MAPPINGS OF A NORMAL SPACE INTO AN
ABSOLUTE NEIGHBORHOOD RETRACT

BY
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I. INTRODUCTION

Given two topological spaces X and Y, let us consider the totality of the
mappings (that is, continous transformations) f: X— Y. These mappings are
divided into homotopy classes, those in each class being homotopic to each
other. The problem of determining these classes by means of known invari-
ants of X and Y is of great importance in modern topology.

For the most interesting special case where ¥'=.S", an n-sphere, Hopf’s
brilliant results and their various generalizations solve the problem com-
pletely, if X is a compact (=bicompact) Hausdorff space with(!) dim X =n.
As newly formulated by Alexandroff [1, p. 17](2), this theorem may be stated
as follows:

HoPF CLASSIFICATION THEOREM. The homotopy classes of the mappings of a
compact Hausdorff space X with dim X <n into an n-sphere S* are in a (1-1)-
correspondence with the elements of the n-dimensional Cech cohomology group
H™(X) with integer coefficients. The correspondence is determined by the opera-
tion f—f*(s*), where s is a gemerator of the cohomology group H™(S™) with
integer coefficients and f*: H*(S")—H"(X) is the homomorphism induced by the
mapping f: X—Sn.

On the other hand, in the case where X is a geometric complex, finite or
infinite, and ¥ a topological space, Eilenberg [9] gave some far reaching
general theorems on the extension and homotopy of these mappings, which
include the original Hopf theorems as mere particular cases. These beautiful
theorems of Eilenberg can not be generalized to the case where X is a topo-
logical space, unless some suitable restrictions are to be put either on X or on
Y. A glance at the Hopf classification theorem given above will justify our
preference of restriction to Y instead of X.

The object of the present work is to build up a generalization of Eilen-
berg’s theory under the assumptions that X be a normal space ‘[14, p. 26]
and that ¥ be an absolute neighborhood retract (ANR) [15, p. 58], which
includes the generalized Hopf theorems as special cases. Owing to the Cech
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(1) For a given topological space X, by dim X <» we mean that any finite open covering of
X has a refinement whose nerve is of dimension not exceeding 7.

(?) Numbers in brackets refer to the bibliography at the end of the paper.
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cohomology theory, the undesirable condition of compactness has to be as-
sumed in the most of the paper; however, it can clearly be removed by using
a cohomology theory based on more general coverings as Dowker [6] did.

The general trend of the recent years is that most of the topologists prefer
cohomology to homology. This is probably because cohomology often simpli-
fies both the statement and the proof of many a topological theorem. Since
cohomology is no longer less intuitive than homology nowadays, homo-
logical interpretations of theorems termed naturally in cohomology seem to
be mere redundancies. On this account, no homology will be mentioned in the
present paper.

Preliminaries of our treatment are given in Part I1. §1 gives a very brief
sketch of the Cech cohomology sequence, a knowledge of which will be needed
in the sequel. §2 presents the fundamental bridge theorems which are the
main tools of this investigation.

The general theory is developed in Part III as follows: Let X, be a closed
set of X. The notion of n-extensibility of the mappings f: Xo— ¥ is defined in
§3; and the obstruction sets Q#*+!(f) of an arbitrary mapping f: X,—Y are
introduced in §4. All of them are invariants under a homotopy; and by the
aid of them our general extension theorems are established in §5. On the
other hand, in §6 we introduce the notion of #n-homotopy between two given
mappings fo, fi: X—Y; and in §7 we define their separation sets A*(fo, f1).
They depend only on the homotopy classes of the given mappings; and by the
aid of them our general homotopy theorems are formulated in §8. Set-
theoretic meanings of both the n-extensibility and the n-homotopy are
given in their respective sections.

Part IV contains the complete solution for the case where X is a compact
Hausdorff space and Y is an ANR satisfying #7(Y) =0 for each » <n together
with some minor conditions. In this case, the characteristic element «*(f) of
a mapping f can be defined (§9); and thus a complete generalization of the
Hopf classification theorem is obtained in §11. Further, if ¥ is compact we
introduce the basic element (*(Y) of ¥ in §12 as an analogue of the element
determined by the fundamental #-cocycle of an n-sphere S*, which enables
us to formulate our generalized Hopf classification theorem exactly parallel
to the one given above for ¥=.S" An application of this formulation is given
in §13 to establish for compact ANR the theorems concerning homotopy
types, proved by Eilenberg [10, p. 464] only for geometric complexes.

II. PRELIMINARIES

1. Cech cohomology sequence. In their axiomatic approach to the homol-
ogy theory, Eilenberg and Steenrod [11] formulated the homology sequence
(called by them the natural system of the homology theory) as an axiom
which should be satisfied in all admissible homology theories. The sequence
given in this comprehensive form is a weapon far more powerful than the
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classical duality theorem of Alexander. Since no detailed exposition of the
Cech cohomology sequence has appeared in print, a brief sketch seems to be
desirable for the convenience and clearness of the applications in this paper.
Let X denote an arbitrary topological space, X, a closed subset of X, and
Xs«=X—X,its open complement. Following Lefschetz, we shall call (X, X«)
a dissection of X. Let G denote a discrete abelian group written additively.
A finite open covering will be simply called a covering. Let & denote the
set of all coverings of X, partially ordered by the statement a <f if § is a re-
finement of & [14, p. 13]. & is a reflexive directed set [14, p. 4].
Leta= {al, a, ¢+ -, a,} be a covering of X and let 4 denote the nerve of
a [14, p. 244]. The nonvoid sets of XoMNa; (i=1, 2, - - -, ) form a covering
o of X o whose nerve A, is a closed subcomplex of 4. Let 44 denote the open
complement 4 —A,. Let us denote by H*(4, G), H*(4,, G), H* (4%, G) the
n-dimensional cohomology groups of the complexes 4, 4,, As respectively.
We shall use these notations as typical ones for the coverings o, 3, - - - of X.
Suppose a <@, that is, let 8 be a refinement of a. Let us select for each
member of 8 a member of o containing it. This gives a simplicial mapping
Psa: B—A, called a simplicial projection. Clearly pga(Bo) CAo. All the possible
simplicial projections pg. induce uniquely the homomorphisms of the cohom-
ology groups of 4, A, A« into those of B, By, B« respectively, which will be
denoted by ke If a <B <%, then clearly pgaps is a simplicial projection p.q.
Hence

{H*4,6)}, {H"4.,G)}, {H" (446}

are direct systems of groups with %.s as the homomorphisms [14, p. 57].

By the n-dimensional Cech cohomology group H*(X, G) of X with coeffi-
cients in G we mean the limit group of the direct system {H”(A, G)}. The
limit group of the direct system {H"(A*, G)} is defined to be the n-dimen-
sional Cech cohomology group of X modulo X, with coefficients in G, denoted
by H*(X mod X, G). The isomorphism

H"(X,,G) =~ lim {H"(4,,G)}

is obvious; but the groups H*(X mod X,, G) and H*(Xx, G) need not be
isomorphic. This justifies the notations we used.
For each #=0 there are unique homomorphisms

w: H"(X mod X,,G) — H*(X, G),
n: H™(X,G) —» H(X,, G),
8: H"(X,,G) — H*(X mod X,, G)

described as follows. For each covering a of X, the projection A—A4 and
the injection 4,—4 induce a homomorphism m, of the cocycles of Ay into
those of 4 and a homomorphism 7. of the cocycles of 4 into those of 4,
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[14, p. 113]. Following Whitney, we shall denote by 8. the coboundary oper-
ator in 4. Let §EH*(X mod X,, G) be an arbitrary element represented by
a cocycle z* in Ay for some covering a of X; then w(§) EH*(X, G) is the
element represented by the cocycle m.(2"), which is actually z» considered as
a cocycle of 4. If ¢EH"*(X, G) be an arbitrary element represented by a
cocycle z* in A for some covering a of X; then 7(§) EH*(X,, G) is the element
represented by the cocycle 7.(2%) of Ao, which is actually the part of z* on
Ao. Let EEH(Xo, G) be an arbitrary element represented by a cocycle z* of
A, for some covering o of X; then 8(§) EH™(X mod X,, G) is the element
represented by the cocycle 6.(2") in Ax.

