INTERPOLATION TO SOME CLASSES OF ANALYTIC
FUNCTIONS BY FUNCTIONS WITH
PRE-ASSIGNED POLES

BY
YU-CHENG SHEN

1. Introduction. Let f(z) be a function analytic in the (open) interior K
of the unit circle Izl =1. Then f(z) will be called a function of class(!) S,, if
there exists a real number a, a>1, such that the integral

a—1 r 2x .
f f (1 — r?)e=2| f(rew) |2rdodr
0 ]

™
is bounded for 0 <7 <1. Since >8> 1 implies

(1.1 Ma(fir) =

a—1
mﬁ(f; ’)»

«(fi7) =
Ma(f; 7) 51

class Sg is contained in class S, for every a>f. The right-hand side of (1.1),
when expanded, is a function of 72 (cf. §2). It is convenient to set p=r?,
and consider M. (f; p). This will be done in §2.

Let ani, k=1,2, - - - ,m;n=1,2, - - -, be a set of points preassigned on
K and having no limit point on K. Two sets @qx and b, will be regarded as
equivalent if they are related to each other by a transformation of the form

Z2—C

(1.2) ¢=2\ ) IN[ =1, |¢]| <1,

1—-"7¢

that is, by a transformation which maps lzl =1 conformally onto |§‘ l =<1 so-
that z=c corresponds to { =0. To each point a.: will be assigned an order as

follows: @,y is of order m; if exactly m; points in the set (Ga1, @n2, * * * , @n,k—1)

coincide with a4.

Let 6 denote the operation of differentiating m; times with respect to
the parameter @, followed by evaluation at the preassigned point a.. Let
8: denote the corresponding operation with respect to das. If m; =0, we define
81.; = 31; =1,

Now let ani, |a,.kl <1, and @, a>1, be given, and let the functions

$ar(z) = 1/(1 — Gni2)®

Presented to the Society, April 26, 1947; received by the editors October 18, 1946.

(1) These classes are among the classes treated by G. H. Hardy in connection with deriva-
tives of fractional orders. Because Hardy’s work has been inaccessible to the present writer
since the war, general properties of the functions considered here are discussed in §2.
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be defined by the infinite series

1
1+ad,.kz+a—(?r—-l-21(d,,kz)2+--.' Izlél.

Let f(z) be an arbitrary function of class S,, and let f,(z) denote the function
of the form

(1.3) f"(z) = é A,.kskqs,.k(z)

found by interpolation to f(2) at the n points @z, that is, by the requirements:
(1.4 8kfn(0,,k) = ka(a,,k), k=1,2,---,n.

Then the question arises: What conditions should be imposed on a,\ in order
that, for every function f(2) of class Sa, the corresponding sequence of functions
fn(2) converges to f(2) on K, uniformly on every closed point set interior to K?

In a previous paper(?), the present writer has obtained some results in
the particular case where a=2. The object of the present discussion is to
generalize and, in some respects, to complete, the previous results by the
following theorems:

THEOREM A. A4 sufficient condition is that the set a.i be equivalent to a set by
for which(3)

(A) lim et JT| bai |2 = 0.

n—o k=1
The condition is also necessary if the set ani is equivalent to a set bnx such that,
for each sufficiently large n, the n points bni are equally spaced on a circle
|2] =7a 0<ra<1.

THEOREM B. A necessary condition is that

n

(B) lim JT|a.| = 0.

nN—r 0 k-l
The condition is also sufficient if 1 <a =<2, and if the set ani. is equivalent to a
set by such that, for each sufficiently large n, the n points b,y all lie on a diameter
d. of the unit circle |z| =1.

Whether the restriction & <2 can be removed from the last part of Theo-
rem B is a question which the present writer hopes to be able to consider on
a later occasion.

() Yu-cheng Shen, Interpolation to certain analytic functions by rational functions, Trans.
Amer. Math. Soc. vol. 60 (1946) pp. 12-21.
(® In formulas (A) and (B), any factor which is zero should be omitted.
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As will be seen in §2, the limit class S: consists of all those functions
f(2) =2"aaz", |2| <1, for which the series 3| a,| ? converges. Interpolation to
functions of this class by rational functions of the form (1.3) with =1 has
been treated by J. L. Walsh and other authors(*). This class is excluded from
the following discussion.

For the sake of simplicity, we shall write ax for @, when 7 is fixed. Unless
the contrary is explicitly stated, it is understood that & >1 is a fixed number.

2. Functions of class S,. If f(z) =2*, n=0,1, - - -, then

Maa®; ) = (o — 1) f " (1 = p)tpndp, 0<p<t.

