TWO-DIMENSIONAL SUBSONIC FLOWS OF A COM-
PRESSIBLE FLUID AND THEIR SINGULARITIES()

BY
STEFAN BERGMAN

1. Methods for generating stream functions of two-dimensional flows
of a compressible fluid. The consideration of physical phenomena, in particu-
lar the study of electric and magnetic fields, was one of the starting points
from which Riemann developed his approach to the theory of integrals of
algebraic functions.

In particular the consideration of two-dimensional electric and magnetic
fields without singularities or with such singularities as vortices, sinks,
sources, doublets, and so on, suggests the introduction of integrals of the first,
second, and third kinds.

The investigation of certain phenomena in fluid dynamics, namely the
consideration of two-dimensional, irrotational, steady flow patterns of an
incompressible fluid, leads to the same mathematical notions as those men-
tioned above since these flows are, from an abstract mathematical point of
view, not essentially different from electric and magnetic fields.

Generalizing this approach, one can introduce flow patterns-of a compres-
sible fluid with corresponding singularities and investigate relations between
potentials and stream functions of these flows.

The compressibility equation is, however, much more complicated
than Laplace’s equation, and it is very questionable whether such an im-
mediate generalization would lead to results comparable with those in the
theory of functions of a complex variable.

It seems that it is preferable in this case to use the hodograph method
(see below) and to link this approach with the theory of operators which
transform solutions of one partial differential equation into solutions of
another one.

A two-dimensional steady irrotational flow of a perfect fluid can be de-
scribed either by its potential (in the following denoted by ¢) or by the stream
function, ¥. In the case of an incompressible fluid ¢ and ¢ are connected by
the Cauchy-Riemann equations, so that ¢+ is an analytic function, f, of
a complex variable. Taking the real and imaginary part of f we obtain ¢ and
¥, respectively. This process can obviously be interpreted as an operation
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transforming analytic functions of a complex variable into solutions of the
equation arising in the theory of an incompressible fluid (that is, Laplace’s
equation).

A much more complicated situation occurs in the compressible fluid case.

A flow of a fluid is initially defined in the so-called physical plane(?),
that is, in the plane where the motion occurs. At every point x, y of this
plane at which the flow is defined, the velocity vector is determined. See fig.
1. The pair of functions [«(x, y), —v(x, ¥)], where % and v.are cartesian

’y

Fi1G. 1. A streamline in the physical plane.

components of the velocity vector, determines a mapping of the domain of
the (x, y)-plane in which the motion takes place into a (not necessarily
schlicht) domain of the (u,—v)-plane, the so-called hodograph of the flow.
See figs. 1, 2, 3, 4, 6, 7, pp. 454, 463, 464, 465.

The potential, ¢, and the stream function, ¥, can be investigated in
either of these planes; that is, one can investigate either directly ¢(x, ¥),
¥(x, y) or primarily ¢ (u, v) =¢ [x(x, v), y(u, v) ], ¥ (u, v) =¢ [x(x, v), y(, v) ]
(the hodograph method), and from these results make conclusions concern-
ing the flow in the physical plane.

In the case of an incompressible fluid, ¢(x, ¥) and ¥(x, y), as well as

(?) An exact description of the physical plane, as well as of the hodograph plane, will be
given in §2.



454 STEFAN BERGMAN [November

¢P(u, v) and YV (u, v), satisfy Laplace’s equation and, except in some
special problems, are investigated directly in the physical plane. In the case
of a compressible fluid, ¢(x, y) and Y(x, ) satisfy a system of complicated
nonlinear equations, while ¢ (%, ) and Y™ (u, v) satisfy a system of linear
equations. See §2 for details. Therefore, in order that the operators which
transform functions f of one variable into potentials or stream functions of a
compressible fluid should be linear, we have to consider ¢ and ¢ in the hodo-
graph (or an allied) plane.

-

Fi16. 2. The image in the hodograph plane of the streamline indicated in Fig. 1.

Several procedures for generating ¢® and y™® from functions of one vari-
able are known.

1. Chaplygin(®) [13], who introduced the hodograph method into the
theory of compressible fluids, applied the method of separation of variables
in order to obtain solutions of this equation. If, in the power series develop-
ment for the stream function of an incompressible fluid, the powers of the
speed, ¢, are replaced by certain hypergeometric functions of g, then, as
Chaplygin has shown, the series obtained in this manner is a solution of the
comipressibility equation(*). (We designate this procedure as the Chaplygin
operator, Py.)

2. In [3, pp. 23-24] and [5, §2] the author of the present paper intro-
duced a new operator which generates solutions ¢ and ¢® of the com-
pressibility equations. The main idea of this method is as follows.

(*) The numbers in brackets refer to the bibliography at the end of the paper. Acquaint-
ance with the contents of these publications is not assumed in the present paper.’

(© Recently several authors, for example, Ringleb [19], Kraft and Dibble [15], and so on,
using Chaplygin’s method, have given a number of highly interesting flow patterns.

Here and hereafter we understand by the somewhat vague expression “compressibility
equation” either the equation for the potential function, that is, (2.11a), or that for the stream
function, that is, (2.11b), or the system (2.8) connecting these two functions.
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Let 8 and H denote cartesian coordinates. Functions ¢ and ¢ defined by

¢+ i = (6 + iH)™

B 5,
= {[0 — 21C, g0 f J(H3)dH, f OH, 4 - - ]
0

(1.1a)
+ z[l‘C 0""1f dH,

— 31C,. 403 f dH, f 1(H,)dH, f dH; + - ]}

o+ ip=i0 (04 iH)™

H
- {[I!C,,,lo"“lf l(Hl)dH1
0

(1.1b) H H, H,
- 3!C,,,30""3f l(Hg)def def I(H)dH, + - - ]
0 0 0

H H2
- i[l)” — 21C, 462 f iH, f J(Hy)d Hy + - - ]}
0 0 .

are, in the special case where I(H)=1, connected by the Cauchy-Rie-
mann equations, and can be interpreted as the potential and the stream
function of an incompressible fluid flow. In the case of an arbitrary I(H), ¢
and ¢ are connected by the equations

1.2) ¢o = ¥m, ¢5 = — I(H)Ys, ¢9 = 3¢/39, - - -

and if we choose H = [*pdq, I(H) = (1 — M?)/p* where p=p(q) is the density
and M the local Mach number, then ¢ and ¢ can be interpreted as the po-
tential and the stream function of a compressible fluid. For details see [5, §2].
Let us denote as indicated above by (6+:H)™ and 10O (6++H)!® the ex-
pressions (1.1a) and (1.1b), respectively, obtained from (§+4+H)" by the above
procedure. We defined in general the operation P, by the relation

(1.3) Po[ 2 (an + i) (0 + iH)"] = 2 [an(6 4 iH) ™ + i © Ba(6 + sH)1™]

where a,, 3, are real constants. (P, can obviously be applied to finite sums
and in some cases to infinite ones, producing potentials and stream functions
of a compressible fluid flow.)

In a joint investigation, Bers and Gelbart [11], independently of the
author of the present paper, found the same operator, which they then in-
vestigated in a subsequent publication [12]. They term the functions obtained
Z-monogenic. Recently Dfaz [14] generalized this procedure to the case of
equations of a higher order.
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3. The operators P; and P; can be applied only to a power series develop-
ment of an analytic function of a complex variable; they transform these
series into potentials and stream functions of botk subsonic and supersonic
flows(5). Operators (to be denoted henceforth as Ps,,) introduced recently in
the general theory of partial differential equations (see for example [9]), when
specialized to the case of functions ¢ and ¥ which satisfy the compressibility
equations, have the advantage that they can be applied directly to functions
(and not only to their power series developments) and they generate solutions
which are defined in an arbitrary simply-connected domain (and not neces-
sarily in a circle with the center at the origin). They transform analytic
functions of a complex variable into stream functions (or potential functions)
of subsonic flows and differentiable functions of one real variable into stream
functions of supersonic flows, in both cases preserving many properties of
the functions to which the operator has been applied, thus serving as a useful
tool in the investigation of flow patterns of a compressible fluid (¢).

In the case of the compressibility equation, operators P;,, can be repre-
sented in the following form. Let Z=0+4i\(q), Z=0—1\(g), where \(q) is a
certain (fixed) function of the speed g= (#2+v?)Y? (see formula (2.7)). Let
further F(Z, Z) (see (2.14), (2.16b)) and R,(Z, Z) be some (fixed) functions
of Z, Z and let Q™ be a set of functions connected by the recurrence
relations

(n+1)

Qe+ 2F = 0,i(2n + D7+ 2Quzz +FQ =0, Q7 = 30." /aZ.
Then the expression
‘/’ = Im [P3.x(g)]'
. TQ2n + 1) (n)

Ps.(g) = R‘[g(z) + Zl 25T(n + 1)

z Zn—l
f R f ¢Zydz, - - - de]
ZO ZO

where g is an arbitrary analytic function of a complex variable, which func-
tion is regular at Z,, represents a possible stream function of a subsonic com-
pressible fluid flow. In particular, two operators, that of the first kind and

(1.4a)

(%) The potential and stream function of a supersonic flow each satisfy an equation of
hyperbolic type. Thus P, and P, transform solutions of an equation of elliptic type (Laplace’s
equation) into solutions of a hyperbolic one. It is well known that the solutions of both equa-
tions have a quite different character, and therefore these operators can not preserve various
properties of the functions upon which they act.

() In contrast to operators of type Ps,« (which mainly have been introduced in order to
“translate” properties of solutions of simpler equations into properties of more complicated
ones), P; and P; can be used only in a few cases as a tool for investigation of properties of the
functions which they generate.
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that of the second kind, have been investigated in detail. In the case of the
operator of the first kind (k=1), R; and Q{ are determined by the initial
conditions, Ry(Z—Z,,0) =1, Q(Z—Z,, 0) =0. In the case of the operator of
the second kind (k=2), the corresponding conditions are Ry(Z, Z—2Z,) =1,
(Z, Z—2Z,) =0, where iZ, is now a real number; Ry=H(2\) and Q{"(2\)
are functions of \ alone.
We remark that the operator Ps, can be represented also in the form

1
aa) Pl = [ B Z 07020 - o2y - e
t=—1
where E,= R, [1+ D> Zm2nQ™ ], and fis connected with g by the relation(7)
g2)= [ f[ZA—)/2]dt/ (1 —e2) 2,
We note further that operator P;,, (integral operator of the first kind)
can also be written in the form

zZ p2Z
P3.l(g) =R [g _f f_ ngZleI
2 VY Z,

zZ rZ zZ, rZ, _ _
s L[ 7 [ P i) azaz+ -]
zZ,J2Z, z, z,
See [9] pp. 317-318.