The theorem of Cech cohomology sequence of the dissection (Xo, Xx) is
stated as follows:

(1.1) Cech cohomology sequence. The homomorphisms w, q, & form a co-
homology sequence

.. 55 B(X mod Xo, G) = H™X, G) - H*(Xo, G)

2 (X mod Xo, G) > - - -

which is exact in the sense that the kernel of each homomorphism coincides with
the image of the preceding.

Now let X’ be another topological space, X{J a closed set of X’, and
Xi=X'—X{ its open complement. Let f: X’—X be a given mapping with
f(X{)CXo. f induces homomorphisms of the cohomology groups H*(X, G),
H*(X,, G), HY(X mod X,, G) into H*(X’, G), H*(X{, G), H*(X' mod X{, G)
respectively. All of these homomorphisms will be denoted simply by f* and
described as follows.

Lett€H*(X mod X, G) be an arbitrary element represented by a cocycle z»

in A4 for some covering a = {al, as -, a,} of X.Leta'= {01',(12,, <. e,al }
denote the covering of X’ which consists of the open sets

a,-' = f_l(d,') (‘L = l, 2, ceey, f).
The correspondence a! —a; (4=1, 2, - - -, r) defines a simplicial mapping

t: A’—A such that t(47J ) CA,. t induces a homomorphism £* of the cocycles of
Ay into those of A4. Then f*(¥) EH(X’ mod X{, G) is the element repre-
sented by the cocycle t*(z") of 4j. The homomorphism f* for the groups
H"X, G) and H*X,, G) is similarly defined.

(1.2) Induced homomorphism. The homomorphisms f* of the cohomology
groups of X, Xo, X mod X, into those of X', XJ, X’ mod X{, induced by the
mapping f: X'—X with f(XJ{)CXo, form a homomorphism of the cohomology
sequence in the sense that the following conditions of commutativity are satisfied:

@ fro = a'f*,

(ii) f*n = 7'f*,
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(i) 4= o,

where w', n’, 8’ denote the corresponding homomorphisms in the cohomology se-
quence of the dissection (X¢, X§). Further, iof g: X''—>X'" with g(X{’)CX{,
then we have (fg)* = g*f*.

2. Fundamental bridge theorems. Hereafter, we shall assume that (1) X
be a normal space and X a closed set of X, (2) Y be a connected ANR (and
hence arcwise connected), (3) either X, or Y be compact. Denote by
Xx=X—X, the open complement. We shall use the typical notations of the
foregoing section and understand that the nerves of the coverings are all
geomeitrically realized. Without danger of ambiguity we may denote the
vertices of the geometric nerve 4 of a covering a= {al, as, - - -, a,} still
by the symbols @, @, - - -, a,. The simplicial mappings of a finite geo-
metric complex into another can also be considered as mappings in the
set-theoretic meaning, linear on each simplex; and we shall so understand in
what follows.

Let « be an arbitrary covering of X. A mapping ¢o: X—A4 is called a
canonical mapping of «, if for each point xEX, ¢a(x) is contained in the
closure of the simplex a;, a;;, - - - a:, of 4, where a;,, aiy, -+ -, ai, denote
the members of « containing x [15, p. 40]. According to the fundamental
mapping theorem of Lefschetz [15, p. 41], every covering « of X has a ca-
nonical mapping [15, p. 45]. Clearly ¢.(Xo) CA4,. It is also trivial that the
canonical mappings of a given covering a of X are homotopic to each other.

Let f: Xo—Y be a given mapping and « a covering of X. A mapping
Yao: Ao—Y is called a bridge mapping for f, if the partial mapping ¢a¢a| X
is homotopic with f for each canonical mapping ¢.: X—A4 of the covering a.
If such a bridge mapping ¥, exists, « is said to be a bridge for the mapping f.

(2.1) BRIDGE REFINEMENT THEOREM. For a given mapping f: Xo—Y,
any refinement 3 of a bridge a is a bridge.

Proof. Let ¢.: 49— Y be a bridge mapping for f; and ¢.: X—4, ¢s: X—B
be arbitrary canonical mappings. Choose a simplicial projection pg.: B—A4. It
remains to prove that ¢g=¢apga|Bo is a bridge mapping for f; that is,
xbapﬁaqﬁpIX o is homotopic with f. It is obvious that both ¢a(x) and pgacps(x)
are contained in the closure of the simplex a;@a; - - - a;, of 4, where a;,
@iy, * * +, a;, denote the members of o containing x. Hence ¢, and pg.¢s are
homotopic; and our theorem follows from the relation

2 Vata| Xo 2 Vatpats| Xo. Q.E.D.

(2.2) BRIDGE EXISTENCE THEOREM. Every mapping f: Xo— Y has a bridge a.

Proof. According to a theorem of Wojdyslawski [18, p. 186], ¥ can be
imbedded as a closed set of a convex subset Z of a separable Banach space
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W [2, p. 53]. Since Y is an ANR, there exist an open set V of Z containing
Y and a retraction §: V—Y [14, p. 40]. For each point yE ¥, let S(y) denote
the greatest open spherical neighborhood of ¥ in Z such that S(y)CV. Let
us denote the distance function of W by p; then for each positive number
€, ;€Y (¢=1, 2) and p(y1, y2) <e implies that the radius of S(y.) is at least
equal to that of S(y;) diminished by e.

Now let f: Xo—Y be a given mapping. We are going to prove the existence
of a covering ag*={a¥*, a* - - -, a*} of X, such that for each a*Cac*
(¢z=1, 2, - - -, r) there is a corresponding point y;EY with f(a®*)CS(y,).
First, let us assume the compactness of Y. Then there exist a finite number
of points y1, ¥s, *+ *+ +, ¥» such that the open sets S(y,) (¢=1, 2, --- -, 7) cover
Y. Let a*=f"1(S(y:;)N\Y), then ast= {af“, as, - - -, a,*} is a covering of X,
of the kind required. Second, let us assume the compactness of X,. The in-
verse images f~1(S(y)NY), y€ Y, cover Xo. The compactness of X, implies
the existence of a finite number of these, say f~!1(S(y.)N\Y) (:=1,2, - - -, 7),
already cover X,. Set a*=f"1(S(y:)NY); it follows that the covering ag
={aX as, - - -, a*} of Xois of the kind required. This proves our assertion.

Having given a covering a¢*= {al*, a*, - - -, a,*} described as above, we
denote for simplicity S:=S(y:). For each a*Ca*, choose an open set a; of X
such that e;N\X,=a*. Set a,.3=X—X,. Then o= {al, Qgy * ¢+, Qpy a,+1} isa
covering of X with ap=a¢*. We shall complete our proof by showing thataisa
bridge for f.

We are going to construct a bridge mapping y¥,: Aoc— Y. The vertices of 4,
are also denoted by ay, as, - - -, a,. Let Q denote the first barycentric sub-
division of 4,; then a vertex v of Q is the centroid of some simplex a;,a;, « + - a,,
of Ao. Since f(af,)CSi, (=0, 1,---,n) and the intersection of the
sets af, (u=0, 1, - -, n) is nonempty, the spherical neighborhoods Si,
(=0, 1, - - -, #) have a nonvoid intersection. In this intersection, let us
choose a point g(v). Since Z is a convex subset of a Banach space W, we can
extend g to be a mapping g: 4,—Z which is linear on each simplex of Q. Let

o=y, - - - v, be an arbitrary simplex of Q, then it follows from the
construction of g that there exists some S; containing all the points g(v,)
(u=0,1, - - -, ¢@). Since S; is a spherical neighborhood in a convex set Z, we

have that g(o) CS;. Hence g(4,) C V. Define a mapping ¢.: 40— Y by taking
Ya=0g. It remains to prove that ¥, is a bridge mapping for f.

