MAPPING BY ANALYTIC FUNCTIONS. PART I.
CONFORMAL MAPPING OF MULTIPLY-
CONNECTED DOMAINS

BY
LEONARD GREENSTONE

INTRODUCTION

1. Methods employed. In the theory of analytic functions of one com-
plex variable it is possible to obtain many results of far-reaching importance
by means of relatively few general theorems, for example, Riemann’s map-
ping theorem and the lemma of Schwarz.

The existence of a non-Euclidean metric which is invariant with respect to
conformal mapping follows from Riemann’s mapping theorem and is in many
instances equivalent to it. In the case of a simply-connected domain B with
more than one boundary point, the distance (in this sense) between two
points @ and b of B is defined as the hyperbolic distance between the images
of @ and b in the unit circle. By means of this metric it is possible to give to
Schwarz’s lemma a new and useful formulation, the lemma of Schwarz-Pick.

Completely avoiding Riemann’s theorem, Bergman succeeded in showing
that an invariant Hermitian metric can be derived from a quite different
approach and can be generalized to the case of several complex variables. This
is important, since Poincaré has shown that it is not in general possible to
map one domain in 2z-dimensional space on another by means of # analytic
functions of # complex variables (pseudo-conformal mapping), so that an
immediate generalization of classical function theoretic methods is not pos-
sible. Further, in the case of mappings into schlicht domains, Bergman has
obtained results which include the lemma of Schwarz-Pick but which can
also be applied to the case of several complex variables.

However, if those methods originally employed to provide results in
pseudo-conformal mapping are specialized to the theory of analytic func-
tions of one complex variable, they do more than merely provide known
results: they constitute methods for the investigation of many questions in
conformal mapping of multiply-connected domains. Further, theorems that
we may obtain in the case of one variable by these methods suggest analogous
theorems for pseudo-conformal mapping. It is this dual role which makes both
the theorems obtained and the methodsemployed take on added importance (?).

Presented to the Society, September 15, 1945, and February 23, 1946; received by the
editors February 25, 1946, and, in revised form, December 14, 1946.

(*) (Added in proof.) The general character of the present approach has been clarified still
more by the recently established fact (see Duke Math. J. vol. 14 (1947) pp. 609-638, in particu-
lar (66'); see also Schiffer [1]) that there exists quite a simple connection between the kernel
functions on one side and Green's and Neumann's functions on the other side so that the present
method can be considered as a direct generalization to the case of functions of several complex
variables of classical procedures used in the case of one variable.
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2. Results obtained. In §I we prove that if { Ba} is a sequence of bounded
domains, subject to certain restrictions, which converges in the sense of
Carathéodory to a bounded domain B, then the curvature of the invariant
metric of B, converges uniformly to the curvature of the metric of B; in §II,
bounds are obtained for the distortion, under conformal mapping by rather
general classes of functions, of the Euclidean length of an arc; in §III we
obtain a mean value theorem for the curvature; and in §IV we prove a gen-
eralized Poisson integral theorem for multiply-connected domains.

In Part II generalization of the results obtained in §II to pseudo-con-
formal mapping is discussed as an illustration of the dual nature of these
theorems mentioned above.

3. Previously obtained results. In the following we shall frequently em-
ploy the notation

9 1(6 .6> i) 1(6 i}
KT AR SN VL AN
9z 2 \dx dy 9z 2\ox ay

EE 1(.32+ az) N
0202 4\ox* ' 9y?) 4’

where z=x+1y, Z=x—1y, x, ¥ real; further, we employ the abbreviation

flo=f:=‘z;:’

(0.01)

a
foo=fi= %’ and in general,
}
0.02) N
s 0%f(z, 2)
Y 024951

If B is a domain in the 3-plane whose closure we denote by B+ and whose
area shall be assumed to be finite unless the contrary be specified, then
FEL3(B) shall be taken to mean that:

f|f|2dw< ©
B

where the integral is taken in the Lebesgue sense;

(2) fis an analytic function which is regular in B.

Note that to avoid possible ambiguity [-dw will occasionally be written
JB-dew,; the subscript z has been added to indicate the plane of integration.

