FUNCTIONS OF EXTENDED CLASS IN THE THEORY OF
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

BY
STEFAN BERGMAN

1. Introduction. B-harmonic functions and the need for extension of this
class. In order to develop a theory of functions of several complex variables,
in particular along patterns similar to those used in the theory of asingle
variable, it is necessary to develop tools analogous to those which in the case
of one variable lead so successfully to numerous important results.

The principle of hyperbolic measure and that of harmonic measure are
two of the most powerful methods in the theory of one variable. The intro-
duction of complex orthogonal functions and the method of the minimum
integral provide a suitable replacement of the methods connected with the
principle of hyperbolic measure;they yield, in the case of one variable, most of
the results which can be obtained by applying the first of the principles men-
tioned above; since these methods do not use the Riemann mapping theorem,
they can easily be extended to the case of several complex variables.

The generalization of methods which use the principle of harmonic meas-
ure seems to be more involved. These methods are based on the introduction
of harmonic functions of two real variables into the theory of analytic func-
tions of one complex variable and the use of certain properties of the former
functions. In particular, the fact that to every continuous functions defined
on the (sufficiently smooth) boundary curve of a domain(?) B2 there exists a
function, harmonic in 82, and assuming the prescribed boundary values, to-
gether with the fact that this function can be represented in a comparatively
simple form by means of an integral, plays a decisive role in many investiga-
tions of the theory of one variable.

If one attempts to generalize these methods to the case of several complex
variables, one immediately realizes that the corresponding approach for
several variables meets serious difficulties and leads to methods of investiga-
tion which in many respects are weaker and considerably less flexible than in
the case of one variable. Let us analyze the reason for this situation.

The real or imaginary part of an analytic function of two complex vari-
ables is a B-harmonic function, that is, satisfies the four equations:
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Presented to the Society, August 22, 1946, under the title The “extended class” in the theory

of functions of two complex variables; received by the editors April 14, 1947,
(*) A superscript attached to a symbol representing a point set indicates its dimensions.
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Every B-harmonic function is naturally a harmonic function of four real
variables. On the other hand, not every harmonic function of four real vari-
ables is B-harmonic. The boundary of a four-dimensional domain (domain of
definition of a function of two complex variables) is a three-dimensional
manifold(?). It does not, from the point of view of the theory of functions,
play the same role as the boundary curve in the case of a single variable.
True, every harmonic (and a fortiori every B-harmonic) function assumes the
maximum and minimum of its values on the (three-dimensional) boundary,
and therefore the maximum of the real and imaginary parts (or of the ab-
solute value) of a function of two complex variables is assumed on the
boundary. On the other hand, B-harmonic functions represent a sub-class of
harmonic functions, and a B-harmonic function (and a fortiori an analytic
function of two complex variables) is uniquely determined by its value on
certain sub-sets of the three-dimensional boundary. For instance, in the case
of a bicylinder(*) B*=E[|#| <1, |2| <1] the Cauchy formula yields the
values of an analytic function in B* in terms of its value on the two-di-
mensional surface B=E[|z| =1, |2| =1], while the boundary of B* is
B=E[|z| <1, || =1]4+E[|z] =1, |2| <1]. (See also Remark 1, p. 527.)
From this formula it can easily be deduced that every analytic function as-
sumes the maximum of its absolute value not merely on b® but indeed on the
“distinguished boundary surface” B2 This situation suggests that the dis-
tinguished boundary surface may assume from the point of view of the
theory of functions of two variables the role of the boundary curve in the
case of one variable. The analogy fails, however, in one important direction;
to every real continuous function defined on the (sufficiently smooth)
boundary curve of a (plane) domain, there exists a harmonic function which
assumes the prescribed values. On the other hand, it is quite easy to see that
to a given real function defined on the distinguished boundary surface
B? of a bicylinder, there does not always exist a B-harmonic function de-
fined in B% which assumes on B? the prescribed values. Indeed, from the
theory of Fourier series in two variables, it follows immediately that to every
continuous function defined on B*=E[|z| =1, |2| =1] there exists and is
uniquely determined by the values on B? a function which satisfies (1.1); but
in general such a function will not satisfy in addition to (1.1) the system (1.2).
(See Remark 2, p. 528).

(2) For simplicity’s sake, we shall limit ourselves to the consideration of functions of two
complex variables. We wish, however, to stress that the generalization of considerations to the
case of n complex variables is in almost all instances a question which involves only technical
difficulties.

(3) See notation at the end of this section.
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The means of remedy could proceed in two directions. Either we can in-
troduce subsets of B2, such that to every real continuous function defined on
such a subset there exists one and only one B-harmonic function assuming the
prescribed boundary values on the subset under consideration; or we can ex-
tend the class of B-harmonic functions in such a way that the extended class
as far as possible still has the properties needed as tools for our investigations
but, on the other hand, is so large that the boundary-value problem with
functions prescribed on the whole distinguished boundary surface has always
a solution.

While it seems that attempts in the first direction cannot possibly lead to
successful results, it is quite natural in the case of a bicylinder to introduce as
an extended class the class of functions which satisfy the system (1.1), de-
noted as doubly harmonic functions. On the other hand, it is clear that in
the case of a domain different from a bicylinder the extended class must be
defined by some other properties because the doubly harmonic functions do
not have in general the required propérties(*).

In the present paper, an attempt is made to define functions of extended
class for a much larger family of domains with distinguished boundary surface
than the family of bicylinders.

In introducing this extended class, we make the following requirements:

(1) Inthe case of a bicylinder, the extended class coincides with doubly
harmonic functions.

(2) In the case of a domain which by a pseudo-conformal transformation
can be obtained from a bicylinder, the class coincides with the functions ob-
tained by a pseudo-conformal transformation from doubly harmonic func-
tions.

(3) In the case where there exists a B-harmonic function which assumes
prescribed values on the distinguished boundary surface, the function' of the
extended class coincides with the corresponding B-harmonic function.

(4) If to a function given on the distinguished boundary surface there
exists a B-harmonic function which at every point of the distinguished
boundary surface is larger (smaller) than the prescribed function F, then in-
side the domain M* this B-harmonic function is larger (smaller) than the
function of the extended class corresponding to F.

Further, it is important for various purposes that our definition of func-
tions of the extended class enable us to obtain a comparatively simple integral
formula, representing functions of the extended class in M* in terms of their
values on the distinguished boundary surface.

