INTERPOLATION SERIES

BY
R. CREIGHTON BUCK

1. Introduction. There is an extensive literature devoted to the study of
the expansion of analytic functions into the interpolation series defined by a
sequence {T,} of linear functionals. Some of these deal with specific series,
and the problem is to determine the largest class of functions for which a
given series is convergent [6; 11; 15; 21; 23](%). Others treat a more or less
general class of interpolation series; the results obtainable here are seldom as
sharp as those obtained for a single series [1; 5; 10; 19; 20; 24]. A closely
related  problem is that of determining uniqueness classes. If C is a class of
functions, { T,.} is said to be total over Cif f&C and T.(f) =0 for all #» imply
that f=0; Cis also said to be a uniqueness class for { T,.} ysince if To(f) =T.(g)
for all n, and for f and g in C, then f=g. If Cis an expansion class for {T,.}
then it is also a uniqueness class. This remark has been used to obtain unique-
ness classes for certain special sequences of functionals.

In the present paper, certain aspects of the convergence and summability
of interpolation series will be discussed, following a method outlined in [4].
§§2 and 3 are devoted to the general treatment; succeeding sections take up
in more detail the results which follow for special series. These contain and

extend many of the known results. In addition, the theorems dealing with
Mittag-Leffler summability are applied in §10 to obtain uniqueness theorems
which in particular include all those of Gelfond [10]. Some of these results
have been announced in a previous paper [4].

2. Integral formulae. We are concerned with the class K of entire func-
tions of exponential type. If fEK, then the growth function of f is defined
by

2.1) h(0, f) = lim sup ! log lf(re"’) .

If H is any real function with period 2w, then K[H(8)] is the class of all f in
K such that k(0, f) S H(0) for all 8; infinite values of H are admissible. Thus,
K[A] is the class of entire functions of at most order 1 and type 4. If Y is a
positive real function, then K[¥(r), H(8)] will be used for the class of all f in
K such that the inequality

(2.2) | 7(re®) | < ¥(r) exp rH(6)

holds for all §, and all sufficiently large r. The class K [H(6)] is the intersection

Presented to the Society, November 2, 1946; received by the editors July 14, 1947.
(*) Number in brackets refer to the bibliography at the end of the paper.
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of the classes K [e*, H(#)] for all A\>0. As in previous papers, K(a, ¢) will be
used in place of K[H(f)] when H is chosen as the special function which
takes the value ¢ at +m/2, and the value ¢ at 0 and w. (This class arises when-
ever f is studied from its behavior on the real axis.)

If G is a closed set of the plane, a supporting function for it is defined by

2.3) k0, G) = sup R(we®)
»wEQ

where w=pe?*. (This differs from the usual definition in the sign of 6.) The
function k(#, G) is continuous in 6, has period 2w, has left and right deriva-
tives everywhere, and is unchanged if G is replaced by its convex hull. If
G, and G; are subsets of the plane then Gi-G: is the set of all points of the
form 22 where z1E G, 2:EG,(?). G is a star set (with respect to the origin) if
AzEG for all \, 0=\ =1, whenever z&G. The set (E’-G’)’ will play a special
role in succeeding sections, and will be referred to as the E-star of G. If E is
chosen as the whole plane with the interval [1, 4+ = ] of the reals deleted, then
the E-star of G becomes simply the star of G—that is, the maximal star set
contained in G.

A classical result of Pédlya relates the growth function of f to the
supporting function of a certain convex set. Let fEK and suppose that
f(8) = D gaqz"/n!; let ¢(w) be the function regular at infinity having the de-
velopment Y ¢a,/w"!. ¢ is usually called the Borel transform of f. Let D(f)
be the closed convex hull of the set of singularities of ¢, a bounded set. Then,
the fundamental theorem of Pélya may be stated as follows [16, p. 585] :

If fEK, then k(0, f) =k(8, D(f)) for all 8. Moreover, if IT' is a simple con-
tour enclosing D(f), then for all 2,

1
(2.4) f(z) = 2—1r—ifrem¢(w)dw.

Recently, S. Schmidli [20] has obtained a stronger form of this representa-
tion which may be stated in the following form(3):
If FEK[Y(r), k(6, f)] where

@5 f " v(dr < o,

then

(2) Not to be confused with the intersection of G; and G; which will be denoted by Gi/ \G.
The union will be denoted by G\\_JG,, the complement of G by G’, and the boundary of G by 3G.