Let {¢.} be a sequence of functions orthonormal with respect to the
domain B; that is,

(0.03) f OmPadw = 8, = the Kronecker delta.
B

We shall indicate this property by writing {¢.}s, that is, by adding the
subscript B to the brace.
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The “kernel function” associated with the domain B is defined as

(0.04) Ko, = 3 6,080,

n=1

where {¢,}5is closed with respect to L2(B) (see §IV). The kernel function
is defined for every domain B and is an analytic function of 3z and I for
2EB, tEB. It further possesses the property that if z3=23(z*) is a conformal
mapping of B into B¥,
(0.05) Kp+(2*, 2*) | d5*|* = K3(3, 2) | dz |2

The kernel function depends only on the domain with respect to which
it is defined and is independent of the particular choice of sequence {¢n}5
employed in definition (0.04) provided that {qs,‘} 8 is closed with respect to

L2(B); however compare (2.11) with Bergman [1; equation (6.3), p. 43](%).
For the circle |z| <7, such a sequence of orthonormal functions is

n 1/2 zn—l
0.06) {<_) } n=1,2--,
T rt

and the kernel function is given by

2
w(r? — zi)? '

A non-Euclidean metric for B may be introduced by setting

(0.07) Kz 0) =

(0.08) dsp = Kn(z, 3) | dz|’,

and consequently by defining the length of a rectifiable Jordan curve z=23(¢),
Ly<t=t, situated in the domain B, by

0.09) ass(e) = [ “Rala0, 5| 50|

to
this length will be invariant under conformal transformation and is defined
for any multiply-connected domain, as is the “Gaussian” curvature, 23p,
given by
‘ 2 02
Kp(z, 2) 920%
_ _2_ Ky Kor
Kb | Ko Kn

253(2, 2)

—

log Ks(z, %)

1

(0.10)

, K = Kp.

The results stated here are only those which will be employed in the body

(*) The numbers in square brackets preceding the semicolon refer to the bibliography, q.v.
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of the paper. For a complete exposition, we refer to Bergman [1, 2], especially
Chapters VI-IX of the former; in both of these books there are extensive
bibliographies as well as detailed references to original papers.

I. A CONVERGENCE THEOREM FOR THE CURVATURE
1. Definitions and previous results. Given a domain(?) B, let

(1.01) As()) = min ||f]|s < <, fE LB,

where [|f||3=/5|f]%dw and f has been normalized so that for one fixed ¢€ B,
f6)=1.

The validity of this definition follows from the fact that, as Bergman
[1; p. 60] has shown, there exists a unique minimizing function fo, fo(2)
=1+4a,(3—¢t)+ - - -, possessing the property that

(1.02) () = [Ifollz = [I£1l3,

for all fEL?(B) which possess the development f(z) =1+Ai1(z—#)+ -« - - .
Further, define

(1.03) A ) = min ||f]]5, f€ L),
where f has been normalized so that for one fixed tE B, f(¢) =0, and
dif(z)
= X;, i=1,2---,n,
Azt |pme ! J "

X ;j real or complex numbers.

In fact, there exists a unique minimizing function fo, fo(z) =X1(z2—¢)
+Xa(z—t24 - - - + X z—)"+bi(z— )" +bo(3— )2+ - - - possessing the
property that

= lAlls s sl

for all fEL2(B) which possess the development
@) =X1@— 89+ Xe(z— D)2+ - - - + Xu(z — O)* + Bi(z — HH!
+ Bu(z — )™+ - - -

(See Bergman [1; p. 65].)
The minima defined in (1.01), (1.02) possess the property that if G is a
domain such that GCB, then

0X1-- 0X1--

(1.04) N S, A G sawT0, tEG.
The inequalities of (1.04) are the generalization of the lemma of Schwarz-

® Unless the contrary be specified, all domains are supposed schlicht.
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Pick obtained by Bergman cited in the introduction. See Bergman [1;
chap. IX].
It may be shown that

(1.05) M(l) = ———>

which proves the assertion made earlier that for closed orthonormal systems
{¢a} 5 the kernel function depends only on the domain and not on the
choice of the particular sequence {¢,} 5.

The other minima A% “**(4) may be obtained similarly in terms of the
kernel function and its derivatives; we shall write them down later as they
are needed, referring the reader to Bergman [1] for the general formula.
However, we note that

Koo

01
1.06 A L K = K,
( ) N Ko Kio ’ i

Kon Kun

(see (0.02)).
The Gaussian curvature 23g, given by (0.10), may then be written in the
form
1.2
- 2(n
(1.07) 25, = 2208
AB

As A3, A% are always positive, it follows that Jp is always negative, and
therefore, as may be seen from the definition of 3p or from a result of Becken-
bach and Radé [1], K3 is a function whose logarithm is subharmonic in B,
so that Kp is also subharmonic in B.

