NEUMANN SERIES OF BESSEL FUNCTIONS

BY
J. ERNEST WILKINS, JR.

1. Introduction. In this paper we shall study the possibility of represent-
ing a function f(x) on (0, ©) by a Neumann series of the form

(1.1) 2 Gl rrania(%),

n=0
in which » is an arbitrary real number. As a consequence of the identity [9,
p. 404]()

f FOTOd = 210 — @) Tsin 21 (A — x4 5 > 0),
0

we conclude that the functions (2v +4n+2)V2J, 9,11(t) (n=0,1, - - - ; »>—1)
are orthonormal on the interval (0, «) with weight function ¢~!. Thus the co-
efficients @,, corresponding to a function f(¢) when > —1 are

1.2) tm = 200 + 2 + 1) f F T amss (),
0
and the Neumann series (1.1) assumes the form
s(x) = 2200+ 20 + 1)],+2n+1(x)f (O vrenir(Ddt.
n=0 0 .

If x*f(x), regarded as a function of a complex variable x, is regular
and odd interior to a circle (|x| =p), then it is known [9, pp. 524-525] that
f(x) admits an expansion of the form (1.1) which converges to f(x) inside the
circle ( Ix] =p). Moreover, if x7f(x) = D o bnx?**1, then it is true that

G =200+ 20+ 1) D, 2227T (v + n 4+ m + 1)b,,/(n — m)!.
: m=0
The theory for functions of a real variable has been restricted in the past
entirely to the case when »=0. The results of the earlier writers [10, 4, 1]
have been summarized in [9, pp. 533-535] where it is shown that when f(£)
is in L(0, «), f(0+4) exists and has the value zero(?), and the derivative f'(f)
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(*) Numbers in brackets refer to the bibliography at the end of the paper.
() This hypothesis is not explicitly stated by Watson.
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exists and is continuous on (0, X), then the series so(x) converges to f(x) on
(0, X) if and only if the function

1 —o
18 FO=r0 - [ r@ie+s - - o)

vanishes identically on (0, X). Here f(¢) is defined for negative values of ¢
as —f(—t). More recently Titchmarsh [7, pp. 352-358] has shown that the
same conclusion is valid provided that f(#)(14#)~%2 is in L(0, «), f(0+)
exists and has the value zero, and the derivative exists and is continuous on
(0, X). He also investigated solutions of the equation F(v)=0.

For the case of an arbitrary real number » we shall weaken Titchmarsh’s
integrability conditions and consider the class <4, of functions f(f) possessing
the properties that #f(t)/(1+¢)#++12 is in L(0, «) for some nonnegative
integer p and that the limits

—o 1 1
(1.4) f 1=3/2f(2) cos (t -y v +- T 1r) dat,

- 1 1
(1.5) f £51%f(4) sin (t — 'n') dt

exist when ¢ >0. When p =1 and » =0 these conditions are equivalent to those
of Titchmarsh. When p=1 the integrals (1.4) and (1.5) are absolutely con-
vergent and when p =2 the integral (1.5) is. In order to make full use of our
hypotheses we shall assume throughout the rest of the paper (as we may
without any loss of generality) that p=3.

The class <4, is significant because of the following theorem.

THEOREM 1.1. If f(t) belongs to <A,, then the series
(1.6) a=s,(2) = 3 20 + 21 + D)a"Trisnsa() f ) vramra (D)t
n=0 0
defines an entire function x—s,(x).

It is not difficult to extend the analysis in [9, pp. 533-535] to which we
have already referred and to prove the following theorem.

THEOREM 1.2. Let v=0 or —1 and x>0. If f(t) belongs to A, and is ab-
solutely continuous on (0, x) then we have that

AN s = S =) = 100 = [Ttz = PG,
where F(v) is defined by equation (1.3) and f(t) is defined for negative values of
tas —(—1)’f(—1).

An attempt to generalize this result to ¢4, and s, fails, as we shall see
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in §8, because of the exceptional character of the values 0 and —1 for » in
an analytical expression for the particular Neumann series

(1.8) 22200+ 20 + 1)Jps201(0) T s2011(8).
n=0

Since this is the case other methods must be devised to handle the situa-
tion when »(»+1)5£0. These methods are found by generalizing a result of
Bateman [1] who discovered an entirely different analytical expression for the
series (1.8) when »=0. The result obtained in this manner is stated in the
following theorem.

THEOREM 1.3. Suppose that x>0 and that either v> —1 or v is an integer.
Then if f(t) belongs to A, and is of bounded variation in some neighborhood of x,
we have that

1
(%) = 5 {fle+) + f(x =)}
(1.9) . .
— 2z lim f rJ,(xr)dr f )T, (¢r)dt.

N=w,a=0

The proofs of these three theorems depend upon a number of auxiliary re-
sults on Bessel functions which are stated as lemmas and proved in §§2, 3, 4
and 5. Although o4, is defined only for real values of », we have endeavored to
establish some of these auxiliary results for as wide a class of values of v as pos-
sible. In particular this is true in §2 where we shall derive various analytical
expressions for the sum of the series (1.8). The proof of Theorem 1.1 is given in
§6 and the proof of Theorem 1.2 in §7. A generalization of the methods
used to prove Theorem 1.2 is carried as far as possible when v(»+1) 0 in
§8. In the proof of Theorem 1.3 we need to know conditions on v and g(z)
which insure the validity of the Hankel formula [9, p. 456]

(1.10) o(x) = f " T (o) dr f 0T (n s,

when g(¢) is zero except on an interval interior to (0, «). A result of this
nature which is somewhat more general than that stated by Watson [9,
p. 456] is stated and proved in §9. With the help of this result Theorem
1.3 is proved quite easily in §10. If f(¢) is subjected to more stringent
integrability requirements, the limit in equation (1.9) may be written as
1 ord(xr)dr [ f(8) J,(tr)de. A result of this nature is given in §11, and the
methods used to prove it are also used to prove that the Hankel formula
(1.10) holds under considerably weaker hypotheses than those generally as-
sumed. In §12 we consider very briefly expansions of functions f(x) defined
over (— , =) into series of the form
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(1.11) i cnJ n().

n=0

Finally, in §13 we discuss two simple examples when »=0.
2. Summation of a particular Neumann series. Of fundamental im-
portance for our theory is the series

&(x, £) = 2200 + 21 4+ D)Jsi201(2)Trs2nta(h).

n=0

This series is the sum of the alternate terms of the series
V(% 1) = 22200 4+ )T on(2)T0an2).
n=0

Kapteyn [3] deduced the formula for ¢o(x, £) which is given in Lemma 2.1

below and Watson [9, pp. 532-533 ] used similar methods to derive equation

(2.3) for y,(x, t), although this formula is not so generally valid as he asserted.