(%) Schmidli obtained this for y(r) =1/7*¢ by showing that ¢ is then continuous on 8D(f).
The more general case requires no alteration in his proof. R. P. Boas has observed that if (2.5)
holds; then ¢(w) is uniformly bounded outside D(f), and the formula (2.6) may be obtained
from (2.4) by shrinking T'. )
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27r1: aD (f)

(2.6) f(z) = e¢(w)dw.
We turn now to complex-valued functionals T defined on K. Let g be
any entire function, and define T by

1
@.7) () = o [ w)o(uw)du

where ¢ is the Borel transform of f, and I" encloses D(f). Since the Borel trans-
form is linear, so is T In the present paper, only functionals T of the above
form will be discussed(%). The function g is referred to as a generating func-
tion for T. If f is chosen so that f(z) =e*?, then T(f) =g(w); thus, T(f) can be
formally described as g(d/dz)f(z) [ —o [3].

3. Interpolation series. Let { T .} be a sequence of linear functionals, de-
find on all or part of K. A class CC K is said to be a uniqueness class for { T,.}
if T.(f)=0 for all » implies f=0 for any f&C. Thus, a function of C is de-
termined uniquely by the sequence of complex numbers {T,,(f)}. Suppose
that it is possible to find a sequence of functions {u.(z) } which are orthogonal
to {T.} in the sense that T,(4m)=0 for all #>¢m, while T,(x,)=1. Then
any function f may be represented by the formal series

3.1 ' Z:: u T (f).

Such a series will be called an interpolation series for {T.,}.

We will discuss classes of functions f for which the interpolation series is
convergent, or is summable to f. Such classes must clearly be subclasses of
the corresponding uniqueness class; this enables us to prove uniqueness
theorems, which, however, can not be expected to be best possible, since there
is reason to believe that a uniqueness class need not be an expansion class.

The argument for convergence is familiar [1; 10]. If f(z) =e®, then
T.(f) =g.(w), the generating function of T, and formally

o

3.2) e = Z Un(2)gn(w).

0

If this converges uniformly for all w on a simple contour T and for all z,
and f is such that D(f) lies in the interior of I' , then using (2.4) and integrat-
ing termwise,

] 1 0
16 = X @) 5 f B@s@dn = T uOT.0)

(*) If K is given the weak topology in which f,—f whenever lim f.(z) =f(z) for all z, then
any continuous linear functional T has the representation (2.7). See also [3].
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convergent for all z.

If f satisfies the stronger growth conditions required to apply the Schmidli
representation, we can say more: if (3.2) holds uniformly on I, and if f is such
that fEK[¢(r), k(8, f)] where [*Y(r)dr < », and D(f) lies in the closed in-
terior of T, then the interpolation series again converges to f(3).

Turning to summability, we digress to describe the familiar notion of
E-summability, of which Borel exponential means and Mittag-Leffler are
special cases. Let E(z) = > _¢d.z* be an entire function, not a polynomial,
with d,=0. If {s,} is a sequence of complex numbers with |s,.| Un=0(1),
then the series D ¢ d.s.\* converges for all \, 0SA< », to a function H(\).
Consider the “mean,” ¢(\) =HA)/EN). If limy., ¢(A\) =S exists, then we
write (E)-lim s,=3S. This defines a totally regular method of summability.
We use (E)- D ¢a, for (E)-lim s, where s,= D o ai. These methods are of
particular importance when applied to power series. Let E denote an open set
associated with E(z) such that limy., E(z\)/E(N) =0, uniformly in any com-
pact subset of E. The importance of the set E is that (E)- D ¢z"=1/(1—2)
for all z in E, and the summability is uniform in any compact subset of E.
This can be extended to a general function f and its Taylor series. The fol-
lowing proof differs slightly from that usually given for Borel summability [7].

THEOREM 3.1. Let f(2) be regular in a region R containing the origin. Then,
&) = (B)- X f™(0)z"/n!
0

uniformly in any closed compact subset of (R’-E’)’, the E-star of R.