In the case of the integral operator of the second kind the representation
(1.4b) holds for | Z| <2|\|, as does formula (1.4). For 2|\| <|Z| the gen-
erating function of the integral operator of the second kind can be repre-
sented in the form

2 Z — £2)12(-1)/3 0 (n,u)
(1.5) E = H2\)Y [u] A, X 4

el 2 ne0 (_, t2iZ)n-1/2+2n/3

(1.4¢)

where 4, are constants, and

(1.6) q(""‘) — Z C:""‘)(— )\)n-1/2+2(u+.)/3

v=0

are connected by equations
©.0) O,p)

¢ " +aFg " =0,
1.7 . . ntl,
-0 200 + 26/ + g+ 48" = o,

”=192t31"';ﬂ'=112-

(" In the case of the operator of the first kind, Pj,;, the connection between ¢(Z, Z) and
function g(Z) can be defined also as follows. Let us continue y to complex values of the argu-
ments X and 0, that is, let us consider that Z, Z are two independent variables which are not
necessarily conjugate to each other; ¢(Z —Z,, 0) is then the value which this function assumes
in the “characteristic” plane Z=0. (See [9 p. 317].) We have then ¢(Z—2Z, 0)=g(Z)+4
R0, Z) -const. (See [9, p. 303].)
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Here F is the function introduced in (2.15b). F can be represented in the
neighborhood of A=0 in the form

(1.8) F = % da(— N3, ay=5/36,01=0,--- .
=0

We wish to add that the representation (1.5) of E: can be used to obtain

“mixed” flow patterns. In the supersonic region A has to be replaced by

A, where A is a real variable, see (49) of [7].

If we choose in (1.5) the complex constants 4, so that Im {i-mA,Z,} #0,
and if we assume that the integration in (1.4b) is carried out along a curve €
in the complex ¢-plane which connects {= —1 and {=1 and liesin ltl >1, then
the following inversion formula holds. Let

lm ¥, 0) = x0) = > af,

-1 —
1.9 0 )
lim (3y/dM) = x2(0) = 31/322/8(k + 1)--2/3 af!)or’

M-1" ~

then (in the case of the integral operator (1.4b) with E; given by (1.5)) we
have

1@ = 3"ox Tm (DDA T (= 20D [ ey ar
0

2 1
+ (- 2i)" 3 D, f [xc(o) = a0 JA = )77 s
K1 ]

(1.10) 1 . 1 o
-1 —_— x —-4/8 -2
- (= 2ip) 5> D,‘f X (0) = 3as (1 — 1),
k=1 0
2
+ (= 2i)™" [Doaé" - B‘aé"]
Kol
where
xt(a) = f w23y (w)dw, o= —2i(1 — 1),
0
Do = — 21/2(k-D+41337/873/2(f 4 1)=1/2(k+D-1/64
Dy = 5-12133-113318(k + 1)-13(2k + 5)A1,
Dy = — 21/20k=D+1/33-1/6;1/8(f 4 1)~1/2(k+D-1/84

REMARK 1.1. In the case where the pressure density relation has the form
p=0/p+A4, ¢ and A being constants, that is, in the case of Chaplygin-von
Kérmén-Tsien, R=1, Q™ =0 for n=1. The same holds in the incompressible
fluid case; in the latter case A(g) =A(g) =lg g¢.
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REMARK 1.2. We wish to indicate another possible simplification of the
theory which consists in replacing the aforementioned function F (see
(2.16b)) by F= C/A2, where Cis a constant. It is possible in this case to over-
come mathematical difficulties, and to develop a relatively simple theory,
which includes also transsonic and supersonic cases. The aforementioned
functions E, can be expressed in this case in a closed form by hypergeo-
metric functions of a suitably chosen variable, which is a combination of §, \
and ¢. For example E;=H F[1/6, 5/6, 1/2, (i#8Z/ —2\) ], where F is the hyper-
geometric function, and H is given by (2.14). Let us add that if instead of
M\ we introduce the variable H=c\%3, where ¢ is a suitably chosen constant,
then the compressibility equation, see (2.11b), assumes the form —Hyg
+¥ar=0.

Investigations in fluid dynamics require in addition to the study of
regular solutions the investigation of singularities, for example, sources,
sinks, vortices, doublets, and so on. Since, further, the image in the hodograph
(or an allied) plane of a flow pattern is not necessarily schlicht, various aero-
dynamical problems lead to the study of branch points of functions satisfy-
ing the compressibility equation as well as to the study of the corresponding
Riemann surfaces in the large.

As has been indicated in [9, §5] the operator(®) P, transforms branch
points of analytic functions of a complex variable into branch points of the
same order of functions satisfying the linear differential equation, so that the
operator Pg can be used successfully for generating and investigating these
singularities,

On the other hand, the operator P; when applied to analytic functions
2(Z) of a complex variable which possess a pole yields solutions of differential
equations which are infinite of the same order as g(Z) and at the same point,
but which are no longer single-valued. If we apply the operator P; to functions

(8) It should be indicated in this connection that by using the Chaplygin operator P, it is
possible to obtain various important types of singularities of supersonic flows, and various
singularities at stagnation points. On the other hand certain singularities which can be obtained
easily by using Py and the methods indicated in §5 of the present paper cannot be directly ob-
tained by Chaplygin’s method. If we wish to represent these functions using Chaplygin’s hyper-
geometric functions, we need several series developments, each of which represents the function
in another part of the neighborhood of the singular point. It should be stressed that in con-
sidering the potentials, ¢, and stream functions, ¢, in the large, there exists a basic difference
between the incompressible and compressible fluid case: In the first case these functions are in
general defined in the whole logarithmic plane, that is, for all values of A and 6; while in the
case of compressible fluids, it we limit ourselves to the subsonic case, then ¢ and y are defined
only for A <0. To the values A =0 there corresponds M =1(M is the Mach number). For M >1
the flow becomes supersonic, the equations for ¢ and y become hyperbolic, and the functions
have basically different properties. If one wishes to apply operators to the theory of flows which
are partially subsonic and partially supersonic, it is useful to introduce as the class of functions
to which the operator is to be applied functions g(¢), ¢ =644\(M), defined in the (6, M)-plane.
For M <1, ¢ is complex and for M'>1 it becomes real.
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with logarithmic singularity whose real part is single-valued, we obtain
functions whose real as well as imaginary parts are multi-valued.

On the other hand, in connection with the transition to the physical
plane the question of single-valuedness of at least one of the quantities
oM or Y™ is of great importance, and therefore the question arises of defin-
ing procedures which generate real solutions of the compressibility equations
which are logarithmic or infinite of the nth order and single-valued.

Developing the method of attack used in §17 of [3], §14 of [7] and in
Appendix II of [10], we introduce and investigate in the present paper solu-
tions of the compressibility equations, see (2.11a) and (2.11b), with singu-
larities of the required type. As we shall see, they yield sinks, sources, vortices,
and doublets at infinity in the physical plane.

In §2 we review some results obtained in previous papers and needed in
the following, concerning the form which the compressibility equations as-
sume in different planes, that is, when they are considered as functions of dif-
ferent arguments; in §3 we determine singularities in the logarithmic plane
for an incompressible fluid, singularities which in the physical plane lead to
sinks, sources, vortices, doublets, and so on, at infinity.

In §4 we discuss in more detail some properties (in the hodograph plane)
of singularities in general as well as of special types of singularities in which
we are mainly interested in the present paper. In §5 we determine these
singularities. In §6 necessary and sufficient conditions are derived in order
that a hodograph possessing the singularities under consideration leads to a
flow in the physical plane around a closed contour, and in §7 we derive a
formula (similar to the Cauchy integral formula) for expressing the values of
the potential and stream function in a domain in terms of their values on the
boundary curve.

In §8 we show that the transition from the physical to the hodograph (or
an allied) plane represents in the subsonic case a quasi-conformul mapping.
Finally, in §9 we indicate a system of equations in three variables which can
be obtained from solutions of equations considered in the present paper.

I should like to take this opportunity to thank Dr. Bernard Epstein for
his helpful advice and valuable assistance in connection with the present
paper.

2. Differential equations of the steady motion of a compressible fluid.
Physical, hodograph, logarithmic, and pseudo-logarithmic planes. In this
section we shall describe in a more exact way certain notions mentioned in §1,
such as physical, hodograph, logarithmic and pseudo-logarithmic planes,
and indicate tne partial differential equations which the potential and stream
functions satisfy in each of these planes. Finally, we shall determine the func-
tion pair representing the mapping of the pseudo-logarithmic plane into the
physical one.

Any actual flow of a fluid takes place in three-dimensional space. How-
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ever, a large class of problems possesses the special character that the velocity
vector has the same magnitude and direction at corresponding points of all
planes parallel to some fixed plane(®?). Evidently in this case it is sufficient to
study the motion in one representative plane, denoted as the physical plane.
Let the fluid motion be referred to a system of orthogonal cartesian co-
ordinates in this plane, denoted by x, y, or using complex notation, by
z=x-+1y. The velocity vector q at any point (x, y) lies in this plane, and its
components are denoted by % and v respectively. The magnitude of the
velocity (the speed) is g¢; the angle between the positive x-axis and the
direction of the velocity vector is called §. The assumption of the law of
conservation of matter leads in the case of a steady flow to the continuity
equation

@.1 (pw) | 8(pv) _ 0
.. ox dy

Here p is the density. The assumption that the flow is irrotational is expressed
by the equation

(2.2) ———=0

It follows from (2.1) and (2.2) that for every flow we can introduce a
potential ¢ and a streamfunction ¢, such that

(2.3) U=—=—— )= — = — — — .

REMARK 2.1. The potential and streamfunction, ¢ and ¢, will in the fol-
lowing be denoted as components of the flow. Henceforth we shall consider
only adiabatic flows for which the thermodynamical equation of state may
be expressed in the form

(2.4) p=op"+ 8

where o, B and v are constants. By combining the Bernoulli equation
¢*/2+ % dp/p(p) =0 (where p, is the pressure at a stagnation point) with
the equation of state, we can eliminate the pressure, and we obtain

0.9 (-T2
. p= 2 q

where the units of mass and velocity are so chosen that at a stagnation point
p=1, and (dp/dp)=1.

(*) Turbulent flows are evidently excluded by these assumptions. According to the von
Mises hydraulic hypothesis [21], this is admissible for a rather large class of flows.



462 STEFAN BERGMAN [November

Since ¢*=¢;+¢:, ¢.=0¢/dx, - - - the equations (2.3) and (2.5) represent
a system of three (nonlinear) partial differential equations for ¢, ¥ and p.
An important simplification in the study of the motion of a compressible
fluid has been achieved by Molenbroek [18] and Chaplygin [13]. They
showed that if ¢ and ¥ are considered as functions of g and @ instead of x
and y (see figs. 1 and 2, pp. 453, 454) they satisfy the system
0 q W 0 1 — M? 3y

8 p d¢ 9 pg 30
where M=g/[1—(v—1)g*/2]/? is the Mach number. Since p is a known
function of ¢—see (2.5)—equation (2.6) represents now a system of two
linear partial differential equations.

