.d(n)|a.| < ©. We shall show that moreover

4.5) > dn) | an| < .
We employ the formula

£0s) = £25) X e = 3, can,

say; clearly
cn = d¥(n).
Furthermore
2o et = (8(s) = D440 = D - - -,
from which it follows easily that
d*(n) < cn < 15Ci(n).
Now (4.4) with k=4 yields (4.5).
The conditions of Theorem 2 now become (as #,=pu(n)a.)

2| aasyadat) | = 2| 8(0)ney(hnsd) |

(4.6)

8lm

= i(Zln(a) I)l am¥Am) | < o,
Mme=1 1

and

4.7 2| aatsoxaot) | = }:( > | u@) |)| amt(Anf) | < .

m Silm

We have thus the following theorem:
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THEOREM 3. If (4.1) holds, then the sequence a. has a unique reciprocal
to=u(n)a,. Moreover if (4.6) holds, then

(4.8) 2(8) = X u(n)any(\at)

1
s a solution of (1.2). There is at most one solution satisfying (4.7); if it exists,
it is given by (4.8).

It follows from the second part of the theorem, that the only solution of
the homogeneous equation Y a.x(\.f) =0 which satisfies (4.7) is #(f) =0. For
an application see §6.

If in particular Z|a,.| < o and if y(¢) is bounded, then (4.6) holds (see
the Note) hence (4.8) is the unique solution of (1.2) which satisfies (4.7).

5. Application to approximation and closure. Given a sequence of func-
tions ¢4(f), n =1, tEE, we call the totality of functions which can be approxi-
mated uniformly by linear aggregates )} c.¢,(f) in E, the span of the se-
guence {¢a(t)}, and denote it by M(¢,). It is also called the closed linear
manifold determined by the sequence ¢,(¢).

Consider now the sequences x(A.f) =x,, and y(A.t) =ya; we shall prove:

THEOREM 4. If the assumptions of Theorem 1 or Theorem 3 with uniform
convergence are satisfied, then the sequences x(Aat), YAut), n=1, 2, - - - | define
the same span.

(a) Itis easy to see that any function f(¢) that can be approximated uni-
formly by the sequence y(\.t), that is, f(£) € M(y,.), also belongs to M(x,).
For let ¢>0 be given, and

f® - icky(kkt) <e¢ LEE, cr = cx(n,€), n=nle;
1

then from (1.2)

lf(t) - E Z 2, x(AAit) | < e
kel ymal
Furthermore, % being fixed,
DI a.,x(k.,)\kt)l <e for m > mo(e).
Fosmal v=m

Thus f(¢) is approximated uniformly by linear aggregates of the functions
x(\t). Hence M(y.)C M(x,).

(b) The converse follows from the existence of an inverse of the form
(2.2).

Example 1. Let
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y(t) = > (20 — 1)~2(1 — cos (20 — 1)xi),

1
then
y(@) = (x2/4)|¢| for —1 5t 51,
and the funtional equations y(—¢) =y(t) =y(¢+2) define y(¢) for all real ¢;
t=1/2yields

L 2

(20— 1)t =,
1 8
hence

0 2
2(29—1)—2=%—1<1.
2

Theorem 4 applies with x(¢) =1 —cos ¢, azo—1= (20 —1)"2, a2, =0. Now M(x,)
is the totality of all continuous functions in the interval (0, 1), vanishing at
t=0. Hence the same is true of M(y,); here x,=x(nt), y,=y(nt).

Example 2. Consider |sin t| =2/7—(4/7) X.r cos 2vt/(4v2—1), hence

1 — cos ot

492 — 1
Put x(t)=1—cos 2¢, a,=3(4v?—1)"'; then Y sa,=3/2—1=1/2<1; again
Theorem 4 applies. Now M(x,) is the totality of all continuous functions in

(0, w/2), vanishing at £=0. The same is true for the sequence y, = | sin ntl .
We have thus proved the theorem:

S (r—1)1=—, —|sint| =31
1 2 4 1

THEOREM 5. Either of the sequences ¢(nt) and |sin (wnt/ 2)| is a base of all
continuous even functions in (—1, +1), vanishing at t=0. Here ¢(t) = ]tl
=¢(t+2), —1st=1.

