THE ASYMPTOTIC EXPANSION OF INTEGRAL FUNCTIONS
AND OF THE COEFFICIENTS IN THEIR TAYLOR SERIES

BY
E. M. WRIGHT

1. Introduction. Several authors have discussed the problem of deducing
the asymptotic expansion of the integral function

1.1 f(x) = z%co(n)x"

for large x from that of co(n) for large n. References to most of the literature
before 1936 are given in Ford’s book [2](*) which contains a systematic
account of the theory with improvements and simplifications. The most
important early articles are due to Barnes [1] and Watson [7]. Barnes’
methods have been developed and extended by Ford [2], Hughes [3] and
Newsom [5, 6], while my own work [11, 14] is perhaps more closely con-
nected with Watson’s. In the present article I carry the theory a stage
further by relaxing the conditions on ¢¢(n) so that the class of functions f(x)
studied is considerably wider than before. We are led very naturally to this
generalisation when we consider a new but closely associated problem,
namely, that of deducing the asymptotic expansion for large # of c\(n),
where N is any number and

0

(1.2) fx+X) = 2 aa(m)an,

n=0

from that of ¢o(n). Using the results which I obtain for the wider class of f(x)
I solve this second problem under suitable conditions on co(%). o

In what follows we use R to denote the real part of a complex number and
write

K =Rk, p=1/k o =R().

We always take k' >0, so that p’>0 also. In [11] I supposed that, in the half-
plane R(xt) = K, co(t) is a regular function of ¢ and

(1.3) =3 A o( ! )
. C = —_— _—
’ me1 D(kt + am) T(kt + aars1)
as ] tl — . From these hypotheses I deduced the asymptotic expansion of
f(x) in all or part of the x-plane. Thus, if p’ <1/2, we have f(x) = »_G(x*)

Presented to the Society, December 31, 1947; received by the editors August 28, 1947.
(1) Numbers in brackets refer to the bibliography at the end of the paper.
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for all large x, where the summation extends over all values of x* for which
Iarg x’l <w/2 and

M
(1.4) GY) = Yey{ 3 ApY-om + O(Y""Mﬂ)} .

m=1
If p’=1/2, we cannot, without further information, find the asymptotic ex-
pansion of f(x) throughout the whole x-plane. But, when there is a value of
x¢ such that |arg x?| <m/2—e for some fixed ¢>0, we have f(x)=G(x*).
Elsewhere in the x-plane the behavior of f(x) for large x does not depend
solely on the behaviour of co(¢) for large ¢; the results are of a different kind
from those with which we are concerned here and reference may be made to
the full account in [11].

Results essentially equivalent to those of [11], but confined to real values
of k, were found independently by Hughes [3]. Our results include as particu-
lar cases most known expansions of special integral functions defined by
Taylor series and have been used by Hughes [4] and by me [9, 10, 12, 13]
to find the expansions of the generalized Bessel and hypergeometric functions.
They do not give all the asymptotic properties of these functions, however;
any “exponentially small” expansion has to be established by different meth-
ods (see, for example, [10, 12, 13]).

In a subsequent article [14], I supposed co(t) to be regular and to satisfy
(1.3) in a sector of the ¢-plane lying within the half-plane R(kt) =K or, in the
extreme case, to satisfy (1.3) only for all large, positive, integral(?) ¢. The
same expansions of f(x) are still valid, sometimes in the whole plane and some-
times in a more restricted region than before. The region of validity naturally
depends on the sector of the ¢-plane in which ¢o(¢) satisfies our hypotheses. By
constructing suitable Gegenbiespiele, I showed that the restrictions on the
region of validity are necessary.

The expansion of c¢o(t) postulated in (1.3) is less special than appears.
We can deduce from the results of [11, 14] the asymptotic expansion of

F(x) = ioCo(n)x”,
where Cy(?) is a regular function of ¢ and
(1.5) Co(t) = t‘“e"{ MZ,IB,,.I/"" + O(t"u’“)}
in an appropriate sector of the ¢-plane. If we write
co(t) = (e=ox=) Co(2),

(?) This corresponds to case (i) of Lemma 8 of [14]. It is not there stated that (1.3) need
only be satisfied for integral ¢, but this is clear from the proof of the lemma.
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we have F(x) =f(e?~*x*x) and

e

(1.6) colt) = (—t>d{ ,é Bubm + O(ﬂ"u'ﬂ)} .