In order to simplify the form of the equation (2.6) it is convenient to in-
troduce in the subsonic case instead of ¢ a new variable

L [1 — (1 — Moy (1 + K1 - M2)1“>1/"]
2 21+ a— e\t — ad — M) [’

vy - 1 1/2
h= (———) y v> 1
v+1
The plane whose cartesian coordinates are § and \ will be denoted as the

pseudo-logarithmic plane(™?).
In the pseudo-logarithmic plane equations (2.6) assume the form

(2.6)

2.7

(2.8) ¢0 bl %11/2 = 0, ¢X + 'l’olllz = 09 ¢0 = a¢/607 tt
where
1— M2
2.9 =00 = ——.
p2

It is convenient in the following to use the complex notation,

Z =10+ Z=0— i\,

o 1f8 9 o 1/8 9
(2.10) A —--1.—), __=_<._+,_ ,

9Z  2\80 o\ 9Z 2\30 o

that is

(*) Inthe present paper the potential and the stream function, ¢ and y, as well as some other
‘quantities, are considered in different planes; that is, they are considered as functions of dif-
ferent pairs of variables. In passing from one plane to another, new symbols should be intro-
duced for ¢ and ¢, since they are different functions of their respective arguments. For instance,
when passing from the physical plane to the (8, \)-plane, we should write ¢® (8, \) =¢[x(6, N),
(8, ) ], and so on. However, for the sake of brevity we omit the superscript and in the follow-
ing always write ¢, ¥, and so on, no matter in which plane the functions are considered.
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3 o 9 8 (3 0
w9z 3’ 2=z %)
Equations (2.8) can now be written
(2.11) ¢z — itz =0, ¢z + iV¥Yz=0.
Eliminating ¥ and ¢ respectively, we obtain for ¢ and ¥ the equations
(2.12a) ¢zz — iN(¢z — ¢3) = 0, (2.12b) ¥zz + iN(Yz — ¥3) = 0,
v+ 1 M

(2.12c) N=-— s (1= .

4,8

F16. 4. The image in the hodograph plane of a flow around a circle.

REMARK 2.2. We note that in the pseudo-logarithmic plane the equations
for the potential and stream functions appear in the cannonical form.
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Instead of ¢ and ¥, it is often more convenient to consider the “

potential and stream functions,

(2.13a) ¢* = Ho, (2.13b) v = HY,
where

2-2)1i
(2.14) H = exp [— fw N(r)d,r]

= [1 — M2]—ll4[1 + ('y _ 1)M2/2]"1’2("“).

%

0
3,7
2,6 4,8

l

/|
|
!
|

F1G. 5. The image in the logarithmic plane of a flow around a circle.

A 3

<o S 2
13 14 !
,,0910 1. 12 ~

% —

F16. 6. A flow (in the physical plane) around a Joukowski profile.

The functions ¢* and y* satisfy the equations
(2.152) ¢33 + Po* = 0, (2.15b) Y5z + Fy* =

where

[November

reduced”
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O+ DM (v — )M+ (12 — 8y)M* — 16
(2.160) P =~ [ L ],
@.16) F=7F I)M‘[— By — M4 — 4(3 — 2y)M? + 16}
64 1 — M2)?

The plane whose cartesian coordinates are the velocity components » and
—v (or polar coordinates ¢ and —#@) is denoted as the kodograph plane('').
By the transformation

(2.17) Z=1ilogq, G=u—iv=gqe?

we pass from the hodograph plane to the logarithmic plane, whose cartesian
coordinates are 6 and

(2.17a) A=lggq

Fi16. 7. The image in the hodograph plane of a flow around a Joukowski profile.

Examples. In figs. 3, 4, S a flow around a circle in the physical plane, and
its images in the hodograph and logarithmic planes are indicated. In figs. 6,
7, 8 the corresponding images for a flow around a Joukowski profile are given.
We note that figs. 4 and 5 are doubly covered: the images lie on two sheets,
the points 2, 3, 4 lying on one, the points 6, 7, 8 lying on the other sheet.
Figs. 7 and 8 are partially doubly covered. The point V, corresponds to
3=,

(1) In figs. 1 and 2 a stream line in the physical plane and its image in the hodograph plane
are indicated.
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_ If the potential or the stream function is known in the pseudo-logarithmic
plane, we can express it in the physical plane by the use of the following rela-

18

F16. 8. The image in the logarithmic plane of a flow around a Joukowski profile.

tionships between the two pairs of independent variables:

. =fi{[_ (1 — M?»2cos 6 vo -si_nf‘h]d)‘
P q q

(1 — M?*2cos6 sin 60 »
+ [ : h-— %]do}

2 Re {f '[— sinf + i(1 — M2)1/2 cos o] ¢_zdz} ’
gp

(2.18a)
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— M2V
y=fi{[_ ¢! M)”smo'h_i_coso‘h]d)‘
q q

p
(1 — M»Y2sin 6 cos 0
2.185)  + [ q ht '/'o] do}

N — 2)1/2 o3 0
2 Re {f [coso+ i(1 — M?)2gin ]t’lde}
gp

(Re=Real part); or, replacing the derivatives of ¥ by those of ¢, see (2.8), by

1 (1 — M?2cos 6 sin 0
et e,
ol q q

(1 — M?»)Y2cosh sin 6
(2.19a) + [ p o+ p ¢x] dG}
(1 — M»)H2cos6 + isinf
e { [ ey

1 (1 — M*»'2sin g cos 0
y= f {[ o+ — ¢o] d\
Pt q -q

(1 — M?»2sin6 cos 6§
(2.19b) + [ p b= d8

(1 — M»'2sin6 — i cosf iz
= 2 Re f {[ Qpll/2 N ¢z .

DEFINITION 2.1. A flow (a vector function) ¥= (¢, ¥) is said to be regular
in the domain D of a plane P if the quantities (¢, ) are functions of two
real variables (representing the cartesian coordinates of P), which functions
are regular in D.

3. The duality between the flows of an incompressible and a compressible
fluid. In considering the two-dimensional flows of a perfect fluid, it is con-
venient to introduce a certain correspondence principle between subsonic
flows of a compressible fluid and flows of an incompressible fluid. Naturally
such a correspondence can be defined in various ways. On the other hand,
one can formulate certain requirements which will simplify the form of this
correspondence.

First, it is convenient to consider the flows in a plane where ¢ and ¥ satisfy
a linear homogeneous equation, since in this case the principle of superposition
holds. Second it is natural to require that the equations for ¢ and ¥ have the
simplest form possible, which for linear equations is the canonical form.

In the case of a compressible fluid, these requirements lead to considering
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the potential and the stream function in the pseudo-logarithmic plane. In the
case of an incompressible fluid, ¢ and ¢ satisfy in various planes (that is, in
the physical, hodograph, logarithmic planes) the same equation, namely
Laplace’s. Since, however, we consider the compressible fluid motion in the
pseudo-logarithmic plane, it is natural to introduce the correspondence with
incompressible fluid flows defined in the logarithmic plane, since in this case
the equations for ¢ and ¢ have the canonical form, and the transition from
the pseudo-logarithmic plane to the logarithmic plane means only a stretch-
ing: one of the coordinates, 0, is the same, and for the second coordinate we
take in the case of the incompressible fluid

3.1 A=1lggq

and in the case of the compressible fluid the quantity N\, which is defined by
(2.7) and which reduces to lg g as the compressibility effect goes to zero.

Each of the operators mentioned in §1 can be interpreted as a correspond-
ence rule which associates with the complex potential of an incompressible
fluid flow (defined in a domain 8B) a stream function of a compressible fluid
flow which is defined in a domain 8B’. However, as we mentioned before,
operators P; and P; act only on power series developments, and therefore can
be applied only to functions which (in the hodograph plane) are defined in a
circle with the center at the origin(!?).

The operator P;, (k=1 or 2) generates solutions which are defined in
any simply-connected domain which includes the origin. All three operators
act primarily on functions which are regular in the domain in which they
are considered, and they produce solutions which are regular in the domain in
which they are defined. It is, however, possible to extend the operator P; so
that it produces functions which have singularities in the supersonic region
and/or in the subsonic region at stagnation points, (For details see [15, 19].)

On the other hand, in applications we also need other types of singulari-
ties. As we shall see in §4, complex potentials of an incompressible fluid flow
have branch points(®), poles and logarithmic singularities, around points
other than the origin, in the hodograph plane.

(%) We note that we are often interested in considering stream functions in domains
different from a circle. The methods for analytic continuation of solutions obtained in this
manner are comparatively little studied. A method of this kind has been indicated in [7, §17]
where a representation in a domain (of the hodograph plane) which is bounded by two arcs of
concentric circles with center at the origin, and by two rays from the origin, is derived.

(%) For instance, the complex potential in the physical plane around a curve of oval shape
is w(3) = Uz —mlg (z—a)+mlg (3+a) where U (speed at infinity), m and a are real constants.
We obtain for the corresponding potential g(Z) =w[2(Z) ], Z =0+i\, A=Ig g, in the logarithmic
plane g(Z) = Ula*+2am(U —exp( —iZ)V2—m g { [(a*+2am(U—exp (—iZ))t]2—a}
+m 1g { [(a*+2am(U—exp (—iZ))2]"2+a}. Examples of complex potentials in the logarithmic
plane which lead to flows in the physical plane around curves of other shapes can be found in
[8] and [10, Appendix Iv].
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Operators P3 can be easily extended so as to act on functions possessing
these singularities; see [9, §5]. However, as we shall explain, it is con-
venient to use operators P;, only in the case of branch points, defining the
correspondence in the case of poles and logarithmic singularities in a different
way(M).

It is natural to require that, insofar as possible, the stream functions and
the potential functions of compressible fluid flows behave in the pseudo-logarithmic
plane at singular points in the same manner as the corresponding functions for
incompressible fluids in the logarithmic plane; that is, they become infinite of
the same order, the geometrical structure of the stream lines and potential
lines in a sufficiently small neighborhood of the singularity is essentially the
same, and so on.

As has been shown in §5 of [9], operators Py, k=1, 2, preserve the loca-
tion of the singular point as well as the order of infinity. In the case of branch
points the generated solution has a branch point of the same order; however,
in the case of poles, instead of single-valued solutions we obtain solutions of
which botk components are many-valued. See, for example, (5.2) of [9]. In
the case where f has a logarithmic singularity but one of the components is
single-valued, both components of P; .(f) are many-valued.

Let us now explain why single-valuedness of at least one of the com-
ponents (that is, of the potential or stream function) is of importance for our
purposes.

Poles and logarithmic singularities in the logarithmic plane are, as a rule,
images of doublets, vortices, sinks and sources at infinity in the physical plane.
See §4. It is natural to require for compressible fluids that at infinity the
speed is constant and that the motion has the same character as in the case
of an incompressible fluid. q

It follows from (2.18a), (2.18b) and (2 19a), (2.19b) that if the derivatives
of at least one of the functions, ¢ or ¥, are single-valued, then, if we move
around the singular point, the functions x=x(«, v), y=y(«, v) can each in-
crease at most by a constant, say X, V. In most cases we have at infinity a
linear combination with constant coefficients of these singularities, and the
constants have to be so chosen that the quantities X and Y vanish, and there-
fore x(u, v) and y(u, v) are single-valued. This is the case for an incompressible
fluid, and if this property were not preserved, the flow would completely
change its character: indeed suppose that x(%, v) and y(%, v) are multi-
valued; then the functions #(x, y) and »(x, y) are periodic, that is, in the

() This means that if a complex potential g is given which possesses poles and logarithmic
singularities, we decompose it, writing g=g*+> a,g™, where g* possesses as its only singu-
larities algebraic branch points; o, are constants and g™ functions (normalized in a certain
manner) each of which possesses a pole or a logarithmic singularity. The stream function ¢ of
a compressible fluid flow corresponding to g will be ¢ =Im [Py, (g*) ] 4+2_ ™ where ¢ are
certain stream functions with singularities introduced in §5.
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physical plane every value of %, v is assumed infinitely often.