Titchmarsh [7, pp. 329-331] has used entirely different methods to obtain

equation (2.4) for ¥o(x, ¢). A third approach was made by Bateman [1] who

obtained (with a typographical error) (2.10) for ¢o(x, £) given in Lemma 2.3.
We are going to prove the following lemma.

LeEMMA 2.1. If v is an integer such that v(v+1) #0, then
1 t
60 ) = [ Tt = {00
0
— (x + )", (x + v) }dv
(2.1) ) \
+ 3+ D f Tt = ) { (% — 9)"Tona(x — )
0

+ (% 4+ v)"Vopa(x + v) }do.

This formula is still valid when —1<R(v) provided that the real parts of x, ¢
and x—1t are all positive. In the exceptional cases when v(v+1) =0 we have that

do(x, 8) = %xfo Jo(t — v) {(x — 9)"(x — )
+ (x + v)~Ui(z + v) } do,
o_1(x, 8) = —1— xf tJo(t — ) {(x — o) Ui(x — v)
2 0 .

—(x+ )" Ui(x+ v) }dv.

Lemma 2.1 is an immediate consequence of the following lemma.

(2.2)

LeEMMA 2.2. If v is an integer such that v(v—1)#0, then
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Y(x, ) = 2(v — l)f ‘ (x — o)y YU,_1(x — 9)J,(¢ — v)dv
(2.3) o
+ xvf (x — )" U (x — v)J,—1(t — v)dv.

This formula is still valid when 0 <R(v) provided that the real parts of x, ¢t and
x—t are all positive. In the exceptional cases when v(v —1) =0 we have that

(2.4) Yo(x, 1) = ¥(x, ) = xf t (x — v)"U1(x — v)Jo(t — v)dv.

To deduce Lemma 2.1 from Lemma 2.2 we merely observe that ¢,(x, )
=271 Y (x, £) e 0y, (—x, 1) ].

Watson [9, p. 533] asserted that equation (2.3) was valid provided that
R(y)>0. But it is quite clear that the right-hand side of this equation fails
to exist when 0 <R(¥) <1 and x <¢ because of the singularity of the integrand
at v=x. Moreover, if v=1/2 and x and ¢ are equal real numbers, the right-
hand side of equation (2.3) vanishes identically, whereas the left-hand side
is surely positive. In view of these remarks it seems worthwhile to examine
carefully the method of proof Watson suggests to find out just what is true.

The main tool is the formula [9, p. 176]

(2.5) J,(2) = (1/2x1) fc w1 exp {% 2(u — u_l)}du,

where C, is the familiar loop contour beginning at — « in the third quadrant,
circling the origin once in the positive direction, and returning to — « in
the second quadrant. This formula is valid for an arbitrary » when R(z) >0.
When » is an integer we can, and do, choose C, as a circle with center at the
origin [9, p. 20] and then the formula is valid for all values of z.

When R(x) >0 and R(f) >0 we have from the identity [9, p. 45]

(2.6) Jurr(2) + Jua(x) = 2p271 (),

1 ®
'l’,(xr t) = ? x Z {J,.+,,+1(x) + Jv+n—l(x) }]1'+n(t)

n=0

% ©
f f Z: (s—v—n—2 + s—v—n)u—v—n—l
87"2 c, C, n=0

1 1
X exp {7 2(s — s + 5 (u — u—‘)} duds

R (s2+ 1) exp {2(s — s70)/2 + t(u — w1)/2
= 8—7r—2f0' fc, }duds,

sty (su — 1)
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the interchange of summation and integration being valid provided that
|su| =4 >1, where s and u are any points on their respective contours. Let
us define

I() = -21— w(su — 1)~ exp {% t(u — u—l)} du.

™ c,

Then we find that
1 1 1
I'(t) +— (s — sHI() =——.f (s w)u exp {— t(u — u_l)} du
2 4rid g, 2
-1 1t . Ju(t
=5 v—1)+2 (),

1
I(0) = — f u~(su — 1)~ 'du.
21rt c,

We shall show presently that 1(0) =0 when R(») >0, although it is clear that
I(0) =s"—! when » is a nonpositive integer (for in this case 1/s lies inside the
circle C, and is the only singularity of the integrand). Taking this result
for granted we conclude that when R(y) >0

x ¢ 1
an o= amf [lome s nen {56 o)
’ X {J J(t — v) + s7U,_1(t — v) } dvds. ‘

If R(»)>0 and R(x—¢)>0 we may interchange the order of integration in
equation (2.7) and find with the help of equation (2.5) that

s U(x, 1) = % xfotJ,(t — o) [Ja(x — v) + f,(x — ) ]dv

+ % xj;tf,-l(t — o) [Joi(x — 9) + Jopa(x — v) ]do.

In view of equation (2.6), equations (2.8) and (2.3) are equivalent.

This verifies equation (2.3) when the real parts of », x, ¢ and x—¢ are all
positive. When » is a positive integer, equation (2.7) is valid for all values of
x and ¢t. When » is a nonpositive integer, an extra term of the form

1
X f 1(0)(s? -+ 1) exp {— (s — s1)(x — t)} ds
4riJ ¢, 2
must be added to the right-hand side of equation (2.7). Since I(0) =s""1, it

is seen with the help of equations (2.5) and (2.6) that this term has the value
zero. Hence equation (2.7) is valid for all values of x and ¢ when » is any
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integer. The interchange of order of integration is trivial since C, is a circle
and so equation (2.8) is valid for all values of x and ¢. When »=0 or 1, equa-
tion (2.8) reduces to equation (2.4) and otherwise to equation (2.3). This
completes the proof of Lemma 2.2 except for proving that I(0)=0 when
R(»)>0.

To establish this result we use the well known result [11, p. 245]

1
1/To+m+1) = — wr—mlgwdqy,
27t c,

Set w=awu where aa>0. Then

1
atm/Tv+m+ 1) = ——-—f w—r—m—lgaudy,
271 c,

@Y (a/s)"/Tx+m+1) = —s—f w(su — 1)"le**du,
m=0 271 c,
the interchange of integration and summation being valid since ]sul =A>1.
Since the integral on the right converges uniformly in « when 0=« and
0<R(»), it approaches I(0) as o approaches 0 through positive values. When
R(») >0 the left-hand side clearly approaches 0. Therefore, I(0) =0 when
R(v) >0, as desired.

We shall now generalize Bateman’s analysis [1] and prove the following
lemma.