K

The well known asymptotic expansion

1 e \ *t L-1
7 = () pie-a !y —
(.7 T(kt + o) (ld) o { E 4™ + O L)}

shows that (1.6) is equivalent to (1.3), provided the M, a, and 4., in (1.3) are
suitably chosen. The interest of (1.3) lies in the simplicity of the relation
between the coefficients in (1.3) and (1.4). This was discovered independently
by Hughes [3] and by me [11].

In what follows the symbol ~ is used in a more restricted sense than
usual, so that g (y)~g:(y) denotes that g(y) =g(y){14+0(y%)} for some
fixed K>0 as |y|— . There is never any ambiguity as to which variable
(usually x, ¢, ¥ or n) plays the part-of y. We suppose that f(x) is defined
by (1.1), that

(1.8) cot) ~ BV (e /i)t

as |t| — o in a certain region in the ¢-plane and that, except when this region
shrinks to a curve or to an enumerable infinity of points, co(¢) is regular in
the region. In (1.8)

J
(1.9) ¥ = 2 ait,
i=1
where
(1.10) J =0, 0=R(OG) <1

If 7=0, the sum is empty and so ¥(¢) =0. The restriction 0 <R(d;) is com-
pletely trivial since, if R(b;) <0, exp (a;t*)~1 for large Itl Under these
hypotheses I shall show that, in part of the x-plane,

(1.11) f(2) ~ 212712 1-B X 1I248oP (XD

where X is a particular value of x». Here P(X) is the sum of a finite number
of powers of X and P(X)~X as IXI — o0 ; in particular, if R(d;) <1/2 for all
7y P(X) =X+4+¢Y(pX). When p’<1/2, I am able, under suitable conditions, to
find a result valid for all large x.

It we replace (1.8) by a relation of the form

M
(1.12) coft) = e“”(e/xt)“{ 2 Butn + O(ﬂ’”"‘)} :

m=1
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we can replace (1.11) by

e
(1.13) f(x) = eP‘X){ > BLXb 4 O(Xﬂu+x+l/2)} = I(X)
m=1

(say). Unfortunately there is no simple relation between the coefficients in
(1.12) and (1.13) of the kind existing between those in (1.3) and (1.4). For this
reason and and to simplify my calculations, I confine myself to conditions of
type (1.8) and results of type (1.11). But I state the more elaborate results in
Theorem 4 and show (without proof) in §9 how to calculate the B., and BJ, of
(1.13) from the B,, and 8, of (1.12).

In the second part of the paper I use my results to study the c\(n) of (1.2).
If co(t) satisfies (1.8) in a suitable region, I show that

(1.14) a(m) ~ co(n)erv M,

Here Y(n, N\) is a polynomial in \ of degree(®) [1/«’]—1, the coefficient of
each power of N being a finite sum of (non-integral) powers of # of order less
than n; if ¥ >1, Y(n, N\) is always zero. If co(f) satisfies (1.12) in the same
region, we may replace (1.14) by a correspondingly more detailed result.

A particular case of some interest is that in which ¢¢(¢) has an expansion
of the type of (1.6), so that ¢(¢) is an empty sum and f(x) is a function of the
class considered in [11, 14]. If k¥’ >1, so that ¥(n, \) =0 for all \, cx(%) also
has an expansion of the type of (1.6) with {=#, and f(x+\) belongs to the
same class as f(x). On the other hand, if ¥’ <1, then ¥ (n, \) 20 for A5£0 and so
f(x+N) belongs to the wider class of functions with which we are concerned in
this paper. Hence, as soon as we study c\(n), even for functions f(x) of the re-
stricted class previously discussed, we are led naturally to consider this wider
class of f(x).

There is a further interesting difference between the cases k' >1 and ' <1.
When «’>1 (and when k=1) the approximation (1.14) to cx(#) may be almost
trivially deduced, provided (1.8) is satisfied for t=un, n+1, - - - . When
k' <1, the position is entirely different; I am able to show by a Gegenbeispiel
that (1.14) may be false even though (1.8) is true for all positive integral
values of t=#. Hence, when «’ <1, I suppose that (1.8) holds for all large ¢
in a sector of positive (but arbitrarily small) angle having the positive half of
the real axis in its interior; from this I deduce (1.14) but not trivially.