2. Statement of the theorem. The main result of this section is:

THEOREM 1. Given a sequence of domains {B,.}:_I,B.o=B, such that (1)
B,CB, for all n, B bounded, (2) B, converges in the sense of Carathéodory to
the limit domain B(%), and (3) every B, satisfies the condition(®) (1.09), then in
every closed subdomain of B the curvature 23g, converges uniformly to 23p.

Let fa,n=1,2, - - -, be the unique function defined in (.1.01) with respect

(*) When there is no danger of ambiguity, we shall omit the argument of the functions
ApA9, ¢+ -, K, and so on.

(%) Given a sequence of domains {G,}, all lying in the same plane and all possessing
at least the point ¢ in common, then the sequence {G.} is said to converge in the sense of
Carathéodory to G if G is the greatest domain such that every closed subset of Ga, 7= N, lies
in G. If there does not exist some neighborhood of @ common to all G,, =N, N sufficiently
large, then G is just the point a.

(¢) It is necessary to assume this only for some subsequence {B..',} ; however, for the sake
of simplicity we shall retain the more restrictive assumption.
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to the domain B, ;fois the minimum function with respect to B. It is supposed
that f,, n=0, 1, 2, - - -, have all been normalized with respect to the same
point ¢, tEB.

As we wish to deal with a set of increasing domains, instead of employing
{Bn}, we shall use the sequence {B,,* },',’_1, where

(1.08) B:,=B.(§_‘,B,), m=12--

n=1

We suppose that the sets { B,} are so restricted that:
Given an integer p, then for all n sufficiently great

(1.09) B, C B..
Note the following properties of {B}}:

(1.10) B, C By C B;

(1.11) {B.*} possesses the same limit domain B as does {B.}.

It follows from (1.07) that it will be sufficient to prove that A},, A§, con-
verge uniformly to A}, N}, respectively, for {\%.(¢) } cannot be a null sequence
unless ¢ is a boundary point of B.

3. Convergence of A'. In the remainder of the proof we shall suppose
that, given BX, n is any integer sufficiently large so that BnCB;, j=mn,
n+1, . - - (see (1.09)).

LEMMA 1

(1.12) Ifall3s < [fallzn = 110ll5. = 176lf5-

The first inequality is immediate, since, by hypothesis, ByCB, and
therefore

(1.13) fB; | fn|%dw ngn | fa|2dw.

The second inequality follows from the fact that f, is the unique function
among all fEL2(B,), f(t) =1, t€ B,, which minimizes “f“%,,; but since B, CB,
foEL2(B,), therefore ||fa||5. <|Ifoll 3

The third inequality holds by the argument that validated the first.

LEMMA 2. {f,} ;s forms a normal family in the sense of Montel in B
That s, in every partial set {fs,}sm1 there exists a subsequence which converges
uniformly in every closed subdomain of By,

(We note from Lemma 1 that {||f,}% ]}« is uniformly bounded in Bg.)
A proof of this lemma is given in Bergman [3].
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LEMMA 3. {f.} ., forms a normal family in B.

Let {f, }s=1 be a subsequence of {f.},. Since {f,}~, forms a normal
family in By, we can select a subsequence of {f},},.; which converges uni-
formly in every closed subdomain of BY. Call this subsequence for B,
{fm.i}euo. Delete from {fm,:}o all f, which are not regular in Bg,,. (Since
B 1CB, for all r sufficiently great (see (1.09)), and since, from (1.10),
B C By, it follows that there are infinitely many f, regular in Bj,,.) From
this “deleted” subsequence of {fm:}io we can then pick a subsequence
which converges uniformly in every closed subdomain of Bpjy,. This pro-
cedure is then repeated ad. inf.

Construct the diagonal sequence {fnip.»}aeis=s, which will then con-
verge uniformly in every closed subdomain of B.

LeMMA 4. In every closed subdomain of B, every uniformly convergent sub-
sequence of {f.} converges to fo.

Let fp, p=m, be a member of some subsequence described in the hy-
pothesis, and let f* be the limit of this subsequence.
By (1.12):

A ERYIAH
Let p— o ; then

4z = |17l

Now let m— = ; hence

(1.14) Iz = (1l

since the measure of B — B.*converges to zeroand therefore ||f*||*B% converges
to ||f*||%; for, by a classical result of Lebesgue theory, if f is an L-integrable
function and {Ea} a sequence of sets whose measure tends to zero, then the
integral of f over E,, tends to zero.