Roughly speaking, the basic idea of defining functions of extended class
is as follows: Let us suppose that the real function F is given on the distin-
guished boundary surface of a domain M* Now, we consider the totality

(*) We note that in general by a pseudo conformal mapping a doubly harmonic function is
not transformed into a doubly harmonic function.
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U(F; M*) of all B-harmonic functions which are regular in the domain M?*,
continuous in the (closed) domain M*, and at every point of the distinguished
boundary surface M? are equal to or larger than F. The totality of these
functions we denote as the upper class U(F; M*) of functions belonging to F.
They form a normal family and at every interior point of M* the family has a
minimum. These minimum values define a real function corresponding to F.
This function can be defined by its boundary values on the whole boundary
m3 of M*. Let us denote this function by u(Z; F).

In an analogous way, we consider the totality L(F; M*) of B-harmonic
functions which are regular in M?*, continuous in M*, and at every point of M?
equal to or smaller than F. As before, we show that the family has at every
point a maximum I(Z, F) and that this function possesses a boundary value
on the boundary m2. In general #(Z; F) does not equal /(Z; F) except in the
case where there exists a B-harmonic function which assumes the values F on
M2, On the other hand, as we shall show, on the boundary m3, u(Z; F) =l(Z; F)
and therefore by our procedure we define on the boundary m? a function
which we can associate with F, which we denote as the function of extended
class, E[Z; F; M*), ZEm?.

It remains now to define the functions of extended class #nside the domain
M. There exist several possibilities how to proceed. The most natural ways
seem to be the two following ones:

I. Define as function of extended class(®) Ek[Z; F; M*] that harmonic func-
tion of four real variables which assumes on m? the values #(Z; F) =I(Z; F)
determined previously on 3.

The functions Ek[Z; F, M*] possess the advantage that they are defined
intrinsically, that is, they are independent of the choice of the coordinate
system. On the other hand, they have the disadvantage that in the formula
representing the function Ek[Z; F, M*] in M*in terms of the values F, there
appears a Green’s function of a four-dimensional domain M?*, and that we
get a fourfold integration. Since the Green’s function of four-dimensional
domains are not sufficiently investigated and since operating with fourfold-
integrals is often very inconvenient, this situation suggests replacing the
above-mentioned class by another class of functions which on the boundary
coincide with the values determined previously, which have a simpler repre-
sentation in M4, but which are not necessarily defined intrinsically.

I1. Let 2, =n(Z, w1, p2), k=1, 2, w1, ps real, Z complex, be a two-dimen-
sional family ¥ of analytic surfaces such that to every point Z©®EM* there
exists one and only one pair (u1, u2) such that z,=n.(Z, p, p2), k=1, 2, passes
through Z©® and ¥ possesses some properties indicated in §4.

We define as extended class En[Z; F; M*] the totality of functions each of
which is harmonic as function of Re Z, Im Z, inevery M*N [z, =n.(Z, w1, p2),

(%) In general, we shall denote functions of the extended class by E[ ]. If we wish to stress
that we consider those indicated under I or II, we shall write Er[ ] and En[ ] respectively.
(Thus if we write E[ ], the symbol refers to both types.)
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k=1, 2] and assumes on m¥ N\ [z, =n.(Z, p1, ps), k=1, 2] the values defined
above.

Notation. The superscript attached to a symbol denoting a manifold indi-
cates the dimension of the manifold.

In operating with sets we use the usual symbols: §, + (sum set), — (dif-
ference set), M (intersection), X (outer product of domains), and so on(%). For
instance, we denoted by Si.c., I3(\:) the sum of a family of sets which
depend upon a parameter A; running through the interval s;. (Note that the
sets I;(\i) considered in this paper are families of disjoint segments of sur-
faces, lying in the four-dimensional space [I}(A\x)NIE(A{) =0, for A=\ ]
so that Sx,eil, It(A\x) (under certain continuity conditions) is a segment of
a hypersurface, that is, it is a three-dimensional manifold.

We denote by M*(z,=2") the intersection of the domain M* with the
plane z,=2®. We note that in the following we omit the superscript, and
write simply M*(z,=2z.).

We denote by E[ - - - ] the set of points whose coordinates satisfy the
relations indicated in the brackets.

A point of the four-dimensional (Euclidian) space, with cartesian co-
ordinates x1, y1, X2, ¥2 (or complex coordinates 2, 2., 2. =%.+1y.) is denoted by
Z. In general we shall write Z as argument rather than (x1, y1, %2, y2) or
(21, 22). When dealing with analytic functions of two complex variables, we
shall use, however, as arguments (21, 22), in order to stress that a quantity is
an analytic function of two complex variables.

We wish finally to remind the reader that in the usual manner we denote
functions U of four real variables xi1, y1, x2, ¥2 which satisfy the equation
39U /3x2+932U /3y +92U /9x3+92U /3y =0 as harmonic functions.

Functions U of the same four real variables satisfying the system (1.1)
will be denoted as doubly harmonic functions.

Finally, functions satisfying simultaneously systems (1.1) and (1.2) will
be denoted as B-harmonic functions.

B-harmonic functions are real (or imaginary) parts of analytic functions
of two complex variables 2, 2, z.=x,+1y., k=1, 2.

These functions are usually denoted as biharmonic functions. It seems
preferable, however, to change this terminology since functions that satisfy
the equation

a4U U MU

+ 2 + =0
dxt dx%9y? ayt

are also denoted as biharmonic functions.

REMARK 1. Let us note that naturally one can obtain a generalized Cauchy
formula representing the values of an analytic function of two variables in-
side the domain H* in terms of its values on the whole three-dimensional

(®) See F. Hausdorff, Lehrbuch der Mengenlehre, 2d ed., 1927, p. 1.
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boundary 4% We have

1 20/ a1/r)
f(z1, 29) = 41rfffh= {f(i'l, $2) o dmdtadn, — 4 o dt1dE2dn,

a(1/r*) a(1/r?)
dérdnidnes — 1
oF, &1dmdns — 4 o

Ce=E+1im, Fr=£8—1ink See Bergman [7, p. 389](7). On the other hand, it is
of importance that in the case of a large class of special domains there exists
a generalized Cauchy formula expressing the values inside the domain in
terms of values on a certain two-dimensional surface (distinguished boundary
surface) of the domain.

REMARK 2. Every continuous function u(¢:; ¢2) of two variables ¢1, ¢2
can be formally represented in the form of a double series,

.I...

dfld"lldfz} ,

3 3 [Amn cos (méy + nga) + Ame sin (méy + ns)]

M=) n=m—oo

Cre[ £ 5 st ]
m=0 n=—o0

The above expression will represent the real part of an analytic function of

two complex variables Dowo Domo Amidld, if and only if Am.=0, for

m=0,1, 2, ---;n=—1, —2, that is, if u(¢, ¢2) satisfies the conditions

2x 2x
f f u($r, $o)eimhmdgidpy =0, m=1,2,3, - jn=1,2,3,---.
0 [

2. Domains M* and their structure. Before investigating functions of
two complex variables in a class of domains with distinguished boundary sur-
face, it is necessary to describe in a more exact manner the geometric structure
of the domains under consideration. These domains have already been in-
vestigated in a series of previous papers [1-11](®) in connection with other
questions. In order to simplify the reading, we shall repeat briefly here the
hypotheses needed concerning the geometrical structure of these domains
and indicate the properties which will be needed for our purposes.