REMARK 3.1. The question whether other types of singularities—in par-
ticular those for which both components are multi-valued—are of interest
in hydrodynamical applications remains open. The first step in answering this
question would consist of studying the behavior of flow patterns in the
logarithmic and physical planes in the neighborhood of these singularities.

4. The behavior of certain types of flows in the case of an incompressible
fluid. Following the line of our approach, that is, applying the principle of
correspondence described in §3, we have at first to describe the behavior in
the logarithmic plane of various types of flows of an incompressible fluid,
and in particular those possessing singularities such as sinks, sources, vortices,
and so on,

Let us consider the flow of an incompressible fluid around a closed curve,
say-an air wing profile (see fig. 6), and let us assume that neither the velocity
vector nor the circulation vanish at infinity.

The complex potential in the physical plane (z-plane) may be expressed,
for |z| sufficiently large, in the form:

“.1) w(z) = Gos +mlogz + 2 a5, o= 0, m = 0,

ne=l

where go=go exp (#o) is the velocity vector at infinity and the real constant
=m/t is the strength of the vortex at infinity. :
For the velocity vector g we obtain by differentiation

Ql

#.2) q=90) =%+ -,z- - f: nans ™1,

nw=l

= gexp (— ).

Let {=1/3, so that for I;‘I sufficiently small:

4.3) w(z) = -‘—:_3 —mlog¢+ 2 ant™
ne=l
ahd
(4.4) q(z) = ~o + mE — D na g
ne=1

Since m 0, series (4.4) can be inverted, in some sufﬁciéntly small neigh-
borhoods of the points { =0, and we obtain

ba

g (@ — qo)"*!

4.5) f=2"2, 5
=l

m
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where the b, may be expressed in terms of the a, and m.
Inserting (4.5) into (4.3), there results:

maO y a S b" a9 n+1
we VE@I=m—mig|@-20+ %t @ -]

+ Power series in (§ — ™).
For Iq-—qol sufficiently small, the second term in (4.6) may be written:
— b"
—mlg[@-20+ T = @-29" | = — mlog @ - )
“@.n m"
-+ Power series in (@ — @).

Therefore, for | g —gqq| sufficiently small:

4.8) w[z(@)] = E’_”a_; — m log (@ — Qo) + Power series in (§ — go).
- o

As before let Z=0+1\, A=lg g, Zy=0o+1Xo, Ao=Ig go. For sufficiently
small |g—@o| and therefore for sufficiently small | Z—Z,|, (4.8) becomes:

m exp (— iZ,)
exp (— iZ) — exp (— iZ,)
— m log (exp (— iZ) — exp (— iZ,))
+ Power series in exp (—iZ) —exp (—iZ,).

W1i(2) = w[z(2)] =

(4.9)

Since exp(—%Z) —exp(—4Z,) has a simple zero at Z=2,, (4.9) may be
written:

(4.10) Wi(2) = — mlog (Z — Zo) + Power series in (Z — 2,).

mi

Z2-2

This is the expression for the complex potential in the logarithmic plane.
It is clear that the singular part of (4.10) is not influenced by the regular part
of (4.1), but depends only on the velocity vector and vortex-strength at in-
finity.

Writing m =% +iu$®, we have for the potential and the stream function
in a sufficiently small neighborhood of Z=2Z, the expressions
m @

uo (6 — 6o) _ s (A — Xo)
N —=2R)2+ (0 —60)2 (A —Xo) + (6 — 6)2

im arcta (X—Xo)+
im n Fy—y R

¢ =

(4.11a)
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1) (2)

ot = po (A — Xo) o (6 — 80
(4.11b) R=R)7+ O =07 (=R + (@~ 00"
+17m1g [A=R)2+ 0 —602] + - -+,
(#.11c) =0, = O/

where dots indicate terms which go to zero as Z—Z, and therefore can be
neglected in considering the behavior of ¢~ and ¢! in a sufficiently small
neighborhood of Z=2,.

It is possible to get the same result in a somewhat different way: namely
we write ¢~ and ¥' in the forms (4.11a) and (4.11b), respectively, and then
determine the constants u, p® so that x=x(9, \) =x-+4y (which can be
obtained using the formulas analogous to (2.18a), (2.18b)) is single-valued at
the singular point 6y, No. A formal computation yields (4.11c). We shall use
this last procedure in a compressible fluid case.

Following our principle of introducing (in the pseudo-logarithmic plane)
for the compressible fluid case functions which have a behavior similar to
that of the corresponding functions in the logarithmic plane for the incom-
pressible fluid case, we shall consider flow patterns whose stream functions ¥
possess, as singularity at Z=2Z,, a linear combination of a logarithmic singu-
larity and two independent singularities of the first order.

DEFINITION 4.1. Suppose a flow F(¢, ¢) (of a compressible or incompres-
sible fluid) has a singularity at the point (8o, o). If at least one of the func-
tions, ¢ or ¢, is single-valued at this point, the singularity of ¥ at (6o, No) will
be said to be of type S.

The flow ¢ =log [(#—80)2+(A—X0)2]/2, ¥ =arctan ((8—60)/(A—X)) repre-
sents an example of a flow possessing a singularity of typeS.

As we indicated in §3, the above property plays an essential role for our
purposes. In the following sections we shall describe a method- of generating
required singularities of type S.

5. Flows with singularities of type S. Classical methods in the theory of
partial differential equations yield almost immediately two independent flows
with logarithmic singularities of type S.

Let us denote by ¢(&.V and ¢ the fundamental solutions of (2.11b)
and (2.11a), respectively.

We shall show that

5.1) FELR (HE B TR, E=1,2,

define two linearly independent flows. (The superscript L symbolizes that
either the stream function or the potential function has a logarithmic singu-
larity.)
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An analytical representation for Y& and ¢(&2? can be given immedi-
ately. We have

(5.2a) y& = A(log ¢ + log £)/2 + B,
(5.2b) o@D = C(log ¢ + log §)/2 + D,
where {=Z—2, §=Z—2Z,, Z=0-+i\ (see (2.10)), Zy=00+1\o, — 0 <Xo<0,

zZ rZ _
4= H[l —f _ FdZ.dz,
(5.3a) Wk

zZ prZ zZ rz - _
+f f_ F(f f_ Fdede)dZIdzl .. -],
z, J 7, z, Y2,

Z rZ _
B = H[f Eo GdZ;le
- B izaiZs AZ:dZs+ - -+ |,
fzo ’fzo <f z, VY Z, ) ]

c 1 S(H4) 1 3(H4)
TTF ez T oz

(see (2.13)), and

z rZ _
C= H‘ll:l —-f _ PdZdZ,
Z,
z 2 z, p 7, _ _
+f f P(f f Pdede)dZule —e °],
z, Y Z, z, v Z,
z prZ _
D= H—l[f _ KledZI
z, v Z,

(5.4b) o zZ prZ zZ, 7
AL )]

1 a(HC) 1 B(HC)

(5.3b)

(5.4a)

By (2.11) we obtain that the first component of ¥ and the second com-
ponent of F(&2 are given, respectively, by

(5.5) ¢(L,l) _ f (ll/2 (r, l)dZ _ ll/2¢(L 1) 7)

(5.6) ¢(L.2) _ zf(—l/z , ”dZ _ l—1/2¢(L ”d?).
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REMARK 5.1. It follows from (2.11) that the integrands of the right-hand
sides of (5.5) and (5.6) are complete differentials. Clearly, F(L#) (¢¢L#) YLk
k=1, 2, are flows with singularities of type S . The coefficients of system (2.11)
are independent of 8, and therefore if we differentiate the components of the
FE® with respect to § we obtain new flows

ArpLk)  gmpL.B)
5.7 (.0 , E=1,2,
5.7 7 ( o~ a6 )

whose components are infinite of nth order at the point (6o, Ao).

REMARK 5.2. We note that when the coefficients of the equation depend
upon both variables, we obtain singularities of higher order by taking partial
derivatives with respect to parameters A\ or 6.

Every ¥»® k=1, 2, has a singularity of type §, since at least one of the
components (being a derivative of a single-valued function) is itself single-
valued. In the case where / in (2.8) equals 1 and A=A}, that is, when equations
(2.8) reduce to the Cauchy-Riemann equations, the expressions

: A —'Xo
(5.8 o) = @2 = arctan( )
0— 6

[see (4.4) and (4.5a)] are infinitely-many-valued functions, while
(5.9) ¢t =TRe[(@+ N)"], ¢®D=TIm[i@6+ N "],n=123" -

are single-valued. (Therefore in this case bothk components of the F®®’s are
single-valued.) We shall show that a similar situation holds in the general
case, considered in the present paper.

We prove at first the following lemma.

LEMMA 5.1. Let (as before) ¢ =Z—Zo, § =Z— Zy, and |, be a circle of radius
€ and center at (0o, No). Then

(5.10) limff"‘?"dg'=0 (form —n+1#200rm+n+1>0)
0 J,

(5.11) = 27 (form = — 1 and n = 0).

(5.12) lim f ¢men lg ¢df = lim f tmirlgfdt =0 (form+n+1>0)
0 I, 0 I,

where m and n are supposed to be integers.

Proof. (5.10) follows immediately from

2r
(5.13) f g-mg'-ndg- —_ ,iem+n+lf ei(m—-n+l)¢d¢’ g- = eeid
I, ¢

=0

(5.12) can be derived analogously.
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LeEMMA 5.2, The increments ApE:D and AY‘E:? if we move along a simple
closed curve, counterclockwise, surrounding (0o, \o) are

(5.14) AdED = — 2x[I(No) ]H/2H(2M)
and
(5.15) APED = — 2x[I(No) |12/ H(2\o)

respectively, where | and H are the functions defined in (2.9) and (2.13) respec-
tively.

Proof. We have by (2.8)
5.16) 267 = i § PG00 4"V = — 2 1m [ § ]

(5.17) A‘/’(L”—— fl (¢(L2)dg__ (L”d?)—ZImU 1/2 (Lz) ]

(Im =imaginary part of), where § means integration in the counterclockwise
sense along a smooth simple closed curve which surrounds { =0, that is, the
pOil'lt (009 )‘0)

REMARK 5.3. The integrands of (5.17) and (5.18) are, naturally, com-
plete differentials. Note that these integrands.are single-valued in the schlicht
O\ plane.