But fo minimizes ||f]|3, for all fE.L?(B), normalized so that for some tEB,
f(t) =1; clearly f* possesses all these properties, so that ‘

(1.15) I£6llz = [174]3.
Comparing (1.14) and (1.15), we see that
I76llz = [14]3:

however, we know that there exists a unique function f, minimizing "f"%

so that fo=f*.

LEMMA S. f, converges uniformly to fo in every closed subdomain of B.
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Every subsequence of {f.} will contain a uniformly convergent subse-
quence, and thus { f,.} will be uniformly convergent, since, by Lemma 4,
the limit will be the same for all uniformly convergent subsequences.

LEMMA 6. N}, converges uniformly to Ny in every closed subdomain of B.

By (1.03) and the definition of fo, fn:

(1.16) Az = Az, = [|follz — [|fulf5:
Suppose B,*CB,; then by the first inequality of (1.12)

e — s, = ||l — [I7]]5
< |l7ll3-s2 + (lfellss — [1£all5)

<l + { 150 72l au.

Applying Schwarz’ inequality to the term in braces in (1.17), and using
the fact that B,*CB,, we have

(1.17)

(1.18) N — As, < |[filla-st + {|lfo + ullow-llfo — st}

The successive use of Minkowski's inequality, the second and third in-
equalities of (1.12), yields

(1-19)  |lfo + fulla, = lfdlls. + [1fells. = 2llfdls, = 2lfills = 2¢, €" = ||fdlla.
Substituting (1.19) into (1.18), we have

(1.20) s — Mg, < ||fol5-st + 2C||fo — full 5.

We recall that the measure of B— B, converges to zero as m tends to
infinity and therefore, as in Lemma 4, we may choose m so large that
” fo”f;_x;ée/Z. Clearly, by Lemma 5, it is now possible to choose 7 so large
that n=m, ”fo—fn”B.‘.‘. <e¢/4C; hence, by (1.20), \;—\j, <e.

However, from (1.04) and the hypothesis of Theorem 1, we know that
Np—M\j is positive; Lemma 6 follows.

4. Convergence of the curvature.

X,

LEMMA 7. )\%f‘ " Xm converges uniformly to N§¥* " Xm in every closed subdo-

main of B.

The proof is exactly the same as for Lemma 6, once the necessary changes
in the definition of f,, f., #=1, 2, - - : , have been made.

We then construct the sequence { —(Aj,)?/Aj.}; from Lemmas 6 and 7
and the remarks following the statement of the theorem, it follows that this
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sequence will converge uniformly to — (Ap)2/A} =35, and hence the theorem.

5. Generalization to the case of two complex variables. As we stressed in
the introduction, the main interest of our proof consists in its generality: in-
deed we make nowhere the assumption that the f are functions of one complex
variable. Therefore, Theorem 1 can be immediately generalized to the case
of two complex variables and will yield there similar results concerning any
quantity which can be represented as a combination of finitely many X",
In particular, in the case of two complex variables there appear two in-
variants, Rp and Jp, which are connected in a simple manner with the curva-
ture tensor of a metric invariant with respect to pseudo-conformal mappings.
In analogy to (1.07), Js can be represented in the form AJA¥'/(\})® where
N;*° are minimum values of [|f|2dw under suitably chosen conditions; a
similar representation holds for Rp. (See, for details, Bergman [2; p. 55].)
Therefore, Theorem 1 holds if B, B, mean domains of four-dimensional space,
and 3p,, 3 are replaced by Jz,, Rs, and Jg, R, respectively.

6. An application of the results of paragraph 3. As an application of
" Lemma 6 it would, for example, be possible to prove the following well
known theorem (see Bieberbach [1; vol. 2, p. 12]) by making use of (0.05)
and (1.05).

THEOREM 2. Consider a sequence {A,} of schlicht domains(7) in the z-plane,
all of whick.contain 2=0; let w=F,(2), where f,(0) =0 and f,/ (0) =1, map A.
into a schlicht domain(") B, in the w-plane. If A, converges to a limit domain
A in the sense of Carathéodory, then the necessary and sufficient condition that B,
converge (Carathéodory) to a limit domain B is that f. converge uniformly to f
in every closed subdomain of A. f is the schlicht mapping of A on B.