A more general case is furnished by ¢(f) = X 1a,(1 —cos vf), where a, =1
and Z;|a,.| <1, or a,a, =@, and Z|a,.| <o,

We are now in a position to discuss a question which arose in a con-
versation with R. P. Boas, Jr. Let >0 and

y() = (sin §)= for0 =t =,
y(=8) = — 3@ = y2x — ).

y(t) has a Fourier sine-series (if only a> —1)
o 2 r « «
(5.1) y(t) ~ Y a, sin nt, ap = — f (sin ¢) sinntdt = o,
1 ™ 0

The question is: for what values of >0 does the sequence y(nt), n=1, 2,
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3, - - -, span the same space as the sequence {sin rt} in C(0,7)?
We shall prove:

THEOREM. 6. Let a>1/3; y())=(sin £ for O0St=m; y(—t)=—y()
=y(2w —t). The span of the sequence { y(nt)} is identical with the span of the
sequence {sin nt} in C(0, 7).

On putting a¢=0, we have from (5.1) for a> —1, n=1,

z (@nir + an1) = f 1r(sin t)e{sin (n + 1)t + sin (n — 1)t}ds
2 0

(5.2) = 2 f (sin ¢)= sin nt cos tdt
[]

and

2f'(sin t)etl cos ntdt = f'(sin H)a{sin (n + 1)t — sin (n — 1)¢}as
.3 °° °

™
=7 (Gn1 — Gn1).

Thus

(a + 1)(an+l + au—l) = ”(an—l - an+l);
or

n+t+a+ D= m—a— 1an, n=l,a>—1.

In particular

v =0, 9-——0,1,2,“‘,
(5.4 204+ a + l)aw,l (29 — a — Dag,, v=1,
20— a—1
5.5 il = = O(n—1—« as n— oo,
( ) d2n41 01}1 W+ at 1 ( )

It follows that Z| az,.+1| < o for >0, and 0 <@gn41 <a2q1 for —1 <a<1.
For n=1: a;=(2/m) [ (sin £)=+'d¢t>0. From (5.4)

2v 4+ a + a1 = (29 4 a — 1)as,—1 — 226241,

hence

(2” + a+ l)ag,..,.; = (a + 1)01 - 2(12 A2v—1, ZaZ A2y-1 = (a + 1)01
1 1
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(from (5.5)). Let first 1/3 <a<1; then az,—1>0, n>0, and

0
E Q291 =
2

hence Theorem 4 applies.
Next let 1 <a=3; then a2,41=0 for >0, and

1—«a

a; < ay,
aQ

kel had a—1
(5.6) >l area] = — X azer = a < 61
2 2
Finally for >3 from (5.5)
(a—2) (a—2) vy 20— a+1
Qopp1 = @ —_—
o III Wta—1
and
025.1)1 _ 1—-a G;:-'_-:)

W@ (nta—1@n+atl) o=

223

Thus (5.6) holds for all >1/3, and our theorem follows from Theorem 4.

This proves Theorem 6.
We next consider the function

¢(t) = (sin #)=, 0st=ma>0,

$(—2) = o)) = ¢(2r — ).

¢(t) has a Fourier cosine-series
1 d 2 rr
5.7 o@) ~ 5 a + > an €OS nt, o =— f (sin £)= cos ntdt,
1 wJo

hence, from (5.2) and (5.3),

* a + 1 (a—1) (a—1) 1 (a—1) (a—1)
(5'8) Ay = — (an+l + Ap—1 ) = (an+l — Gp-1 );
2n 2
in particular a¥ =2, a%_,=0,9=1,2,3, - - - . From (5.5)
I e 2a Jo
2n-1 — Q2p41l = 2n—1
" T et
hence
* 24 (a—1) —l—a
An = — Ap—1 = O(n )
" 2n + « " ( ’

and
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| am| < w.
Let first 0 <a<2; then
a:,.<0, ”=172'3"";
from (5.7) and (5.8)
» (a—1) a*
* 1 0
;az., = 2 = 2 )
hence
o) = — X az.(1 — cos 2uf).
1
From (5.9)
a*—— « a(a—l)__ « a*
2 2 + o 1 2 + « 0y
hence if 2/3<a <2,
*
had hd a 2—a
Slag| ==Y ot =—+as = las| <|az].
2 2 2 2a
Finally, for a2 2, from (5.9),
a:, 24 a | a(z::i)
at T2 +a gl

and the inequality Z{|a§,| < laz*l follows from (5.6). Application of Theo-
rem 4 yields the theorem:

THFOREM 6'. Let >2/3,
#(#) = (sin 97, 0st=<mn,
(= 1) = ¢() = ¢(t + 2).
The span of the sequence ¢p(nt), n=1, in C(—m/2, 7/2) is the totality of all even
Junctions vanishing for t=0.

For a=1 this reduces to example 2.

6. Application to completeness in L,. We denote the class of L-integrable
functions ¢(¢) with integrable l¢(t)|' in the interval (a, b) by L.(a, b); we as-
sume r=1. The class of essentially bounded and measurable functions is
denoted by L,. Clearly L,CL, for r>g; let v'=r/(r—1), and #'= » for
r=1; r and ' are called conjugate numbers; we have 1/741/r'=1.
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A sequence of functions ¢.(f) EL.(a, b), n=1, is called complete in this
space if the only function g(f) €L, which is orthogonal to all ¢.(¢), that is, for
which

(6°1) fb¢n(t)g(t)dt = 0’ n=1, 2) 3’ R }

is g(#)~0. Here g(#) is the conjugate complex to g(t); g(t)~0 means g(t) =0
almost everywhere.

The sequence ¢,.(t) EL.(a, b) is called closed in this space if to any func-
tion yY(t) €L,(a, b) there exists a sequence of linear aggregates

ln(t) = Z cv.nd’v(t)
1
convergent in L, to y(¢), that is,

b
f Igb(t) — L@ l'dt——)O asn— o,

Here 1 =7 < o,

It is known that completeness and closure in L,, 1 £7 < «, are equivalent;
one implies the other.

Note that completeness in L, implies completeness in L, for any ¢<r< .
Furthermore with ¢, the sequence c¢a, ¢ a constant, is a complete system.

Consider now the equation (1.2), so that

(6.2) y(k.,t) = Z a"x(x"x,t), v = l, 2’ 3’ PP ;
. n=1

we assume x(¢), y({)EL,(a, b), g(t) EL,.. Then, if termwise integration is
permitted

(6.3) f by()\vt)g(t)dt = i Ay bx()\,.)\.,t)g(t)dt.

If we write

b b
[ stungan = s, [ saran = n
(6.3) becomes

"(u) = Z aﬂs(xﬂu)r u = xlv x?y xa, ct

ne=l

This is again an equation of the type (1.2), where now Ay, e, - - - is the set E
for the variable u. As before the sequence \, is subject to the assumption
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that the product of any two N,, A, is a\n. It is now clear that the sequence of
functions y(\.t) is complete in L.(a, b), if (1) the only solution of the homo-
genous equations

(6'4) Z a,.f()\,‘u) = 0) u = x1| )\2; )\8; )
1
is

b
(6.5) £\, = 0, thatis, f x(\2)g(®)dt = 0, n=12.-.,
and if (2) (6.5) implies g(¢)~0. The second condition states that the sequence
x(\nt) is complete in L,(a, b).

Summarizing we have the following theorem:

"THEOREM 7. Assume that the sequence x(\nt) is complete in L.(a, b), that
y(t) EL.(a, b), that (6.2) can be integrated termwise, and that (6.4) implies
(6.5); then the sequence y(Nat) is complete in L.(a, b).

Here 1 <7< .

Note. The series >_a.x(\.t) need not be convergent; it may be an orthog-
onal development of a function y(f) EL,, or associated with such a function
by some summability method.

To be more specific, choose N, =#; let x(f), — » <¢< 0, be a bounded
function. Assume that x(nt), n=1, 2, 3, - - -, is a complete orthogonal sys-
tem for the interval (g, b). Let 2=<r< o, y(f) EL,(a, b). Consider its Fourier
development

(6.6) y(t) ~ z‘:: a,.x(nt).