A. Segments of analytic hypersurfaces, which constitute the boundary of
M4, The boundary of the domains to be considered consists of finitely many
segments of analytic hypersurfaces(®), denoted in the following by 13,

(") Numbers in brackets refer to the bibliography at the end of the paper.

(8) A knowledge of the previous papers indicated in the bibliography is not presupposed in
the present paper.

(%) We note that often in the following for the sake of brevity we use the terms “hypersurface”
and “surface” instead of the more precise terms “segment of a hypersurface” and “segment of
a surface,” respectively.
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k=1, 2, .-, n. For the purpose of defining with the help of these hyper-
surfaces a domain with distinguished boundary surface, it is useful to extend
each such hypersurface to a larger hypersurface ji which divides a given
domain R*into several parts. (See Fig. 1, p. 531). In general, the boundary of
72 will belong to the boundary of R%. For our purposes, it is only necessary that
this extension, j: —43 of 3, be continuously differentiable. (Such an extension
of a segment of an analytic hypersurface is in general possible, while the
analytic extension is often impossible.) Thus, we shall work initially with
i3, returning later to .
Suppose that for each MiEfl=E[0S\:=2r]

2.1) ox(Z, \),

ZERY, is a complex, continuously differentiable function of the five real vari-
ables xy, y1, %2, ¥2, Me(*?). Let

2.2) 00 = E[¢(Z, M) =0], MES =E[0=\ < 20]
be a one-parameter family of surfaces or segments of surfaces in R4. We suppose
that QP (\x) and Q2(\{) do not possess common points unless Az =\/., except
perhaps when A=0 and N'=27. In this latter case we assume that either
Q3(0) =Q}(2) or Qi(0) and Q}(27) have no common points.

We assume (Hypothesis 2.1) that these hypersurfaces can be uniformized,
that is, there exist two functions of three real variables(%), &, 7, Ak,

(2'3) h’:(zkv kk), Zy € E:(}‘k)’ Zy = £+ i, A E flr k=1,2,

having continuous first derivatives with respect to £, 4 and A, Es(\x) being
an appropriate domain in the (£7)-plane such that

(2.4) [ 1e(Za, M), Bi(Ze M), Me] = 0,
and such that to every point Z‘© €R* for which

(2.5) 6O AN =0

there is one and only one point (Z}, A\}) for which

(2.6) 2n = ha(Zay A1), k=1, 2

We shall further assume (2.2)(12) that the boundary of Ez(\:) is a Jordan
curve and varies continuously (in the Fréchet sense) when \; varies. It is to be

(19) It should be remarked that by an oversight in [6] we implied the existence of the
derivatives with respect to 2 and 2. The present formulation is the correct one.

(1) In [1]the existence of derivatives with respect to Z, was implied. It is correct as
stated here.

(*2) The term hypothesis will be omitted henceforth.
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noted that the domain [of the three-dimensional ((7\:)-space] defined by
Suen Ei(\) is a cylinder (or a torus) (denoted by d?) with varying cross-
section, E2(\t). If (Zx, i) runs through all the points of di then the set of
points (21, 22), 2.="hy(Zx, M), forms a hypersurface or a segment of a hyper-
surface denoted by ji. j2 is the sum of the laminas Q}(\:). By the corre-
spondence

2.7 Zi— G 2), %= bi(Zu M), Zi € Ex(\),

which we denote(®) by R,,, we have a one-to-one mapping of E;(\:) into
Q%(\x). Using this notation we have, for example,

2.8) Ei(\) = Ry, [0:0)]

It is, for our purposes, necessary to know that ji has the property of
dividing every sufficiently small hypersphere N; with center at a point Z(®
of 2 into two connected parts. To this end, we assume (2.3) that at every
point Z of j§ at least one of the determinants

3(¢;el), ¢£2)) e @
2.9 — # 0, = 1 ,
(2.9) 30w X) or = ¢r + ids

here X represents any one of the four variables x;, ¥, %2, 2, and
ey
k

Indeed suppose 3¢{"/dN:70. Then from ¢{’(Z, N\s)=0, it follows that
A =Ai(Z).. Substituting the last expression into ¢@(Z, \1) we obtain the
equation of (2.2) in the form ¢{[Z, A\x(Z)]=0. Since

(2.10) 0< < w.

[Z,M@2)]  or b N Ok [a¢£”
= —_— =

dm, " om | oM 0x o dm
and from ¢ [Z, \e(Z) ]=0, we have
m m

Ok _ APk /3¢k
e or ! e

(2)

do [Z, )\k]

axl

], A = Mel(2),

we obtain finally
2 @ (M

o oo ok ] /am“’
dx, 8 [x1, Ni] e

(%) We note that the mapping of one segment E:O\;,) into the corresponding segment
Q,(’) (M\x) of the Z-space is denoted by Rx,. _ _

The mapping of the entire three-dimensional manifold * =8,/ E,(Ax) onto Sx,e/10% (i)
will be denoted by R
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1t follows therefore from (2.9) and (2.10) that (2.2) can be written in the form
x1=Kk(y1, %2, ¥2) which implies the property of js mentioned above, see [1, pp.

79-81].
B. The domain M*. Let us consider # hypersurfaces 7%, k=1,2,3, - - -, n,
of the form described in A. We shall suppose that the ji, k=1, 2, - - -, n,

divide the domain R4, now taken to be simply connected, into parts in such a

Fig. 1. Two-dimensional analogue of domains R* and M*, of boundrry m3 of M4,
and distinguished boundary surface(¥) M*=S;  S" G},

manner that there exists at least one connected domain M* (one of the cells
into which R* is divided by the j§, k=1, - ., #) which lies wholly in R*
(for example, M*CR*). The entire boundary m3 of M* consists therefore of
parts of ji. We note that M* by definition has no points in common with any
e k=1,2, - - -, n. Weshall suppose (2.4) that the parts of j; belonging to the
boundary m? of M?,

3 3 4
ik = ],,,('\ M )
where

(2.11) ih = 8 LW, 5w =00NT,
)q,EIl

are segments of analytic hypersurfaces, that is, in a certain neighborhood of
IZ(\&), (21, 22, Ni) (see (2.1)) isan analytic function of two complex variables
#z, z2. Also the uniformizing functions ki(Zx, M), k=1, 2, k=1,2,---, 2

() Note that in the model the dimensions of the manifolds are diminished by 2, that is,
hypersurfaces are replaced by lines, surfaces by points, and so on.
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(see (2.3)), are analytic functions of Z in the corresponding part Ry [I2(\+) ]
of E3(\s).