Since the integrand is positive, M,(z"; p) increases monotonically with p,
0<p<1. For an arbitrary function f(z) =) m, 6.2, |2| <1, we have

2.1) M(f;p) = iima(z"‘; p) l a. |2 0<p<l1.

It follows that M.(f; p) is nondeceasing as p increases. Hence if f(2) is of class
Say Ma(f; p) has a limit M.(f) as p approaches unity. M.(f) will be called the
norm of f(z) on K. The norms of z» are

(a)

Co = w’ta(l) = 1;
Pa)f(n+1) n!
T(a+ n) —a(a+1)---(a+n——l),

”=1'2,....

(a)

en = Ma(z) =

For the function f(2) to belong to class S., it is necessary and sufficient
that the series

a) 2 a) 2
2.2) ool +a” ol + - -
should converge. It is sufficient because, for 0 <p <1,
. —~ (a) 2
(l) gn“(f; P) = Cn I a,,l .
ne0

It is necessary because, for 0 <p <1, and for arbitrary N,

N
> Ma(z; p) | 20 |2 = Ma(f; 0) < M),

n=0

(%) For interpolation to functions of this class and for the relevant literature, see J. L.
Walsh, Interpolation and approximation by rational functions in the complex domain, Amer. Math.
Soc. Colloquium Publications, vol. 20, 1935. (This book has been inaccessible to the present
writer since the war.)
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and therefore

(ii) c’ta) | n I’ = mc(f)°
n=0

It follows from (i) and (ii) that, if f(z) is of class Sa, (2.2) converges to
M.(f). Moreover, since ¢ (n>0) decreases with 1/, a>f implies IM.(f)
< Ms(f), where the equality sign occurs only when f(z) is a constant.

If we put @=1in (2.2), the series becomes Y | a| 2. Hence the limit class S;
may be defined as consisting of functions f(z) for which this latter series con-
verges or, what amounts to the same thing, the integral

1 2
2.3) wpie) == [ | steet) 2, o=,
21!' 0
is bounded for 0 <p <1. This is the well known class Ls, and will be excluded

from the following discussion.
From the relation

A—a S’ |zl <1, |¢] =1,
=

it can be verified that the integral representation

a—1 1 —| t|)2()
” o= ff i <
2.4) @ 1r le1<t (1 — zb)= <]

is valid for any function f(z) of class S,, or, more generally, for any function
f(2) analytic on K, and such that (1— |z| 2)a—2f(z) is integrable on K.
We conclude the preliminary discussion by a couple of lemmas.

LEMMA. 1. For any function f(2) of class S, which does not vanish identically,
the inequality

Ma(f) ’
1 —p)

is valid (where u(f; p) has the same meaning as in (2.3)).

up) = u(f; p) < 0<p<1,

For arbitrary p and p’/, 0<p<p’=1, set
"I
2.9) M) = = 1) [T = el
'

Since f(2) $#0 implies M (p, 1) <M. (f), it is sufficient to prove
M(P’ 1)

(2.6) u(p) ém’

0<p<1.
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Subject (2.5) to the real transformation x=1-—(1—p)*!, p=1
— (1 —x)Y@=1 (which reduces to an identity if a=2). As p increases from 0
to 1, x does also. Thus (2.5) becomes

M*(x, #) = f Y (s,

where x, x’, M*(x, x’) and p*(x) correspond to p, p’, M(p, p’) and u(p) respec-
tively. By the mean value theorem (which is applicable since u*(x) is a con-
tinuous function in 0 £x<1), and by the monotonic property of u*(x), we
have

M*(x, ') = (& — 2)u*(@’) = (& — 2)u*(x), < & < <1,
whence
. M*(x, ')
W) < o E)
2 —x

Since, for fixed x, this is true for arbitrary x’, x <x’ <1, we may allow x’ to
approach unity:
M*(x, 1)

w¥(x) =
1—=x
When this is transformed back to p, (2.6) results. The lemma is thus proved.

LEMMA 2. Let f(z) be a function of class Sa, a>1, which does not vanish at
2=0, but does vanish at a,, @z, - - - ,an, where 0<|a,| < |as| < - - - =]aa] <1.