Since /'/2 and A4 are regular at (6o, No), we can devélop M%&) in the
neighborhood of =0 in a series of { and §. By (5.2a), (5.3a), (2.9), (2.13)
we obtain

(618 Prodblr—lpoZpgtgo g

(5.19) z—m=._+’-_1 —E—f—l"—’;u_li;;_’_“i?z_,_

(5.20) A=ho+2—:,§'——l.f—‘1§"+(—2+h04u r?—f?w--

C=i+h—l __h-lr_h—z 2+(h-2 Cu i
ho 23
(5.21) .
2
2 £+ )

where(®®) I, and &, are real constants which depend upon \o, and 4. and

() Note that the power series development of the expression in the bracket on the right-
hand side of (5.3a) has the form 14+Cu¢t+ - - +
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Cnn are real constants which depend upon 6, and Ao.
According to (5.2a)

I:f lllz‘p;z, 1) ]

14 1
= Im {f pe [7 ?+ 7A,(log ¢+ logf) + B,] dt.

(5.22)

In a sufficiently small neighborhood 9N of {=0, the expressions '/24,
1M24,, ]V2B;, and so on, can be represented in the form of uniformly con-
vergent series in { and §.

If we choose 1. for the integration curve and assume that e is so small
that [ CN, then the integration can be carried out termwise. After carrying
out the integration, we pass to the limit e—0.

By (5.18) and (5.20)

2

where dots represent terms of the form Yu.{™f* or Ym.{"f(lg ¢+1g §) for

which m+%-+1>0 and which according to Lemma 5.1 (after the integration

is carried out and e—0) converge to 0, and therefore can be neglected.
According to (5.12)

1 ok
(5.24) —2Im l:f — —d = — 2xloho

which yields the first relation of (5.14), since lo= [I(No) ]¥/2, ho=H(2)\,).
The second relation, (5.15), can be proved analogously.

14 1
(5.23) 11/2[? ?+—2—A:(lg§+ lgf) + B:] = ——+

LeMMA 5.3. ¢V 45 a single-valued function (in the schlicht ON plane.)

Proor. In order to prove the above statement, we shall compute the
increment A¢(:V in a manner similar to that used in Lemma 5.2, and show
that this increment eqhals 0. By (2.8)

(5.25) 806" = —21m [ f M ]

By definition, see (5.7), (2.10),

an YLD 1 4 1 4 1 _
—_{—+ —Z—(A: +490g ¢+ 1g8)

~
w
N
=)
R
=1}
-]
[\
oy
N |

+B!’+B?’
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an 4y 1 A+ 1 A2+ 1 A;+ 1 (A + 4 (g & +1g5)
5.27) t = ¢ 2 ¢ 2 ¢ 2 7 g wlg ¢+ 1g

+ By + Byt
Now we proceed as before, that is, develop the above expressions in power
series, integrate termwise along [, and then pass to the limit e=0. It is clear
that only the first three terms of the right-hand side of (5.27) can contribute
terms which do not vanish. According to (5.18) and (5.20)

1 4 A4 1 4f Lk holy 1
(5.28) zuz(____l__f d ) oho _ Bl 1
2. ¢t ¢ 2¢
where dots again mean terms whose contribution will be 0. According to
Lemma 5.1

Lok holy 1
5.29 — 21 _ .- )d¢ | =0,
(5.29) mb(( et ):]

which means by (5.25) that A¢V =0, that is, that ¢®:V is a single-valued
function in the schlicht §\ plane.

LEMMA 5.4. Y9 45 g single-valued function (in the schlicht O\ plane).

The proof of Lemma 5.4 proceeds exactly in the same manner as that of
Lemma 5.3. As before,

1,2)

(5.30) ap™P = f TP dr — o 0ag);

for =126 we obtain a development similar to that of I/%{"? with the
difference that J, and %, have to be replaced by 1/l and 1/k,, and I, and &,
n>0, by I_, and k_,. As before we obtain finally

(5.31) AP =0

which means that ¢ is single-valued. The ¢ D’s and y»?’s, n=2,3, - - -,
being derivatives of single-valued functions, see (5.7), are also single-valued,
so that both components of the flows F™#® z=1,2, - - -, k=1, 2, are single-
valued.

REMARK 5.4. We note that Lemmas (5.3) and (5.4) can be obtained as
follows: since by going around the singularity (&0, ¢(&2 increase by con-
stants, their derivatives are single-valued at the singular point.

By adding to ¢™® or ¥®# golutions of (2.12a) or (2.12b) which are
regular in a given domain B (situated in the region §=E[A\<0]), we obtain
" flows with the above singularities and satisfying the given boundary condi-
tions, For instance, by an appropriate choice of ¥;, we obtain a flow for



478 STEFAN BERGMAN [November

which
(5.32) Y =y¢&D 4y,

vanishes on the boundary b of the given domain 8 and which has at (6, No)
a logarithmic singularity (b is supposed to be sufficiently smooth). Similarly
we can determine a function

(5.33) ¢ = LD 4 ¢,

such that d¢/dn=0 on b.

The existence of ¥, and ¢; follows easily from classical theorems concern-
ing the existence of regular solutions with prescribed boundary values of
linear partial differential equations.

The flows ¥V and F%:» are defined by the equations (5.2a), (5.2b),
(5.5) and (5.6). The flows 7™V and ¥ for n=1, 2, 3, + - - are obtained, as
indicated in (5.7), by differentiating » times, with respect to 6, the functions
YD $LD and P&, ¢ respectively. The question may arise as to
whether for some index 7 (and hence of all higher indices) the two flows F»
and F™2 are not essentially the same—that is, whether functions .V
and ¢™? (and likewise ¢™V and ¢ ?) are not linearly dependent.

To show(!%) that the flows ™V and ¥™? are always distinct, we may
proceed as follows: The flows F(&:» and ¥ are surely distinct, for in one
case the stream function is single-valued and in the other case multi-valued
(and likewise for the potential). Now, the potential functions of the flows
F@Y and F4.9 are given as follows:

(1,1) — ¢:L.1) - ¢;L,1) + ¢_;L.1) - il1/2(¢:L.1) _ 'p?(-L.l))
G380 e [54 (% _ %) 5 (s — 4D lg 6B + (B = 59|
Y R S T
el CG’ + %) + 2 €+ I 4D + (Br + D).

If these two flows, or any of the higher-order flows obtained from them
by the aforementioned differentiation procedure, were linearly dependent, it
is clear that the most strongly singular terms would have to be proportional;
that is, the following equality would have to hold:

sJ1/2 1 51
(5.36) AR — 7 = constant.
CE+

Taking account of the definitions of { and §, this may be written:

(1) The author’s original proof has been simplified by Dr. Bernard Epstein.
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A (= 280 — No)
(5.37) CaO— o) = constant.

Now, since /, 4, and C each approach limits (5£0), it would follow that
limg.gpnre [(A—N0)/(0—00) ] exists with X\ and @ approaching their respective
limits independently. Since such a limit does not exist, it follows that the as-
sumption that the potentials ¢™" and ¢™? are linearly dependent is in-
correct. Similarly, the flows ¥™ and F™2 are distinct for all z.

6. The transition from the pseudo-logarithmic to the physical plane.
Conditions that y(0, \) defines in the physical plane a flow around a closed
curve. As has been indicated in §5, the introduction of singularities of type §
enables us to define flow patterns, see (5.34), in the pseudo-logarithmic plane,
which have in this plane a behavior similar (in the sense indicated in §3) to
that of the flow patterns of an incompressible fluid in the logarithmic plane.

As we have also stressed, the problem arises to determine the conditions
that the flow defined in this manner in the pseudo-logarithmic plane will
represent a flow around a closed curve in the physical plane.

In the following discussion we shall derive necessary and sufficient con-
ditions to assure this.

_ LeEmMA 6.1. Let the flow ¥ be regular in a bounded simply-connected domain
B, BCR=E[N<0]. The image P(b) of the boundary curve b of B in the physical
plane is a closed curve.

The statement of the lemma follows immediately from the fact that the
integrands of (2.18a) and (2.18b) are exact differentials; see §15 of [7].

If a flow has a singularity of type S at (8o, No) then either ¢ or y is a single-
valued function and, according to (2.19) or (2.18), x and v increase by con-
stants if we go around the singular point (8, Ao).

DEFINITION 6.1. The constants X, ¥ by which the functions x(#, ) and
(8, \)—see (2.19a), (2.19b) or (2.18a), (2.18b)—increase if we move once
counterclockwise around a singularity of type § of a flow ¥ will be denoted
as T-periods. (The letter T is suggested by the expression “transition to the
physical plane.”)

We proceed now to the determination of the T-periods of the singularities
of the flows F&:D, ¥Wb k=1 2, introduced in §5. Since the integrands of
(2.19a) and (2.19b) and of (2.18a), (2.18b) are complete differentials and
therefore the integration can be carried out along an arbitrary simple
closed curve which surrounds (6, N\y) and has the desired orientation, we
choose for the integration curve again the circle I, with center at (8o, o) and
radius €; in the course of our further discussion we shall assume that e—0.
Thus our considerations will represent a repetition of the method applied in
§5, with the difference that the factor /'/2 of (5.16) has to be replaced by
(—sin 84+4(1 — M?2)V2 cos ) /gp or similar factors, and that we have to take
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the real part of the integral # instead of its imaginary part. Let
—sin 0 + (1 — M?*)Y2cos 0
(6.1) gp
= (aoo + Bo0) + (a1 + #B1)¢ + (12 + B1)E + - - -,
cos 0+ i(1 — M*)¥2sin 6
(6.2) qp

= (ctoo + Bo0) + (en1 + B¢ + (one + iBI)E + - - -

be the series developments of the above functions; @mn, Bmn, Qs Bms are
supposed to be real constants which depend on 8y and A,.

LEMMA 6.2. The T-periods of the flow F&:V are

(6.3) XED = — 2rhofos, VED = — 20heSo

where ho=H(2\o) is the quantity introduced in (5.20) and Boo and Poo are defined
in (6.1) and (6.2).

Proof. As we have indicated, we have to compute the power series de-
velopment of the integrands of (2.17a) and (2.17b), assuming that y§"
is substituted for ¥ 5.

According to (5.2a) and (5.20)

1 4 1 1 &
(6.4) 'I';L'l)=??+?Az(lg§’+lgf)+Bz=(-—-—°+---)

2 ¢
and therefore

(6.5) — sin 0 + 1(1q;— M2)1/2 cos 0 ¢éL'1) _ _;_ ho(aoo;- iﬂoo) e,

By (2.17a)

1 holaoo + %Beo)
X@D =2 Re J 1 f[__._—_ ]d}
(6.6) ¢ {B L2 P f

'p
= - Zrhoﬂoo,

that is, the first formula of (6.3). The second formula can be derived in an
analogous manner.

LeEMMA 6.3. The T-periods of the flow F*V are

6.7 XAV = 2xheBy, V4D = 2wk,
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Proof. The determination of the periods proceeds as before, except that
instead of Y(£:1) we now substitute y*V; see (5.26). According to (5.27)
a.n 4 24y A;  Ax
vz 2§2+2§'+2f+2§'+

]

.8
©.8) _ ho " ho1 ki §
2 4 F 4 g
Therefore
— sin 6 + (1 — M?2)Y2 cos 6 ‘0(1,1) - ho(aoo + #Boo)
gp £ 2
(6.9 .
ho(enr + iB11)
- Ty
2%

Applying Lemma 5.1, we obtain the first formula of (6.7). The second formula
is derived analogously.