Let x& X be an arbitrary point and denote by a;, af, - - -, @ the mem-
bers of the covering ag* containing x. Then f(x)E€S;,\Y (=0, 1, - - -, n).
Let ¢o: X—A be an arbitrary canonical mapping of a; then ¢.(x) is a point of
the closure of the simplex @i, « - - @i, of 4o. The existence of some S;,
(0 = =) which contains g¢.(x) follows. Let £,(x) denote the point which di-
vides the line-segment joining f(x) to gp.(x) in the ratio £:(1 —¢) for each 0 <
t=1. Since both f(x) and gpa(x) are points of S;,, we have £,(x) €ES; (0=t <1).
Define a homotopy f:: Xo—Y (0=¢t=1) by taking
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fu(x) = 6k(x) (rEXo0=t=1);

then we have fo=f and f1=¢a¢>a| Xo. Hence v, is a bridge mapping for f and
our theorem is proved. Q.E.D.
The following corollary is an immediate consequence of (2.1) and (2.2).

(2.3) The set By of all bridges for a given mapping f: Xo—Y s residual
[16, p. 10] (and hence cofinal) in the directed set S of all coverings of X.

(2.4) BRIDGE HOMOTOPY THEOREM. If a, 8 be two bridges for a given map-
ping f: Xo—Y, where X, is compact, and if Yo: Ao—Y, ¥g: Bo—Y be bridge
mappings; then there exists a common refinement vy of o and 3 such that xl/ap.,a| Co
and Il/pp-ygl Co are homotopic, where pyo: C—A, pog: C—B are arbitrary simplicial
projections.

Proof. We shall use the notations in the proof of the bridge existence
theorem. From the definition of the spherical neighborhoods S(y) follows
quite obviously the existence of a sufficiently fine simplicial subdivision 4¢
of A, such that for each vertex a!/ of AJ we have Y¥,CI(St a/) CSWa(x)),
where x is an arbitrary point of the closure CI(St a{) of the star St a{ in
A{. Let A’ be a simplicial subdivision of 4 which coincides with 4¢ on A,.
Let B’ be a simplicial subdivision of B defined similarly for the mapping ¥;.
The totality of the open sets ¢ (St a!), where the a/ are vertices of 4’ and
¢ is a canonical mapping of a, form a covering a* of X which refines a.
Similarly, the covering 8* = {¢7 (St b/) } of X refines §.

By the definition of bridge mappings, 1//a¢¢_,|X o and xﬁ,;ng]X o are both
homotopic with f; hence there exists a mapping F: XX I— Y, where I denotes
the closed interval (0, 1) such that

F(x,0) = Yapa(x),  F(x, 1) = Yps(x) (x € Xo).

From the continuity of F and the definition of S(y), it follows that for
each x EX, and each ¢t &1 there exist an open set U(x) of X, containing x and
an open set T'(t) of I (which may be assumed to be an interval) containing ¢
such that

F(U(x) X T(®) CSE®)),

where { is an arbitrary point of U(x) X T(¢). Since XoX[I is compact, there
exist a finite number of points (x;, £;) (¢4=1, 2, - - -, p) such that the open
sets {U(x;)XT(t.-)} (t=1, 2, ---,p) cover XoXI. For each x&X,, let
M(x) denote the intersection of the members of the collection {U(x:)}
(1=1,2, - - -, p) which contain x. Since the collection { U (x;)} is finite, M (x)
is an open set. The collection {M (x)} (xEX,) has a finite subcollection
8= {dl, dgy - - -, dq} which covers X. Foreach d; (:=1, 2, - - -, q) choose an
open set d* of X with d;=d*N\X,, and let d},; =X — X,. Then &* = {d*, d¥,
.+, d} d},} is a covering of X with 85* = do.
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Lety={cy, ¢5, - - -, ¢ci} be a common refinement of the coverings o*, 8*,
and 6*; further let

Pyat C— A4, pys: C— B

be arbitrary simplicial projections. We are going to prove that ‘p.,p,,,l Co and
tﬁgp.,g] C, are homotopic.

For each t &1, the intersection of the members of {T(t;)} (2=1,2, - --,p)
containing ¢ is an open set; choose a closed interval J(¢) containing ¢ in its
interior and contained in this intersection. There are a finite number of such
closed intervals Jy, Jo, - + -, Jx which cover I. Let

O=1<n< <711 <1=1

be the set of end points of these intervals Jy, Js, + + -, Ji. Then it is easily
seen that for each ¢;Ev and each closed interval (7.4, 7.) (t=1, 2, - -+, 5)
we have F((¢:N\Xo) X (721, 7)) CS(F({)), ¢ being an arbitrary point of
(c,f\Xo) X (T‘_l, ‘T.).

By the constructions of the coverings a* and §*, their nerves 4* and B*
can be identified with subcomplexes of 4’ and B’ respectively by the cor-
respondences a*—a/ and b*—b/.

Take arbitrary simplicial projections

Ya: C—AYC A, pp:C—oB*CBHB
b4

and define a mapping G: CoXI—Z described as follows.
For each point c&Cy, let us define

G(c, 0) = Yapralc),  Glc, 1) = Yaprs(c).

If o =ciyci; - - i, be an arbitrary simplex of Co and x be an arbitrary point of
the intersection

L= c.-of\cﬁf\ <. f'\c;,.f\Xo,
then it is not difficult to see the following inclusions:
G(e X 0) CS(F(x,0), G(eX1)CSE(x,1)).

Next, for each vertex ¢;&Cy, choose a fixed point x;Ec;\X,. For each
vertex ¢;&ECo and each 7, (t=1, 2, - - -, s—1), define G(c;, 7.)=F(x;, 7.).
If 6=ci,ci - - - ¢;, be an arbitrary simplex of Cy and x be an arbitrary point
of L=c;;N\caM + + + Mc;,MX,, then we have

G(cs 7) C SE(x, 11-1)) N SF(x, 7)) N SE(%, 7.41))

for each u=0, 1, - - -, n. Extend G over ¢ X7, linearly for each ¢ &€ Cy and
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each 7, 1=1,2, - - -, s—1). Then we have
Glo X 7.) CSEF(x, 7—1)) N SE(x, 7)) N\ SEF(x, 7.11)).

Since, for each point cEe, both G(¢, 7.-1) and G(c, 7.) (t=1,2, - - -, 5) are
contained in S(F(x, 7.)), one can extend G linearly on each ¢ X (.1, 7.). This
completes the construction of the mapping G: CoXI—Z. It is trivial that
G(CoXI)CV.

Define a homotopy g:: Co—Y (0=t=1) by taking g:(c) =0G(c, t) (cECy,
0=t=<1); then we have go=v.p3, and gi=yup}s. Since it is obvious that
Dra~Pye and pig~pys, we have

’l’ap‘ya I CO =~ ﬂl/apta I CO =~ \’/ﬂpjﬁ | CO ~ %Pvﬁ l CO;

hence our theorem follows. Q.E.D.

I11. THE GENERAL THEORY

3. n-extensibility. We shall denote by A" the n-skeleton of a complex 4,
that is, the totality of the simplexes of 4 with dimensions not exceeding 7.

A mapping f: Xo—Y is said to be n-extensible, if f has a bridge « with a
bridge mapping ¥.: Ao—Y which has an extension ¥4 : 4\ UA*—Y. Since ¥V
is arcwise connected, the following statement is trivial.

(3.1) Every mapping f: Xo—Y is 1l-extensible.

For a given mapping f: Xo— Y, the least upper bound of the set of integers
n such that f is n-extensible is called the extension index of the mapping f.
The following statement is obvious from the very definition.

(3.2) Homotopic mappings have the same extension index.

Some set-theoretic meaning of the n-extensibility is shown by the follow-
ing theorem.