LeEmMA 2.3. For all values of v, x and t we have that
2.9 oz ) = {t/(x* — O} {eLora(@DT) — T(2)Ta(®)},
so that when R(v) > —1 or v is an integer we have that

(2.10) o, 1) = xt f " J(an) T (tryrar.

We shall refer to the class of numbers » which are either integers or have
a real part greater than —1 so often that it is worthwhile to introduce the
letter V to stand for this class.

The proof we are about to give of Lemma 2.3 is not a generalization of
Bateman's analysis when »=0. He used properties of Legendre polynomials
which do not seem to have an obvious extension to the case when »#0. Our
Ifroof dept}ands upon the Lommel polynomials R,.(x) which are defined as

9, p. 296

[m/2] 1 2k—m
Ruu(x) = E(—l)"(— x) T(utm—Ek)(m—E)!/ kT (u+ k) (m—2E)!,

k=0 2

where [m/2] is the largest integer which does not exceed m/2. These poly-
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nomials have the property that [9, p. 294]
(2. 11) Jy+2n+1(x) = R2n,7+1(x)-’r+1(x) - R2n—l.7+2(x)-”(x)'

The equivalence of equations (2.9) and (2.10) when » is in V follows
from [9, p. 134].

Let 6,(x, t) denote the right-hand side of equation (2.9). Since ¢0,(x, £)
is an entire odd function of ¢ when x50, it follows from the theory outlined
in the second paragraph of the introduction that 6,(x, £) may be expanded
into a convergent series of the form 6,(x, £) = D o An(x)Jr12011(£). More-
over, if the power series for t—0,(x, t) is of the form

0,(x, t) = Z B, (x)2mt1,

m=0

then we have that

Auw(x) =20+ 20+ 1) i 2t2nT (v + 5+ m + 1) B (2)/(n — m) .

m=0

It is easy to show with the help of the power series for J,(¢) and J,41(¢) that
[9, p. 40]

Bam(#) = Josa(2) 2 (—1)7a?i~2m/242f10(y + j + 1)

7=0

m—1

— J(8) X (= 1) atizamt1 /24044106 4 f + 2),

=0
whence it follows that
(2.12)  Auw(®) = 20 + 21 + ) {Fa()0sa(x) — Gu(2)To(x)},

where F,,(x) and G,,(x) are defined as follows:

Fu(@)= 30 35 (= 1) T+ ntm1) (% x)m"'/ ST+ i+ 1) (=),

m=0 j=0

n m—1 2j—2m+1
Gu(@)= > 2 (= 1)T(v+n+m+1) (% x) /j!I‘(v+j+2)(n—m) 1

Mm=( j=0

If m=j+n—k, we find that F,,(x) may be written as follows:

i(_l- x) S (ST 2m = R D/ G D (=)

ko \ 2 =0

n 1 2k—2n

=Z(—2— ) Tw+2n—k4+1)F(—k, v+2n—k+1;v+1;1)/RIT(p+1)
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= }":(% x>2k_2”(—1)"r(v+2n—k+ 1)(2n— k) /T (r+1+ k) k!(2n—2k)!

=R2n,v+1(x)~

Similarly, we prove that G,,(x) = Rys_1,.+2(x). It then follows from equations
(2.11) and (2.12) that A, (x)=2(+2n+1)J,12.41(x). This completes the
proof of Lemma 2.3.

3. Recursion formulas for the remainder in the asymptotic expansmn of
Ju(t). We shall use quite frequently the expansion

7.0 = @/ [cos (= 8) 35 (= 1)(u, 2m)/ (202

(3.1) . =
—sin (= 8) 3 (—1)™(u, 2m + 1)/(2:)2m+1] + R ),

where 8, =um/2+7/4, m,=[(p—2)/2] is the greatest integer not exceeding
(p—2)/2, and

(3.2) (v, @) =T+ ¢+ 1/2)/qIT(p — ¢ + 1/2).

Here p is an arbitrary complex number. It is therefore important to investi-
gate the behavior of the remainder R,(¢; p) as a function of u. Our first result
is stated in the following lemma.

Lemma 3.1. If p is even we have that
Rn+l + Rn-l - zld_lRI‘
= 2uayt/*? cos (¢t — 8)T(u 4+ p — 1.5)/T(u — p + 2.5),

while if p is odd we replace cos (t—0d,) by—sin (¢—395,). Here a, is defined as
follows: ay=(—1)m»(2/w)122p=2(p—2)!.

If we use equations (3.1) and (2.6) we find that the left-hand side of the
above equation has the value

(2/7b) M2 cos (£—35,) [4MA,,(— 1) mo(u, 2m,)/(2£)1+2ms

=8 O, b )= L, 2 )G 2) /22

@3.3)
—(2/x)Y2 sin (¢—38,) | 4u(1—A,)(—1) ™ 1(u, 2m,)/(2f)2+2mr1

+ 33 (1) e 1, 2m)— (w1, 2m)— s, 2m—-1>}/<2t>2m] ,

m=0
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where 4,=0 or 1 according as m,_y=m, or m,_, <m,, that is, according as
p is odd or even. It is easy to see that

w+1,9—(w—1,9 —4u(w,g—1) =0

for every nonnegative integer q. The expression (3.3) therefore reduces to the
right-hand side of the equation in the lemma.

The result of Lemma 3.1 clearly provides a generalization of equation
(2.6) to which it reduces when p =1. A generalization of the identity [9, p. 45]

(3.4) 27 (%) — Ju1(2) + Jua(x) = 0
is supplied by the following lemma.

LemMaA 3.2. If p is even we have that
2R! — Ru-1+ Ry

= (2p — 3)apt* P cos (¢t — 8,)T (s + p — 1.5)/T(u — p + 2.5),

while if p 1s odd we replace cos (t—38,) by—sin (¢—8,).

If we use equation (3.4) we find that the left-hand side of the above equa-
tion multiplied by (wt/2)'/2 is equal to

cos (1—3,) [2(4mp+1)Ap(—1)”‘"(u, 2my)/(24) e

mp—1

+ 2 (=1)™{2(, 2m4-1) = (u—1, 2m+1)— (u+1, 2m+1)

@t 2) s 2m) /1) |
3.5)
+sin (4—46,) [2(3+4m,_,) Ap,—=1)(=1)™(u, 1+2mp_1)/(2t)2+2mp-1]

+ 35 (=) {20 2m) = (u—1, 2m)— (-1, 2m)

+@m=2)G 2=} /@7,

where 4, is defined as in the proof of Lemma 3.1. It is easy to see that
2 —w—1,9 —(w+1,9+ 49— 2)kqg—1) =0

for every nonnegative integer g. The expression (3.5) therefore reduces to
(wt/2)V? times the right-hand side of the equation in the lemma.