Then
ol < (1+22)(

The proof is based on a method which is due to Montel(%). Let , 0 <r <1,
be so chosen that the first 2 (0 <k <n) points a,, as, - - - , @ are interior to
the circle |z| =7. Set

n a—1
) | aas - - - an |"a()
a—1

— a3

2.7 #(z) = f(2) H

=1 (Z - a,)
Then ¢(z) is analytic for Izl <1, and |¢(z)| = If(z)l on Izl =r. Hence
1 27
) | < - fo | $(rei) |20 = u(f; o), =1

(8) Paul Montel, Le¢ons sur les familles normales de fonctions analytiques et leurs applica-
tions, Paris, 1927, p. 185.
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It follows from (2.7) and Lemma 1 that

Ma(f)
—— S ramr=1
Wz T MOl < S
that is,
lalaz. .. aklz
0) 2 < ——— M(f).
| 70| 1= e el
Since p<|a:|? for i=k+1, k+2, - - -, n, we have
aas ¢+ ¢+ Gy 2
(2.8) o <L el g

p™(1 — p)=?

An inspection of the above argument reveals that (2.8) is valid for every p,
0<p<1;itis independent of the special manner in which » has been chosen.
Hence (2.8) holds also at any point p, at which the function p*(1 —p)=—! at-
tains its maximum in the interval 0 <p <1. The existence of p, follows from
Rolle’s Theorem, and its value is found to be unique and equal to n/(n+4a—1).
When this value is substituted in the right-hand side of (2.8), the result is
the inequality asserted by Lemma 2. The proof is complete.

3. The remainder f(z) —f.(2). In the case where the 7 points a1, as, - - - , G
are distinct, the determinant A, of the system of equations (1.4) is equal to
1
(3'1) DnEDn(al; azv"',an;dlr dz,“‘,(iﬁ)= - _ < |-
(1 - a.‘d,')"

Since, by (2.4),

a—1 1 —|¢]p)e=2 B 1
i ffm<1 (1 = a)*(1 — at)e = 1- dsdi)“’

it follows that A, is the Gramian determinant(®) for the » linearly independent
functions

(e — D)V2(1 — | 2[2)(a—2)/2

1r”2(l — d;z) @

’ i=l,2,~-,n.

Hence A,>0, and the function f,(z) is uniquely determined for each n. The
remainder f(2) —fa(2) = R,.(2) is given by

3.2) Ru(2) =

<1(1 — | [ (t)rala; DS, || <1,

where

() See Gerhard Kowalewski, Einfithrung in die determinantentheorie, 2d ed., Berlin and
Leipzig, p. 224.
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Anya(z; )
(3.3) D) ==

An+l(z; i) = D’H-l(al’ A2y * **, Ay, 2, a-lr d?v Tty a-nv t-)'

The verification is immediate; the right-hand side of (3.2) is f(z) minus a
function of the form (1.3) and vanishes at z=a,, a3, - - - , @ In a similar
manner, it can be verified that, even if the »# points a4, a3, - - -, a4 are not
distinct, (3.2) is still true, provided that A, is interpreted as implying

Ay = 8p0p_1 " 01050n1 - - - ‘len(al; @3y vy Q3 31,8z, ¢ -, dﬂ)

and A,1(z; ?) is interpreted in a similar manner.

On comparing (3.2) with a well known formula in the theory of orthogonal
functions(”), we see that f,(2) is also the unique function of the form (1.3) for
which the norm M,(f —fa) on K is least. Thus our problem of interpolation
to f(z) by fa(2) is equivalent to one of approximation to f(z) by fa(2) in the
sense of least squares—measured by surface integrals on K with respect to
the weight function (a—1)71(1— |z| 2)a—2,

In particular, if f(z) = (1 —§z), where ¢, li‘ | <1, is a parameter, the corre-
sponding R,(z) is precisely 7.(z; ). Hence r,(2; ) is the unique function of the
form

(3.4 S A
1="52)  :o 1 — du2)®

whose norm on K is least. This norm is given by

(3.5) Ma(ra(z; §)) = 1a(83 D),

as can be verified by multiplying #~'(a—1)(1— Izl_z)"“’r,.(z; §) by the con-

jugate of (3.4) and integrating. Furthermore, 7,({; ¢) =1 — | ¢ I 2)—a,
Now, applying Schwarz’s inequality to (3.2) and using (3.5), we have

Ma(f)
(1 — |3]»=
Thus the study of R,(2) is reduced to a study of 7,(z; 2).
4, The invariant form of ,(z; f). The determinant D, in (3.1) is analytic

in the 27 independent variables a;, @; in the region R: |a:| <1, |ai <1,
i=1,2, - - -, n. As a function in @, it vanishes at a;=a,, a3, - - - , a,. Hence

(3.6) | Ra(@) |2 £ Ma(f) -7a(s;2) = |z] < 1.