LEMMA 6.4. The T-periods of the flow ¥+ are

(1,2) (1,2)

6.10) XUV = — xhy [lesBoo + 2amds ], Y = — why [1iB0 + 2arida |-
Proof. We proceed as before, using (2.19a) and (2.19b) instead of
(2.18a) and (2.18b). From (5.4a) we obtain

irc ¢
1,2) — | — —_— ~
(6.11) ¢ 5 [r + : +C+Cge+1gf) + ]

and by (5.21)
1 Cc Cc G 1 3
(6.12) ¢(zl'2.)—_—2-[2_’__+._‘+...]= [__°+...].

Thus by (5.19)

1 — M)U2cosf+isinf qg 1 1L
( ) :lsz i sin ¢gz_l__2_(_i)<_l_+_2%g-+...)
(6.13) ® o b

- [(@00 + Bo0) + (a1 + iBu)¢ + - - - ]’[_’g__:—i' o ]

which by Lemma 5.1 yields the first relations of (6.10). The second relation
can be obtained analogously.

The T-periods of the singularities of higher order can be obtained
analogously.

Following the principle of correspondence explained in §3, we shall intro-
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duce stream functions which in the pseudo-logarithmic plane have a be-
havior similar to that of stream functions of an incompressible fluid in the
logarithmic plane.

In this connection it will be necessary to investigate the behavior of solu-
tions of equation (2.12b) at branch points.

Suppose that Z=a, Z=0+1\, is a branch-point of the Riemann surface
of the function ¥(Z) such that by the transformation

(6.14) ¢ =(Z — a)ll

(x a positive integer) a neighborhood of o will be transformed into a schlicht
neighborhood of the origin.

We now introduce a representation of solutions ¢ of (2.12b) at such a
branch point which can be considered as an analogue of the representation
Do [Im (@n(Z—a)™*)] of a harmonic function at a branch point.

DEFINITION 6.2. If a solution ¢ of (2.11b) can be represented in a neigh-
borhood of a branch-point Z=a of the type described above in the form of a
uniformly convergent series

(6.15) Y =2 Im [2.Ps.1((Z — a)"9)]

n=0
(x a positive integer), the function ¢ will be said to be k-regular at this branch
point.

LEMMA 6.5. Let Z = o be k-regular at the point Z =, and let |, = E [Z = a+ee™,
0=<¢ <2«m] be a simple closed curve on the Riemann surface of the function V¥,
€ being sufficiently small so that the curve |, (a x-fold covered circle) encloses no
other singularities of . ‘

Then the T-periods of the flow defined by the stream function ¢ vanish when
the integrals (2.18) (") are evaluated along any curve which is (on the Riemann
surface) isomorphic to .. A

Proof. Since the integrands of (2.18) satisfy, except at the singular points
of Y, the integrability conditions, it follows that the path of integration may
be shrunk continuously in any manner, providing only that no singular
points of ¢ are crossed. Thus from the hypotheses, it suffices to consider the
integrals (2.18) taken around [.. Since by hypothesis series (6.15) is uniformly
convérgent for e (the radius of [,) sufficiently small, it is permissible to invert
the order of summation and integration, and it therefore suffices to show that
each term of the series (6.15) contributes zero to the transition periods. Now,
for |Z—a| sufficiently small, the expansion (1.4) of P;[(Z—a)™*] is uni-
formly convergent, so that it is once again permitted to invert the order of
summation and integration. Therefore, it suffices to show that each term of

(17) Here and hereafter we write (2.18) instead of (2.18a) and (2.18b).
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the expansion P3[(Z—a)™*] yields 0 when inserted into equations (2.18) in
place of ¢.

From (1.4) it is easily seen that each such term contains (Z—«) only to
a non-negative power; therefore, ¥z, which appears as a factor in the inte-
grands of (2.18a) and (2.18b), contains (Z—a) only to powers greater than
—1. Since the term Yz is multiplied in the integrands of (2.18) by functions
which are continuous at Z =, and since the length of the path of integration
is 2kme, it follows that each integral can be made less in absolute value than
any preassigned quantity by choosing € sufficiently small.

The image of a flow of an incompressible fluid in the logarithmic plane
and that of a compressible fluid in the pseudo-logarithmic plane extend in
general to infinity, since at a stagnation point ¢=0 and therefore A=Ig gand A
(see 2.7) become — .,

In the following we shall consider only flows satisfying the following con-
ditions:

(1) The stagnation point (or points), if any, lies on the boundary (but
not in the interior) of the flow.

(2) The flow (that is, the stream and potential functions) possesses only
a finite number of singularities (including branch points), so that there exists
a finite number R such that for | Z| ZR the stream function is regular at
every point of P.

(3) The stream function ¢ as well as Yz and ¥z exist and are continuous
on the boundary except perhaps at a finite number of points, say B,.

The integration over (2.18) will be carried out in the following along the
boundary curve p. In this connection it is necessary to make certain conven-
tions.

(1) The integration in the neighborhood of a point 3, will be understood
as follows: we draw a circle of a sufficiently small radius € around S,, denote
by €. the part of this circle (assumed to consist of a single arc) which lies in
B, and replace the arc p13,p2 of p by G, $1 and p; being the intersections of p
with €.

(2) As we mentioned before, the boundary curve p of B extends to in-
finity. Let I denote a part of it which is situated in | Z| Z R and which together
with a corresponding arc of IZ | =R bounds a simply-connected part, say P,
of PB, which extends to infinity.

The integrals (2.18) taken over [ are understood again in the improper
sense, namely, we connect by a curve € two points, say #; and p,, which lie
on two different branches of [, which branches meet at infinity. The integra-
tion along p, » p, is replaced by integration along the curve €.

REMARK 6.1. Note that the value of the integrals are independent of the
choice of €, since, by assumption, no singularities of ¢ are situated in the
domain bounded by p1€p.:C'p1p.

In analogy to (4.11b) we assume that the stream function ¥ of ¥ is de-
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fined in a (not necessarily schlicht) domain P of the pseudo-logarithmic
plane and can be represented there by

(6.16) v=u v e Y

where ¥, is m-regular in P, and satisfies hypotheses (1), (2), (3). ¢V,

Y2 YLD gre stream functions possessing at the point 8y, \o singularities
described in §5. 6o, Ao is the point which corresponds to z= .

THEOREM 6.1. The necessary and sufficient condition in order that the stream
function (6.16) defined in a simply-connected domain B represents a flow in the
physical plane around a closed curve is that

(1) (1,1) (2) (1,2) (L, 1)

Ho + po + pX
6.17) (1) & (2) & (L,1)
Ko + ko + u¥Y = 0,

(X, YA.0) being the T-periods of F1°, k=1, 2, (XED, YED) those of
y(L,l)(lB).

Proof. Let
(6.18) x=x6,2), y=236,N

(see (2.18)) represent the function pair which maps the domain P into the
domain in which the flow is defined in the physical plane. These integrals
have been defined initially along curves which lie within B; however, since
Y1 satisfies the hypotheses (1), (2), (3), the integration can be carried out along
the boundary curve p (undérstood with the conventions stated above).
The image in the physical plane of the boundary p of P will be a closed curve
if and only if the functions x(6, \), ¥(6, \) return to their initial values when
we move once along p. According to our hypotheses (see in particular (3))
and our conventions, we can replace the integration curve p by another curve
p* which (except perhaps at Z= — ) differs sufficiently little from p, so that
the values of the integrals (2.18) over p and those over p* differ by a quantity
¢, which can be made arbitrarily small. p* is assumed to lie snside P.

Since the function ¥, is m-regular in B, and &, Y12 YLD are regular
except at the point (8o, \o), the integrals (2.18) taken along p* are equal to the
same integrals taken over a sufficiently small circle with center at (8o, No).
According to Lemmas 6.1, 6.2 and 6.3, the values of these integrals equal the
left-hand sides of (6.17), respectively. Thus these integrals will vanish if and
only if the left-hand sides of (6.17) vanish.

A generalization of the Blasius formula. As is well known, see [23, pp. 36

(18) It should be remarked that the image of P in the physical plane is not necessarily
schlicht, so that the question whether the flow given by (6.16) in the 6\-plane has a physical
significance requires a separate investigation.
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ff.], the behavior of the flow at infinity determines the force and the moment
acting upon a profile immersed in the flow.

As we shall show, the results of the present section enable us to obtain for
the force F and the moment M,, about a given point z,= (xs, ¥o) formulas
analogous to those holding in the incompressible case. For an incompressible
fluid these quantities are given by the formulas of Blasius [23, p. 35]:

d
(6.19a) F—f';—° (—3”—) ds;

(6.19b) M,o=—Re[ f(z—zo)( ) ]

Here po is the density of the fluid and w is the complex potential of the
flow, € a control contour. The above formulas can be expressed in terms
of the coordinates of 8, X of the logarithmic plane. We proceed to the deriva-
tion of formula (6.28), a generalization to the compressible fluid case of the
formula which one obtains from (6.19a), using the classicial considerations.
According to [23, p. 23 (29)] in the case of a steady two-dimensional flow in
the absence of external forces, we have:

(6.20) F=— f pqqnds — f pnds
3 3

where € (the control contour) is any simple closed curve which surrounds the
immersed profile. Here n is the unit outward normal to €, ¢, the component
along n of q, and ds the line element of €. We have

. dy — idx idz
g=g¢¥ n=——=—-—,
ds ds
(6.21)
(u, v)- (dy, — dx) udy — vdx
= ds B ds
Thus
F = —que"[udy — vdx] + if pdz
(6.22)

= _f qew[aydy-{- — dx] + zfpdz

Since, see (2.3), (2.5),

A4 A4 [ (r—1) ]W—”
6.23 °=— =—— =q|l1l— 2
©.23) ou=20r == P 7 !
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(here it is assumed that in (2.4), 3=0).
(7 — 1) v/ (v—1)
(6.24) F=-— f gedy + io f [1 — 5 q’] dz.
c [

According to [7, formula (137), p. 50],

1 1— M d
(6.25) dz = —,e"[(— Yot 4 M) dx + (.px-— ﬂ’—) do).
P ¢ g q

Since p= [1 —2-1(y—1)g?]"/@—D, we obtain by using the last formula of (6.23),

zfcpdz = oifc(l - b -2— D ¢12>e“
1—M d
X[(“ : wo—q+"’*)dx+(m "b’) ]
q ¢ q

Since ¢ is single-valued at infinity, the first integral on the right-hand side of
(6.24) can be transformed, by integration by parts, as follows:

d
(6.27) —f gettdy = f\l/(e" —gd)\ + iqe"d@).
[ S daa

Now, according to (6.16):

(6.26)

1y, 1,1 @, 1,2 (L1

V=wm V¢ Fumwv¥v +u + ¥y,

where ¥ is regular at the point (8o, o) corresponding to z= . If we choose,
therefore, for € a sufficiently small circle I of radius € and center at (6, o),
that is, if we write [;(=E(@=00+¢€ cos ¢, A\=X\o+€ sin ¢, 0=5¢ <27) and then
proceed to the limit, e—0, then we can neglect terms corresponding to ¥,
so that we obtain.

a1 (2) _(1,2)
(6.28)  F=po F (B0 No) +mo F (B0, M) + uF (80, o)
where F1:D(0,, Ao}, F12(6,, No), FEN(B, \o) are expressions (6.24) cor-
responding to Y =y¢D, YLD Y@L respectively. These quantities can be
computed, using (5.2a), (5.2b) and so on, and the relations,

(L,1)

d\ = — esin ¢do, dé = € cos ¢dop,

q=qo+ (:—z)o()\ — o) + 21 (‘f:)?z) = 2o+

n- @ (Fo -+
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G- (5)
o \ A
In a similar manner the moment M, can be determined.