If 2€E and 0<u=1, then |E(uz\)/EN\)| | E(uz\)/EQw)| =0(1) as A
increases, so that E may be assumed to be a star set. It follows that
G=(R’-E’)’ is also a star set. Let G, be any compact subset of G. We can then
choose an open set Eo whose closure is a compact subset of E, and a region
RoCR such that GoC(R{ -E{)’. In fact, since G is a star set, we can take
R, to be simply connected, and its boundary I'=9R, as a simple contour.
Since 1 does not belong to E, and therefore not to Eo, (R¢ -E{)' CRo and
GyCRy. For any z in Gy, we have

sa(z) = if(k)(o)zk/k! = f(z) — _l_fr f® <i)"+ldt’

0 271 t—z\t¢

1 f® 3z EQz/t)
J@&) = o(@ M) T amidrt—z ¢ EMN) at

Since GoC (R -E¢)’ and TCR{, 3/t lies in E, for all zin Gy and ¢ on T'. Thus

E
lim 20D _
e E ()\)
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uniformly in z and . Moreover, f(¢) is bounded on T, and lt——zl is
bounded away from zero, since G, is a compact subset of R,. Hence,
limy., |f(2) —a (2, \)| =0 uniformly in Go.

If we choose E(z) as e?, then E is the setof all z, R(z) <1,and (R"-E’)’ is
easily seen to be the Borel polygon of R. If E(z) is taken as Y (z/log (n+2))*,
then E is the whole plane with the half line y =0, x =1 deleted, and the E-star
of R becomes simply the (Mittag-Leffler) star of R. Since theinterval [1, + « ]
always lies outside an E set, the E-star of R is a star set lying in the star of R.

Returning to the discussion of interpolation series, we can replace con-
vergence by summability. If, for all z,

(3.3) e = (B)- 3 n()gn(w)

uniformly on T, then for all f such that D(f) lies in the interior of I, and for all
2,

(3.4) @) = (B)- 3 un@) Ta()).

If f is such that FEK[Y(r), k9, f)] where [*Y(r)dr < o, and D(f) lies in the
closed interior of I', then (3.4) still holds.

We now assume that the generating functions of {T.} are of a special
form. We suppose that g.(w) = [{(w) ]* where {(w) is an entire function. Let
Q, be a set containing the origin in which {(w) is univalent, and let
be the image of @, under {={(w); let A; be the largest open circle I ¢ l <R
in @, and let A, be its image under w=w({) in Q,; let * be the E-star of
Q, and let Q.* be its image in Q,. The central theorem of [4], proved there
for a general kernel y(z) and stated below for the special kernel y(z) =e?
becomes:

THEOREM 3.2. The formal interpolation series Y o 1. (2) Tn(f) converges to
f(2) for all f such that D(f) CA., and is E summable to f(z) for all f with
D(f)CQ.*.

To obtain the sharper convergence forms, we must have Y ¢ u.(2) [¢(w)]"
converging uniformly to e*® on I. This usually requires a separate treatment;
however, since e*” is a regular function of { for { in , we can state that if
lim #,(2)R*=0, D> u.(2){" converges uniformly on all arcs of [{ l =R where it
is regular, considered as a function of z. In the succeeding sections, we take
up special interpolation series and apply the results of this section in detail.

4. Newton series. To obtain this, we define the functionals {T,} by
T.(f) =A"f(0)=(—1)" D 5Cns (—1)% (k). The generating functions g.(w)
have the form [¢{(w)]* where {(w) =e*—1, and the functions u, are the poly-
nomials #,(2) =C...=2(z—1)(z—2) - - - (z—n+1)/n!. For Q,, we take the
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strip Ivl <m; Q is then the {-plane with [— o, —1] deleted. The circle A;
is [;[ <1, and A, is the set lying in Q, and satisfying |e"— l] <1; the bound-
ary of A, has the equation % =log (2 cos v). Applying Theorem 3.2 for con-
vergence, we at once have:

THEOREM 4.1. If D(f) CA., the subset of Qu containing zero and bounded by
u=log (2 cos v), then the Newton series

4.1) 5:_‘, C...A"f(0)

converges to f(z) for all z.

The condition D(f) CA, may also be expressed in the form: k(0, D(f))
<k(9, A,) for all 8. Since k0, D(f)) =h(8, f) and since [18, vol. 1, part III,
no. 114]

k(@; A,) = cos 0 log (2 cos 0) + 0 sin 6
for all 6, |8| <m/2, we can rephrase this theorem [6].

COROLLARY 1. If k8, f) <cos 0 log (2 cos 8) 46 cos 0 for all [0] <w/2, then
the Newton series (4.1) converges to f(2) for all z.

Since the least value of k(8, A,) is log 2, the condition fEK[A], 4 <log 2,
is sufficient to insure the convergence of the Newton series [24, p. 55].