2. Notation. The numbers

(2°1) K7>‘1J;aly°"1‘1’va1,°"th

are any numbers subject only to the restrictions that J is a non-negative
integer, that ¥’>0 and that (1.10) is satisfied. The sum ¢(¢) is defined by
(1.9). As a minimum hypothesis, co(f) satisfies (1.8) for all sufficiently large

(® [v] denotes the greatest integer not greater than .
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positive integral values of ¢. These conditions are enough to ensure that the
series in (1.1) converges for all x, so that f(x) is an integral function. The
values of the coefficients co(n) in (1.1) are, of course, insufficient to determine
the function co(¢) uniquely; this is unnecessary and the existence of any co(¢)
satisfying our hypotheses and taking the value c¢o(n) of (1.1) at t=n is suffi-
cient for our purpose.

We use 2 and J]to denote summation and multiplication respectively
over all integral j such that 1 =j<J. We write

1
A; = pba;, b= max R(;), ¢= =3’ B = max (b, 1 — «').
. i -
The number s is always a positive integer and 74, - - -, 7; are any set of non-
negative integers satisfying Y r;=s. We use () to denote summation over
all such sets 74, + - -, 77 (where order is relevant) for the particular value of s
shown; if J=0, > and Y denote empty sums whose value is zero. We
write

(2.2) r=s— Y riy, T=]lelo7ti)",

where, as usual, 0!=1. It follows from the multinominal theorem that

1 1

(2.3) — WOl = S (et = L Te,
! . (8)

We observe also that

(2.4) R(r) = s(1 — b).

We write

[e]
P(Y) = Y +¥67) + 2 X (1 = )= Tp—y,

=2 (8)
so that, if 5<1/2,
P(Y) =Y + ¢(p¥),

since [c]=1.

The number ¢, to be thought of as small, is any assigned positive number.
K is a positive number, not always the same at each occurrence, independent
of the positive integers #» and N, the real variables 7, 0, v and the complex
variables x, ¥, u, ¢, but possibly depending on some or all of the numbers
€, u1, 42 and the numbers listed in (2.1). K, K, - - - are fixed numbers of
the type K. The statement g;=0(g;) denotes that there is a number K such
that | g1| <K | g2| for all values of the variable in the region stated. All our
statements are subject to the implied condition “for sufficiently large ]x| ”
(or |¢], | Y|, n), except, of course, when we sum over = as in (1.1).
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We write y=arg k, where —7/2<y<w/2, so that
k = «k'(1 4+ 4 tan v), p=p'(1 —1itanv).
The numbers ui, uz are any real numbers which satisfy (4)
2.5 —m/2 < —m<y<p <7/
We call the region in the f-plane in which
|t] > K,  — < arg () S pe

the (—u, ue) sector. For convenience we apply the same name to the trans-
form of this region in the u-plane, where % = k¢, namely the region in which

(2.6) IuI>K, —wm S argu = pa.
If p’<1/2, we define uo and i, by
e2*e’tany — cos 2qp’ e~2%e’tany — cos 2mp
tan po = - ’ tan gy, = -
sin 2mrp’ sin 2wp’

(| ol < 7/2, | o] < 7/2).
By Lemma 3 of [14],
2.7 uo + fo = 2mp,
whence and from the definitions of uo, fio we have

cos I = e2**’tanY Cos p,.

Hence
COS j1g — COS Mo
tan mp’ tan (kg — Ho)/2 = ————— = tanh (mp’ tan ¥)
cos fip -+ €os uo
and
(2.8) tan (uo — Ho)/2 = tanh (wp’ tan ) cot wp’.

Lety < u < 7/2 and let @ = w (u, ¥) be that root of the equation
COS @ = COS u exp {(/.L + w — 2mp’) tan u + 2wp’ tan 'y}

which satisfies —u<w<w/2; by Lemma 1 (i) of [14] there is just one such w.
We write

wp = w(l"l, _'Y)! Wy = w(”'?y 7)‘

The properties of w, w; and w; which we require are contained in the follow-
ing lemmas. They are little more than restatements in our present notation
of Lemmas 1 and 2 of [14].

(%) In [14] we had —u S« Sps, but here we exclude equality.
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LEMMA 1. When v <u<m/2, w(u, ¥) is a one-valued continuous function of
By > —u and w— —y as p—ry. '

LeMMA 2. (i) If p’' 21/2, w increases steadily with u and w—w/2 as y—nr/ 2.
(i) If p’ <1/2, w increases steadily with u when v <u <o, attains its maxi-
mum value Go when u= o and decreases steadily as u increases when po<p <w/2.