(3.3) If X be metric separable with dim (X —Xo) =m and of f: Xo—Y be
n-extensible, then there exists a closed set X, of X contained in X — X, such that
dim X, <m—n and f has an extension f': X —X,—Y.

Proof. By the definition of n-extensibility, there exist a bridge « and a
bridge mapping yu.: Ao—Y for f, which has an extension ¥.: A,\JA*—Y.
Let ¢: X—A be an arbitrary mapping. We shall prove an assertion that
there exist a closed set X, of X contained in X — X, with dim X, <m—n and a
homotopy hi: X —X1—A (0=t=<1) such that ho=¢| X — X1, (X —X,)C4,
\UA*», and hi(x) =¢(x) for each xEPp~1(A\JA™) and each 0=t =<1.

Our assertion is trivial if dim 4 <. Assume the assertion fordim 4 =p—1,
and now suppose dim A=p>n. Let o1, 03, * + -, 0, be the p-simplexes of
A —A,, and denote by ¢&;, dg; respectively the closure and the boundary of
the open simplex 0. Let

Fi = ¢71(54), B; = ¢ 1(d0.) (G=1,2--- 9.
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F;, B; are closed sets of X and F;—B;CX — X,. Hence we have dim (F;—B;)
<m. It follows from the duality theorem of Eilenberg-Borsuk [4, p. 162]
that there is a closed subset H; of F; contained in F;— B; and with

dmH,;=sm—(p—1)—1<m—mn

such that the partial mapping d)] B; has an extension 6;: F;— H;—0d0;. Let H
denote the union of all the subsets H; (=1, 2, - - -, ¢), then H is a closed set
of X which is contained in X — X and with dim H <m —#. Define a mapping
0: X — H—A,JA?! by taking

(o) (x EF: — H)),
o) = {¢(x) (x€ X — UF).

For each x € F;— H;, both ¢(x) and 6(x) are contained in ¢;. Define a homot-
opy & X—H—A4 (0=5t=£1) as follows: If x belongs to some F;,—H;,
let £,(x) be the point which divides the line-segment joining ¢(x) to 8(x) in
the ratio £:(1—¢); otherwise, let &,(x) =¢(x). Then we have £o=¢|X—H,
£1=0and &.(x) =¢(x) for each x&¢p~1(4,\JA47?) and each 0=¢=1. From our
assumption of the induction follows the existence of a closed subset J of
X — H contained in X —(H\UX,) and with dim J<m—# and a homotopy

ne: X — H—J— 4, A1 (0=t=1)

such that no=0| X—-H—-J, m(X—H—J)CA,JA" and that n,(x) =0(x) for
each x&E60-1(4,\JA") and each 0=¢=1. Let X;=H\UJ. Since J is closed in
X—H and H in X, X, is a closed set of X contained in X —X,. Since H is
closed, it follows from the sum theorem of dimension theory [13, p. 32]
that dim X; <m —#. Define a homotopy %:;: X —X;—4 (0=¢{=1) by taking

I _{Eu(x) (rEX - X,0=1¢=1/2),
=) = n2e-1(%) (xrE€EX—-X,,1/2 =2t 1);

then ho=¢>| X—-X1, m(X—X1)CAJA", and h:x)=¢(x) for each 0=t=1
and each x€E¢~1 (4,\JA"). Hence our assertion is proved.

Now let ¢ =¢, be a canonical mapping of «; then Y4 #: X —X;—Y is an
extension of Yua| Xo. It follows from Borsuk’s theorem [13, p. 86] that f has
an extension f’: X —X;—Y. This completes our proof. Q.E.D.

4. Obstruction sets. In the present section, we shall assume an additional
condition that ¥ be n-simple in the sense of Eilenberg [8]. Let m»=7"(Y)
denote the #»th homotopy group of Y.

Let f: Xo—Y be a given mapping. We are going to define the (n+1)-
dimensional obstruction set @1 (f) C H™(X mod X,, ") of the mapping f as
follows.

If f is not n-extensible, we define Q"+!(f) to be the vacuous set. Now sup-
pose f to be n-extensible. Then there exist a bridge « and a bridge mapping
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Ya: Ao— Y which has an extension ¥4 : 4,\UA*—Y. For each (n-+1)-simplex
g"t1C A the partial mapping ¢« |¢30"+1, the n-sphere do™*! being oriented by
the n-cycle do™*1, defines uniquely an element (Y , 6™*1) of the group == Then
the (n+1)-chain

n+l ntl

W W) = X W, o et

is a cocycle in A —A4, [9, p. 237]; hence it represents an element w**+1(¥.)
of the group H**(X mod X,, ), called an obstruction element of f. Q*+1(f) is
defined to be the set of all obstruction elements of f in the group
H*1(X mod Xo, 7).

The following statements are trivial.

(4.1) A mapping f: Xo—Y is n-extensible if and only iof Q*H\(f) is non-
empty.

(4.2) Homotopic mappings have the same (n-+1)-dimensional obstruction
set.

(4.3) FUNDAMENTAL EXTENSION LEMMA. 4 mapping f: Xo— Y is (n+1)-
extensible if and only if Q+'(f) contains the zero element of H"*(X mod
Xo, 7l'").

Proof. Necessity. Suppose f: Xo—Y to be (n+1)-extensible; then there
exist a bridge o and a bridge mapping Y.: 40— Y which has an extension
Yd 1 A\JA*—Y. Since . is defined over o*!, (Yo, oF!) is the zero ele-
ment of m*. Hence w*t'(¥4) =0 and Q*+(f) contains the zero element of
H*(X mod X,, 7).

Sufficiency. Suppose that Q*+(f) contains the zero element of
H*(X mod X,, 7*). Then there exist a bridge « and a bridge mapping
Ya: Ao—Y which has an extension ¥ : 40\ JA"—>Y such that the cocycle
w*t1(Y) ) represents the zero element of H**+!(X mod X,, 7*). According to the
definition of Cech cohomology groups (§1), there exists a refinement 3 of «
such that the cocycle pz,(w™t (¥ )) in B — B, induced by a simplicial projec-
tion pgo: B—A is cohomologous to zero in B—B,. Let ¢3=¢ap3¢|Bo. One
can see from the proof of (2.1) that y; is a bridge mapping for f. Y5 has an ex-
tension Yy : Bo\UB"»—Y given by ¥4 =y p,;.,] Bo\UB-~. It is quite obvious that

WYl ) = pra(w™iYd)).

Since w*t1(yy ) cobounds in B — By, it follows from the first extension theorem
of Eilenberg [9, p. 239], that there is mapping ¥4’ : B)\UB""—Y such that
4’ =y¢4 on Bo\UB" 1 Hence f is (n+1)-extensible and our proof is com-
pleted. Q.E.D.
The following theorem is an immediate consequence of (4.3) and (4.1).
(4.4) If Y is r-simple and H*+ (X mod Xo, 77) =0 for each 0<r<m, then
every mapping f: Xo— Y is n-extensible.
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Now suppose X’ to be another normal space and g: X’—X to be a given
mapping. Let a= {al, as - -, a,} be an arbitrary covering of X and
o' = {a{ ,ad, -, a) } be the covering of X’ which consists of the open sets
a! =g Ya;) (4=1,2, - - -, r). Denote by 4 and A’ the geometric nerves of «
and «’. The correspondence a! —a; (¢=1, 2, - - -, r) determines a unique
simplicial mapping ¢: 4’—A4 Let¢: X—A4,¢’: X'—A’ be canonical mappings
of a and «’ respectively.

(4.5) The mappings ¢g and t¢p’ of X' into A are homotopic.

Proof. Let x’ be an arbitrary point of X’. Let ay, ay, - - -, a;, be the
members of &’ containing x’. Then g(x) €a;, for each u=0, 1, - - -, n. Hence
both ¢g(x") and {p’(x’) are contained in the simplex a;@a;, - - - @i, of 4; and

the mappings ¢g and t¢’ are then homotopic. Q.E.D.