Although we shall use Lemma 3.1 in its entirety we shall only use Lemma
3.2 in order to prove the following lemma.
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LeEMMA 3.3. As a function of t we have that
(3.6) Ru(t; p) = O(@1/*7), Rl (4; p) = O(V/*7).

The first equation is well known [9, 198-199]. The second equation fol-
lows from Lemma 3.2 and the first equation.

It is quite plain that by mathematical induction we can show that
R9(t; p) = O(sV*?) for any nonnegative integer g.

4. Some auxiliary lemmas. In this section we shall prove a few miscel-
laneous results needed for the proofs of the main theorems.

LEMMA 4.1. There exist nonpositive functions a,(x, p) (0=g=<p—2; 0<x)
such that if

—2

(4.1) (%, p) = D ag(x, p)u%,

=0
then we have that ’
Uppr — 2ux U, — U, _
2 2u|aT(u+p—1.5)/T(—p+2.5)] = 2).
Define 8, as max,z2 | T(u+p—1.5)/u?>—I'(u— p+2.5) |. The existence of

B, follows from well known properties of the gamma function [8, p. 58]. We
define a,(x, p) by recursion as follows:

(4.2)

. s
4.3) ap-2(%, p) = — xl apl Bo (%, p) =« Z an(%, p)2mCaqi1.

Mme=g+1

Hence a,(x, ) =0. If u,(x, p) is defined by equation (4.1), then the left-
hand side of the inequality (4.2) has the value 2] a,,] Bpu??—3. This is seen in
the following manner:

,ioa..(x, AL+ 1 — = )] — 215 ag(x, pluett

q=0
—2 m—1 —2
=2 E am(%, ?) E 2mCagpip?et! — Zx—lz aq(x_r p)#2q+‘
m==0 q=0 q=0

—3 —2 2
2 z: /“2q+l E am(xr p)2mc2q+l - 29‘7_12 a"l(x’ p)“h-”

q=0 Mma=g+1 q=0
= — 207, a(x, p) w70 = 2| a, | Bpu?P S,

i

by virtue of equation (4.3). The inequality (4.2) now follows from the defini-
tion of S,. .

LEMMA 4.2. There exists a nonnegative function B,(x) such that
(4.9) 12| Ry(t: )| S By(®)Ku(®) + w(a, £)
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whenever t=x>0 and u=0.
Define \ to be u— [u], so that 0SA <1, and then define B,(x) so that

B,y(x)Ko(x) = — us(x, p) + Lu.b. {tp‘ml R,(¢; p) |}
22,05p52

It follows from this definition that B,(x) =0 and, when ¢=x, that

12| Ry(5s ) | S walx, 9) + Bo(2)Ko(%),
712 Raa(t; 9) | S wa(x, p) + Bo(%)Ko(%).

Since a,(x, p) 20, u.(x, p) is a decreasing function of u. Therefore,

u2(xr P) = u)\+l(xr P) = u‘)‘(x7 P)'

Moreover, it follows from the identity [9, p. 185]
K.(x) = f cosh py exp (—x cosh y)dy
0

that Ko(x) S K\(x) £ Kha(x). We conclude that the inequality (4.4) holds
when u is replaced by N or by A+1, and hence whenever 0 =u <2. Suppose
that u=2 and that the inequality (4.4) holds for u and for u—1. Then we
have from Lemma 3.1 when ¢=x that

1712 | Rua(ts p) | S 2ua 712 Ru(ts 9) | + 477272 ] Ruca(t; 9) |
+ 2u| a,T(u + p — 1.5)/T(u — p + 2.5) |
=< B,(%) {Zﬂfle(x) + Kua(#)} + thusa(2, p)
= [wurs(x, p) — 2p07 u(x, 9) — wua(x, p)
— 2| al(u + p — 1.5)/T(u — p + 2.5)|].
Since [9, p. 79] the coefficient of B,(x) is K,4(x), and since we have from
Lemma 4.1 that the term inside the square brackets is nonnegative, it follows

that the inequality (4.4) holds for u+1. This completes the induction and
verifies Lemma 4.2 for all nonnegative values of u.

LeMMA 4.3. When x>0 and pu>0 we have that
1
“.5) K,(2%) = 5 T(u)x*.
We use the identity [9, p. 185]

Ku(x) = I‘(# + -%) (% x)-“w'”2 f °°(u2 4+ 1)=#1/2 cos xu du
) 0

to conclude that
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‘ 1 © 1
K,(2x) = I‘(p, + 7) x“‘1r"”2f (u? 4 1)+ Y2y = 7 T(u)x™.
0

LEMMA 4.4. When x 20 and u =0 we have that

@.6) | 73 | é(% )"/r(u+%).

This result is well known [9, p. 49].

5. Some general remarks about Neumann series. Before we take up the
proof of Theorem 1.1 in the next section, it is convenient to amplify some
remarks of Pincherle [6] (see also [9, pp. 526-527]) on the region of con-
vergence of arbitrary Neumann series of the form (1.1) in which » is a real
number and we do not assume the existence of a function f(¢) in terms of
which a,, may be defined by equation (1.2). We first prove the following
lemma.

LEMMA 5.1. If the series (1.1) converges when x =3, then
(5.1) @ = o[T(v + 20 + 2)(2/8)"*+27+].

Therefore, the series

(S . 2) Z amvx_yjr+2n+l(x)

n=0
converges absolutely-uniformly to an analytic function when |x| <|B].

If equation (5.1) did not hold, there would be a positive number € and an
increasing sequence {#:} of integers such that

l ank,,] > (v + 20 + 2)(2/8)r 12,
Since the series (1.1) converges when x =g, we have that
T + 2n + 2)(2/B8)" 2T, 1420, (8) = 0(1).
But we know that [9, p. 44]

2
in which (for sufficiently large k)

Toson® = {(5 8) " /T6+ 2m+ D} {140,

(5.3) | 6] < exp {%l B2/ (v + 2nk+2)} -1

Therefore, |1+6;| =0(1), so that limj—, 8= —1. Since it follows from the
inequality (5.3) that 6, approaches 0 and not —1, we have reached a con-
tradiction. This completes the proof that equation (5.1) is true.