We assume that the sequence {a.} is completely multiplicative, and that
Zlanl"< o, r'=r/(r—1). Let

b
E(n) = f x(nt)g(t)dt, ¢ € L,.

From F. Riesz’ generalization of the Young-Hausdorff inequality (see, for
example, [6, p. 122], [1, pp. 190-202]),

(6.7) el < #( [ L) ras)

k a constant. From (6.6)

y(vt) ~ Z a,x(nvt), v=1,23-.--,
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and

[ 56020 =10 = T anktom:

the series is absolutely convergent, and termwise integration is justified. We
shall employ Theorem 3, where now x(¢) is replaced by &(v); to the condition
(4.7) corresponds

(6.8) 2(§M@W%wM=%<w.

n

But Eu,,lu(B)[ =d(n), and a, being multiplicative, Ia,.l" is multiplicative.
It now follows in analogy to (4.5) that

(6.9) | aa|"d?(n) < .

On the other hand, if we use Holder’s inequality,

0y S ( Z”:I £(on) |')”r( Z":I an l"d"(n))wz

here ' <2, hence, from (6.7) and (6.9) it follows that ¢,< «. If we assume
now 75(v) =0, v=1, 2, - - -, Theorem 3 yields £(n) =0,n=1, 2, - - - ; but the
sequence x(nt) is complete, hence g(t)~0. Summarizing we have proved:

THEOREM 8. Let x(t) be bounded, — o <t< o, x(nt), n=1, 2, - - -, an
orthogonal sequence in (a, b), complete in L.(a, b), r=2. If v(¢t)EL,, if its
Fourier coefficients a, satisfy (4.1), and EI a,.l *" < o, then the sequence y(nt),
n=1,2, .., 14s complete in L.(a, b).

7. Application to special cases.
1. Let x(¢) = —sin 2wt, then the sequence x(nt), n=1, is orthogonal and
complete in L,(0, 1/2) for all »>1. Let

x(vt)

)
v

sin 2ot

so that @, =v™!, @@, =an,. It is known that y(t) =w(t— [t]—1/2) for >0, not
an integer. Now y(¢) EL, for all r>1, Zv"' < » for all #’>1; application of
Theorem 8 yields:

v

(1.1) ) = = 3

THEOREM 9. The sequence nt— [nt]—1/2 is complete in L,(0, 1/2) for all
r>1 ().

The functions sin =, sin 3¢, - - -, being orthogonal to the sequence x(nt)
in (0, 1), are also orthogonal to the sequence y(nf); we note that N. P. Roma-

(%) For r=2 see Wintner [10].
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noff [7] states that the system 1, y(nt), u(nt), where u(t) =t2—t+1/6,0 <t <1,
and of period 1, is complete in Ly(0, 1).

Utilizing the uniform convergence of (7.2), it is seen that the span of the
sequence sin 2nwt in C(0, 1) is included in the span of the sequence y(nt).
Furthermore

() = Y v~? cos 2und, 0st=1,
1
hence, by Theorem 3,
cos 2nt = % ), u(v)v2u(vt),
1

and the series is evidently uniformly convergent. It follows that the span of
the sequence cos 2nwt, n 21, is identical with the span of the sequence u(nt)
in C(0, 1). This yields Romanoff’s result not only for L, but for C(0, 1). For
L.(0, 1), r>1, the corresponding proof is elementary.

2. Let x(¢) =(4/m) sin wt; the sequence x(nt) is orthogonal and complete
in L,(0, 1) for all r; let

sin (20 — )=t
S ——

®=2
T = 20— 1

>
1
so that a,=0 if # even, a,=1/n if » odd. We have again ¢.a, =a,,. Further-

more y(t) =sgn sin mEL, for all »>1, Z(Zv—l)"’< o for all »’>1. From
‘Theorem 8 it now follows:

THEOREM 10. The sequence sgn sin nwt, n=1, 2, - - -, is complete in
L,(0, 1) for all r>1.

The sequence y(2°%), v=0, 1, 2, - - -, is the well known Rademacher set,
which is orthogonal, but incomplete in Ly(0, 1).