Let X{ be a closed set X’ and g: X’—X be a mapping such that g(X/)
CX,. Denote by g*: H**(X mod X,, 7*)—H"t (X’ mod X¢, 7*) the homo-
morphism induced by g (§1).

(4.6) If f: Xo—Y is n-extensible, then so is the mapping f' = fg[X ¢ and
QY(f") contains the image g*(Qt(f)) under the homomorphism g*.

Proof. Let £€Q*t1(f) be an arbitrary element. By definition, there exist
a bridge @ and a bridge mapping Y.: 4¢—Y which has an extension ¥, :
A\ JA*—Y with the cocycle w*t1(y. ) representing the element £ Let the
members of « be the open sets a,, as, * - -, a,; and denote by o'= {a{, ad,

-, al } the covering of X’ which consists of the open sets a/ =g~(a;). Let
¢: X—A4 and ¢’: X’'—A’ be canonical mappings, and ¢: 4’—A denote the
simplicial mapping determined by the correspondence a;/—a;. Since Y. is a
bridge mapping for f, we have 1#,,¢|Xofzf. Hence, by (4.5),

'/’at(#’l Xd 2lﬁa¢g| X! gfgIXo' =f,-

Therefore, o’ is a bridge for f’ with Y.t|A{ as a bridge mapping. Since
¢atl A{ has an extension . tl AJ\JA'" f' is n-extensible. Since it is obvious
that

0o ) = g* o™ (¥d)),

the inclusion Q**+1(f") Dg*(Q*+1(f)) follows. Q.E.D.

5. General extension theorems. In the present section, let m be a finite
positive integer. If X is metric separable, we assume dim (X — X,) <m: other-
wise, we assume(®) dim Cl(X — X,) <m, where Cl1(X — X,) denotes the closure
of X—Xo. As in §4, denote by =" the rth homotopy group of Y.

(5.1) If Y is r-simple and H+Y(X mod X,, m7) =0 for each n <r <m, then
every n-extensible mapping f: Xo— Y has an extension f': X—Y.

Proof. By the recurrent applications of (4.1) and (4.3), one can see that f

(%) Further, we assume that X, has the homotopy extension property in X with respect to
Y; that is to say, Borsuk’s theorem [13; p. 86] holds.
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is m-extensible. Then there exist a bridge « and a bridge mapping Ya: 40—Y
which has an extension ¢4 : Ao\JJ4A™—Y.

First suppose dim X <m. Then there exists a refinement 8 of a with
dim B <m. Let pg.: B—A4 be a simplicial projection, then pg.(B) CA,\JA™.
It follows from (2.1) and its proof that 8 is a bridge with ¢g=¢appa| Bjyasa
bridge mapping for f. Let ¢s: X—B be a canonical mapping of 8, then the
mappings f and ¢,g¢ﬂ]Xo are homotopic. Since ¢3¢3[X0 has an extension
Vo ppaps: X—Y, it follows from Borsuk’s theorem [13, p. 86] that f has an
extension f’: X—Y and the particular case of our theorem is proved.

To the general case when dim CI(X — X ) <m, we first prove an auxiliary
assertion: For an arbitrary mapping p: X—ANAPTL (p=m) such that
p(Xo) CAo, there exists a mapping 0: X—ANA? with 0(x) =p(x) for each
xEp~H (4 JA47).

Let 01, 02, - -+, 0, be the open (p+1)-simplexes of 471 —4,. Let

i =p o) CX — X, G=12---,9;

then G; is an open set of X with dim G;<m [14, p. 14]. Let F;=G.—G;,
then p(F;) Cdg;. Since do; is a p-sphere and p=m, the conditions of our
theorem are satisfied by X = G;, Xo= Fi, Y =40, and n=0. By the particular
case proved above, the partial mapping pl F; has an extension p/! : G;—d0;.
The mapping 0: X—A4,\JA4? stated in our assertion is given by

el (x) (r€G,i=1,2---,9),
6(x) = {,,(x) (x € X - UG).

Since A4 is finite, we may apply the auxiliary assertion to the canonical
mapping ¢.: X—4 successively. Then follows the existence of a mapping
od 1 X—A\JA™ with ¢J (x) =da(x) for each xE¢p,; (4, JA™). Since f and
‘p,,qsal X are homotopic and ¢¥d ¢ : X—Y is an extension of 1[/,¢u,| X, it fol-
lows from Borsuk’s theorem [13, p. 86] that f has an extension f': X— Y.

Last, if X is metric separable with dim (X —X,) £m, then our theorem
follows from (3.3) and the m-extensibility of f. Q.E.D.

(5.2) If Y is r-simple for each r<m and

H"(X mod Xy, 77) =0 O<r<m,rs*n),

then every mapping f: Xo— Y is n-extensible and f has an extension f': X—YV
if and only if its (n+1)-dimensional obstruction set Q*+'(f) contains the zero
element of the group H"t(X mod X,, 7).

Proof. The first part of the theorem is contained in (4.4), and the second
part follows from (4.3) and (5.1). Q.E.D.

As a corollary of (5.2) we state the following generalization of a classical
theorem [13 11, P 522].

(5.3) If Y is r-simple and H™+ (X mod X, 7) =0 for each 0<r<m,
then every mapping f: Xo—Y has an extension f': X —Y.
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Setting Y= X, we obtain a sufficient condition for retraction as follows.
Let X be a metric separable space, and X,C X be a connected compact ANR
with dim (X —X,) Em.

(5.4) Xois aretract of X, if Xo is r-simple and H+'(X mod X,, 77) =0 for
each 0<r <m, where n"=7"(X,).

More generally, the following generalization of a theorem of Borsuk [4, p.
166] is an immediate consequence of (3.3) and (4.4).

(5.5) If Xo s r-simple and H+! (X mod Xo, 77) =0 for each 0 <r <n, where
m=7m7(X,), then there exist a closed set X1 of X contained in X —X, with
dim X, <m—mn and a retraction 0: X — X;—X,.

6. n-homotopy. In the §§6, 7, 8, we shall assume (1) X to be a normal
space, (2) Y to be a connected ANR, and (3) either X or Y to be compact. The
bridge theorems in §2 hold with X,=X.

Let fo, fi: X—Y be two given mappings. According to the bridge existence
theorem (2.2), there exists a bridge «; for f; (=0, 1); and by the bridge re-
finement theorem (2.1), every common refinement is a bridge for both f, and
f1. Such coverings of X are called the bridges for the pair (fo, fi). Then we
have proved the f>llowing bridge theorem.

(6.1) The set By,.s, of all bridges for a given pair (fo, f1) of mappings is
restdual (and hence cofinal) in the directed set © of all coverings of X.

Two mappings fo, fi: X—Y are said to be n-homotopic, if there exists a
bridge « for the pair (fo, fi) with bridge mappings ¥:: 4—Y for f; (=0, 1)
such that Yo =1, on the z-dimensional skeleton A" of the geometric nerve 4
of the covering a. Since Y is arcwise connected, the following statement is
trivial. ‘

(6.2) Every pair of mappings fo, fi: X—Y are 0-homotopic.

The following statement is an obvious result of the definition.

(6.3) Homotopic mappings are n-homotopic for every n=0.

The relation of being #-homotopic is clearly reflexive, symmetric, and
transitive: hence the mappings f: X—Y are divided into classes by this
equivalence relation, which are called the n-homotopy classes. By (6.3), each
homotopy class in the sense of Brouwer is contained in one and the same
n-homotopy class.

For a given pair of mappings f, fi: X— 7, the least upper bound of the set
of integers # such that they are n-homotopic is called the komotopy index of
the pair (fo, f1). From (6.3), we deduce the following statement.

(6.4) The homotopy index of a pair of mappings fo, f1: X—Y depends only
on the homotopy classes of fo and fi.