n
D,. = Fl' H (01 - a;),
-2
where F, is analytic in R. Continuing the process, we arrive at

(") Gerhard Kowalewski, ibid. pp. 227-229.
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D, = F3,+P,P,, P, =[] (a: — a),
i<i
where Fa—3is analytic in R. From this we deduce
An = Fans| 80801+ - - 51P, 2,
and similarly

Lid Z2 — a; t— a;
An+l(z; t-) = (Pﬁn(z; t-) I 61;5»-1 c 8l-Pul2 H )( - )-

=1 \1 — a2 1—ag

Thus r,(z; £) can be written in the form

(41) 'n(z; t.) = Au(z; t')B,.(z)B,.(t),
where
A = 22D gy ST T
2n—2 -1 1 —adaz

Since the symbol § does not appear in the right-hand side of (4.1), this formula
has the advantage that it is not affected by the coincidence of some or all of
the 7 points a;. Another advantage of (4.1) is its invariant property under
(1.2), which can be conveniently stated as follows:

LEMMA 3. If the n+2 points ay, @z, - - -+, Gn, 2, t on K are transformed by
(1. 2) into by, bs, - - - , b, &, T, then
4.2) (1 —zD)or,(a,2;8,8) =1 — Dora(d, 835, 7

(where we have introduced new notation for ra(z; t) to indicate to which set of
points it corresponds).

This can be verified as follows. In the first place, B,(z) is invariant under
(1.2). Secondly, when the a’s are distinct, and the a’s and the b’s are differ-
ent from zero, the invariance of (1—zf)or,(z; #) follows from (3.3) and the
relation

1- | c|?

1 - b.’b,‘ = (1 — aia;).
(1 — éa))(1 — cay)

Hence, when the a’s and the b’s are restricted as above, the function
(1 —aD)ora(z; ) (1 —3d)*Bu(z; 9)
B,(2)B.() - Fap s
is invariant under (1.2). Since the forms of Fa,_s and $,,(z;#) are not affected
by the removal of the above restriction, the invariance of (1 —z8)*4 ,(z; ) sub-

sists in the general case. This can be justified by a limit process. Lemma 3
is thus verified.

1 — 2))*du(z; 8) =
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LeEMMA 4. For any n+1 fixed points a1, as, - - -, an and t on K, the corre-
sponding function Aa(z; 1) satisfies the inequality:

A D) < M:_l u ( ae )a—l o4

R I PP «a—1) a7

In virtue of the invariant property of (1— |z| 224 ,(2; %), it is sufficient
to consider the case ¢=0. If the a’s are different from zero, then, by applying
Lemma 2 to the function ¢(z) =A4.(z; 0)B,(2), and by observing that

Ma(¢) = 4.(0;0),

a__l n n a—1
4,(0; 0) <(1+———> (1+ )
n a—1

The case where some of the a’s are zero can be readily disposed of by limit
process. In each case, we have

ae a—1
A.(0;0) < ( ) nel,
a—1

we have

because =1 implies

a— 1\" n an
(l+ < e* 1, 1+ =<

n a—1 a—1

The proof is complete.

5. Proof of the first part of Theorem A. We are now in a position to prove
the first part of Theorem A. Let f(z) be an arbitrary function of class S,,
and R.(z) the corresponding remainder. Then, by (3.6)

DMa(f)
(1 — r?)e

It follows that the functions R,(z) form a normal family on K. From every
subsequence of R.(z) can be extracted a subsequence R,,(z) which converges
to an analytic function R(z) on K, uniformly on any closed point set on K.
To prove the first part of Theorem A, it is sufficient to prove that, under con-
dition (A), every such limit function R(z2) is identically zero. For simplicity,
we shall take R,(2) for R,(z).

Let b.x be the set of points which satisfies condition (A) and into which
the set @, is transformed by (1.2). Let R*({) and R.*({) be the transforms
of R(z) and R.(2) respectively. By (3.6), we have

| Ra(2) |2 < Ma(f)7a(a, 2; 4, 3),

where we have changed the notation to that in Lemma 3. But, by Lemma 3

| Ra(2) |2 = , |s] =r<1.
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and Lemma 4,

1_ 2\ a
rn(a,z;d,2)=(%) f,.(b,f;B,?)
< M ne1| B,(0) |2, el <1,
(1—|z[»e
and, by (1.2),
1 [N+ 14+]¢| 1
= < ’ ¢l < 1.
e G eha=Teh Si=l =
Therefore
1+ c]\* MMa(f)
5.1) R®) 2§( ) w | B0, 5] <1
2O o) aeteme O

Now suppose that R(z) #0. Then R*({) #0, and consequently there exists
anr,0<r<1,such that| R*(¢)| has a positive minimum m onthe circle | {| =7.
Hence, for nsufficiently large, | R*(¢)| >m/2on |¢| =7. In order to arrive at
a contradiction, three cases are to be distinguished.