2. Let x(¢) =cos 2wt; the sequence 1, x(nt) is complete and orthogonal in
L.(0,1/2), r>1. Consider

0 L
y(t) = D v lx(vt) = D vl cos 2urt = — log | 2 sin 1rt|.
1 1

We now get:

THEOREM 10’. The sequence 1, log |2 sin n1rt| is complete in L. (0, 1/2) for
all r>1.

A generalization of (7.1) is
*  sin 2owt

yt) ~ 2

1 e

’ 1/2<a< 1.
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We have D _rv—=" < for ar’>1, or r<1/(1—a); hence, by the Young-
Hausdorff inequalities (see [11, p. 190]) y(t) EL, for r<1/(1—a), and by
Theorem 8 the sequence {y(nt)} is complete in L,(0, 1/2) for r<1/(1—a). A
similar result holds for the corresponding cosine series. For r =2 see Wintner
[10].

P. Erdés called my attention to two interesting papers by H. Davenport
[3]. It is proved in the second paper that the series

u(n) _ sin 2x¢

(7.2) - {nt} = )

where
{t} =¢—[1] =172 if £ 5 [¢),
{t} =0 if £ = [t],

is uniformly convergent. Hence any function belonging to the span of the
sequence sin 2nwt in C(0, 1/2) also belongs to the span of the sequence {nt}
n=1,2,3, - - . Thus we have the theorem:

THEOREM 11. Any function continuous in the closed interval [0, 1/2], and
vanishing ot the end poinis, can be approximated uniformly by linear aggregates
of the functions {nt} .

It should be noted that Davenport, in proving the uniform convergence
of the series (7.2), uses a method based on Vinogradov’s recent work on the
theory of primes. This is only natural when we observe that the uniform
convergence of (7.2) implies the prime number theorem. In fact, if we write

o u(v) fot)

sa(t) = 2, — n=1,2,3---,
1 ?

it follows from uniform convergence that s,(n=2)—0, or n~%) tu(v)

—271) % u(v)—0 as n—> 0. Hence Y rw—'u(v)—0, and this is known to be
equivalent to the prime number theorem.

We discuss here the limiting case 5 |a@s| =1 of Theorem 7 for the special

case of sine or cosine series and for completeness in L.
Let g(t) €Ly; then

f y()g(t)dt = D an | sin vntg(t)dt.
0 ne=1 0 ‘

If

f Yohz()dt = 0 foro=1,2,3 -
[1]
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then

(7.3) Eancvn'—‘oy v=123-.--,
n==1

where

Cx =f sin kig(t)dt — 0 as k— .
0

Assume that not all ¢; are equal to 0; let max,ax | ¢n] =71, then 4, | 0, hence
there is a k so that x>, for vy>k. For such a k we have

lck|>|c.,|, forv > k;

now from (7.3)

0

€k = — D GnCin,

n=2

hence
FARSEADNEAEITAR

2
which is a contradiction; thus ¢, =0 for n=1, 2, 3, - - - . We have proved the
theorem:

THEOREM 12, If

L]

0
y() =sint+ D ausinnt, D |an| S 1,
2 2

then the sequence { y(nt)} is complete in L, (0, ).

A similar result holds for cosine series. In particular the sequence of
Theorem 6 is complete in L. (0, 7) for a=1/3, and the sequence of Theorem 6’
is complete in L. (0, 7/2) for a=2/3.

8. Closure and completeness in C(0, 1). We say that a sequence ¢.(t), n
=1, 2, - - ., of continuous functions is closed in C(0, 1), or a base for the
interval (0, 1), if any function, continuous in the closed interval (0, 1), can be
approximated uniformly in (0, 1) by linear aggregates of the functions ¢,(¢).
The sequence is called complete in C(0, 1) if for any function ¥(¢) of bounded
variation the infinitely many equations

, 1
8.1 j; S.(D)dY(t) = 0, n=123---,

imply ¢¥(t) =¢(1) =¢/(0), except at an enumerable set of points ¢. Here &, is
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the conjugate complex of ¢(¢). It is known that closure and completeness in
C(0, 1) are equivalent (see, for example [1, p. 73]). Let

(8.2) fa®) = 6(Dea(9),

where ¢(¢) is continuous in the closed interval (0, 1). Assume that the se-
quence { ¢,.(t)} is closed in C(0, 1); we shall investigate the closure properties
of the sequence (8.2).