We can also obtain sharper results on convergence. Since lim ,.ml C,,,,[ =0
for all z such that R(z) >1, the series D C...t" converges uniformly in any
closed subset of the closed circle l; l =1 not containing the point —1. If fEK,
the set D(f) is bounded; thus, if D(f) lies in the closure of A,, its image under
¢=e?"—1 is a compact subset of the closed unit circle and does not contain
—1. Hence, if D(f) lies in the closure of A, and f obeys condition (2.5), we
can again infer the convergence of the Newton series; the resulting theorem is
not as strong as has been obtained by Nérlund who assumed only that f was
regular in a half plane [15].

THEOREM 4.2. IffEK [Y(r), 0 sin 8 +cos 0 log (2 cos §) | where [=Y(r)dr < «,
then the Newton series (4.1) converges to f(z) for all z, R(z)>—1.

We now consider summability of the Newton series. In applying Theorem
3.2, we first observe that the E-star of & is simply { —1} - E, which we write
as —E; applying the general theorem, we have:

TueoREM 4.3. If D(f) lies in the image of the set —E under w=Ilog (1+¢),
then '

1@ = (B)- E C..Af(0).
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If we specialize this to Borel summability by choosing E(z) =e?, then —E
is the half plane 9%(z) > —1, and its image is the strip |v| <7/2(5).

CoroLLARY 1. If fEK(a, ¢) with c<w/2, then
4.2) flz) = (B)- i C.,.A™f(0).

For Mittag-Leffler summability, —E is exactly &, and Q,* is therefore
Q.

COROLLARY 2. If fEK(a, ¢) with c<m, then
(4.3) f@@) = (ML)- 37 C. .5"f(0).

Convergence may also be established by the addition of Tauberian con-
ditions. Two examples of this will be sufficient illustration of the method.

CoroOLLARY 3. If fEK(a, ¢), c<m/2, and A*f(0) =0(1/n'?) then the Newton
series (4.1) converges to f(2) for all z, R(z)>—1.

CoROLLARY 4. If fEK(a, ¢), c<w, and (—1)"A*f(0) =0 for n=0,1, - - -,
then the Newton series (4.1) converges to f(3) for all z.

The first of these follows from Corollary 1; the Newton series is Borel
summable for z= —1, and C_;,,=(—1)" so that the terms of this series satisfy
the Tauberian condition o(1/#'2). Applying a theorem of Hardy [14], the
series converges; it then follows that since the Newton series converges for
gz=—1, it also converges for all z with R(z) > —1.

The second arises in a similar manner from Corollary 2; the series is ML
summable for z= —k, and C_,,A%(0) is by hypothesis positive for each n.
Since ML summability is totally regular, the series must in fact converge for
z= —Fk, and since this holds for any k, we have convergence for all z.

5. Stirling series. To obtain one form of this interpolation series, we take
T.(f) =AY (—n/2)=(—1)" D 8Cur (—1)*f(k—n/2). The generating func-
tion g.(w) is (e¥ —1)"e~™*/2 which is ({(w))" for {(w) =2 sinh (w/2). The func-
tions %,(2) are

Z
uo(z) = 1’ un(z) = _Cz-l+n/2.n-—l-
n

(%) Using results of Dienes [8], it may be shown that e**=(B)- >.C.n [¢(®)]?, uni-
formly in compact subsets of R(¢) =1, if RN(z) >0. We can then obtain a stronger form of
Corollary 1. If |f(s)| <¢(r) exp {a|x|+(x/2)|y|} where fy(r)dr< =, then f(z)=(B)
=" C..aA%(0) for all z with R(z) >0. This method will not work for ML summability, since
we cannot expect the expansion of e* to be summable on the boundary of Q¢; for this reason
no attempt will be made in the present paper to obtain sharper forms of the summability
theorems. :
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¢(w) is univalent in the strip Ivl <, which we may therefore take to be the
set ©,; & becomes the {-plane with cuts from 27 to 4 «4, and from —2¢ to
— w7 deleted. The circle A; is |{| <2, and the set A, is the subset of Q. de-
scribed by [sinh(w/Z)I < 1. The supporting function of Q,is [18, III, no 115]:

2 cos 6 log [2'/2 cos 6 + (cos 26)1/2]

+ 2 sin 0 sin~! (2!/2 sin 6), l 0| < n/4,
x|sing], r/4 <|6| = /2,
kO + m As), w/2=]|60| =

(5.1) k6, Ay) =

Applying Theorem 3.2, we obtain the following result first proved by
Nérlund using different methods [15].