372 J. E. WILKINS [September

To prove the second part of the lemma, pick a number M such that
‘ Gml < MT(v + 2n + 2)(2/8)7+2nH,

By virtue of Lemma 4.4 the series (5.2) is dominated by the series

Mlﬁl—yzl x/ﬁl2n+1 <+
n=0
when |x| <|B] and »>—1. If < —1 we apply the same argument to the
infinite series obtained by omitting the first 14 [(—»—1)/2] terms of the
series (1.1). This completes the proof of the lemma.

LEMMA 5.2. If the series (1.1) converges to 0 on any interval of the real axis(®),
the coefficients an, must all vanish.

For in this case the series (5.2) defines an analytic function a(x) which
vanishes everywhere in its region of analyticity, and in particular in a neigh-
borhood of the origin. Since the series is uniformly convergent we may
compute the derivatives of a(x) at the origin by termwise differentiation.
Thus we find that

0 = @ (0) = 3 a”,{ x—’J,+2,.+1(x)}<2p+l>

n=0 z=0
P 1 y+2p+1
=> (—1)"”4,.,(—2-) 2+ DY —n)Tv+n+p+ 2).
n=0
We now find by an easy induction that ¢,,=0 (=0, 1, - - - ).

6. Proof of Theorem 1.1. By virtue of Lemma 5.1 the proof of Theorem
1.1 requires merely a demonstration that the series (1.1) converges for every
positive value of x when v is real, f(¢) is in <A4,, and

-0

Ay = 2(1’ + 2n -I- 1) t—lf(t)Jy+2n+1(t)dt. ‘
0
Suppose first that »> —1. If we define

6.1) am(a) = 200 + 2n 4+ 1) f at’“f(t)],+z,,+1(t)dt,

6.2) SUN) =204 20+ 1) [ EYOTsseni()dt,
’ N

then au, =a,,(2x) +ay(2x). We see from Lemma 4.4 that

(3) Itis clear that this lemma may be extended to other sets of points besides real intervals.
The present lemma, however, is sufficient for the discussion of the uniqueness of representation
of a function on (0, «) by a Neumann series.
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(6.3) | an(22) | = {a27/2T( + 20 + 1)} f - | 1(t)] at.

0

If we apply Lemma 4.4 again and remember that f(¢) is in <4, we conclude
that the series :

Z a:,,(2 2)J y42n41(%)

n=0

is convergent.
If we now use equation (3.1) with u replaced by »+27n+1 we find that

| am(22) | < 200 + 20 4+ 1) [fz

R d

£ f() Royansa(t; p) | dt

+ (3) m{ gc.(m, 22)(v + 2n + 1, 2m)/22m

s
mp—1
+ 2 Sum, 22)(v + 20 + 1, 2m + 1)/22m+1}] ,
Mm==(
where C,(m, N) and S,(m, N) are defined as follows:

Cy(m, N) =

e 1 1
l £ Um+3)12f(4) cos (t -5 + T )dtl )

. -0 1 1
S,(m, N) = If 1~ UmtS) 12f(f) sin (t - —wr+— r)dtl .
N 2 4
Since f(¢) is in <A,, there is a number M,(N) such that
Ci(m, N) £ M,(N), Sy(m, N) = M\,(N) 0=ms= my),
[ s a s s,
N
It now follows from Lemmas 4.2 and 4.3 that
t | F@O R 120125 D) I d
2z

< M,(29)[B,(22) Krs2nt1(22) + thryania(2%, )]
< M,(22) [B,(20)T(v + 21 + 1)/227+2%1 0, 50121, 9)].

We conclude from the above inequalities and Lemma 4.4 that the series

> 8 (2%) T syania(%)
n=(0
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is dominated by

21,(22) i{(% x)v+2n+l (v + 2n + 1)} {Bp(Zx)I‘(y + 2n + 1)/2a7+2n+1
6.4y ™ .
+ a2 §) + /T (0 4 20 4 1, k)/zk} .

k=0

If we examine the definitions (4.1) and (3.2) of u,(x, ) and (u, g) we see that
this last series is convergent.

It follows that the series (1.6) is convergent and defines an entire function
when »> —1. The proof when »< —1 may be made with the help of the
identity,

—

(6.5) s,(x) = qf; 200 + 21 + DJsi2ni1(%) ()T st2nt1(£) A + Sy424(%),

n=0 0

which is valid for any integer g such that ¢=1. If » < —1 we may define ¢ to
be 14 [(—»—1)/2]. Then »+2¢> —1. Since oA, is a subset of ed,42, it follows
from our previous analysis that x—~2s,,5,(x), and hence also x7*s,424(x), is an
entire function. Since the finite series in equation (6.5) obviously becomes an
entire function after multiplication by x—, we conclude that x~s,(x) is an
entire function for any real value of ». These remarks complete the proof of
Theorem 1.1.

The analysis used to prove Theorem 1.1 may be modified slightly and
used to prove the following lemma which asserts the possibility of inter-
changing the order of integration and summation in the definition of s,(x).

LEMMA. 6.1. If f(t) is in A, and x>0, then

n=0

6.6)  s(x) = f YD S 200 + 28+ Drsamss(8) rsansi ().
0
Since the series
170,(x, 1) = 20200 + 21 + DI vsanp1(2)Toprnn (O

n=0

converges uniformly in ¢ on any finite interval, and since #f(¢) is integrable
over any finite interval, it is sufficient to show that

6.7) lim Y| am(M)Jvr2air(®) | = 0,

N=ew pop

in which a}}(N) is defined by equation (6.2). Since f(¢) is in ¢4,, for each posi-
tive € we can choose N, so large that M,(N)<e and N>2x when N>N,
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and »> —1. We conclude that the series (6.7) is dominated by the series
(6.4) in which the term M,(2x) is replaced by e. This proves the relation
(6.7) and hence also the lemma when »> —1. When v = —1 we merely apply
the idea behind equation (6.5) to see that the relation (6.7) still holds.

For future reference we note as a consequence of the inequality (6.3)
that when f(¢) is in o4, we have that

(6.8) lim Z| a:,,(a)J.+2u+1(x).| =0,
a=wo ,_0

in which a,,(a) is defined by equation (6.1).
7. Proof of Theorem 1.2. From Lemmas 6.1 and 2.1 we conclude when
vy=0or —1 that

s(x) = 1 _mf(t)dtf ’ L,(t, v)Jo(x — v)do,
2 0 0
where L, (¢, v) is defined as follows:
Lt v) = (¢ — 0)"Va(t — v) + (—1)’¢ + )" Va(t + v).