First, suppose that there exists an #o such that »>n, implies lb,.k| >r.
Then, since B,({), n>n,, does not vanish in |§] S, |B,.(§')| attains its mini-
mum in |{| <7 at a point {, on the circle |{| =7:

I Bn(g‘n) ' < I Bn(o) ' = I bnlbn2 tre btml-
Hence, at { ={,, (5.1) becomes

1+|c|)°‘ MM.(f)
1-|¢

n
nel H | b Iz.

1 —r?e k=1

(5.2) | RMt) |2 < (

The right-hand side, by hypothesis, approaches zero with 1/n. It follows that,
for n sufficiently large, lR,i"(;‘,.)| <m/2. This is a contradiction.

Secondly, suppose that there exists kg such that &>k, implies lb,.kl >r.
In this case, we simply omit the first k, factors ({—bau)/(1—{bax), k=1,

2, - -+, ko, from B,({), and repeat the above argument. This leads to the in-
equality

14 )c|\* MM, i
(5.3) | Ra(en) |2 < ( | I) D s I1 | a2

1 - ' c[ (1 — r?)e k=ko+1

which differs from (5.2) only by the product |b’,.1b,.2 cee b,.;,,l 2, This product,
when it appears in condition (A), can not be zero, because, by definition, any
zero factor should be omitted; nor can it approach zero, because the points
bax have no limit point interior to the unit circle. Hence condition (A) im-
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plies that the right-hand side of (5.3) approaches zero with 1/#, and we arrive
at a contradiction as before.

Finally, there remains the (trivial) case where &, exists so that, for n suffi-
ciently large, at most k; points b, are exterior to ly | =r. Since |b,.k| <rim-
plies

& — ba el +r
S )
1= B |~ 1+7|¢]

it follows that, for l ¢| =7, the right-hand side of (5.1) is of an order not higher

than
2y \2n—2k
na—l( )
1412

But this quantity approaches zero with 1/%, and again we are led to a contra-
diction. The proof is complete.

6. Computation of 7,(0; 0). To prepare for the proof of the remaining part
of Theorem A, let us compute the value of 7,(0; 0) for the set

(6.1) be = rxr, X = estkrin, E=1,2,-+,n

151 <,

For this purpose, the so-called cyclic determinant can be used to advantage.
A cyclic determinant is one of the form (8)

Cc1 C2 Cn
c c * e o c
(6.2) c=|" ",
Can C1 Cn—1
whose value is given by
(6.3) C = (= D0 0=DEf(21)f(x2) - - - f(n),
where
f(x) = 1+ cax + 632 + - - - + cax™,
%1, X3, - -+, %y having the same meaning as in (6.1). Since we have to make
some alterations in (6.2), it is appropriate to indicate the proof of (6.3). Set
2 n—-1
1 X1 X1°°° %1
1 2 n—1
X2 Xy * X2
V=
1 x, x: x:_l

(*) Gerhard Kowalewski, ibid. pp. 105-107. See the literature at the end of the book, p. 300.
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and perform the multiplication CV row by row. The element e in the kth
row and the kth column of CV can be reduced to the form xf~*f(x,). This
reduction depends on the periodic property of the x’s only; it does not involve
any transformation of the matrix of CV. Thus

x:f(xl) x;f(xz) cee x",.f(x,)
oy f(x1) s f(we) - - - w f()

...............

(6.4 CV =

of(x)  xaf(x2) - - - xaf(xa)
which, when simplified, gives (6.3).

Now, if we replace the last row of Cby 1,1, - - -, 1, and denote by C*
the determinant thus obtained, the product C*V is also of the form (6.4) ex-
cept that the last row becomes 0,0, - - -, 0, n. Since x,=1, and (x1%2 * - - Xn)?
=1, we have

x:—z x:—s 1
n—2 n—3
2 X2 1
C*V = nf(x1)f(x2) - - - f(%n-1)
x::: x::: 1

When V is divided by the determinant on the right-hand side, the result is
found to be(®)