Some set-theoretic meaning of n-homotopy is shown by the following
theorem.

(6.5) If X be metric separable with dim X <m and fo, fi: X— Y be n-homo-
topic mappings, then there exists a closed set X, of X such that dim X, <m—mn
and the partial mappings f,'] X —X, (¢=0, 1) are homotopic.
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Proof. By definition, there exists a bridge « for the pair (fo, fi) with bridge
mappings ¥;: A—Y for f; (=0, 1) such that ¢o=y; on 4" Let ¢o: X—4 be
a canonical mapping of a. By an auxiliary assertion given in the proof of
(3.3), there exist a closed set X;CX with dim X;<m—# and a homotopy
he X—X1—A (0=t=1) such that ho=¢o| X —X1, m(X—X;)CA", and
hi(x) =¢a(x) for each xE¢;'(4") and each 0=¢=1. Our theorem follows
from the three facts: (i) Yobi=y1h on X —X,; (ii) fo[X—Xl and Yoh; are
homotopic; and, (iii) fIIX — X, and ¥k, are homotopic. Q.E.D.

7. Separation sets. In the present section, we shall assume an additional
condition that Y be n-simple. Let 7*=7"(Y).

Let fo, fi: X—Y be a given pair of mappings. We are going to define the
n-dimensional separation set A*(fo, f1) in H*(X, ) as follows.

If fo, f1are not (»— 1)-homotopic, we define A*(f,, f1) to be the empty set.
Now suppose fo, f1 to be (n—1)-homotopic. Then there exists a bridge o for
the pair (fo, fi) with bridge mappings ¢;: A—Y for f; (=0, 1) such that
Yo=y1 on AL According to Eilenberg [9, p. 240], ¥, and ¢, determine a
cocycle

dn(#’o: \bl) = Z (¢0; ‘Pl) 0’?)0’:

where (Yo, Y1, 07) is an element of w". d"(yo, Y1) represents an element
(Yo, Y1) of H*(X, w), called a separation element of (fo, f1). A*(fo, f1) is de-
fined to be the set of all separation elements of (fo, f1) in H*(X, =").

The following statements are trivial.

(7.1) The mappings fo, fi: X—Y are (n—1)-homotopic if and only if
A*(fo, f1) s nonempty.

(7.2) The n-dimensional separation set A™(fo, f1) of the mappings fo, fr: X >V
depends only on the homotopy classes of fo and f1.

(7.3) FUNDAMENTAL HOMOTOPY LEMMA. The mappings fo, f1: X—Y are
n-homotopic if and only if A*(fo, f1) contains the zero element of H™(x, 7).

Proof. Necessity. Suppose fo, fi to be n-homotopic. Then there exists a
bridge « for (fo, f1) with bridge mappings¢;: 4 =Y (¢=0, 1) respectively for f;
such that Yo=y; on 4" The cocycle d*(¥,, ¥1) =0, and hence A*(fq, f1) con-
tains the zero element.

Sufficiency. Suppose that A(f,, fi) contains the zero element of H"(x, 7*).
Then there exist a bridge « for (fy, fi) and bridge mappings ¥:: A—Y for f;
(¢=0, 1) such that Yo=y4 on A*! and the cocycle d*(Y,, Y1) represents the
zero element of H*(X, 7). By the definition of Cech cohomology groups (§1),
there exists a refinement 8 of « such that the cocycle pp.(d"(Yo, ¥1)) of B
induced by a simplicial projection pg.: B—4 cobounds in B. It follows from
(2.1) as well as its proof that 8 is a bridge for (fo, f1) and ¢;ppa: B—Y (1=0, 1)
are bridge mappings for f;. Obviously ¢opg. =y1ps. on B! and

A" WoPpar V108a) = PraldWo, ¥1))-
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Since d*(Yopsa, Y1Ps«) cobounds, it follows from the first homotopy theorem
of Eilenberg [9, p. 240] that xl/opgaIB" and ¢1ppa|B” are homotopic. Hence,
by Borsuk’s theorem [13, p. 86] there is a mapping ¥{ : B—Y such that
Yopga=y¥{ on B* and Y1ps. =i . One can see clearly from the definition
that ¥/ is a bridge mapping for fi; hence fo, fi are #n-homotopic. Q.E.D.

The following theorem is an immediate consequence of (7.1) and (7.3).

(7.4) If Y is r-simple and H'(X, 7") =0 for each 0 <r =n, then every pair
of mappings fo, fr: X—Y are n-homotopic.

Now let X’ be another normal space and g: X'—X be a given mapping.
Denote by g*: H*(X, 7*)—H"(X’, #*) the homomorphism induced by g (§1).

(7.5) If fo, fi: X—Y be (n—1)-homotopic, then so are fog, frg: X'—Y and
A"(fog, f1g) contains the image g*(A™(fo, f1)) under g*.

Proof. Let £EA"(fo, fi) be an arbitrary element. By definition, there
exist a bridge « for (f, f1) and bridge mappings ¥;: A—Y for f; (¢=0, 1) such
that Yo=y, on A" ! and the cocycle d*(y,, ¥1) represents . Let the members
of a be the open sets a,, a2, * + +, a,; and denote by o' = {a{, ai,---,al }
the covering of X’ which consists of the open sets a/ =g~1(a;). Let ¢: X—4
and ¢’: X’—A4’ be canonical mappings, and ¢: A’—A denote the simplicial
mapping determined by the correspondence a/—a;. Since ¥; is a bridge
mapping for fi;, we have Y. =~f; (=0, 1). Hence, by (4.5),

Vitd' = Yipg = fig (i=0,1).

Therefore, o is a bridge for the pair (fog, fig) with ¥it: A’—Y as bridge map-
pings for fig (¢=0, 1). Since Yot =y1ton 4’1, fog and fig are (n — 1)-homotopic.
Since clearly

6”(‘,’0tv ‘plt) = g*(aﬂ(.‘b(h 'pl)))

we deduce the inclusion A*(fog, fig) Dg*(A*(fo, f1)). Q.E.D.

8. General homotopy theorems. In this section, we assume dim X <m,
where m is a finite integer. Let 7" =7"(Y).

(8.1) If Y is r-simple and H'(X, 77) =0 for each n<r<m, then any two
n-homotopic mappings fo, fi: X—Y are homotopic.

Proof. By the recurrent applications of (7.1) and (7.3) one can see that
fo, f1 are m-homotopic. Then there exist a bridge a for (fo, fi) and bridge
mappings ¥;: A—Y for f; (1=0, 1) such that Yo=4¢, on A™. Since dim X <m,
there exists a refinement 8 of & with dim B Zm. Let pgo: B—A4 be a simplicial
projection, then pg.(B) CA™. Since, according to (2.1) and its proof, 8 is a
bridge for (fo, f1) with Y¥;pse: B—Y as bridge mappings for f; ({=0, 1), we
have

Vibsats = fi (i=0,1)
for any canonical mapping ¢s: X —B of 8. Since yn=y1 on A™and ps.(B) CA™,
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we have Yopgaps =y10s.0s. This proves fo ==f;. Q.E.D.

(8.2) If Y is r-simple for each r Em and if H(X, ©) =0 for each 0<r=m
except r =n, then any two mappings fo, f1: X— Y are (n— 1)-homotopic and they
are homotopic if and only if their n-dimensional separation set A*(fo, f1) con-
tains the zero element of H*(X, m).

Proof. The first part of the theorem is contained in (7.4), and the second
part follows from (7.3) and (8.1).

As corollaries of (8.2), we state the following generalizations of two
theorems of Hurewicz [12 IT].

(8.3) If Y is r-simple and H™(X, w) =0 for each 0 <r =m, then every map-
ping f: X—Y is null-homotopic.

If we set X=Y, then X becomes a connected compact ANR with
dim X =m.

(8.4) X is contractible to a point, if and only if X be r-simple and H'(X, ")
=0 for each 0 <r=m, where 7" =7"(X).