If it is permissible to interchange the order of integration we find that

- s(x) = %fono(x - v)dvj;_wt"lfl(t){f(v +8) — fo — 0)}dt
+ f *Jo(x — 9)dv f "0 — b,

provided that f(¢) be defined for negative values of ¢ as —(—1)” f(—¢). This
interchange will be valid provided that the integral

UL, vfd
0

converges uniformly in v on the interval (0, x). That this is so follows from
the definition of the class ¢/, if we use equation (3.1) to see that

(x/2M2L,(¢, v) = (x/2)*{ (¢t — ©)Ra(t — v; 2)
+ (=1 + 9 Rt + 05 ) }
— (4, cos v + B, sin v) cos (¢t + w/4)
— (Ay41 cOs v — B,y sin 9) sin (¢ + 7/4),

in which 4, and B, are defined as follows:

4, = ﬁ (—1)™(1, 2m) { (¢t — v)=mD12 L (—1)"(s + v)—UmD) /2] )—(4mtB) /2,
mm=0
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mp—1

B, = 3 (=)™, 2m + 1) {(t — v)-Gmi®)/2

m=0

— (= 1)*(t + v)—UmBr 2} p—G4miB) /2,

We now transform the second integral in equation (7.1) with the help of
the identity [9, p. 380] fu~1J:(t) Jo(% —t)dt = Ji(u), and find that it is equal to

f ’ f “Jolu — Of(x — w)T1()dtdo = f " 1iw)f(x — w)du
= f(z =) = JO +)To(x) — f " Jo)f(x — wdu

= f(z =) = SO @) = [ Iow = O Gin
[}
Introducing the function F(v) defined by equation (1.3) we see that equation
(1.7) holds, as desired.

COROLLARY. Suppose that v(v+1) =0, that f(t) belongs to <A,, and that f(t)
is absolutely continuous on (0, X). Then f(x) =s,(x) on the open interval (0, X)
if and only if

(7.2) fO+)=0, F@=0 on (0, X).

By virtue of equation (1.7) and the continuity of f(x) when 0 <x <X it is
clear that s,(x) =f(x) when equations (7.2) hold. Suppose conversely that
$,(x) =f(x) on (0, X). Then on (0, X)

0 )T o) + f Jo(x — ))F(8)dv = 0.
[}
Letting x approach zero we find immediately that f(0+) =0, and hence that
(7.3) f Jo(x — 9)F(v)dv = 0.
0

By Theorem 1.1, F(v) is continuous on (0, X) and so we may differentiate
equation (7.3) to obtain

F(x) = fz.h(x — v)F(v)dv.

This equation is an integral equation of Volterra type of the second kind
and hence [5, p. 14] has the unique continuous solution, F(»)=0 on (0, X),
since the kernel J;(x—v) is bounded.

8. Extension of Theorem 1.2 for a general values of v. When »(v+1) =0
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an attempt to obtain a result like that of Theorem 1.2 with the help of equa-
tion (2.1) evidently fails, since it is necessary to know ¢,(x, £) when x—¢<0,
and equation (2.1) does not hold when x—¢<0 unless v is an integer. Even
then the best we can do is to prove the following theorem.

THEOREM 8.1. When v is an integer such that v(v+1) #0 and f(t) is in A,,
we have that

5(x) = %vfozlyﬂ(x - v)dvfo_mu—lly(u) [f(u 4+ v) — f(u — v)]du

1 z —>o
+ - o+ l)f0 J(x — v)dvfo w T, 1(w) [f(u + v) + f(u — v) |du,
provided that f(t) be defined for negative values of t as — (—1)"f(—1).

We conclude from Lemmas 6.1 and 2.1 that

1 —0 z
5(3) = v Jo f(0)dt fo H(t, 9 va(x — )do

1 - z
+ 6+ [T on f Kt 0)J,(x — 9)dv = of + o}
0 0

where H,(¢, v) and K, (¢, v) are defined as follows:
H(,v) =@ — o) U,¢t—9v) — ¢+ )" U0+ v),
Kt v) = (@ — o) Vot — ) + ¢+ 2)"U,0a(t 4+ v).

Manipulations like those in the preceding section show that
1 z ~®
ol = —» f Toa(e —v)dv | B 0)f(0)dt
2 Jy 0
1 z —>c0
= 71’]‘ Jop1(x — v)d‘vf w,(w) [f(u + v) — f(u — ) |du
0 0

+ vfzf,ﬂ(x - v)dvat"lf,.(t)f(t — v)dt,

re
gy =

o+ 1) fo = [ K@ 00

&+ l)fzf.(x - v)d‘vf_mu‘lf,.,.l(u) [f(u + v) + f(u — v) |du

—@+1) f:],(x - v)dvforlj,_,_l(t)f(t — v)dt,
0
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the inversions of order of integration being justified by the uniform con-
vergence of the integrals

—ow —o

H,(t, v)f(1)dt, K, (2, v)f(t)ds
o . 0
when 0 <y <x. Since we have when » is a nonzero integer and u> —1 that [9,
p. 380]

y f 1T, — DT dt = T (),
0 .
it is clear when »(»+1) 0 that

y f " Tyl — v)dvf't—‘J,(t) (¢ — o)dt

— G+ 1) fo "I — 2o fo ", 0f¢ — D).

Theorem 8.1 now follows from the definitions of ¢, and o'
9. An elementary Hankel formula. In order to prove Theorem 1.3 we
shall need the Hankel identity

(9.1) o(2) = f frf,(xr)dr f " (07,0,

which is known [9, p. 456], [7, p. 240] to hold under certain restrictions on
v and g(¢). Ultimately (see Theorem 11.2 below) we are going to.establish the
validity of equation (9.1) under much weaker restrictions which do not imply
the absolute convergence of the infinite integrals. For the present, however, it
is sufficient to restrict attention to functions g(#) which vanish outside of a
finite interval (e, N), where 0<a <N. Concerning such functions we can
use the asymptotic expansion (3.1) to prove the following theorem.

THEOREM 9.1. Suppose that (i) 0<a<x <N, (ii) g(#) is in L(a, N), (iii)
g(t) is of bounded variation in some neighborhood of the point x, and (iv) v is
in V(4). Then we have that

(9.2) -;— {glx +) + gx =)} = foanf.,(xr)drLth(t)J.(tr)dt.

An attempt was made in [2, pp. 96-97] to prove the validity of equation
(9.2) when (i) and (iv) are true and g(¢) satisfies Dirichlet’s conditions on
(a, N). The proof there given seems incomplete becauseof a failure to discuss

(*) See the paragraph just following Lemma 2.3 for the definition of V.
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adequately the remainder terms in the asymptotic expansion for-J,(u).
Watson [9, p. 464] has made a similar criticism of the orlgmal proof of
Hankel.