(= 1)-DO=D12] — g)(1 — 25) -+ (1 — xpg) = (— 1) (=D n=2/2,
Hence,
C* = (= 1) DC=Df(21) f(2) - -+ + f(%n—1)s

and, if C740,
c* 1
c
Now proceed to compute A,=D,(by, bs, - - -, ba; b1, b2, - - -, ba) (cf. §3).
Since babr = r2xaZr = px"*, p = x? , we have
Cn Cp—1"° " 01
A, = C1 Cn "'Cz’ o = 1 .
........ (1 — pxx)®
Cn-1 Cp—2° " Cq

(®) For the various expansions of V, see Gerhard Kowalewski, ibid. pp. 39—40.
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Let A, denote the determinant obtained from A, by replacing the kth row
by1,1, .- -,1. We note that

Anl=Anz= ¢ =Anm
For, if (when #>1) we shift the rows of A, so that the first, second, - - -,
(k—1)th rows becomes the nth, (n—1)th, - - -, (—k+2)th rows respec-

tively, and then shift the columns in the same manner, A,; becomes Ay On
the other hand, if we shift the hth row of A to the nth row, the result is
(=1)**Am

With these observations, we can readily expand A,+1(0; 0) according to
the last column:

Ap1(0; 0) = A, + D (— 1)»HHA(— 1)nHA,, = A, — nAn.

h=1
Hence
nAnl ”Arm

A, A,

r.(0;0) =1 —

Since A, differs from ‘C in the same way as A,, from C¥*, we conclude that

n
6.5 2(0;0)=1— ——,
(6.5) 7.(0; 0) 0
where
f(l)_i" 1 _ > afa+1):--(a+ kn—1) o
n _n;g (1 — pxn)™ 1+Z;1 (kn)! )

This is the value of 7,(0; 0) desired.

7. Proof of the second part of Theorem A. Let the given function be
(1 —¢éz)~=, where c is the constant in (1.2). At z=c, the corresponding remain-
deris

(b, 0; b, 0)
1 —|clne
Since 7,(b, 0; &, 0) is invariant under rotation, we may assume that the nth
point by, is real and positive. Then the value of 7,(b, 0; b, 0) is given by (6.5)

with p=p,. In order that the remainder approaches zero with 1/#, it is neces-
sary that

rn(a’y c; di c-) =

al@at+ 1) ---(a+n—1)
. pn = 0.

(7.1) lim

n—o nl

To prove the second part of Theorem A, we need merely to prove the equiva-
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lence of (7.1) and (A), or, what amounts to the same thing, to prove that

1) - -1
(7.2) log olat?) l\a+n )—-(a—l) log n
n

remains finite as # increases. Since

ala+1):--(at+n-—1) a—1 a—1 ( a—l)
= (1 1 (1 ,
e (=) (457 - (05

and since

2

h>10g(l+h)>h——£': 0<hk<1,

(7.2) lies between the two numbers
"1
(a — l)[z ——logn]
k-1 R

and
"1 a—1)2 2 1
(a—-l)[E———logn]—i——)—— —-
k=1 R 2 k=1 kZ
Both of these approach finite limits. The proof is complete.

8. The case of simple sequence ¢,. In the case where aa.=a; for all n
and k, we state a theorem which is an obvious extention of a theorem given by
Walsh(19) in connection with interpolation to functions of class L,. The proof
is omitted.

For an arbitrary set a, preassigned on K, and for a given function f(3) of
class Sy, a>1, the corresponding sequence fa(z) converges on K, uniformly on
any closed point set on K, to a function g(z), which is characterized by the fact
that, among all functions of class S. which coincide with f(z) at the points an,
g(2) is the unique one whose norm on K is the least. In particular, we have:

The function ¢ (z) defined by(1t)

(a) (@)
(8 1) ¢(¢)(z) _ Tn (Z; t-) _ Ay (Z; t-)B,.(Z)
' ’ @ D) AL DB

is the unique function of class S. of least norm on K which vanishes at
a1, as, - -+, a, and takes on the value unity at z=1.
In the last statement, it is tacitly assumed that ¢ is distinct from the a's.

(19) See the book mentioned in footnote 4, §10.7.
(1) Since we are going to consider how r.(z; £) varies with «, superscripts are introduced
to indicate to which value of « the function 7.(z; £) corresponds.



352 Y. C. SHEN [September

If ¢ coincides with k of these points, the factor B,(¢) in (8.1) should be re-
placed by B®(¢), the kth derivative of B,(z) at the point z=¢. With this un-
derstanding, we proceed to establish the following lemma.

LEMMA 5. Let n+1 points ay, az, - - -, @Gn, t be preassigned on K. Then
(1) for fixed at, > 1, A(t; 8) increases monotonically with n; and (2) for fixed n,
A(t; 0) increases monotonically with a, > 1.