7. An integral formula representing a subsonic flow inside a domain in
terms of its values on the boundary. The Cauchy integral formula is one of
the most powerful tools in the study of analytic functions of a complex vari-
able. As we shall show, there exists in the subsonic case an analogue of this

formula which enables us to express the values of ¢ and ¢ inside a domain 8
of the (f, N)-plane in terms of the values of ¢ and ¥ on the boundary of 8.

where

TrEOREM 7.1. Let (¢, ¥) be a flow which is regular.in the bounded domain
B (lying entirely within the subsonic region) whose boundary € is a simple
closed curve. Then at every point (6o, No) of(*?) B:

d (L,2) F:] H2ll/2 (L,2)
(7.1) 21¢(00, >\0) = [H(Zxo)]—lfc[—- H2¢ ¢ + ¥ ( a:’ )]dsv

YLD S(H—2-1/2%y(L.1)
14 T ( 22 )] s
n as

(7.2) 20900 M) = H(2A) f«[“ H

where 3/0n indicates differentiation in the direction of the inward normal, and
oL and YLV are the fundamental solutions introduced in (5.2b) and (5.2a)
respectively, and H 1is given by (2.14).

Proof. Applying Green’s formula to the domain obtained by deleting from
B a small circle with center at (6o, \o), and taking account of equations (2.12),
(2.13), (2.14), (5.2), (5.3), and (5.4), we have:

EPYe X))
¢ ds +f Hp&.» a-—‘?ds.
on (1 on
Now 9¢/0n=(3¢/0N\)(d\/dn)+ (04/36)(d8/dn) = —11/20y/ds (see equations
(2.8)). Inserting this into the last term of equation (7.3), we have:
d¢ oY

(,2)
ds _szll/2¢(L.2)_ds_
n c as

(7.3)  2xH(A)$(00 A) = — fcm

(7.4)  2xH(A)$00 A) = — ftm

Performing integration by parts on the last term and multiplying both sides
of the resulting equation by [H(2\e)]}, we obtain equation (7.1). Equation
(7.2) is obtained by a completely analogous procedure.

REMARK 7.1. ¢(fo, No) and ¥(6o, No) can be represented in a slightly dif-
ferent form which is of interest for some purposes. The first term in the
integrand of (7.1) may be expressed as follows:

(1%) The relation (7.2) in a slightly different form has been indicated in [3, pp. 16-18].
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a¢(L.2) a,p(b.?)
(7.5) - f H% ds = f Hgl'? ds.
c on c ds

If the right-hand side of (7.5) is integrated by parts, beginning and ending at
a point P on the curve €, the result obtained is(?°):
.2

H2gl2

ds = AYED (0, \o) [H2 %9 ] p
G as

/
[y 2T,
G as

(7.6)

The reason that the integrated part does not vanish is, of course, that y(&?
is multiple-valued, and after describing the curve € once (in the positive
sense), beginning at any point, the function (£ increases by the amount
AYLD(0y, No). In the integral on the right-hand side of (7.6) it is also neces-
sary to take account of the multiple-valuedness of Y(£-?, It is apparent that a
concept quite analogous to that of a Riemann surface may be employed here.
The function ¢(&2 (0, \; 8y, No) is to be considered defined on a multi-sheeted
surface with branch points at (6o, N\¢) and «, and then (&2 is rendered
single-valued by a cut joining (6o, No) to ® and cutting the curve € at the
point P; now the curve b, although closed in the “schlicht” (@, N\)-plane, is
open on the Riemann surface, beginning at P in one sheet and ending at P in
the next sheet.

Taking account of equations (7.5) and (7.6) we may write (7.1) as follows:

27w¢(Bo, No) = [H(Z)\O)J—X{A,p(L,Z)(go’ No) [HE\ % )5

(7'7) 271/24 (L ,2 1
N f [#« J(HP 2 E D) ) a(H? '2¢)] ds} '
¢

as as

A completely analogous expression may be found for 2my(6,, \o), involving
the period of ¢¢&:D,

As was mentioned in §1, the approach developed in the present paper may
be considered as a generalization of methods used in the theory of analytic
functions of a complex variable, in particular in the theory of integrals of
algebraic functions. It will perhaps be of interest to discuss analogues in this
direction.

An analytic function f=¢-4# of a complex variable can be interpreted
as a flow of an incompressible fluid, the flow being in either the physical
(x, ¥)-plane or the logarithmic (6, X)-plane, A =Ig gq.

As we have seen in §2, functions which are defined on Riemann surfaces
arise in a quite natural manner, representing flows in the physical plane which

(%) [ ]p means the value of the expression in brackets at the point P.
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have physical significance. If we attempt to develop in the (8, A)-plane a
theory for compressible flows analogous to the theory of analytic functions of
a complex variable, and in particular to develop an analogue to the theory
of algebraic functions and their integrals, there arises a fundamental differ-
ence. In the first case (that is, incompressible flows) the functions can be de-
fined for all values of 6 and X\, while in the second case (compressible flows),
the functions are defined only for A <0, if we restrict ourselves to subsonic
flows.

On the other hand, in analogy to the integrals of the second and third
kinds, we can introduce flows which will be characterized by their singularities
and their behavior on the boundary of the domain. For instance, we can
consider flows 7§® =F L0+ ¥, k=1, 2 (see (5.1)), where ¥, are flows which
are m-regular in P (see definition 6.1) and determined in such a way that the
stream function ¢V or the potential function ¢£? vanish on the boundary
of (') PB. F§* can be considered as analogues of integrals of the third kind.

Similarly, normalized flows ¥$® =¥"® 4%, can be considered as an-
alogues of integrals of the second kind.

We note that the above singularities admit a simple physical interpreta-
tion. ¥V yields in the physical plane a vortex at infinity 2=, 72 a
source or sink at 3= o, F1.» k=1, 2, yield doublets at z= .

REMARK 7.2. An essential role in the theory of integrals of algebraic func-
tions is played by the relations which exist between the periods of these
integrals. Applying the procedure in the proof of Theorem 7.1 and in Remark
7.1, we can obtain formulas which can be considered as a kind of generaliza-
tion of results in the classical theory, concerning the relations which exist
between the periods of normal integrals of the first, second and third kinds and
the values of these integrals at singular points of integrals of the third kind.

8. A property of the transition from the physical plane to the hodograph
and allied planes. The theory of two-dimensional steady motion of an incom-
pressible fluid, and in particular the study of relations which exist between the
flow in the physical plane and its images in the hodograph and logarithmic
planes, is an interesting field for application of the theory of schlicht func-
tions and that of value distribution of analytic functions of a complex vari-
able.-Most of the abstract notions in these thcories admit a natural physical
interpretation, so that many mathematical theorems may be formulated as
relations between quantities which have a physical significance.

It is of importance that these rclations can be generalized to the case of
subsonic flows, since, as we shall show, the transformation of a flow pattern in
the physical plane into its image in the hodograph or pseudo-logarithmic
plane is a quasi-conformal mapping. As is well known, this latter mapping -
has many properties in common with conformal transformation. Sec [1, 2, 4].

(®) ¢§™ and ¢§® will be Green’s functions, with respect to the domain %, of equations
(2.11b) and (2.11a) respectively.
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REMARK 8.1. ¢ and ¢ in the hodograph and pseudo-logarithmic planes are
solutions of a system of linear partial differential equations. See (2.6) and
(2.8). These equations represent a generalization of those of Cauchy-Rie-
mann, and one can expect that by using the theory of operators and some
other tools of investigation, it will be possible to obtain for the function-pair
[#(8, N), ¥(8, N\)] various theorems similar to those found in the theory of
analytic functions. Using, then, the above-mentioned correspondence be-
tween the images of the flow in the pseudo-logarithmic and in the physical
planes, that is, the correspondence between

[66, V), (6, M)] = [6(x, 3), ¥ (2, )],
oM (z, y) = ¢[0(x, 3), Mz, )],  ¥D(x, y) = ¢[6(x, 3), M=, )],

we may expect to obtain theorems for ¢ and YV, that is, for solutions of a
system (2.3), (2.5) of nonlinear equations(22).

The first part of the present section will be devoted to the proof that the
transition from the physical to the hodograph or allied (that is, logarithmic
and pseudo-logarithmic) planes represents a quasi-conformal mapping. In
the second part, Theorem 8.2 will be proved, which by the use of well-estab-
lished methods yields a certain result which follows from the pseudo-con-
formality of the transformation. We shall return in a later publication to a
more systematic exploitation of Theorem 8.1. _

DEFINITION 8.1. Let M be a one-to-one mapping of a (closed) domain §
into B* such that if P* denotes the image of P, an infinitesimal circle of radius
ds around P goes into an infinitesimal ellipse

@®.1) Gu(P*)dz*? + 2Gu(PY)da*dy* + Gu(P¥)dy* = dst

around P*, If there exists a ﬁ)ﬁed constant K, 1 £ K < », which is independent
of P*, such that for all P*E€8*

8.2) S(P*) = 2KD'/?

where

(8.3)  S(P*) = Gu(P*) + Gu(P*), D(P*) = Gu(P*)Gas(P*) — 6:2(1’*),
then the mapping M is said to be quasi-conformal in 8.

LEMMA 8.1. Let ¢(a, B) and Y(c, B) be two continuously differentiable func-
tions defined in a (closed) domain ® of the (e, B)-plane, whose derivatives are
connected by the relations '

(8°4) ba = A(av B)\bﬂr ¢ = — B(av ﬁ)¢¢

(2) Despite the fact that (2.3), (2.5) represent a very special system of equations, these
results are of considerable theoretical interest as the few examples of theorems in the theory
of nonlinear partial differential equations, about which comparatively little is known.
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where
(8.5) 0<e=A4(a,B) =b < w, 0<a=BpB)Sb< x,

a and b being conveniently chosen constants.
If at every point P of ® the inequality

(8.6) [Val| +|¥e] >0
holds, then the transformation M,
(8°7) ¢ = ¢(a' ﬁ)v Y= vﬁ(a, ﬁ)’

is quasi-conformal in ©.