- Let ¢(x) stand for the right-hand side of equation (9.2). Then

A N
o(x) = li_m rJ,(xr)dr f tg(9)J,(tr)dt

0 a

h=oo

N . h N
—tim [ tg@at f 77, ()T (1) dr.
a 0 - '

When v is in V we have from [9, p. 134] that
N .
¢(x) = lim (%2 — 2)~g(t) Ko(x, ¢, h)dt,
h=w a .

in which Ky(x, ¢, k) is defined as follows:

Ko(x, t, b) = h{aT,1(xh)J,(th) — tT,(xh)Tsa(th) }.
We have from equations (3.1) that

T) = (2/mu)tie cos (u — b) + Riw; 2),

R(u;2) = — (4% — 1)(3200®) 12 sin (u — 8,) + R (u; 3).

Hence we have that K,(x, ¢, h) = > 7%, Kix, t, h), in which K;(x, ¢, k) are
deﬁned as follows: .

K = {l/w(xt)l’z} {@¢— vx) cds [(x + b — vr] + (x + 9) sin (x — )k},
Ky= — {(#? — 1)(2? — £)/4xh(x*)1/2} sin (xh — 5,) sin (th — 3,),
'Ky = (2h/x)M2{ £V/2R,(th; 3) sin (xh — 8,) — #2R,(xk; 3) sin (th — &},

= (2h/1r)1/2{ at~12R,,1(xk; 3) cos (xh — 8,) — ta—1/2R, 1(th; 3) cos (th — &,) };
Ks = h{xR,11(xh; 2)R,(th; 2) = tR,(xh; 2)Rypa(th; 2)}.
Let us define ¢4(x, %) as follows:
oi(x, ) = f (2?2 — )~ Ug() Ki(x, ¢, h)ds.
Then it is clear that A .

o1(x, b)) = — w‘lfN (t +‘ x)‘l(tyx)1/2g<tj cos [(x + )b — ##]&t

+ r“lf (t/x)”zg(t)(x - t)‘l sin (x — t)hdt

'.»A,

Since g(¢) satlsﬁes condltlons (1) (u) and (iii) it follows from well known
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results [7, pp. 11, 25] that limj., ¢:1(x, h)=2‘1{g(x+)+g(x—)}. More-
over,

é2(x, B) = — {(4? — 1)/4nxha®'?} f Nt‘”’g(t) sin (xh — §,) sin (th — 8,)d¢

a

= o(h™Y).

We shall show that ¢i(x, 2) =0(h~') when =3, 4 or 5, and this will be suffi-
cient to prove the theorem.
Consider first Kj(x, ¢, k). Using the mean value theorem we see that

1 12 1
(? 1r/h) Ki(x, t, B)/(x — 1) = 5 y~Y2R,(th; 3) sin (yh — 4,)

+ hy'?R,(¢k; 3) cos (yh — &)
— ht*2R) (yh; 3) sin (th — 6,),

where y is between x and #. As a consequence of Lemma 3.3, the right-hand
side is O(A~%2) uniformly in x and ¢ when 0 <a =<x, t< N. Hence,

da(x, b) = f ! (x + &)~Ug(HO(hN)dt = O(k-Y).

It is plain that a similar use of the mean value theorem and of Lemma 3.3
is sufficient to prove that ¢4(x, b)) =0(k™Y), ¢s(x, k) =0(k™1).

10. Proof of Theorem 1.3. Suppose that x>0, that » is a real number
belonging to the class V, and that f(¢) is in ¢4, and of bounded variation near
the point x. Choose @ and N arbitrarily so that a <x <N and define f(N, a, £)
to be f(t) if a=¢< N and zero otherwise. It is clear that f(N, a, t) is in o/, if
f(#) is, and we conclude from Lemma 6.1 that if

—> 00

(N, a, ) = 2,20 + 20 + ) Jppon1(2) (N, a, )J,y2ni1()dt

n=0 9
is the Neumann series expansion for f(N, a, £), then

s(N, a, x) = Yf(N, a, )o.(x, £)dt,
0

whence it follows from equation (2.10) that

SO, a,0) =x [ f(N, a, bt f T T iy,
0 0

Since f(N, a, t) =0 when ¢>N we may invert the order of integration and
find that
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(N, a, x) = xf

0

(N, a, x) = xf

— xf_mrf.(xr)drfN F@JT,@r)dt.

lrJ,,(xr)dr f ! f@)JT,(r)ds,

ad ]

rJ(xr)dr f ! J@T(er)dt

Since g(t) =¢"Yf(¢) satisfies the conditions of Theorem 9.1, we have that

Rl d

s»(N, a, x) = % {fx+) + f(x =)} — xf rJ,(xr)drfo(t)J,(tf)dt.

Therefore, Theorem 1.3 is true since it follows from equations (6.7) and (6.8)
that limyae,e=0 $,(V, @, x) =s,(x) when » is real.

11. Further results. We wish now to investigate the possibility of passing
to the limit as N approaches « and a approaches 0 under the integral sign
in equation (1.9). We shall prove the following theorem.

THEOREM 11.1. Suppose that t~V2f()(1+£)~4s in L(0, ), thatv=—1/2,
and that the integral

(11.1) f F@®T,(tr)dt
0
converges uniformly in r on any interval interior to (1, «). Then we have that
1 0 —00
(11.2) () = (&) + )} - » f anydr [ 07t
1 []

It is worth noticing that the hypotheses of Theorem 11.1 will surely hold
if £-Y2%(¢) is in L(0, ). When »= —1/2, the function f(¢) is surely in e4,. It
follows that in order to prove Theorem 11.1 it is sufficient to show that

(11.3) lim :wrf,(xr)dr( L ¢+ f N_m) f@®J,(tr)dt = 0.

N=ow,a=0
Choose numbers a, b and ¢ such that 1<b<¢, 0<a=x/2. Then
(11.4) f 7T, (wr)dr f FOT ()t = f Fo)dt f r7, (), (i) dr.
b 0 0 b
The inner integral on the right has the value [9, p. 134]

re=c

(11.5) (%2 — tz)‘l{rxJ,H(xr)J,(tr) - rtJ,(xr)J,+1(.tr)}

re=b
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Since <a <x/2, we have that 0 < (x2—#?)~! <4/3x2. Moreover sincev= —1/2,
there exists a constant B, such that #V%|J,()| <B,, uV?|J,.(u)| <B,.
Therefore, the expression (11. 5) is dominated by (8B}/ 3x2) (x” 224 5 1241/2)
<4B?(x%)~"2, and the expressions (11. 4) are dominated by

1B f £ )|
.0

If we let b approach one and ¢ approach «, and then let @ approach zero,
we conclude that

—300

a6 lm [ (e f " f) Tyt = o.

a=0 1

- Now choose numbers b, ¢, N and P such that 1<b<¢, 2x<N<P. Then

a7 f bch’,(‘xr)dr f NP FOT )it = f NPf(t)dt f bcr.},(xr).f.,(tr)dr.