To prove (1), let $(2) and ¢{,(z) be defined as in (8.1), and let
a, 1 —a,t

¥n(a) = h(e) ——

1 —Gu2z ¢t — a,

Then ¢ (z) and ¥,(z) both vanish at a1, as, - - -, a, and both take on the
value unity at z=¢. Further, we have

(a) 1
w(\-a(‘ﬁn ) A,(,a)(t; i) I B,.(t) Ig ’

m <|1_d"“sm(‘“’)- 1
W) < |5 | Pl = S R TBO

Statement (1) then follows from the minimum property of ¢{(z; 7).

To prove (2), let B>a>1, and define ¢ (z) and ¢ (z) as above. Then
both of these functions belong to class Ss, and both vanish at a;, as, - - -, aa
and equal to unity at z=¢. Because of the minimum property of ¢#(z), we
have

Mp(dY) < Ma(be) < Maldr).

The first equality sign occurs when a,=a;= - - - =a,=t=0, for then
0@ (2) =¢¥ (z) =2"/n!. But the second equality sign cannot occur, because
‘@) (z) is not a constant (cf. §2). Hence

Diabn ) < Maldn )
which implies
(a) ®
An (48 < 4a (5 7).

This completes the proof of Lemma 5.
9. Proof of Theorem B. We begin with the remark: If one of the two equiv-
alent sets a,; and b, satisfies condition (B), so does the other. For, (1.2) gives

(1 =Tz =|el»

|1—5z|2 ’ |z|<1,|c|<1.

1-[g]=

Since
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1—|e| 1—]clz 14]¢|
)
14| [1—cl2 1—]¢|

we have

1—..c|
1+][e]

Hence the divergence of Hi'_l I a,.kl 2 implies the divergence of H’,‘_ 1| b,.k| 2 and
conversely.

To show that condition (B) is necessary for every set a,x, we may assume
that a.: 0. For, the general case can be brought into this case by a transfor-
mation of the form (1.2), and it follows from the above remark that, if (B)
is necessary for the new points, it is also necessary for the original points.

Choose f(z) =1. Then the corresponding remainder is #®(z; 0). At =0, we
have, by Lemma 5, (1),

+ ¢
II(1—|I

(1—|z12><1—|s“lz<1

737 (0; 0) = | Ba(0) |4+

Since, by direct computation,

a - 1_ n 2)a
4200;0) = (la Ilf‘l)
nl

2 (a) 2  (a)

(0;0) > | B.(0) | 41" (0; 0).

>1,

the necessity of condition (B) follows.

Turn to the sufﬁciency part of Theorem B. For a=2, this is true('?). An
immediate consequence is that r2) (z; 2) converges to zero at every point z,
] | <1. For, with fixed z, 7 (¢; 2) is the remainder corresponding to the func-
tion 1/(1—¢2)2. Since this remainder converges to zero for | ¢ I <1, it con-
verges to zero at { =2.

Now let 1 <a<2. In view of (3.6), and in view of the fact that the func-
tions R,(z) form a normal family interior to the unit circle, it is sufficient to
prove that #(z; 2) converges to zero for every fixed z, lz[ <1. By Lemma §,
(2), we have

4373 8) < 42733 9), 1<a<? |2 <1
Therefore
r:a)(z; z) = r,tz)(z;z"), 1<a<?, |z| <1.

Hence, at every fixed point z, Izl <1, ¥ (z; £) converges to zero uniformly
for 1 <a=2. The proof is complete.

10. Addendum. In what follows, we shall remove the restriction a <2
from Theorem B.

(1) This is proved in the paper referred to in footnote 2.
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Let T denote the circle =cos 6 in the z-plane, z=r¢%. Then we have

lz]t+]|1—2]2=1, zonT.
Hence
|1 -5
—=1+lz|<2, zonT, z 1.
1-|s]

Let 2, be any point interior to I', and let z be one of the points at which I'
intersects the circle |z| =|zo|. Then 1 —|z,| =1—]z]|, |1 =320 <|1—2], and
we have
|1 -]

1-|s]

LEMMA 6. Let f(z) be a function which is analytic. for Izl <1, satisfies the
condition

(10.1) <2, z interior to I

(10.2) 7@ | < —— |s] <1
a—1sl)
(where M>0, 0 >0 are constants), and vanishes at the points a1, Gs, - - - , Gn
interior to I'. Then, for z interior to T', we have
2°M "l w— wk

(10.3) lf(z)lé(l—lzl)%gl—mw'
where
(10.4) w=2z—1,
(10.5) wr = 2a; — 1, k=1,2,--,mn.