I1. DISTORTION THEOREM

1. Introduction. In this section we establish the following inequalities for
the distortion of the Euclidean length of an arc subject to conformal trans-
formation.

Let the arc a lie entirely in some finitely connected domain G, G fixed,
and let G be mapped conformally on a domain B so that e is mapped into
p C B. Suppose that the outer boundary b, of B is sufficiently smooth so that
a circle C* of radius 7, exterior to B, can roll freely along b, for some segment
b* Cb, (see condition (ii) below), and that no point of p is further from b*
than 75 (see condition (i) below); then there exists a constant ¢ independent
of B such that if L(p) is the Euclidean length of p, L(p) <2x'2pc(1+1/27);
in particular, if the tangent at each point g&€b* is a line of support for B and
intersects b* in no point other than ¢ (unless g€ b** Cb* and b** is a segment
of a straight line, in which case the tangent’s only intersection with b* is
b**), then L(p) = 2x'2yc.

(") Subject to the hypotheses of Theorem 1.
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If, instead of the first of these conditions, we merely assume that for at
least one point of b* (see condition (iii) below) it is possible to place a circle
C* of radius 7 tangent to b, which lies outside B, then, if 4 is the diameter of p,
L(p) S2n'2c(n+h+((n+h)2+h?)/21).

2. Inequalities for the case of a multiply-connected domain. With the
notation of the introduction in force, we suppose that the arc a is rectifiable,
and that the non-Euclidean length of ¢ with respect to G, which is invariant
under conformal transformation, equals

(2.01) ¢ = Sela) = f (Ko(z, )12 dz|.

(See (0.09).)

Map G into some domain B of the same connectivity and let p be the image
in B of a, b is the boundary of B and b, the outer boundary of B. This mapping
will then be supposed to satisfy the following conditions:

(i) Thedistance of any point of p from b* (see below) is less than .

(ii) -At every point q of some connected subset b* of by (to be described pres-
ently), it is possible to construct a circle C* of radius of at least 7, tangent at g
to by and situated entirely outside B+ —q; that is, there is no intersection of C*
with by other than the point of tangency q.

Choose the coordinate frame so that the y-axis is the line of tangency of
Ct with b, and the x-axis is the extension of the radius perpendicular to this
line. The positive directions of the x- and y-axes are chosen along the direc-
tion of the inner normal at ¢ and that part of the tangent line which forms an
angle of +m/2 with it, respectively. We suppose further that the x-axis inter-
sects p, say, in the point 2,; and also that the part of the axis lying between 3,
and q lies entirely within B.

Let 2; range over p; then to each 2z, there will correspond some point g of
b1, described above, although, perhaps, several points of p may correspond
to the same ¢g€b,;. Call one of the connected sets of all such ¢, b*.

Combining relations (1.04) and (1.05) and calling the complement of C+
with respect to the whole plane T, we note that as BCT,

(2.02) K5g(z1, 21) = Kr(z1, 1), %1 € B;
while from (0.05) and (0.06) it follows that

1 1
(2.03) Kr

=_: (z4 2z + 28/7)* .

Now, from (0.04) we know that the non-Euclidean length, (0.09), is in-
variant with respect to conformal transformation. Hence if we denote the
non-Euclidean length of p with respect to B by Sg(p), we have

(2.04) Scm(a) = Sp(p) = c.
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From(2.02) and (2.03),

Sa(p) = f (Kn(z, 2)2| ds| 2 f (Kz(z, 2)*?| ds |
R L
#2J , (2 + 2+ 23/7)

Now, for each point 2;Ep, we choose T, so that z; always lies on the cor-
responding x-axis. Consequently we may then employ condition (i) to obtain

(2.06) Su(p) 2 (f | s )«1/2(217 + /)

Denoting by L(p) the Euclidean length of » and employing (2.04), we
then obtain the following bound for L(p):

(2.05)

(2.07) L(p) < 2#1/2776(1 + 21)
.

where c is a constant independent of B, defined by (2.01).

Now, let 7— 0 ; that is, suppose that there exists a sufficiently large seg-
ment of b;, b**, which is a smooth convex curve containing b*; then the fol-
lowing inequality holds for L(p):

(2.08) L(p) < 271/,

However, suppose, instead of condition (ii), we assume:

(iii) At one point of b* it is possible to place a circle C+ with the properties
described in (1) (all other requirements and conventions of (i) holding).