Since t=N=2x, we have that 0=(¢2—x2)-1<4/3t2. Reasoning as in the
preceding paragraph, we obtain upon letting P approach « that

(11.8) ’ f " fae f 1T (an) T (r)dr | < 4B f £ £y | at.
N

For each choice of b, ¢, N and a positive quantity €, we may select P so that
P> N and that :

—00

rJ,(xr) f(t)Jy(tr)dt‘ <'6/20, | b=r=o),

4By " f 7 1) | dt < e/2.
P

It now follows from equation (11.7) and the inequality (11.8) that -

f ch,(xr)dr -mf(t)J,(t'r)dt’.—A f—m}(t;dt f c)’J,(acr);},(tr)dr
b N : N b - L

+)
b

If we let € approach zero and use the inequality (11.8) .;)ve find that

< 4B f 7 1) | a.

rJ(xr)dr | - f(t)J,(tr)dt\ <e

P

< ’ L - 1()ds f ., f{,(écr){,(;r?dr

f . rJy(xr)dr f F®T.(tr)dt

If we let b approach one and ¢ approach «, and then let N approach «, we
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can conclude that

—00

(11.9) lim rJ,(xr)dr f f@®J.(@r)dt = 0.
N=w J, N
Equation (11.3) now follows from equations (11.6) and (11.9), and this
completes the proof of Theorem 11.1.
The methods used in proving Theorem 11.1 may also be used to prove the
following version of the Hankel formula.

THEOREM 11.2. Suppose that (i) x>0, (ii) tV2g(t)(14+£)—1 is in L(0, «),
(iii) g(#) is of bounded wariation in some neighborhood of the point x, (iv)
R(v)> —1/2, and (v) the integral

fo T )7, e
converges uniformly tn r on any interval interior to (0, «). Then we have that
_;‘ {g(x+) + gz =)} = j;_mrfy(xr)dr j;—mtg(t)fy(tr)dt.
Let f(¢) =tg(¢). It follows from Theorem 9.1 that if a <x <N we have that
% {fe+) + fz =)} = xfo_mrlu(xf)dffaNf(t)Jv(tf)dt,

so that Theorem 11.2 is valid if its hypotheses imply that equation (11.3)
holds when the interval of integration (1, «) is replaced by (0, «). The
proof of this result is identical with that of equation (11.3) except that b is
now made to approach 0 instead of 1. The fact that » may be complex causes
no difficulty.

12. Combination of two expansions. Suppose that f(x) is neither even nor
odd. Then it is natural to attempt to expand it into a series of the form -

0

(12.1) | PIEMAC)

' n=0
in which Bessel functions of all integral orders occur. Such a series may' be
formally obtained by splitting f(x) into an even and an odd part, say
f(x) =g(x)+h(x), and expanding g(x) and k(x) into series of even and odd
Bessel functions respectively. We find from Theorem 1.2 that if g(¢) is'in
e4_;and is absolutely contmuous on (0, x), then

sa(x) = g(x =) — g(0 +)Jo(x) — f Jo(x — v)G(v)do,



384 J. E. WILKINS [September

where G(v) is defined by equation (1.3) with f(¢) replaced by g(¢). Similarly,
if &(¢) is in <A, and is absolutely continuous on (0, x), then

so(%) = k(x =) — B0 +)Jo(x) —fzJo(x — 9)H(v)dv,

where H(v) is defined by equation (1.3) with f(¢) replaced by k(f). Adding
these last two results shows that

(12.2) so(2) 4 51(2) = f(& =) — F0 +)Tolz) — f To(x — 9)F(s)ds.
0
The left-hand side of equation (12.2) may be written in the form

(12.3) s(x) = E 21T () | ¢~ f()ds,
if one remembers that g(x) = {f(x) -I-f(—x)}/Z, h(x) = {f(x)—f(—x)}/2. We

may now prove the following theorem.

THEOREM 12.1. Suppose that t='f(t)(1+|t|)¥2~» is in L(— o, «) for some
nonnegative integer p, and that the limits

f (1)1t

exist when a>0. Then if x>0 and f(t) is absolutely continuous on the interval
(—x, x), we have that

s(x) = f(x =) —j;zJo(x — v)F(v)dv,

while if x <0, the term f(x—) is replaced by f(x+).

For the integrability hypotheses imply that g(¢) is in «4_; and that h(z)
is in <4,. Moreover, since f() is continuous at the origin and ¢#-f(¢) is inte-
grable in a neighborhood of the origip, it must be true that f(0)=0. The
theorem when x>0 now follows from equation (12.2). We deduce the result
when x <0 from the result when x>0 by considering the function f(—¢).

13. Some examples. The function used by the early writers to show that it
was not true that so(x) =f(x) for all functions f(f) was sin ot. If 0S <1 and
v =0 this function satisfies the hypotheses of Theorem 11.1 and the integral
(11.1) has the value zero [9, p. 405]. Hence the Neumann series so(x) con-
verges to sin ax when 0=<a =<1. If a>1 the integral (11.1) is not uniformly
convergent on an arbitrary interval (b, ¢) interior to (1, «), the point r=«
being exceptional. The integral is, however, uniformly convergent to 0 on
any interval interior to (o, ) and to (a2—r2?)~Y2 on any interval interior to
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(1, @) [9, p. 405]. It is easy to see that Theorem 11.1 remains true under
these circumstances. When a>1 we therefore have that

so(%) = sin ax — xf rTo(xr)(a? — r2)~1/%dr,

1

We may also conclude from Theorem 1.2 and [9, p. 405] that
~ so(%) = sin ax — (a® — l)mf Jo(x — v) cos avdy
0

when a>1.

Another example when »=0 is f(t) =¢~1{1—Jo(at) }. This function also
satisfies the hypotheses of Theorem 11.1. In fact, t—l”l f(t)| is in L(0, ).
By [9, p. 406] the integral (11.1) has the value 0 if =« and log (a/r) if r Sa.
Therefore, the Neumann series so(x) converges to f(x) if <1, while if a>1
it converges to

x—-l{l — Jo(ax)} + xf ar log (r/a)Jo(xr)dr = x—l{l — Jo(x) + 2J1(%) Ioga}.

1
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