From (10.1) and (10.2), we have, for z interior to T,

| (1 = 2)¥f@z) | < Tl M < 2°M.
-zl

The function on the left-hand side, when suitably defined, is analytic interior
toT.

Now transform the z-plane by (10.4), by which TI': |z— 1/ 2| =1/2, or
r=cos 0, goes into the circle || =1 so that their centers correspond to each
other. Let F(w) denote the transform of f(z). Then

1— w\*
F
( 2 ) ()
The function on the left-hand side is analytic and bounded for |w| <1. Since
this function vanishes at the points w; given by (10.5), an application of the

< 2M, | w| < 1.
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generalized form of Schwarz’s lemma gives

(5o

When the left-hand side is transformed back to z, inequality (10.3) follows.
The proof is complete.

Remark. Let T'(0) denote the circle which can be brought into coincidence
with I' by a rotation 2z’ =z2¢~%, 0 <0 <2#x. Then Lemma 6 remains valid if we
replace I by I'(6) and replace (10.4) and (10.5) respectively by

- Wk

s Z'MH

k=1

, |w|<1.

l—wkw

w = 2z¢ % — 1, wr = 2axe™% — 1.

Proof of the second part of Theorem B (without the restriction « £2). In
view of the proof of the first part of Theorem A, it is sufficient to consider the
case where the points a,. have the property that, for each 7/, 0 <r’ <1, there
exists N such that #> N implies |aa:| >7’. For convenience, we divide this
case further into two sub-cases: (a) @nx=bn, and (b) the contrary case.

Case (a). For obvious reasons, we may assume that, for each sufficiently
large n, the n points a.x are not only on a diameter, but on a radius, of the
unit circle |z| =1. Choose 7’ =1/2. Then, for  sufficiently large,

Api = ’nke““, 1/2 <r: <1, k=1,2,:---,mn.

Now repeat the argument set forth at the begmmng of §5 up to the point
where a sub-sequence R,(z) of the sequence R,(z) converges to a limit func-
tion R(z), uniformly on any closed point set interior to the unit circle. Here
again we take R,(z) for R,;(z). And again we are to prove that, under condi-
tion (B), any such limit function R(2) is identically zero.

Suppose that R(z)#O Then there exists 74, 0 <7y <1/2, such that IR(z)l
has a positive minimum  on the circle | z| =r,, and therefore for n sufficiently
large, | Ra(2)| >m/2 on |z| =7,.

But, by (3.6), we have

M
(10.6) | R(2) | < ————+  M?=M(), |3] < 1.
a-|z])e
Since R,(2) vanishes at @,, we have, by Lemma 6 and the remark following it,
2« M Wo — Wnk
10.7 R, (rees) | < )
( ) I s )l (1 — ro)% kil 1 — wWowns

where 0> wy=2r—1, 0 <wai=2r,1—1. Set xo= —w,. Then the product on
the right-hand side of (10.7) is equal to

_1____ ﬁ(x0+wnk) _ ﬁ 1 — (l—xo)(l—-w,.k)).

P, k=1 \1 + ZXownz k=1 1 4 xowns
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Since —log (1 —k)>k,0<k <1, we have

(1= 2)(1 —wa) 1 —20 &2
log P, > > 1 - w,
g EI 1 4+ Zownr 1+xok§( *
1 — 2 &
=2 1 — 7.1).
1+xol§1( ¢

Hence condition (B) implies that P, becomes infinite with %, which, in turn,
implies that, for » sufficiently large, IR,,(roe""')| <m/2. The contradiction
completes the proof for case (a).

Case (b). This case can be reduced to case (a) without difficulty. For, on
the one hand, (1.2) transforms (10.6) into

14+ c|\* M
RY(®) <( ) ) <1,
&0V <\TT2) @ ¢]
because
c+nel el + el
= = ] <1,
= el S a4
and
1 1+ ¢l ¢] <1+]c| 1 el < 1.

< < y
1—|z| T =]eha—=[eDT 1=l 1-]¢|

On the other hand, if condition (B) is valid for the set a,, it is also valid for
the equivalent set b,:. Hence the argument used in case (a) can be repeated
with only formal modifications. The proof is complete.

We remark that Lemma 6 contains a little more than is necessary for the
proof of Theorem B. In fact, that lemma enables us to establish the following
theorem.

THEOREM B'. If a> 1, and if the set ani is equivalent to a set bnx, such that,
for each sufficiently large n, the n points bax are interior to a I'(0,), then a suffi-
cient condition is that

lim J]| 2base= — 1| = 0.
Land 2 |
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