THEOREM 5.1. If K(0, f) <k(8, Ay), given by (5.1), then the Stirling series
2z
(5.2) f(o) + Z ; Cz—l+n/2,n—lA”f(_n/2)
1

converges to f(z) for all 3.

Since Iu,.(z)| < 0(2—"n—3?), the expansion of e¢** in powers of { converges
for all {, |¢| <2. This gives at once the following extension of a result of
Schmidli [20].

THEOREM 5.2. If fEK [Y(r), k(0, Ay) | where [*Y(r)dr < =, then the Stirling
series (5.2) converges to f(z) for all z .

The least value of k(0, A,) is log (3+2%2); thus, the condition that
fEK[A] with A <log (3+282) or fEK[Y(r), log (3+2%2)] is sufficient to
insure convergence. (The first of these is due to Pélya [17].)

For Borel summability we consider the corresponding E-star of
which in this case is the strip l 8‘(()] <2, the Borel polygon of . Its image
Q.* is the set bounded by the curves cosh (#/2) sin (v/2) =1. We therefore
have Borel summability whenever D(f) lies in the interior of this set. We can-
not make use of the supporting function of this set as a bound on k(8, f) since
this set is not convex. However, since cos ¢ cosh ¢ <1 for all ¢, 0=¢t<w/2, the
square .S with vertices v, —, i, — ¢ lies in Q,%, and is convex. Its support-
ing function is seen to be

k(oS)‘{7r|coso| for |6] <x/4 or |6 —=|<m/4,
T x| sin 6| for =/4 <|0| < 3x/4.

THEOREM 5.3. If D(f) lies in the region bounded by the curves cosh (u/2)
-sin (v/2) =1, or if k(0, f) <k(8, S), then

f(z) = (B)- {f(o) + 2/1 Cotpns2 1A f(— ”/2) } .
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COROLLARY. If fEK [r/212], then the Stirling series (5.2) is Borel sum-
mable to f(2) for all z.

For the circle |w| =m/2"2 lies in S.

THEOREM 5.4. If fEK(a, ¢), c<m, then the Stirling series (5.2) is ML
summable to f(z) for all z.

6. Generalized difference series. If we take T.(f)=A"(Bn)=(—1)"

0Cnx(—1)*f(Bn+k), we obtain a general class of interpolation series of
which the Newton and Stirling discussed in the prceeding sections are special
cases. The generating functions are g.(w) = (¢ — 1)"¢f**, and {(w) =ef»(e*—1).
The functions %,(2) are defined by

6.1) uo(z) = 1, %,(2) = (3/n) Copn_t,n—1.

We shall study these series for >0. The special case arising from =1
has been used by Selberg, and studied briefly by Gelfond [10; 22].

LEMMA. {(w) =ef*(e*—1) is univalent in the region Q., containing the origin
and bounded by the curve T' whose equation is u =log sin fv— log sin (8+41)v.

Computation shows that cos (arg {) = —1onT';angles at w=Ilog (8/(1+58))
are doubled.

This gives us the set ,. Its boundary I' is convex, opens to the right, cuts
the v axis at w= +mi/(28+1), the u axis at w=Ilog (8/(1+8)), and has the
lines v=£m/(B41) for asymptotes. The image of @, under {={(w) is the

¢-plane, with a cut from {,=¢ (log (8/(1+8))) to — = deleted, which is there-
fore the set Q.
Applying Theorem 3.2 for ML summability, we have:

THEOREM 6.1. If D(f) lies in the region Q,, bounded by the curve T whose equa-
tion is u=log sin Bv—log sin (B8+1)v, then

©.2) /@) = (ML)- {f<o> + z %c,_a,._l,n_wfmn)}.

It can be shown that the circle Iw[ <log (14-B)/B lies inside Q, if B is
greater than B, (~1/12), the positive root of log (148)/8=3/(28+1). This
is the value for which the circle described becomes the circle of curva-
ture. We then conclude that the expansion (6.2) holds for all fEK[A4] with
A <log (1+B)/8.

For special choices of 8, we can obtain more detailed results. For example,
in the case studied by Selberg and Gelfond, =1, T' has the equation:
u=—log (2 cos v).

CoRrOLLARY. If h(8, f) < (w —0) sin 0 +cos 6 log (—2 cos ) for 7/2< 0| <,
then
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1@) = (ML)-{f(O) + i —Z—c,.,,_l.,,_lmfm)}.