Normalizing () by ¥(0) =0, ¥(t) = {¢(t—0)+¢(t+0)} /2 for 0<t<1,
the condition of closure is that (8.1) sheuld imply ¢(¢) =0 for 0 <t <1.

We first give three lemmas.

LEMMA 1. Let f(x), ¢(x) be continuous, Y(x) of bounded variation in [0,1];
let

8.3) n(x) = f (1) ).
Then
8.4) f F(2)o(2)d() = f F()dn(z).

Cf. D. V. Widder, The Laplace transform, Princeton, 1946; in particular
Theorem 6b, p. 12.

LeEMMA 2. If Y(t) is normalized, then y(t) is normaiized.
See Widder, Theorem 8b, p. 14.

LEMMA 3. Assume that ¢(t) #0 and has a continuous derivative for 0 <t <1,
that ¢ (t) is continuous in [0, 1], and that $(0) #~¢(1). Let Y(t) be normalized; if

7(x) = fsz(t)d'p(t) =0 for0=x =1,
and if Y(0) =y (1) =0, then Y(t) =0 for 0<t=<1.
We have
2(x) = 6w — [ visw
0
= p()(a) — f “W)e (B)dt = 0,
or

8.5) S(@¥(®) = f “ve O d, 0=r=1.
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The right side is continuous in (0, 1), hence Y (x) is continuous in (0, 1) ; it now
follows that the right side is differentiable in (0, 1), hence ¥(x) is differenti-
able in (0, 1), and

o' ()Y (x) + ¢(2)¥ () = Y(x)¢'(x), 0<x<1,
or
o(x)¥'(x) = 0, 0<x<1.
It follows that
V(x) =0, 0<x<1,
or
¥(x) = ¢, a constant 0<zx<1
Now from (8.5)
$(2)¥(2) = c{a(2) — ¢(0)}, 0sxs1,

and for x =1
d(DY(1) = 0 = c{s(1) — ¢(0)};

hence ¢=0. This proves Lemma 3.

Remark. If $(0) =¢(1), while the other assumptions of Lemma 3 hold, and
if g(¢) is a continuous function for which f3 z(£)dy(f) = 0, g(0) = g(1), then
again ¢(t) =0. We have as before Y(t) =c for 0 <¢<1; hence

f., ) = o{g©) — g} =0,

and ¢=0.
Assume now that y(#) is normalized, that
1
(8.6) f () B()dy () = 0, n=1223- .-,
]
and

1
[ a0 = v — v = 0.
[)
Thus (1) =¢(0) =0. By Lemma 1, (8.6) can be written in the form
1
(8.6") f &.()dn(t) = 0, n=123: -,
0

where
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7(x) = f “ 50w 0);

by Lemma 2, n(x) is a normalized function of bounded variation. If the
sequence is complete in C(0, 1), then (8.6’) implies 7(¢f)=0. Employing
Lemma 3 and the additional remark, we now get the following theorem:

THEOREM 13. Assume that the sequence {¢,.(t)} is closed in C(0, 1), that
¢(t) %0 and has a continuous derivative in (0, 1), that ¢(t) is continuous in
[0, 1], and that $(0) %p(1). Then the sequence

lv ¢(t)¢n(t)v n = 11 2: 3) ]

is closed in C(0, 1). If $(0) =¢(1), if g(t) is continuous and g(0)s<g(1), then the
sequence

1, g(t), ¢(t)¢n(t), n=1,23,---,
is closed in C(0, 1) (4).
Special cases: Let
(8'7) ¢1(t) = lv ¢n(t) = {7n, n = 21 3’ Tty
Ry,
(8.8) Ry, >0, v, # v, > Y

1+l7v|2= %

It is known (see [8]), that under the assumptions (8.8) the sequence (8.7)
is closed in C(0, 1). Theorem 13 now yields:

THEOREM 13’. If (8.8) holds, if ¢(t) is continuous in [0, 1], ¢(t) %0, and
¢'(8) continuous in (0, 1) and if $(0)=~¢p(1) then the sequence