In order to avoid too great generality, we shall suppose (2.5) that Bi(\z)
=R;'[IZ(\+) ] and therefore I}(\;) is a simply-connected domain or possibly

1
Sn

A

£
Fig. 2. Domain (1) d® (the image of j3 in the £ng\: space), Zx=E§+17.

empty, for all \;Ef* except at most in a set #° consisting of a finite number of
points. Further, we assume (2.6) that the set of values of the \i’s belonging
to f1—n° for which the I(\;) are not empty consists of finitely many con-
nected segments sk, a=1, 2, - - -, B. For every A”Esl., B2A\Y) represents
the kernel domain in the sense of Carathéodory of Bi(Ax), when A—AL.
We assume. (2.7) that for Az Es},, the boundary b3(\x) of Bi(\i) consists

of finitely many, at most «, differentiable arc segments, which meet each other

=S fﬁlS MEsho B2(Ax) is the image of a segment z’: of analytic hypersurface.S ,‘i: consti-
tutes the boundary m3? of M*.
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under nonvanishing angles. k is assumed to be independent of \:. For
M E3ke — Skay Bi(\x) is assumed (2.8) either to conmsist of an isolated arc,
which possibly may degenerate into isolated points, or of (two-dimensional)
domains part of whose boundaries degenerate to isolated curves or points.

On each boundary curve by(Ai) of Bi(\i) =Ry [l(A) ], M Eshey we may
define a sense of direction such that it is positive when Ry![I}(\i)] lies to
the left (2.9). If, approaching N €5}, — sk, from both sides, a component of
the boundary Ry} [I3(A\+)] degenerates to an open arc or to a point, the sense
of direction of the corresponding curves on Ry [IZ(\)] and RIEON)]
should be the same.

C. The distinguished boundary surface. As indicated in the introduction,
of special importance is the surface consisting of intersections of boundary
hypersurfaces 7f which we denote as the distinguished boundary surface.
(7® denotes the closure of 2.)

We assume (2.10) that every intersection 7sN\i%, ok; k=1, 2, - - -, n;
o=1,2, - .-, mn,isatwo-dimensional manifold.

As has already been indicated in previous investigations on the boundary
m3=8%., 75 of M*, the following two types of points can be distinguished:

I. J-points that belong to only one hypersurface 3.

II. K-points that belong to the intersection of a¢ least two i5. By con-
siderations similar to those of [2, p. 83], we can show that every point of
Ry [0:(\x) ] must be a K-point.

R\ [6i(A\x)] (the image of b}(\:) in the Z-space) will be denoted by 2(Ax).
Since every point of 44(\) is a K-point, that is, is an intersection of at least
two 75, it must belong to at least one 73, o k. We write

(2.12) T\ = 2x(\e) N 7oy "
(2.13) Gie = S i), Gi=8 Gu
)\kEZ}‘a om=1

We note that naturally(’®) 5x(\:) =S 2., 72,(A\z) and that the intersection of
two Gy, is not necessarily empty, since a K-point can belong to more than

two i3's.

(2.14) M =-s G =5 s'G.

k=1 k=1 o=1

represents the distinguished boundary surface of (7) M+

(%) The prime attached to S indicates that the term o=k is omitted.

(1) We wish to note that in previous papers we formulated some additional hypotheses
and proved some further properties of the G:'s, for example, the possibility of carrying out an
integration of functions defined on M?. Since, however, for the purposes of the present paper
these properties are not needed, we omit a discussion of these questions.
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3. Further assumptions concerning the structure of M* In the present
paper we consider a special class of domains, namely, those bounded by
finitely many analytic hypersurfaces. The general geometric structure of
these domains has been described in §2. In order, however, to be able to prove
certain properties of functions of extended class, we have to make additional
special hypotheses, to be formulated in the present section. These hypotheses
will insure that to every lamina, say (18) I?=I;(\:), it is possible to construct
a domain A* of the following type.

Let T¢=1I2XR? be a product domain, one of whose components is I?, and
the second one a suitably chosen domain R?, see (3.8). By a suitable pseudo-
conformal transformation, we obtained from 7% a domain 44 to whose bound-
ary the lamina I?=I:(\;) belongs and which domain includes M*. A domain
A* of this type is denoted as an “exterior domain of comparison with respect
to the lamina Iz(\x).”

We proceed now to the formulation of the hypotheses which insure the
existence of the domain of comparison 4* described above(!?).

According to (2.4) the segment I?=I;(\:) of an analytic hypersurface
belonging to the boundary m® can be given in the parametric form

3.1) 2, = M(Zr, Mo, k =1, 2; \x fixed,

where k3 are continuously differentiable functions of the complex variable Z;
and a real variable \; defined for Z,EBI(\i), MEskar Sta=E[M) <A
<M#+DY], These functions for every fixed value of A\,Es}, are analytic func-
tions of the complex variable Z;. For every fixed value A, Z; can be elim-
inated from (3.1) and we can write the equation of the surface in which If(\:)
lies in the form

3.2 (21, 22, Ax) = 0.

We assume (2.4")(?°) that ¢(21, 22, N&) is an analytic function of two com-
plex variables 2;, 2, in M* and that (3.1) there exists another continuously
differentiable function, say gi(z1, 22, &), which is, for every 2z, 22 belonging to
M*, an analytic function of these two variables possessing the property that
the pseudo-conformal transformation

3.3) Z: = ¢r(21, 22 Mi), Z: = gi(z1, 32, Me)

(18) We required that for every lamina I;(\s), NeE s}, E=1,2, - -, m, a=1,2,- -, By
the conditions described here for one lamina I? are fulfilled.

(1%) Exterior domains of comparison of this type have been extensively studied in [8].
They were used in order to prove that the kernel function becomes infinite of certain order upon
approach to the boundary, as well as to investigate the behavior of analytic functions of two
complex variables in the neighborhood of laminas of this kind.

(39) (2.4’) is a reinforgement of (2.4) according to which function ¢x(z1, 2, A\x) was assumed
to be an analytic function of 2, 2 only in a certain neighborhood N* of ¢i(z1, 22, A\&) =0.
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is one-to-one and schlicht in M* The domain obtained from M* by the
transformation (3.3) will be denoted by M*+.

The new coordinates z¥, z* will be denoted as “canonical coordinates
with respect to the lamina I3(A\:).” We assume also that the origin, that is,
22*“0 is an interior pomt of the domain I**(\;) (situated in the plane

=0), so that the origin lies inside the segment I*2(\s). (This can always
be realized by adding to g a suitably chosen constant.)

(3.2) The lamina(?') I'*?(\;) which represents a domain of the z*-plane
(denoted by I*?), which domain lies in the plane z*=0, is assumed to be a
star domain with the center at the origin and to include in its interior a
circle E[| 2| =p].