Then, calling the diameter of p, %, we have from (2.05)

L) ,
=220 + k) + (B + (0 + £)?)/7)

Se(p) =

or

(2.09) L(p) = 2x'%(n + k + ((n + k)* + h%)/27).

Summing up, we obtain the following theorem.

THEOREM 3. Given the n-tuply-connected domain G, and an arc aCG; let
G be mapped conformally on a domain B and a be mapped into p CB; suppose
that this mapping is suck that p, Bt satisfy conditions (i), (ii) (above), then if
L(p) ts the Euclidean length of p, (2.07) holds where c is a constant independent
of B, defined by (2.01).
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If only conditions (i), (iii) hold on p, B*, then, if h is the diameter of p,
(2.09) holds.

Again it is possible to formulate the above theorem in the case of two
complex variables, considering, instead of the length of a curve, the B-area
of a segment of a surface (see Bergman [1, pp. S III, 4 and 5]), and using
instead of a circle the complement to the product of the exteriors of two
suitably chosen circles or certain other auxiliary domains. This will be carried
out in detail in Part 1I.

3. Inequalities for the case of a ring. The sequence

n 4 1\/? z"
(210) y ”="'§—'3v"'2101112y°"’
x (1 — r2(etD)1r2

is a set of functions which are orthonormal with respect to the ring C®=R(r).
Inserting this value for ¢, in formula (0.04), we obtain the kernel function
for R(r), Kgn, in closed form in terms of elliptic functions (see Zarankiewicz

[1]):

1 = nre Zngn rn
KR(r)(zp i) = — Z ( + )

@.11) wgl o1 1 — 72\ r*  gofn
| LI
= = ——| — u+ o w o),
wzt 8wl w
where
iru 2t
(2.12) exp|l—)=—"
® r

¢ is the Weierstrass g-function with semi-periods w, w’, and 7, is the
“period” of the elliptic integral of the second kind corresponding to w.

If ¢ is taken equal to 3 and p? set equal to 33, then it is clear that Kg,
is a function of p alone and hence that it is constant along every circle
Iz] =po, 7 <po<1; thus if a is some arc of the circle |z| =po with Euclidean
length 2mwpyy, 0 <7¥ <1, then replacing G in (2.01) by R(r),

(2.13) ¢ = Sr(n(a) = 2mpey(Kr ) (p0)) /2
If (2.11)-(2.13) are then substituted into (2.07)—(2.09), explicit inequali-
ties are obtained.
I1I. A MEAN VALUE THEOREM FOR THE CURVATURE

Hitherto the only inequality which had been obtained for the curvature
3p of the metric of a domain B was the following which was given by Berg-
man [1; p. 83]. Employing the formula for 3 given in (1.07) and making use
of (1.04), we see that if T and 4 are domains such that TCBCA,
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Oz, ) Mz, 9))°
(3.01) m < —3(x, ) = m

We shall now establish the following theorem on the values of 3p at the
center of a circle C*CB in terms of the values both it and the kernel function
K 5 assume on the boundary ¢ of C.

THEOREM 4. Let I, B, and A be domains of finite connectivity such that
ICBCA; suppose further that the circle Ct, whose center is (xo, ¥o), lies en-
tirely in B, then

010

N
(3.022) Sa(xo, y0) < ( f K;ds) [ f KBGB——- ds + 4 f . m%;m gcdw],
L4 I1I I

where go is the Green’s function for C, n the inner normal and s the arc length.
Let

(3.03) U = — Ks3s;

then from (1.05) and (1.06),

K00 K 10

Kn Kul

AU/4, (see (0.01)), will then be given by
0 0 1 0

(3.04) U= K = Kz(9).

3.05) U, = Koo Koo 0 Koo {(10 Ky
Koz Ko 1 Kn Ku Ka
0 Ko K12 Ko

Now, from Bergman [1; (4.6), p. 64], we have
0 0 1 0
Ko K Ko

010

0
(8.09) Tl Ke Kn ka | TO"
0 Ko: K12 Ki
where
Ko Ko Kg
(3.07) Ap=| K Kun K |;
Ko» K12 Kj

(8) In the remainder of this section we shall occasionally omit the subscript in K, writing
only K.
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also
0 0 0 1
0 K K K
(3.08) A = — I RN
0 Ko Ku Ka
1 K02 K12 K22

Employing (1.05) and (1.06) again, we see that

x010 )\010

B B

(3.09) U11=W= U)FO_I=S;
B B

S>0 since U and all \§%t*** %» are positive.