1» ¢(‘)v ¢(t)t’7n, n = 2v 3v )
is closed in C(0, 1),

In particular let ¢(¢) =(1—1£)%k(t), 6 =0, £(0)0; assume that k(¢) is con-
tinuous in [0, 1], and has a continuous derivative in (0, 1). If (8.8) holds,
then the sequence

1, h(t)(l - t)s’ h(t)(l - ,t)sﬂ”’ n=23- -,
is closed in C(0, 1). Thus the sequence
(8'9) 1, h(t)(l - t)l’ h(t)(l - t)&tn—a, a s 1; n = 2: 3; T

is closed in C(0, 1).
Let ¢(¢) =th(t)(log (1/(1—¢)))~1, where h(t) satisfies the conditions stated

(%) For a more general result with a different proof see a forthcoming paper by J. Korevaar
in the Duke Mathematical Journal.
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above; the sequence

1 -1
(8.10) 1, h(t)t"(log 1 I) , n=1223. .-,

is closed in C(0, 1).
Let o() =t(log (1/2))%, 6>0, thus ¢(0)=¢(1)=0; if we put g(t) =¢,
oa(t) =t*"1, m=1, 2, - - -, it follows from Theorem 13 that the sequence

1 L)
(8.11) 1, ¢, t”(log-—t—), 5>0,n=1,2---,

is closed in C(0, 1).
9. Application of the preceding results. Let

ka(t) = D nbin, 0<t<1,—-1<B=2
1

If we put t=e"%, s>0, Theorem 3 yields

0

e = 2 u(n)nPls(e™), s> 0,

1

or

t = i;p(n)n"kp(t”), 0=t
If was proved elsewhere [5, I1], that for —1 <8 <2 the series
©.1) 5 w1 = 0Pk(r) = o1 = P

converges boundedly in 0<t<1, and the partial sums are bounded by
(1 —£)p+1kg(¢) for all n; we have concluded in [5, II] that for any function
¥(t) of bounded variation

iu(n)n" f l(1 — DFHIkg(tm)dY = f lt(1 — 1)BHIgY.

J. Korevaar pointed out to me that this conclusion is incorrect, unless we use
the convergence of (9.1) in the closed interval to a continuous function. We
have mentioned however that this can be proved on using the prime number
theorem. In fact defining (1 —¢)#+ks(t) for t=1 by

lim (1 — 9)#*ks(2) = T(B + 1),

-1

we get
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.  TE+D
1‘1_13: (1 = &)f+1kg(t) = g

and, for t=1, (9.1) becomes Y_,;>#~1u(n) =0, which is equivalent to the prime
number theorem.
More generally, we shall employ:

LEMMA 4. Let a1, —1<B=<2; the series

9.2) D u(m)nfta(1 — )B+Eg(47) = pe(1 — §)p+!
1
converges boundedly to a continuous function in the closed interval 0 <t <1.
The partial sums of (9.2) are bounded by
31 — P ks() < 6711 — )P ks() = Qs(0),

say. It was shown [5, II, Lemma 5.1] that for 31, 0<t<1, Qs(¢) is an in-
creasing function of ¢; hence

0s() = Qs(1) =T(B + 1).

Furthermore
1
i) = [ ) ke
0
hence, for 320

VWN)§N3+ﬁj”0—uw+%u=uﬁ+nr%a—0*ﬂ—IL

or
Qs(t) S TB+ Det{1 — (1 — 9}, Bz 0.
But t‘l{l—(l—t)"“} T1 as 11, hence
Q) =T(B+ 1), g =0.

Repeating this process we find easily Qs(t) <T'(8+2), 8> —1. This proves the
lemma.
It follows that the series

2 w(m)nfee(1 — £)F+ikg(1rn) = pr=a(1 — £+, 121,051,
1

converges boundedly. Assume that 4(¢) 40 and has a continuous derivative in
(0, 1); then termwise integration yields
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ip(n)nﬁ fo et — PR k() g = fo Cpme(1 — )PTRG)dY.
Assume that
j;lt“'(l — )P h(8) kg(tm)dy = 0, n=12 ...,
then
9.3) folt”‘“(l — DFHR(t)dy = 0, v=12.--.
We further assume that {/(¢) is normalized,
9.4) fo =0, fo "1 = PRy = O

and that £(0)#0. The sequence
1, (l - t)ﬂ‘Hh(I)’ to—a(l - t)p+1h(t)n v = 1» 2: )

being complete in C(0, 1) (see (8.9)), it follows that ¢(f)=0. We have thus
proved:

THEOREM 14. Assume that h(t) #0 and has a continuous derivative in (0, 1),
that h(t) is continuous in [0, 1] and that h(0)#0. Let « <1, —1 <B =2; then the
sequence

lr (1 - t)ﬂ‘Hh(t)v t-—a(l - t)ﬁ+lh(t)kﬂ(tn)1 n = 1: 2: R

is complete in C(0, 1).

For h(t) =(1—1)*, p=0, a=0 (see [5, I, I1]); there the second term was
omitted by an oversight. For p>0 this is clearly not permissible as then all
linear combinations in the sequence take on equal values at 0 and 1. This was

pointed out to me by J. Korevaar.
For a=1 the second of the conditions (9.4) is included in (9.3). We thus

get the following theorem.

THEOREM 14*. If B and k() satisfy the conditions of Theorem 14, then the
sequence

1, t——l(l - t)ﬂ+lh(t)kﬁ(tn)' n = 1: 2; 3: )

is complefe in C(0, 1).

In particular (8=0 and B=1) each of the sequences 1,((1—#)"*/(1—¢"))
“h(); 1, (A—=8)%»1/(1—t")?)h(t), n21, is complete in C(0, 1).
While in [5] complex function theory was employed, the proof given here
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presents a simplification. However, the complex method permits some gen-
eralizations. If we put

log 1/0\f+!
h(t)=t“(g /T 0<asi,
1—1¢
(9.3) becomes
1 1 s+1
f t'(log 7) dy(®) =0, =123,:
0

Now %(0) =0; assume that
ay(t) = 0, tdy(t) = 0.

The sequence
1, ¢, t°(log (1/8))8+1, v=1,223---,
is complete in C(0, 1) (see (8.11)); this yields:
THEOREM 14’. Let —1<B=<2; the sequence
1, ¢, (log (1/8))F+ ks(t™), n=123"---,

is complete in C(0, 1).
Putting 8=0 or =1, and t=¢"*, we get the corollary. Each of the se-
quences
s-
)
e — 1
s2

(eno —_— 1)2 !

1,8—‘, ”=1v21,3,"'l

1)8-‘v ”=1v2v3"".1

is complete in C(0, «).
The extremal case 8= —1 of Theorem 14 deserves separate treatment.
Now

0=:<1,

d 1
3wl = log
1 1

’
and Thecrem 3 yields

hed 1
1 n 1 -1

We have
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u(v 1 n—1 1 — to+l
sa(t) = Z ﬁ log 7= Z B*(v) 10g — u¥(n) log (1 — ),
where
()
p*(m) = 2, —> | u*(n)| =1
1 v
furthermore
1 — to+l
log >0, 0<t<1,
1 -
hence
| sa(t)| < — log (1 — ), 0<:<1.
If h(t) is continuous in [0, 1], then the series
2, u(n) log (1 —¢v) th(z)
> h(t) = — ———
Tt n log(t—2) log (1 — ¢)
is boundedly convergent, and
had n) log (1 — ¢» rh(t
o) log (1 =) kO
1 n log(1—1) log (1 — %)
is boundedly convergent to a continuous function; herev=1,2, 3, - - - . Now
termwise integration yields
°° y(n) llog (1 — t"") t"h(t)
h(t)dy = — ;
o log(1-— o log (1 — t)
assume that féd¢(t) =0, and
llog (1 — ¢t7)
———— k()dy(t) = 0, =123,
) e MO .
then
fl PR ey = o, 1,23
————— - 7 = , , y ottt
o log(1—19)
If h(¢) satisfies the conditions of Thecrem 14, then the sequence
toh(t
r—'(—)" v=1»293v"'7
log (1 — )

is complete in C(0, 1) (see (8.10)), hence the result:
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TuEOREM 15. If h(t) satisfies the conditions of Theorem 14, then the se-
quence

log (1 — ¢»
1, a, e 4= n=1,23 -,
log (1 — %)
is complete in C(0, 1).
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