(3.3) M*is a bounded domain. Without any loss of generality we may
assume (3.3a): For (2i*, 2*) belonging to M*4, we have

(3.4) |l <172,  |=;] <1
(3.4) The segment
(3.5) E[0> 21> — 1, y1 = 0]

of the hyperplane y* =0 does not belong to M*4.

(3.5) There exist an 7, r®>0,a u©@, 0<u® <, and a ¢y, 63 <1/2 such
that for(2?) |z¥| <r{?
I ——k4 %k

(3.6)  MYE =) I/ = o] o ) =" =0)

holds.
(3.6) There exists a uV, uM < 0, such that (%)

*2 I*z

I
3.7 C exp [is/v1] for v = u®, exp [¢] =
1—5/2 1-—5

THEOREM 3.1. Let(*) A* denote the domain of the z*, 25*-space obtained from

(3.8) T*=T1"" X R, R* = E[| 2| <1/2] = E[- 1/2 < 51 < 0, 1 = 0]

by a transformation
Kk * kK *1/p

(3.9) 2 = 2y, 2 = Zz/(l — 0z ),

see Fig. 3.

®) I ()q,) M* (2} =0) is the image of I (Ar) in the 2;, z;-space.

(22) M*(z}=2}) is an abbreviation for the mtersectxon of M* and the plane z, =z:(°) Note
that we omit the superscript (0).

(3) I*?/a denotes the domain which we obtain from I*? by the transformation Z =2z*/a.
I*2 exp (:b) means the domain obtained by the transformation Z =z*e,

(2%) We note that the domain A4 is located in the 2}, 2}-space.
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Suppose further that € is some number such that 0<e<1/2, and o is chosen
in such a way that

(3.10a) 1>0>20/(1—¢ and  (3.10b) 1—-6<p
(see (3.2)) hold.

Al

T

Fig. 3. Three-dimensional analogue of the domains(%) M*, T*and 4%

Finally, let p be chosen so large that

(3.11a) cos (w/p) — (x/u) > 1/2,
(3.11b) cos (r/p) — sin (w/u) > 1 — ¢,
(3.11¢) y=pl — o)1 — €& > 7uW®,
(3.11d) 1= o(r) "™ cos (x/u) + o(x/u) < b,
(3.11¢) p > plo,
Then

(3.12) M*s C A4

REMARK. We note that it follows from our hypotheses that the constants
o, u and p can always be chosen in accordance with (3.10a)—(3.10e).

Proof. (1) We consider at first the intersections A*(z*=2*) for which
| 2| 2 7. I** includes the circle | 23| <p. For a fixed z* the transformation
(3.9) means a dilatation of I*2 by the factor 1/|1—0z*"#| and a rotation.

(%) Note that the domain R? (see (3.8)) is replaced here by a segment of a straight line.
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We have
|1 ot 5 [0 = ona” cos (81/u)" + (ori” sin (2/u) ]
3.13 ié1
( ) =1- a(rl(o)) Y cos (w/u) + o(x/p), 5 =1’
By (3.11d)
p
(3.14) ®

1 — o(r{™)'"™ cos (x/u) + o(x/u) >

which means that the circle E[|2#| <p], see (3.2), is so expanded that it
covers the unit circle. Therefore for |z*| 27

(3.15) A% =z‘:)DE[|z‘;[ <1]D M* (& = 2)
holds.
(2) We consider now intersections A44(z* =2{*) for which
(3.16) | o] <.
By definition
1*2
(3.17) A‘(Zt = Z:) = —l—l—‘W exp '(16)
— 02 I
where
1/p
ory sin (¢1/n)
3.18 8 = arctan [ ]
$.18) 1 — or1™ cos (¢1/u)

Now, by (3.18) and (3.11c)

G'fl/“‘lr/[.t
1
I‘sl = (O 1/n

1—0a(r)
(3.19) u

a ) Vn T mo(1 — ),
=g(1l — ¢r =
b= o)™ -9 v

where from (3.7) follows that ¥ >pu®.
Further, by (3.11b)

I 1- az’:l/"

| s1- ari/" cos (w/uw) + or:/" sin (w/u)
1 — or*[cos (x/k) — sin (x/u)]

1—(1-— e)ar:h.

(3.20)

IIA
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holds. Therefore
2

A‘(z’: = zt) = —— i1 €xp (#)
— 021 |

1
(3.21) | o = gr |
D T;mexp(w ’——T——), v > 1rI.L(1).
By (3.7), (3.10a), (3.11e) and (3.6) it follows that for |zi“! <r®
*2 I*2 “

(3.22) A%z =21)D —5 D M"(@GE = 5.
1 o1

— 2711 — &ory™ 21z
(3.15) and (3.22) together with (3.4) implies (3.12), that is, the statement of
our theorem.

Finally, we make the hypothesis (3.8) needed in the following: There exist
fixed constants H, 7/, p/, such that to every point (z/*, 2*) of M*? for which
|2*| <p’, there exists a point (0, 25”) of #(\s) such that
(3.23) los— o | < A2 1.

REMARK. Applying the methods developed in [1] and using Theorem 3.1
it is possible to obtain bounds for the kernel function, see [1], when we
approach to points of the distinguished boundary surface, M2

4. The two-parameter family of analytic surfaces [z, =2Z, 2 =u,+4u;] and
their properties. In the case of functions Ek[Z; F; M*] of extended class, the
additional hypothesis which has to be made on M?* to insure the possibility
of construction of functions Ek[Z; F; M*] is: (4.1) Green’s function for
harmonic functions of four variables exists for the domain M*, ((4.1) implies
that the domain M* has the property that if on its boundary m? a continu-
ous function is given, then at every point the corresponding harmonic func-
tion converges to the given function when we approach the boundary.

In the case of functions En[Z; F; M*] the corresponding hypotheses be:
come more complicated. For simplicity’s sake, we shall formulate these
hypotheses in the special case where

(4.1) z1=n = Z, %2 = Mo = u1 + 1:/12.

We assume in this case

(4.1a) The projection P? of M* on the z-plane, that is, the totality of
2; values of all points (21, 22) of M*, is a two-dimensional domain of finite con-
nectivity.

(4.2a) The boundary of M*(z;=2.) is a one-dimensional manifold which,
except perhaps for a finite set of values 2,, consists of finitely many continu-
ously differentiable curve segments, which form nonvanishing angles with
each other.
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(4.3a) For every z,&P2, M*(z=2) can be written as a sum of finitely
many (at most s) connected domains, M* (2:=25) =S «Na(22).