Proof. Let ds be the radius of an infinitesimal circle in the af-plane
with center at P*. A formal computation yields that

ds? = d¢? + dY? = (¢pada + ¢pdf)? + (Ya da + Ypdf)?
= (A¢pda — BY.dB)? + Wudee + ¥rdf)?
= (A'¥s + Yo)da' + 2(1 — AB)absdadf + (B'Ye + vo)df’

and

2 2 3
S (A4 1)+ (B + .
2D/2 2(4y; + BY)
Ye and Y5 are continuous and therefore bounded in the closed domain @,
say Yo = M, Y3 < M, M being a conveniently chosen constant. Since I#’.l + I vs|
is positive and continuous in a closed domain, there exists a constant, say m,

such that |Ya| +|y¥sl 2m>0 in @. Therefore Y2 +y3=m?/3. (Were y2+y2
<m?/3, then we would have

(8.8)

(el +[¥6])* S Wat v+ 2| Vabe|) < 3(0a+ ¥8) <m).
Therefore
2
S < (b2+1)MEK

8.9 2Dz = am?

’

which proves our assertion.

The simplest procedure to show that the transformations above-men-
tioned are quasi-conformal is to show that the transformation of the physical
plane into the potential plane (that is, the plane whose cartesian coordinates
are ¢ and ¥), as well as of the hodograph plane into the potential plane, is
quasi-conformal. Since any one-to-one mapping inverse to a quasi-conformal
transformation, as well as a combination of two quasi-conformal transforma-
tions, is again quasi-conformal, we obtain in this manner the desired results.
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LeEMMA 8.2. Let F be a flow-pattern defined in a bounded domain @ of the
physical plane, and P its image in the potential plane. Assuming that the domain
in which ¥ is defined does not include any stagnation point, the mapping of ®
into 'S-B', defined by the correspondence

(8.10) [z, ] = [6(=x ¥), (=, )],

is quasi-conformal.

Proof. (¢, ¥) and (x, y) are connected by the relations (2.3). On the other
hand, if we replace «, 8 by x, ¥, and choose 4 =B =1/p>0, the system (8.4)
becomes (2.3). Our assertion follows, therefore, from Lemma 8.1.

LemMA 8.3. Let © be the image of ® in the pseudo-logarithmic plane. Assum-
ing that & is bounded and schlicht, that_no stag_r.tatz'on points lie in S, and that
the flow ¥ is subsonic, the mapping of © onto P, defined by the correspondence

(8.11) [6. 2] — [8(6, M), ¥(6, V)],
s quasi-conformal.

Proof. (¢, ) and (0, \) are connected by relation (2.8). Replacing «, 8
by 6, N and substituting 4 =B=/"2, (8.4) becomes (2.8). In the subsonic
case

(8.12) IN) = (1 — M2)/p2> 0,

and therefore the inequalities (8.5) hold. A fortiori, the assertion of Lemma
8.3 is a direct consequence of Lemma 8.1.

The transition from the pseudo-logarithmic plane (whose cartesian co-
ordinates are 0, A) to the logarithmic plane (whose cartesian coordinates are
6, A) means a stretching of the \-axis. See (2.7) and (2.7.a). Since for
0<AZ=AZN>0,

1 dx
(8.13) 0<—=—=01-M)2=5g< »
a a\

(see (45) of [7]), this mapping is also quasi-conformal. As previously re-
marked, the combination of a number of quasi-conformal mappings (in
particular that of a quasi-conformal and a conformal mapping), as well as
the inverse of a quasi-conformal mapping, is again quasi-conformal.

From Lemmas 8.1, 8.2, and 8.3, therefore, there follows the theorem:

THEOREM 8.1. Let ¥ be a subsonic flow defined in a bounded and schlicht
domain ®, and let ©,, S,, Ss be the images of @ in the hodograph, logarithmic,
and pseudo-logarithmic planes. If ® does not include any stagnation point and
if ©r k=1, 2, 3, is bounded and schlicht, then the mapping of © into Sy is
quasi-conformal.
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As we mentioned before, we shall now give a simple application of
Theorem 8.1.

THEOREM 8.2. Let
(8.14) G1=E[}1S0=<8,0<n<r=<r<w]
be a domain in the physical plane in which a subsonic flow ¥ is defined, r, &
being polar coordinates. We assume that no stagnation points lie in .

Let @s, the image of ®, in the hodograph plane, be bounded and schlicht. Let
us further assume that on each of the arcs

(8.15) ar=E[¢1 S £ 8,7 = 1), k=12,
the speed q varies in the range
(8.16) O<GHr=g=Q <, Q1 < gy

and that in the whole domain ®, the angle which the velocity vector q(x, ) = ge®
forms with the positive x-axis varies in the range

(8.17) E[0 <0 =<6, 0 < 2.
Then for the above quantities the inequality

lgg:— g0  2K6
(8.18) leg:— 1800 _ 2K8: 1 lgr)
lgQ:—lg ¢ ¥ — %

L]

7’

704

3

lg'rl lg'fz
Fi16. 9. The domain @: .

holds. (Here K is the constant characterizing the “quasi-conformality” [see (8.2) ]
of the mapping of OF into &F, domains to be defined later.)

REMARKS 8.2. A bound for K can be obtained by use of (8.9).
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Proof. Inequality (8.18) follows immediately by well known considera-
tions. See [3], in particular (8.9) and papers cited there. Let

(8.19) O =E[lgnstslgr s <n <o
be the domain obtained from @, by the logarithmic transformation
(8°20) ¢ = lg 2, $ =&+ in, g=x-+ i}' = ft“,
and let @; be the domain obtained by the logarithmic transformation
(8.21) Z* =lgq, q = ge %, Z* =%+ iH

H

Igq 1gQ Ig ¢ l;Qz =

F16. 10. The domain @); .

from the hodograph @, of ¥, that is, of the image of @ in the hodograph plane.
Since ®, does not include any stagnation point and ®, is assumed to be
schlicht, @7 is bounded and schlicht.

According to Theorem 8.1 and previous remarks on combination of quasi-

conformal transformations, the mapping
(8.22) Z* =)

which maps @ onto ®; is quasi-conformal. Let L(no) be the length of the
image in the Z*-plane of the line segment E[lg r, S£<Ig ra, 7 =1n]. Since the
end points of the above segments lie on the images (in the {-plane) of arcs
u; and ag,

(8.23) (g g2 — 1g Q1) < L().

Integrating the left- and right-hand sides of (8.23) from n=¢; to =d; and
applying the inequalities of Schwarz-Bouniakowsky, we obtain
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[(Gg g2 — g Q)@ — 9] = [ f:u,,)d,,]’

N g r2 2
= [ f Gi/fdfdn]
[ g r1

1

(8.24)

where Gy; is the first coefficient of the quadratic form for the line element
(8.25) do? = dEz + dH? = Gudf’ + 2Gudfdﬂ + Gudﬂ’.

Using the notation explained in (8.3), the inequality of Schwarz-Bounia-
kowsky, and (8.2), we obtain

LA g rg 12 LA Igry
[ f f Gudidn] [ f f S 2d$dn:|
N g ry [ g 7y
92 lgrg s Ig ry
(8.26) = f f Sdtdn- f f dtdy
%, 1 % g ry

& 71

1g Ty lg ry
<2K f D'i2dgdy- f f dtdn
1g [ 1g

= 2KA(®1)~A(®:)
S 2K(lgrs — lgr) (92 — ¢1)(lg Q: — 1g ¢1)61

where A(®:) denotes the area of ®;. (8.24) and (8.26) imply (8.18).

9. Pseudo-harmonic vectors(®). As has been indicated in [6] and in
papers cited there, it is possible by means of suitably chosen ¢perators to
generate from analytic functions of a complex variable (that is, from a pair
of real functions connected by the Cauchy-Riemann equations) harmonic
vectors, H, whose components are connected by relations

9.1) V-H=0, VXH=0.

These vectors possess the property that

©.2) [rax=0  [[Hd=0
) ]

where

=E[X=Xu),Y=Yu),Z=2u),0=<u=s1]
B=E[X=Xu1),Y=Y%1),Z=Zu1),0Su=<10=09=1]

represent any closed sufficiently smooth curve and surface, respectively,
which can be reduced to a point by a continuous one-to-one transformation

(®) Bull. Amer. Math. Soc. Abstract 51-9-158.
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in the regularity domain of H. Here

X Y YA
iX = [-—z’l + —i+ — is] du,
ou ou ou

aY,z) 9z X) aY,2) .
do = 1+ i + I3 | dudv.
a(u, v) (u, v) a(u, v)
As we shall show, the same operator generates from a pair of functions
which are connected by the generalized Cauchy-Riemann equations (2.8)
vectors S which possess similar properties.

LEMMA 9.1, Let f=f(x, iy, t) =¢ (x, 5, t) + i (x, v, t) be an analytic function
of two real variables x and y, and a continuous function of x, y and t (¢ real),
whose components are connected (identically in t) by the relations

(28) ¢z = ‘l’w \l/z = - l(x)¢ll'

Now let

9.3) S(X,7,2) = SO(X,Y,2Z) + iSP(X, ¥, 2)

' = P(f)i, + P(if cos )iz + P(if sin £)is,

where
1 2r

9.4) Pl =— g(X, 1Y cos t + iZ sin ¢, H)dt
21 J o

represents a pair of (real) vectors in the three-dimensional (X YZ)-space.
Thén the components S»®, n=1, 2, 3, of the vectors S®, k=1, 2, are con-
nected by the relations

0.5 Se¥=uxss”, se =uxss, s =550, ves? =,
(9.6) vxs®? =0, s +ux) sy +557] =o.

Proof. We have

SAD = (27)1 f édt, SOV = — (22) f ¥ cos t dt,
9.7)

SED = — (21.-)-1f¢ sin ¢ dt,

S1.2) = (21r)"f:ﬁdt, 5@ = (21r)“f¢ cos ¢ dt,

2
56,2 = (21,-)—1f¢ sin ¢ dt, f Ef ’
t=0

(9.8)
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and therefore if we write
S = [(X)SUV4; 4 S@Df, 4 SGD4,

(9.9)
S*® = S5 4+ U(X)SEViy + U(X)SED
then
VXS = — (21)"1f {[1/, — U(x)¢y] cos tiy + [¥o — I(x)¢y] sin ti,
(9.10) '

+ [y — ¥, ] sin £ cos ¢ dtis}dt =

(9.11)  V-S® = (2x) f [¢. — ¥y cos? t — ¢, sin? t]ds =
\

©0.12) X5V = (2“)“‘f {[#= — ¥u] cos tir + [¢. — ¥ ] sin tie

— [¢y — &,] sin ¢ cos tis}dt =
(9.13) V-S*® = (21r)“1f [V + U(x)py cos? ¢t + U(x)e, sin? ¢]dt = 0,

which yields (9.5) and (9.6).
COROLLARY 9.1. It follows from (9.7) and (9.8) that

(9.14) fs*(”-dX =0, f S .do =
) 8
(9.15) f S?.dX =0, f S*®.do = 0.
) 8
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