The following statement is an interesting result of (8.4).

(8.5) A necessary and sufficient condition that w(X)=0 for each 0<r=m
is that X be r-simple and H (X, ) =0 for each 0<r <m, where n"=n"(X).

Let X and X,CX be connected compact ANR, then the following sufficient
condition for deformation retracts [3] follows easily from (5.4) and (8.2).

(8.6) Xois a deformation retract of X, if the following conditions are satisfied:

(i) Xo s r-simple and H (X mod X,, 77(X,)) =0 for each 0 <r <m.

(ii) X s r-simple and H (X, 7"(X)) =0 for each 0<r=m.

IV. THE cAsE X coMPACT AND 77 (Y) =0 (r <n)

9. Characteristic element. Throughout the remainder of this work, we
assume that X be a compact Hausdorff (and hence normal) space and Y be
a connected ANR with 77(¥) =0 for each r <x. If >1 the latter condition
implies 7!(Y) =0 and hence the ¢-simplicity of ¥ for all 4. If =1 we assume
the z-simplicity of Y for each ¢ <m, where m is an integer to be specified in the
sequel. Choose a fixed point yo& ¥ as the base point for the homotopy groups
ar=n"(Y).

Let X, denote a closed (and hence compact) subset of X, and let f: X,—Y
denote a given mapping.

Let o be an arbitrary bridge for f with Y,: Ao—Y as a bridge mapping.
Since 77(¥) =0 for each r <z, we may assume that ¥.(45") =v,. For each
oriented n-simplex o7 €4, the partial mapping ¥.|s; determines an element
(Y, 07) of the homotopy group #»=7"(Y). Since ¥, is defined throughout 4,,
the n-chain

kn(\l’a) = Z (‘l’ay 0':")0'?

is clearly a cocycle of 4,.
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(9.1) All the possible cocycles k*(Yo) represent a unique element rk*(f)
of H*(X,, m), called the characteristic element of the mapping f: Xo—Y.

Proof. Let k*(;) be another such cocycle defined by the bridge 8 and the
bridge mapping ¥s: Bo—Y with Ys(By™!) =y,.

According to the bridge homotopy theorem (2.4), there exists a common
refinement v of o and B such that \pap.,.,l Co and Yspas| Co are homotopic,
where pyo: C—4 and p,s: C—B are arbitrary simplicial projections.

Since Yo(A5Y) =yo=v35(B3 ") and pea, p4s are simplicial, we have

VabralCo ) = 30 = Ysps(Co ).

Hence, the cocycles k*(Y.pya) and k*(Ysp,p) are defined.

Since ¢ap.,a| Co and ¢5p.,,g| C, are homotopic, and since #"(Y) =0 for each
r<n, we have \//ap-,al Co~spys| Co rel. Co~2. Hence it follows from the first
homotopy theorem of Eilenberg [9, p. 240] that 2"(¥ apya) and k™(Ysp,s) are
cohomologous in C,. It is obvious that

E"(apra) = Pra(k*Wa)),  E"(Wspas) = pra(k(¥s)),

where p},, pls denote the homomorphisms of cocycles induced by the
simplicial projections p,.: C—A4 and p,5: C—B. Hence, it results from the
definition of Cech cohomology groups (§1) that £*(¥.) and k"(ys) represent
the same element of H*(X,, m*). This completes the proof. Q.E.D.

The following statement is obvious from the definition.

(9.2) Homotopic mappings have the same characteristic element.

The following statement can be easily proved for an arbitrary compact
Hausdorff space X .

9.3) Iff: Xo—Y and g: X{ —X o be mappings, then «k*(fg) = g*(«*(f)), where
g*: H"(X,, m*)—H"(X{, m) denotes the homomorphism induced by g.

(9.4) The obstruction set Q*+1(f) consists of a single element w"+1(f) = 6k*(f),
called the obstruction element of the mapping f: Xo— Y.

Proof. First, let us prove that §«*(f) € Q*+1(f). By definition, there exist
a bridge « for f and a bridge mapping ¥.: 40— Y such that ¥.(45"") =y, and
the cocycle k*(Y.) of A, represents the element x"(f). ¥, has a trivial exten-
sion ¢¥d : A)\JA"—Y defined by taking

Va(£) (k€ 49),
Yo (€A~ — 4o).

It is not difficult to verify the fact that w*t1(y/) =06k"({.); hence, it follows
that 6«*(f) is an obstruction element of f.

Second, suppose w"t! be an arbitrary element of Q*+1(f). Then there exist
a bridge a and a bridge mapping ¥.: 40— Y for f such that ¥, has an extension
Yo : A)\JA"—Y and the cocycle w™*t'(y.) of A — A4, is a representative of the
element w*t!. Since #"(Y) =0 for each r <z, there exists a bridge mapping

vi® =1
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ba: A9—Y for f such that §.~), and 0.(457") =9o. 0. has a trivial extension
04 : A\ JA»—Y defined by

0a(£) (£ € 49),

s (§) =
® {3’0 (€ Ar — 4,).
According to a theorem of Eilenberg [9, p. 241], the cocycles w**+!(¥.) and
w"t1(f,/) are cohomologous in 4 —A4y. On the other hand, we have w"t1(6.)
=6k"(0.); hence w™r!1=8k"(f). This completes the proof. Q.E.D.

Now, let us consider the case Xo=X. For a given pair of mappings fo, fi:
X—Y, the following theorem can be easily proved.

(9.5) The separation set A*(fo, f1) consists of a single element 6"(fo, f1)
= k™(fo) — k*(f1), called the separation element of the mappings fo, f1: X—Y.

10. Extension theorems. An element of H"( Xy, G) is said to be extendible,
if it is contained in the image n(H"(X, G)) under the homomorphism 7 of the
cohomology sequence.

(10.1) For a given mapping f: Xo—Y the following statements are equiva-
lent:

(1) fis (n+1)-extensible.

(ii) w™*t(f)=0.

(iii) k*(f) s extendible.

Proof. The equivalence of (i) and (ii) follows from (4.3) and (9.4); and
that of (ii) and (iii) follows from the exactness of the cohomology sequence.
Q.E.D.

The following statement, which is an immediate result of (10.1), gives us
a weaker sufficient condition than the condition H**(X mod X,, ") =0 for
every mapping f: X¢—Y to be (n+1)-extensible.

(10.2) If all elements of H™(Xo, w*) are extendible, then every mapping
f: Xo— Y is (n+1)-extensible.

In particular, we state the important special case as a corollary of (10.2).

(10.3) If H*(X,, 7™) =0, then each mapping f: Xo— YV is (n+1)-extensible.

In the remainder of this section, let m be a finite positive integer. If X
is metric separable, we assume dim (X — X o) =m;otherwise, we shall assume(?)
the stronger condition dim ClI(X —X,) Em.

The following extension theorem is an obvious consequence of (5.1) and
(10.1).

(10.4) If H (X mod X, 7") =0 for each n <r <m, then, for a given map-
ping f: Xo—Y, the following statements are equivalent:

(i) f has an extension f': X—Y.

(ii) w™*t1(f)=0.

(iii) k(f) is extendible.

As a corollary of (10.4) we state the following generalization of a classical
theorem [12 II, p. 522].
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(10.5) If H*(Xo, ) =0 and H+(X mod X, 77) =0 for each n<r<m,
then every mapping f: Xo—Y has an extension f': X—Y.

11. Homotopy theorems. In the present section, we take Xo= X. The
following theorem results from (7.3) and (9.5).

(11.1) For given mappings fo, f1: X—Y the following statements are equiva-
lent:

(i) fo, fr are n-homotopic.

(ii) 8"(fo, f1)=0.

(iii) &*(fo) = k™(f1).

Then (8.2) becomes the following theorem.

(11.2) If dim X =m and H (X, 7) =0 for each n <r <m, then the following
statements are equivalent:

@A) fo, f1, are homotopic.