We assume that for every 2 €P?, the following alternatives take place:
Either (1) the boundary of N2(z) when z—z)> converges in the Fréchet
sense to the boundary of N2(z) and therefore N2(z®) is the kernel domain
(in the sense of Carathéodory) of N(z;) when 2—29, or (2) the boundaries
of N2(z;) for z—3) converge to a point and therefore lim, ., N2(z) is
empty, or finally (3) lim ,,.,® Ni(z:) is a domain, say N2, but N2 does not
belong to M*(z;=2y). Then N2E M*(z,=2") and it consists of J-points, the
boundary (which consists of K-points) of N2 satisfies hypothesis 4.2a and N2
is the kernel of N2(z,), when z,—2z.

5. Some properties in m3 of the functions of extended class. In §§2 and 3
we formulated certain hypotheses which have to be made about the structure
of the domain M* and its boundary. In this and in the next section, we shall
show that these hypotheses insure that certain properties of a real function
F(Z) defined on M? imply certain properties of the function E(Z; M*; F) in
m3. We shall prove, namely, two theorems.

THEOREM 5.1. If F(Z) is a (uniformly) continuous function in M?2, then in
every iy the function E(Z; M*, F) is also (uniformly) continuous and, therefore,
s continuous on the whole boundary md.

THEOREM 5.2. Under conditions formulated previously on M*, and addi-
tional conditions on F(Z) to be formulated in §6, there exist to every function
F(Z) and every lamina It(\1), a B-harmonic function U(Z) defined in M* such
that

(5.1) EZ; M F) = U@Z) for Z€E Ii(\),

(5.2) EZ:M' F)sUQZ) for ZzEM.

We proceed now to the proof of the first theorem.
According to (2.5), every 4g is a “‘cylinder” (or the sum of cylinders) which
can be represented in the form

(5.3) 2 = 2:(Zis M), k=1, 2; M\ € Sta Zi € Be(hs)

where s}, are connected intervals of the Ai-axis, and Bi(\x) =R-![I;(\+)]
are simply-connected domains in the Z;-plane.
As we shall show, the mapping R;!

(zlv Zz) g (Zky xk);
o) Ete= S, W), @l € S, Bil\)

MEora MEsta

(5.4)

is one-to-one and continuous. As follows from Lemma 5.1 (to-be formulated
and proved subsequently), the boundary of di, is Si.ed b'(A\x), and
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R}, [5:0\e) 1=8}(\s) so that bi(Ax) consists of images of K-points. The func-
tion F(Z) given on the distinguished boundary surface is defined at every
K-point and therefore at every point of d;(Ax). Thus a real function is de-
fined at every point of each bi(\x). Since by the hypothesis (2.9) each by(\s)
consists of finitely many rectifiable curves, we can for every A determine in
Bi(\o) =R5;'[I3(\+)] the harmonic function Ui(Zi, i) which in B(Ax)
=Ry, [it(\+) ] assumes the prescribed values F[Z(Zx, Ai) ], ZeEbz(\s). Since
the values of F[Z], ZE(\x), and therefore those of F[Z(Zx, Ai) ], ZeEB(NR),
when \j varies, vary continuously, for every N\ Esi,, (2.7) holds, it follows
by classical results that Ui(Zg, Nx) is a uniformly continuous function of
Ziy My (Zr, M) Edi =S 5%, Bi(\e).
Since, further, the mapping Ry is one-to-one and continuous in every dg,,
and Ri(dd) =32, U(Z)=U1[Zx(Z), \e(Z)] is (uniformly) continuous in 73,
In order to establish Theorem 5.1, it remains merely to prove the follow-
ing lemma

LEMMA 5.1. The boundary bi(\i), MeE ko (or, what is the same, 1z(\) since
the mapping Ry, is one-to-one and continuous) changes continuously when N
varies in the interval si,.

Proof. By hypothesis (2.2) the boundary curves ji(A,) of each Qi(\x)
vary continuously. Each I;(\:) represents a part of Qi(Ax). If 4(\x) did
not vary continuously, then the boundary g, =S, I3(Ax) would consist
also of parts of some laminas I;(\:), that is, of J-points. We shall show that
this is impossible.

Let Z(\x) =Ru(Z{, i), Z fixed, represent a sequence of points each of
which lies on Q}(\+), and suppose that for Az <Az, (Ax; —As) sufficiently small,
Z(\x) are J-points, that is, Z(\x) EIf(\x). We shall show that the points
Z(A) =Ri(Z8, A1), Nk >Nk, N —\xy) sufficiently small, must also be J-points.
R(Z{, A&y is a point of Q3(\i), and therefore by (2.3) it is possible to con-
struct a sufficiently small hypersphere S* with the center at Z(\:,) which
does not include any K-points and such that j} divides S* into two parts. Let
A&, be chosen so near A, that the point RL(ZY, Nky)y Nk,> Mgy, lies in St
Ri(ZY, \i,) can be either a boundary point of M* or an exterior point of M*.
The second alterrative is impossible, since we know that S* is divided by je
into two parts and all points of one part belong to the interior of M*. Thus
Ru(Z{", \s,) belongs to the boundary of this part of S* and therefore in every
neighborhood of Ri(Z{", \&,) there are interior points of M* Consequently
Ri(ZP, \i,) is a boundary point of M4, q.e.d.

6. The proof of Theorem 5.2. In this section we shall give the proof of
Theorem 5.2, that is, we shall show that to every function F(Z) given on the
distinguished boundary surface M? and satisfying certain conditions, there
exists a B-harmonic function U(Z) of the class U(F, M) (see p. 427) which
coincides on the boundary curve i(A\:) of a given lamina I?=I;(\z) with
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F(Z). (It is to be noted that 54(\s) =I;(Ax)\M2) If therefore z* and z*
denote coordinates which are normal with respect to the lamina I2,

(6.1) F[Z(0, 0; a5, y2)] = U[Z(0, 0; 23, y0)], (54, y) € ™.
6.2) F(2) = U@), ZE M2

In order to prove vur statement we have, however, to make some addi-
tional hypotheses on F.

(6.1) Let h(z3*) =S(xs*, y*7+4T (x5, ys*) be that analytic function whose
real part S assumes the values of F(0, 0; x*, »*) on the boundary ¢*! of
I*2=]2(\;). We assume that there exists a constant p’’ such that for every
point (x*©®, y*©®)c4* S and T can be represented in the intersection of
T*? and the circle with center (xg*©®, y#®) and the radius p’’ in the form

*(0), (0)

* ok 0) * *(0), (0) (0) ), *
S(xz, y2) =a "+ (02— 22 )en

+ ()’: - )2 )az y Ak = Qg (xz, y’;).
(6.3)

o = 5@, 51 = Fl20, ),

*(0), _(0) _(0) (0)

0) 0 0
T(%5, 92) = B + (23 — a3 By + (s — 33 DB s Be = Br (%2, 91),
% (0) *(0)

B(O) = T(x2 ’ y2 )v

where there exists a constant v independent of x*®, y*® such that for
x5, ¥5* in the given circle

(6.4)

(6.5) 1], 1871, |, |87 < k=12

(6.2) We assume that F(Z) satisfies a Lipschitz condition, that is, if
Z¥W (g0 X YE M2, k=1, 2, then

IF[Z(Z*(I))] _ F[Z(Z*(z))ll § C(I z’:(l) _ z’:(z) |1/X
6.6
(6.6) + 2O _ g0 Il/x)

where C and x are suitably chosen constants.
We finally note that it is no restriction to assume that

(6.7) 40 2 F(Z) z 20, a 2 | T(3, 33) |.