Further, let g¢ be the Green’s function (for Laplace's equation) for the
circle C, then by classical results of the theory of elliptic equations we have,
since U satisfies the equation AU/4—S=0,

agc
(3.10) U(xo, y0) = —f U—— ds — - Sgcdw

Let 4, I be domains of finite connectivity such that ICBCA4; the struc-
ture of I and 4 can be specified later and will vary depending on the type of
results one wishes to obtain.

From (1.04)
A \o )\:m
(3.11) N001)0IR1 = N001) 011 = Noonyory1’
4 "a'a B BB 1 11
so that from (3.09)
010 ow
Ar
(3.12) OUYE B W‘ix’i
4 4’4

The integrand for each of the integrals of (3.10) is positive; hence, em-
ploying (3.10), (3.11), and (3.12), we can write the inequalities

ag A 010
C A
{wa c )\l)‘OI)\OOI g
= = U —agc d f ———x}w d
< U(xo, 30) = Zﬂ_f s AN gedw

But, as has been remarked in §1, K is a function whose logarithm is sub-
harmonic, so that K as well as all positive powers of K are also subharmonic,
therefore

(3.13)
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1
(3.14) Ka(z0, 30 S — f Kids.
wTJ e

Using (3.14) together with the left-hand side of (3.13), we have (3.02).

IV. A GENERALIZED POISSON INTEGRAL THEOREM FOR
MULTIPLY-CONNECTED DOMAINS

1. Formulation of the problem. In this section we shall derive an integral
representation for an analytic function for interior points of a domain in
terms of the values its real part assumes on the boundary of that domain.
This is obtained as a consequence of a result of M. Schiffer [1] which identifies
the kernel function with the second derivative of the Green'’s function of the
domain (up to a factor of —2/7) for interior points of the domain.

Consider, at first, the case of the unit circle |z| =<1. Suppose a function f,
which is regular in the unit circle, has as its real part on |z| =1 the value F;
then f may be represented in the unit circle, within an additive purely imag-
inary constant, by the classical Poisson integral formulae:

1 2714 zetv
f@z) = — ———F(u)du

27d o 1 — zeiv
(4.01)

1 2 1 1 2r
—Cot— f — F)du, Co=—— [  Fludw.
rJo 1—ze i 2rd
Recalling that the kernel function K¢(z, £) of the unit circle has the form
Kc(z, §)=(x"?(1—20))? (see (0.06)), we see that except for an arbitrary
additive constant (4.01) may be written in the form

(4.02) 1@ =i [ F) [ Koo, e,
0

where [?u(z1)dz, denotes an indefinite integral of u.

We shall now show that a suitable generalization of this formula is true
for multiply-connected domains (K¢ replaced by the appropriate kernel
function), although we shall reserve an exact formulation of the theorem to be
proved until the end of the next paragraph.

2. Proof of the theorem. Let {¢.} 5 be a sequence of functions, ortho-
normal with respect to B, each of which is regular and Lebesgue square
integrable in B*, where B+CB*. Here B is a domain of finite connectivity
whose boundary we denote by b.

Given the function g, g&.L2(B); then g may be written in the form of the
“Fourier” series,

(4.03) g(z) = i gmdm(2), z € B,

m=1
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where
(4.00) &= [ ebida,

B

provided that {¢. } s is closed with respect to L?(B); that is, if g&L3(B),
then g can be expanded in the series (4.03).

Set
don(Z d
(4.05) 5@ =22 i 0=, e oo
VA dz
f'(3) then possesses the following “Fourier” expansion in terms of {¢. } 5in B:
(4.06) f'@ = 3 fudn(a) = E( ) f’$£..dw> $n(2),
m=1 m=1 B

where f. is obtained by setting g=f" in (4.04). Now
(4.07) K5(3,Z) = 2 ¢m(2)#n(Z)
me=1

converges uniformly in any closed subdomain D+(CB, and is an analytic
function of z and Z in D*; consequently, by a proof entirely analogous to one
given by Bergman [1; pp. 47-50] and [4; p. 25], we may interchange the
order of summation and integration in (4.06) to obtain:

ro-{|rex S FD) |

m=1

or

(4.08) f(z) =Lf’(Z)'|:fzK3(zl, Z)dzl:l dwz.