(ii) &(fo, f1) =0.

(i) k(fo) = k(fy)-

(11.3) EXISTENCE THEOREM. If dim X <m and H"* (X, 7*) =0 for each
n<r<m, then for each element ECH"(X, n") there exists a mapping f: X—Y
with its characteristic element k*(f) =&.

Proof There exist a covering oy of X and a cocycle ¢*= Y c.o? on the
nerve A of oy which represents the element £, where ¢; &

Define a mapping 6;: 47"'— Y described as follows. First, let 8,(47") = y,.
Since ¢; 7", one can define 6, over A so that 01| o defines ¢, for each of € A47.
Since c* is a cocycle, for each e"t1& 4,, we have

E ¢; = 0.

ST

Hence, 0, dam+1 is nullhomotopic and 6, can be extended throughout A}*.

For each (n+2)-simplex o™ of A;, 0:|d07*? determines an element

(01, o7*%) of wn+1(Y). The chain f*2= 3 .; (61, 07" *)0?*% is a cocycle of 4, [9,
p. 237], and hence it represents an element of H"+*(X, w"+!). Since
H2(X, 7**+1) =0, there is a refinement a» of a; and a simplicial projection
p:A,—A; such that the cocycle

n+2 n+2, n42

n+2
e =2 (01p, 0% )oi oi € Ay,

cobounds in A, According to the first extension theorem of Eilenberg [9,
p- 239], there exists a mapping 0::437*—Y with 6,=0,p on A}. 8;| 5} deter-
mines an element (63, of) of 7 for each ¢f€A4,. The cocycle > (6s, o7)o?
clearly represents the given element &.

By the successive use of the above argument, one can prove the existence
of a covering am—n of X and a mapping Om_n:A4j_,—Y such that 0,_,(4%"%
=9, and the cocycle Y i(Om_n, 07)o7 of Am_, represents the given element £.
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Since dim X <m, there is a refinement a of am_, with dim 4 <m. Let
p:A—A,_, be a simplicial projection; then Y,==0,_np is a mapping A—Y
such that ¥,(4"~!) =yo and the cocycle k*(Y,) represents £. Let ¢o: X—4 be
a canonical mapping of «, and define a mapping f: X— Y by taking f=yuta;
then « is a bridge and ¥. a bridge mapping for f. Hence «*(f) =¢£. Q.E.D.

From (11.2) and (11.3) follows our generalized Hopf classification theorem
stated below.

(11.4) CLASSIFICATION THEOREM. If dim X=m and H'(X, 7)=0
=HY(X, 77) for each n <r =m, then the elements of H*(X, ") are in a (1-1)-
correspondence with the homotopy classes of the mappings f: X—Y. The corre-
spondence is determined by the operation k"(f).

12. The basic element *( V). In addition to the conditions given at the
beginning of §9, we shall assume ¥ to be compact for the remaining sections.

The characteristic element x*(v) EH*(Y, 7*) of the identity mapping
1: ¥—Y is defined to be the basic element of YV, denoted by *(Y).

(12.1) The basic element *(Y) =0 if and only if 7»(Y) =0.

Proof. Sufficiency is trivial. To prove the necessity, let us assume *(Y)
=0. There exist a bridge a for ¢ which is a covering of ¥ and a bridge ¢,:4—Y
such that ¥.(4"1) =y, and the cocycle ¢* = > :(Yu, 07)o? represents the zero
element of H*(X, 7). By passing to a refinement of « if necessary, we may
assume that ¢® cobounds in 4. Hence, according to the first homotopy theo-
rem of Eilenberg [9, p. 240], ll/alA” is nullhomotopic relative to A»2; and,
therefore, there exists a mapping 0,: A— Y such that §,~, rel. 472, 0,(4")
=14,. 0, is clearly a bridge mapping for ¢, that is, .¢.~x for each canonical
mapping ¢.: Y—4 of a.

Now let g: S»—Y be an arbitrary mapping; then we have g=~0,¢.g. By
the classical process of simplicial approximation, there is a sufficiently fine
triangulation of S (still denoted by S*) such that the mapping ¢.g: S"—4 is
homotopic with a simplicial mapping 7: S*—A4. Hence g is homotopic with the
constant mapping 0.7(S") =y,. This proves 7*(¥)=0. Q.E.D.

(12.2) For an arbitrary mapping f: Xo—Y, the characteristic element «*(f)
=f*((Y)), where f* denotes the homomorphism induced by the mapping f.

Proof. Since f=uf, where t: Y—Y denotes the identity mapping, our
theorem follows directly from (9.3).

By the aid of (12.2) and in the terms of the basic element ¢*(Y) and the
induced homomorphism f*, our generalized Hopf classification theorem (11.4)
can be stated in a form which is completely analogous to the Hopf classifica-
tion theorem given in the introduction.

If Y=, then 7"(S') =0 for each »>1. The conditions in (11.4) are all
satisfied for any compact Hausdorff space X with finite dimension. Hence
(11.4) includes also the following theorem of Bruschlinsky [5].

(12.3) For an arbitrary compact Hausdorff space X of finite dimension, the
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elements of the 1-dimensional Cech cohomology group HY(X) of X with integer
coefficients are in a (1-1)-correspondence with the homology classes of the
mappings f: X—S'. The correspondence is determined by the operation f*(i),
where « denotes a generator of the free cyclic group H'(S?).

13. Homotopy type. In this section, we shall establish for connected com-
pact ANR the theorems concerning the homotopy types [12 III, p. 124],
which were proved by Eilenberg [10] only for geometric complexes. His
original proof is complicated by the use of homology.

(13.1) Two connected compact absolute neighborhood retracts X and Y of
finite dimensions are of the same homotopy type, if the following conditions are
satisfied:

(G) m"(X)=0=7"(Y) for each r <m.

(ii) =(X) and 7(Y) are isomorphic.

(iii) H+YX, #7(Y))=0=H*Y(Y, 77(X)) for each r>n.

(iv) H(X, 7"(X))=0=H"(Y, 7"(Y)) for each r> n.

If n=1 we replace (i) by the following:

(1)’ X and Y are i-simple for each 1=1,2, - - - , k, where k=max (dim X,
dim Y).

Proof. Let £: 7*(X)—w"(Y) be an isomorphism onto. % induces two
isomorphisms onto:

ke: HY(X, 7*(X)) — H™(X, =(Y)),
hy: HYY, 7(X)) — H*(V, =*(Y)).

Let #(X)EHMX, 7*(X)) and (Y)EH"(Y, 7*(Y)) denote the basic ele-
ments of X and Y respectively. By the existence theorem (11.3), there exist
mappings f: X—Y and g: Y—X such that

K () = W) = hlS(X)),

n n -1, n

k(g) = g*( (X)) = hy ( (V).
Since it is quite obvious that f*k,;'=h;'f*, the characteristic element k(gf)
of the mapping gf: X—X is given by

(&f) = X)) = frhy )
= I W) = B2 RC(X)) = (XD

Hence it follows from the homotopy theorem (11.2) that gf is homotopic with
the identity mapping on X. Similarly, we prove that fg is homotopic with
the identity mapping on V. Q.E.D.

The following statements are easy consequences of (13.1).

(13.2) A connected compact absolute neighborhood retract Y of finite dimen-
sion is of the same homotopy type as S* (n>1) if and only if the following condi-
tions are satisfied:
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(i) 7(Y) =0 for each r <m.

(ii) 7(Y) is infinite cyclic.

(iii) H(Y, ©7(S*)) =0 for each r>n.

(iv) H (Y, 7 (Y)) =0 for each r >n.

(13.3) A connected compact absolute neighborhood retract Y of finite dimen-
ston is of the same homotopy type as the circle S if and only if the following
conditions are satisfied:

(i) (YY) is infinite cyclic.

(ii) Y s i-stmple for each 1=2, 3, - - -, dim Y.

(iii) H (Y, n7(Y)) =0 for each r > 1.
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