This is because a fixed constant is a B-harmonic function and can be added
and subtracted from S and F without changing T.
We proceed to the construction of the function U(Z*). The function

S[Re @1 — ozt ™), Im (B(1 — ozt )]
©.8)

*1/p

+ iT[Re (z3(1 — 022 ")), Im (a1 — oz1 )],
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where ¢ and u are constants introduced in Theorem 3.1, is defined in the
domain 4*and therefore in M*. Since the points (2*, 2*) lying on the negative
real axis E [x* <0, y#*=0] do not belong to M3, z*V/* is uniquely defined for
any point Z* by the assumption that

(6.9) — x < arg 5 <
We now multiply the function (6.8) by (1+kz*”), >0, »>0, and write

U* = Re {[S+ iT][t + k2t "]}

It is apparent that U* coincides with F on 73'(\:). We shall show that &, 2> 1,
and » can be chosen large enough so that U*(Z*)2F[Z(Z*)], Z*& M*2.

We first consider» that part of M*? for which lzl*l <p=<min (p’, p’’).
(Concerning p’ see (3.8).) Consider an arbitrary point (z*, 2*) of M*?, such
that |z1 I =<p and let 2 =x*® 4-4y*©® be the point defined in hypothesis
(3.8). Let us denote z5* — 2F® by 2* = £ 4-755*. We shall show that by choosing
p sufficiently small and » suﬂiciently large, both independently of k=1, we
can insure that

U@ 2Pz, Zfeu”, || s,
Now by hypothesis (6.1)
S = S[ (1 - arll cosi) + yzar:/ smi, ¥ (1 - ar:/ cos %
(6.10) K , # #
- x’;ari/"sin—l] 2 a” — y|Li| = v| L,
M
where
L, = * - %o 11/" cos ¢— + y*;crrlll" sin ?l ’
B n
* *  1n 1 x . b1
= §3 — X3 071 COS — — X077 SINn —
® “

We may now use hypothesxs (3.7) to estimate L, and L.. By (3.8) it fol-
lows that |&%| <477, | §%| < A7}/ Here r=max [7/, ], see (3.23), rn=|2}|.
Trivially one obtains

(6.11) Sza®” —Rn"", R=64y.

By construction
(6.12) |T| < a

We now recall the definition of U* and obtain imnrediately on assuming
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that » is sufficiently large so that cos (w/v)>2/3, sin (w/v) <1/3,

U* 2 [« = Re"I[1 + 281" /3] = a[kri/3].

Recalling that o =F[Z(0, 2*(¥) ] = 2a, we obtain
U* 2 a® + akr” — R(L + B)r".

Simultaneous we have, using (6.2), that
* *® *(0)

6.1 |Flzeh 2] - Flze, 2] s e A+ 47,
that is, F[Z(2%, 2%)] Sa® 4 Cri/*4+ A Cri/"™*, We shall certainly assure U* = F if

1/x

akr:h = R(1+ k)r:/f + Cri/Jt + ACri/'x,
and this will be true if
1/»

kri” = kR where R’ = [2R+ C + AC]/a,
that is, if 7}’* = RY/"™*, We may pick p so small and » so large that(%)

1/ 1/rx

(6.14) r = R,fl forr; < p.

Our proof will now be complete if we can show that a proper choice of k
will insure U*(Z*)2F[Z(Z*)] for Z*© M*?, |z*| Zp. Using that S=2a,
| T| <a, cos (w/v)>2/3, sin (r/v) <1/3, we have

1/»

U* = 2a[1 + 2kn"/3] — a[kr1” /3]
6.15 » v
(6.15) =20+ akr” = a[2 + k"]
But F<4a. We need merely choose % so large that kp'/*>2.

Since an analogous procedure may be applied to obtain a function of the
class L(F, M*), we obtain the following:

THEOREM 6.1. To every function F(Z) defined on M? and satisfying condi-
tions 6.1-6.2 and to every lamina It(\y) there exist B-harmonic functions u(Z)
and U(Z) of the classes U(F, M) and L(F, M), respectively, such that on I3\
we have

(6.16) u(Z) = 12) = W[22), v @], Z € i),

where h[x¥, y¢) is that harmonic function which on iL(\x) assumes the values
F[Z(O’ 22*)]'

REMARK. By a slight modification of the proof it is possible to replace
(6.1), (6.2) by weaker hypotheses; it suffices (essentially) to assume that F
is continuous.

(*%) For example choosing v=2rx and p< (1/R’)?"X,
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7. Determination in M* of functions Eh(Z; M*; F) of extended class and
some of their properties. By the procedure indicated in §5, we determine in
every lamina I;(\:) a real function. Since the whole boundary m3? of M* can
be represented as a sum of laminas, a real function is defined in m?3.

If F(Z) is (uniformly) continuous in M?, then by Theorem 5.1 this func-
tion is (uniformly) continuous in m3, and assumes the values F(Z) if we ap-
proach in m3 the distinguished boundary surface M?2.

As we indicated in §1, there are two possibilities of extending the function
throughout M*.

The first possibility consists in constructing that harmonic function

(7.1) Eh[Z; M%; F], zZE M

which assumes on m? the value determined previously.

If M* satisfies hypothesis 4.1, then it is known from the theory of potential
that to every (uniformly) continuous function defined on m? there exists a
harmonic function of four variables defined in M* which assumes the pre-
scribed values on m® Thus we obtain:

THEOREM 7.1. If the domain M* satisfies the conditions formulated in §§2,
3, and 4, then to every function F(Z) defined on the distinguished boundary
surface M? and satisfying hypotheses 6.1-6.2, there exists one and only one
function ER[Z; M*; F) of extended class which assumes on M? the values F(Z).