We can also discuss convergence. For the special case that we are treating,
Co=¢ (log 1/2)=—1/4,and A; is | {I <1/4and A, is the subset of Q, satisfying
[ev(er—1)| <1/4.

THEOREM 6.2. If D(f) lies in the region contained in Q, and bounded by
|ev(ev—1)| =1/4—for example, if fEK[A] with A <log (1+2'2)/2—then

6.3) FOED> Z Corsatef)
1

converges to f(z) for all z.
In general, u.(2), given by (6.1), satisfies
| 4n(@) | = O(D)n—2[B-#(8 + 1)1+#]"
so that > u.(2)¢" converges uniformly for || =|¢o].

THEOREM 6.3. If D(f) lies in the closure of A, and if fEK[Y(7), k8, f)]
where [Y(r)dr < =, then (6.3) converges to f(3).

7. Abel series. For this, we take T.(f)=f®(n), and g,(w)=wre™
= [¢(w) |* with {(w) =we*. The functions u, are given by

uo(z) = 1, un(z) = 2(z — n)"Y/nl.

LEMMA. {(w)=we® is univalent in the region containing the origin and
bounded by the curve whose equation is

™ — 14|

7.1 =
(7.1 P el

where w=pe'®.

Computation shows that arg (we*) =7 when ¢ >0 and p=(r—¢)/sin ¢,
and —7 when ¢ <0 and p=—(w+¢)/sin ¢. Angles at w=—1, {=—¢"! are
doubled. ,

This gives us the set Q,; its boundary, T, opens to the right, cuts the real
axis at —1, and has the lines v= +7 for asymptotes. Under { =we”, Q, is
mapped onto the {-plane with the interval [—e!, — « ] deleted; this set is
then . The circle A; is |§‘ I <1/e, and A, is the subset of €, defined by

['we1+“’| <1, a convex set. Computing the supporting function of A,, we have
7.2) 4O, &) = {sin 2¢/2 sin 6 for 0=<|6| =< 3x/4,
o S | cos | for 3x/a<|6| <,

where
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0 = log {cos y/sin 8} + sin y(sin ¢ + cot 8 cos ¢).
Applying Theorem 3.2, we obtain the following theorem on convergence.

THEOREM 7.1. If D(f) CAw, or if k8, f) <k(8,Aw), given by (7.2), then the
Abel series

z — n)"1

(1.3) 0 +% f(——;,———fwn)

converges to f(z) for all 2.

This result is not new [9; 11]. The least value of k(f, A,) is assumed
for #=0, and is the positive root of xel*#=1 which is approximately .278. Thus,
we have convergence of the Abel series if fEK[A] where 4 <.278 [9; 12].

Stronger results follow as before; since |u,.(z)| =O0(1)e"n3/2 the series
> ua(2)¢" converges uniformly to e# for all ¢ with [{]<e~!. This leads to the
following slight extension of a result due to Schmidli [20].

THEOREM 7.2. If fEK[Y(r), k0, Au)] where [=y(r)dr < =, then the Abel
series (7.3) converges to f(z) for all z.

For Mittag-Leffler summability, &* is @ since this is already a star set,
and Q. is the convex set Q,, bounded bythe curve (7.1). Its supporting func-
tion is
(7.4) (6, Q.) = B(sin 6 — cos 6 cot B), r/2<|6| =,
where

tan 8§ = cot B — B csc?B.

THEOREM 7.3. If k(0, ) <E(0, Qu.), then the Abel series (7.3) is ML sum-
mable to f(2) for all z.

The minimum value of k(f, Q,) is 1, achieved for § =x. Hence, the condi-
tion fEK[4], with 4 <1, is sufficient for ML summability.

Borel summability, or more generally E summability, can also be dis-
cussed as before. The E-star of & is simply { —e~!} - E and Q.* is the image of
this set under w=w({). Hence, if D(f) lies in this set, the Abel series (7.3) is
E summable to f(z). However, the region Q,* will in general be quite compli-
cated in description. Thus, for Borel, its boundary is the curve whose equa-
tion is log p+p cos ¢+log cos (p sin p+¢) = —1.

8. Generalized Newton series. Formally, the following expansion is
. valid:

(8.1) e =B C.uf (" — B)™
0
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This converges for all z when |e*—8| <|8], and converges for all z such that
R(z) > —1 when |e‘”—B | = IB and w is finite. This expansion yields an in-
terpolation series which reduces to the Newton series when §=1. We take 8
real and positive. If g,(w)=(ev—B)" are chosen as generating functions for
the functionals {7}, then

() = (=83 Caa(—1/8) /().