Let us further suppose that f =f;+1fs is a function which belongs to .£*(B);
note that its derivative f’ and its real part f, are single-valued in B.
Let

Z ps
(4.09) L =f f Ks(21, Z1)dZ1dz, = Ly — iLy;

now let B be a domain such that the derivative of the function mapping it on
a characteristic domain of type C™(®?) does not become infinite on the
boundary, then define

(%) A characteristic domain of type C™® is an n-tuply connected domain with (n—2) slits
along arcs of circles c ~centric with the bounding circles |s| =7, [2] =1.
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M = i L(z, Z) _ ‘E(Ll — iLy) = f ‘K;(zl. O)dz;, EE b,

(4.10) ot zlff Z ar

where Z—¥ along the inner normal. This limit exists, since Schiffer [1] has
shown that

(4.11) LGz Z) = — 223, Z), sEB,ZE B,

where g is the Green’s function for B. Since the boundary of B, b, is composed
of circular arcs (or can be mapped into such a domain without the derivative
of the mapping function becoming infinite), it follows that dg/dZ exists for
Z =§¢€b and hence 9*L /0¥ exists.

Clearly, if B is multiply-connected, then both L and 0L/0Z and K5(z, Z)
will be multi-valued; to avoid ambiguity we introduce the simply-connected
domain B4 obtained from B by #n—1 conveniently chosen cuts.

From (4.08)

f(z) = f Bf "2) ( f | K(z1, Z)dzl> dwz
= LA,f'(Z) (f ’ Kp(z, Z)dzl) dwz
oL

= Af,é—z__dw (Z =X — zY)
B

d*L, L 0*L,
= f Al — ds + 1 ds
b n on

2n—2 a*L a*L
+ 3 fl[— 3lds+i32ds],

(4.12)

r=1 n n

where ey, €2,-1,7=1,2, - - -, n—1, are the edges of the cross cuts which cut B
into a simply-connected domain B4, and # and ds are the interior normal
and line element respectively. The integrals over e, will vanish, since we have
supposed that the functions ¢,/ are defined in B, in which case they will be
single-valued in BA as will be Kp(z, Z); hence (4.12) equals

(4.13) fbfl[d*ld + id*L,] = ifbfl(f, 'fl)f'K;(zl. §)dz.dt, S=¢t—in

Upon setting the left-hand side of (4.12) equal to the right-hand side of
(4.13) and integrating, we obtain

(4.19) fl@) =1 f bfl(z, n)( f ’ Kx(z, ?)dzl) df + Co, 2 € Ba,
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which is the desired generalization of (4.02).

THEOREM 5. Let f=fi+if: be a function which is regular in a bounded
multiply-connected domain, B, whose boundary b satisfies the condition (4.09) f.;
suppose further, that the derivative f' and the real part f, of f are single-valued in
B+, while f itself is suppased Lebesgue square integrable in B; then f can be
represented in BA in the form (4.14).

3. Villat’s formula for a ring. As a further illustration, we shall prove
Villat’s extension of Poisson’s formula to the case of a ring, R(7). The [ in
(4.14) can then be written as the difference of two integrals, one taken around
|z| =1, on which boundary the real part of f is to assume the value F;, and
one around ]z| =7, on which boundary the real part of f is to be F,.

Giving Kp its value when B =R(r), see (2.11), and taking account of the
above, we obtain for (4.14) (as here 8*/9f =9/d¢, that is, the interchange of
limits is permissible),

2x z 1 ) nre zﬂe—.‘no rm
f(z)=1 f F1(0)< f — 3 ( —— )dz,)d(e—w)
° wze? .5 1—r2m\ zpe—int

2T z 1 © nre z”fne—ino
@.15)  —i f Fz(o)( f -y ) :
0 wore ,—, 1—9r2n r

n

1 .
(dzl) d(re=0)+Cj.
]

z;afne—inv

If the indicated indefinite integration be performed, then (4.15) assumes
the form

@) = — S ro)y " (z"?"‘"'— r )da

b 1 — 27 rn zne—c’no
(4.16) '

- %fthz(o) i

n=1 1 - rzn

rn

(zne=in? — zngin®)dg -+ Ch.

Now (4.16) coincides with Villat [1; equation (11), p. 14], so that we are
led finally to the formula

ok iw 2x w w
f(z) =Co + — Fi(0){{ —logz — —6)do
.17) w2J i T

2%

iw w w
- —2 F2(0)(3(-.— lOg Z = — 0)(10,
i

m 0 T

where , {; are the Weierstrass { functions.
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