From the definition of the functions Ek [Z; M#; F] follow almost immedi-
ately the following lemmas:

Lemma 7.1. If
(7.2) F\(2) 2z F1(2), Z e M
then
(7.3) Eh[Z; M*;F\] = Eh[Z; M*%; F,], zZe M

LemMA 7.2. If B(Z) is B-harmonic in M* and satisfies on M? the hypotheses
6.1-6.2, then

(7.4) Eh|Z; M4; B] = B(2), ZeE M-
From Lemmas 7.1 and 7.2 follows:

CoRrOLLARY 7.1. If B.(Z) (k=1, 2) are B-harmonic functions which satisfy
on M? the hypotheses 6.1-6.2, and such that

(7.5) (=1)F2Z) 2 Bu2), Z e M,
then
(7.6) ER[Z; M*; (—1)F] 2 B.(2), zZe M
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LEMMA 7.3. If M*=E[|z| <ry, | 2| <r:], that is, if M* is a bicylinder and
F(Z) satisfies hypotheses 6.1-6.2, then Eh[Z; M*: F] is that doubly harmonic
function which assumes on M2=E[z| =r1, |2:| =r.] the values F(Z).

8. Properties of functions En[Z; F; M*] in M*. In this section we shall
indicate how to determine the values of En[Z: F; M*] in the interior of M?*
and we shall show that the hypotheses (4.1a)—(4.3a) insure that a theorem
analogous to 7.1 [proved in §7 for Ek[Z; F; M*]] holds for the En[Z; F; M*].

We begin by proving that the functions En[Z; F; M*] are continuous. Let
(=, 2”) be an inner point of M* Then 2z must be an inner point of the
projection P?, see (4.1a); for, if this were not the case, then in every neighbor-
hood of 2 there would exist points 2’ € P?, such that M*[z=2] were
empty, and in every neighborhood of (2, z) we would have points
(?, 2) which do not belong to M?*. Therefore (2, ) would not be an
inner point of M*.

Since F(z, 2) is a continuous function of z on the boundary of
Mi(z,=2), it follows from (4.2a) that Enl[z, 2; F; M*] is a continuous
function of 2, in M*(z, = 2z). The function En [Z; F; M*] is continuous on m3,and
every N2(z") has the property that to every interior point (2, )& M4
belonging to any NZ(z{) there exists a neighborhood |2 —z| <e such that
for |2 —2| <e the boundary of NZ2(s{”) varies continuously, and N2(z)
is the kernel domain of the sequence of domains NZ2(z), for z.—2z. There-
fore, from (uniform) continuity on the boundaries of the N2(z;) of En[Z; F, M*]
considered as function of 2 follows the (uniform) continuity in NZ2(z.), for
[zz—z§°)| <e. Thus En[Z; F, M*] is (uniformly) continuous considered as
function of 2, 2 at every point of M* Since further it is uniformly con-
tinuous considered as function of z; in every N2(z;), and since En[Z; F, M*]
is (uniformly) continuous on the boundary, it follows that En[Z; F; M*] is
(uniformly) continuous in M*.

In particular, it follows from this that limz.z® En[Z; M*; F] = F(Z®)
for ZOc M2,

Until the present we assumed that F(Z) is a (uniformly) continuous func-
tion defined on M?2. It is, however, comparatively easy to generalize our
considerations to the case where F(Z) is continuous on M?, except possibly
on a curve n!, where it has a finite jump.

9. Inequalities for bounded analytic functions of two complex variables.
Ostrowski’s two constants theorem is one of the most simple applications of
the principle of harmonic measure. The introduction of functions of extended
class enables us to generalized this result.

NoraTioN. The functions Ek[Z; M*, m], where

(9.1) m@Z) =1 for ZEMIC M, m@Z) =0 for ZEM — M,

will be called (in generalizing the classical concept) the Ek-harmonic measure
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of the segment M3, and will be denoted by

(9.2) En[z; M*; M1).

THEOREM 9.1. Let g(z1, 2:) be an analytic function of two complex variables
which is regular in M?*, and for which

(9.3) l gz, 22)| S a < 1, (21, 22) € M: C M,
9.4) | gz, 22) | < 1, (21, 23) C M,
holds. Then

(9.5) | (21, 20) | < exp (g @ X ER[Z; M*; M1)).

Proof. Since g(z1, ) is an analytic function of two complex variables,
lg ] g2(z1, 22) [ is a B-harmonic function which is regular in M*, except perhaps at
a finite number of analytic surfaces [zero surfaces of g(z;, ;) | where Ig | g(z1, 22) l
becomes logarithmically — . We shall at first show that the inequality

(9.6) Ig | gz, 22) | < lga X Eh[z; M*; M}]

holds in every lamina, say I3(\z).

Two cases can occur: (1) I;(Ax) is a zero surface of g(z1, z). Then
lg 'g(zl, Zg)l = — o for (21, 22) €It(\x), and therefore the inequality (9.6)
holds there. '

(2) If I(\s) is not a zero surface of g(z,, 2;), then g(z, 2) can vanish there
only at a finite number of points. Ig l 2(z, Zz)l and Eh[Z; M*; M?] are har-
monic functions of real variables Re Zx, Im Zy. Since 7;(Ax) C M2, by assump-
tion the inequality (9.6) holds on 3(\x), and therefore by the classical result
of the theory of harmonic functions of two real variables, also for (z;, 2.)
€I:(\x). Thus (9.6) holds in every IZ(A\i) and therefore in the whole m?.

We proceed now to establish (9.6) for ZEM* Eh [Z; M+, M3?] and
lg | g(a, 2,)| are harmonic functions of four real variables. (We note that the
latter function becomes — » along the zero surfaces of g(z1, ), if such exist.)
According to the classical results of the theory of harmonic functions of four
real variables, the validity of the inequality (9.6) on the boundary of the
domain implies the same inequality for points inside the domain M*, q.e.d.

NotaTioN. In analogy to (9.2) we shall denote En[Z; M*; m] by

(9.7) Enlz; M*; M1]
and shall call it En-harmonic measure of the segment M?2.

CoROLLARY 9.1. Under the conditions as in Theorem 9.1, there holds:

(9.8) | 6(21, 22) | < exp (Ig @ X En[Z; M‘; Mf]).
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Proof. On m3,
(9.9) En[z; M*'; M1] = Eik[z; M*; M3)

and as before we obtain that on every m3(z=2,), lg a XEn[Z;M*; M}]
2lg | gz, 2)|. In MY(z=2), E[Z; M* M}] as well as log |g(z, 2) are
harmonic functions of the variables Re Z, Im Z, see II p. 526 and (4.1),
E[Z; M*; M?] is a regular harmonic function, while log| g(z, 2)| is regular
except perhaps at a finite number of zero points of function g[n:(Z, w1, o),
n2(Z, p1, p2))=g[Z, mit+ipe), pitipe=2=fixed, where log |g[Z, pi+ipe]|
becomes — «. From the validity of (9.9) on the boundary of M*(z;=z), it
follows that the same inequality holds inside M*(z.=2.), q.e.d.
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