Since {(w) =e*—, Q, is again the strip lv] <m and $ is the {-plane, with the
interval [—B, — « ] deleted; the functions u,(z), from (8.1), are seen to be
B2C.,»3~™. The results for Borel and Mittag-Leffler summability are the same
for this series as for the Newton series, since the corresponding sets Q,* are
the same.

THEOREM 8.1. The series
(8.2) B2 ConB"Tu(f)
0

is Borel summable to f(z) for all z if fEK(a, ¢) with c<w/2, and is Mittag-
Leffler summable to f(z) if fEK(a, ¢), c <.

The interpolation series is convergent for a wider class of functions than
the Newton series, if 3> 1. The circle A; is I ¢ I <B, and A, is the set containing
the origin and bounded by the curve % =log (28 cos v). The supporting func-
tion of A, is given by

k(9, A,) = 6 sin 8 + cos 6 log (28 cos 6).

TuEOREM 8.2. If h(6, f) <k(8, Ay), then the generalized Newton series (8.2)
converges to f(3) for all z.

As B increases, the set A, approaches the strip Ivl <w/2. If fEK(a, c)
with ¢ <w/2, then D(f) is a compact subset of this open strip, and thus a sub--
set of A, for sufficiently large B.

CoroLLARY. If fEK(a, c¢), with c<m/2, then for sufficiently large B, the
series (8.2) converges to f(z) for all z.

Making use of the convergence of (8.1) on the boundary of A;, as observed
above, we can also obtain the corresponding stronger convergence form.

THEOREM 8.3. If fEK [Y(r), 0 sin 8+cos 0 log (28 cos 8) | where [(r)dr < «,
then the series (8.2) converges to f(2) for all z with R(z) > —1.

9. Lidstone series. This well known series arises from the choice of
gon(w) =w?", gonia(w) =e"w?, which gives T32.(f) =f®"(0), Tann(f) =" (1).
The generating functions are not of the form [¢(w) ]» so that Theorem 3.2 does
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not apply; however, the general method of §3 may still be used. We seek an
expansion of the form

o

9.1) e = O u,(2)ga(w).

0
Requiring that the g, have the prescribed form, we write
e = Fi(w?) + e“F2(w?)
9.2) sinh (1 — 2)w . sinh zw

e
sinh w» sinh w

so that
uz,,(z) = An(l - Z)y u2n+l(z) = A,.(Z)

where A, is a polynomial of degree 2n+1, determined by the formal identity
[25]:

sinh zw

sinh w

= D A(2)w?
0
Accordingly, the formal Lidstone two-point expansion is
(9.3) ) = 2 Aa(l — 2)fe(0) + D Al(2)7 e (1).
0 0

In (9.2), the only singularities of F; and F; occur at the points Zmn1,
n=1; the series (9.1) will then converge for |w| <, be Borel summable for
|v| <7, and be ML summable for u>0, or |3| <.

THEOREM 9.1. If fEK[A], A <, the Lidstone series (9.3) converge to f(z)
for all z. If fEK(a, ¢), c<m, then they are Borel summable.to f(z) for all 2. If
D(f) does not contain any points of the lines u=0, Iv[ =, then the series are
Mittag-Leffler summable to f(z) for all 2.

The convergence result is not as strong as can be proved; it is known that
if fEK [n(r)/rV2, 7] where 5(r) =0(1) as r increases, then the Lidstone ex-
pansion of f converges [2]. This illustrates again the limitations of the present
method, for it can be easily seen that the expansion of e in (9.1) does not
converge on l'w[ =T.

The same approach can be made to the generalized n-point expansion
and other essentially periodic type functionals [19; 20]. If a, - - -, a, are
distinct complex numbers, we define {T.} by T, i(f)=f(a;) for
j=1,2,-..,r,and #=0, 1, 2, - - - . The generating functions are given by

grnti(w) = w exp (a;w).
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We first seek an expansion of the form

e = 3 (@) ga(®) = 3 D thruri()wr™ exp (a5)
0

i=1 n=0
= > Fi(w") exp (a;w).
i=1
Let o be a primitive rth root of unity; then

exp ofzw = Y F;(w") exp (c*a;w)
=1
for k=1, 2, - - -, r. Solving these for the functions Fj;, they are obtained as
quotients of exponential polynomials. If

exp (ca1w) - - - exp (oa,w)
B(w) = B(w; a1,- -+, ar) = . :
exp (¢7a1w) - - - exp (o7a,w)

then F;(w")=B(w;ay, - - -, @j-1, %, Gjy1, * * * , Gr)/B(w), which serves to de-
fine the polynomials #,(3).

It is readily seen that F;is regular at w=0, and its only singularities occur
at the other zeros of B(w). If Q,*is the star with vertices at these zeros, then
the expansion

0 r 0
flz) = Z ua(2) Ta(f) = Z Z Urni(2)f ™ (@)
0 i=1 n=0
is Mittag-Leffler summable for all f such that D(f)C Q.,*.

10. Uniqueness theorems. In this section, we shall use the preceding
results to obtain uniqueness classes for certain functionals {T,}. Clearly, if
there is a formal interpolation series f(z) = X #n(2) Tn(f), then a convergence
class is also a uniqueness class. However, in most cases, the functionals { T}
are total over a much larger class of functions than that for which the in-
terpolation series converges. Gelfond, in an effort to treat these two problems
in a unified manner, was able in certain cases to determine a uniqueness class
for {T.} by constructing a new sequence of functionals {T.*}, total over
the same class and therefore having the same uniqueness class, but having a
larger expansion class for the corresponding interpolation series [10].

If we observe that in order to conclude that f=0 if it is known that
T.(f)=0forn=0,1, - - -, it is sufficient to have the corresponding interpola-
tion series merely summable by some regular method; then we obtain at
once all of Gelfond’s results by applying Theorem 3.2, using Mittag-Leffler
summability. This gives the following general theorem.

THEOREM 10.1. If g.(w) = [¢(w) " are the generating functions of {T.}, if
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Q, s a region of univalence of {(w), if O is the image of Ly, under {=¢(w), if
Q* is the star of @, and if Q* is its image in Q, under w=w((), then the class
of all f such that D(f)C Q¥ is a uniqueness class for {T,.}.

Specialization of {(w) at once yields the results of Gelfond, as well as
new results and extensions. We give only a few of these.

CoroLLARY 1. If fEK(a, ¢), c<m, and A*f(0)=0 for n=0, 1, - - -, then
f=0. :

The function f(z) =sin 7z shows that the critical value of ¢ cannot be in-
creased.

CoroLLARY 2. If fEK(a, ¢), c<m, and A*f(—n/2)=0 for n=0, 1, - - -,
then f=0.

The example f(2) =2 sin 72 shows that = is again best.

CoRrOLLARY 3. If D(f) lies in the region containing zero, and bounded by
the curve u=log sin Bv—log sin (1+B)v for B3>0, and if A*f(Bn)=0 for
n=0,1, - -, thenf=0.

Gelfond studied the special case 8=1; his result is included in the follow-
ing corollary.

COROLLARY 4. If k(6, f) <(w—8) sin 8+cos 0 log (—2 cos ) for m/2< 0|
=, and A (n)=0 for n=0, 1, - - -, then f=0.

COROLLARY 5. If k(8, f) <k(0, Q.,) given by (7.4), and if f™(n)=0 for
n=0,1, .-, then f=0.

This was also obtained by Gelfond, although the function k(8, Q) is in-
correctly given. In particular, the class K[4 ], with 4 <1, is a uniqueness class
for these Abel functionals. The example f(z) =ze—* shows that this value of 4
cannot be improved.

CoroLLARY 6. If fE K (a, ¢), ¢ <, and for n=0, 1, - - - and some positive 3,

> Con(—1/8)H(k) = 0,

k=0
then f=0.

CorOLLARY 7. If fEK and D(f) does not contain any of the points w=1v,
|v| =, and if f®(0) =f(1)=0 for n=0, 1, - - -, then f=0.

Although more general than that usually stated, this result also follows
from the general characterization theorem of Schoenberg for Lidstone series
[21].

It is often possible to obtain a uniqueness class for one sequence of func-
tionals from that for another. If, for example, {T,.*} is a second sequence so
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related to { T} that if T,(f) =0 for all # implies that T.*(f) =0 for all », then
a uniqueness class for {T.*} is also one for {T,}. This is the case with
T.(f) =f(n), and T*(f) =A"(0). Thus, from Corollary 1 above, we obtain
the following form of Carlson’s theorem [13].

CoroLLARY 8. If fEK(a, ¢), c<w, and if f(n)=0 for n=0, 1, - - -, then
f=0.
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