LeMMA 3. If either (i) p’ <1/2, w1 S o, peSpo or (ii) p'=1/2, then —we <7y
<w1.

We now write
So=(mo— R)/2 (o' <1/2), Loa=0 (o'21/2).

In any particular example of the former case the value of {, may be cal-
culated readily from (2.8). We choose arg x and arg (—x) so that

—r<arg(+2) —tanylog | x| — ¢o/o' =7
and write
X = x*, X' = (—x)reei, X" = (—x)re™#i,
Since arg X =p’(arg x—tan v log Ix[ ), it follows that
(2.9 —mp' <arg X — ¢ < 7w’

and X =X’ or X’/ according as arg X <{o or arg X >{o. Thus arg X (but not
arg x) is bounded as |x[ —o, If p’<1/2, (2.9) is equivalent to
(2.10) —fgo<arg X = o

by (2.7). Finally Y is any large complex number with bounded argument, so
that | Y| >K and |arg V| <K.

3. Statement of results in the first problem. My main result is the follow-
ing theorem.

THEOREM 1. If co(t) s regular and satisfies (1.8) in the (— uy, p2) sector and if

3.1) — min (u1, wg) + € < arg X < min (uz, w1) — ¢,
then

(3.2) f(x) = I(X),

where '

IY) = 21/211/2K—1—py1/z+pep(y){1 + O(Y—K)}.

When arg X satisfies (3.1), it follows from (2.5) that R(X) >K|X| . Rela-
tion (3.2) implies that

log f(x) ~P(X) ~ X



416 E. M. WRIGHT ' [November

so that, in an obvious sense, f(x) is exponentially large. The whole of the
x-plane is not covered by (3.1) and, if p’=1/2, there may be parts of the
plane in which f(x) is not exponentially large and in which the asymptotic
behavior of f(x) does not depend solely on that of ¢¢(¢) for large ¢ This
possibility was sufficiently exemplified in Theorems 5-8 of [11].

When p’ <1/2, however, we can find an asymptotic formula for f(x) valid
for all large x, provided co(#) satisfies the conditions of Theorem 1 in a suit-
able sector. The result is best expressed in terms of X’, X’/ and is as follows.

THEOREM 2. If p’ <1/2 and if co(t) is regular and satisfies (1.8) in the
(—mo—e€, mote) sector, then

(3.3) f(x) = I(X") + I(X")
for all large x.

The connection between this result and Theorem 1 is made somewhat
clearer by the following lemma, which follows from (4.12) and (4.13) of [14].

LeEMMA 4. If p’<1/2, then
R(Y — Ye?rie) = K| V| sin (uo — arg ¥),
R(Y — Yerrir) = K| V| sin (go + arg V).

When p’ <1/2, arg X always satisfies (2.10). Except near the ends of this
interval R(X) is greater than either of R(Xe*?*%#). Thus, when —g,+K
=arg X ={, for example, X'=X and R(X’) >‘R(X”)——K|X'|, so that
I(X'’") is negligible compared with the error term in I(X’). Hence (3.2) and
(3.3) are equivalent. When {y<arg X <uo— K, the same is true with X', X"’/
interchanged. But, when (3.1) is false and arg X is very near —f, (say),
R(X’) and R(X’’) are nearly equal and so both I(X’) and I(X'’) are relevant.

It follows from Lemma 4 that (3.3) is equivalent to the statement that

larg?| <x /2
the extra terms, if any, being negligible compared with the error term in
I(X’) or in I(X''), whichever is the larger.

For all p’ >0, if we know only that co(¢) satisfies (1.8) for all large integral ¢,
without any condition of regularity, we can still deduce something about the
behavior of f(x), namely:

THEOREM 3. If (1.8) is true for all large, positive integral values of t and if

(3.4 < K| x|,

arg X — v+ s{ > (=D Y Tfa—lp»—fx—f}»

15s5c/2 @
then f(x)=I(X). If b=1/2, (3.4) becomes
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|arg X — v| < K| X |22

Clearly the conditions of this theorem are satisfied when «x is in the neigh-
borhood of a certain curve which behaves in distant parts of the plane rather
like the equiangular spiral arg X =+. Unless b <1/2, however, the conditions
of the theorem may not be satisfied at all points actually on this spiral.

As we remarked in §1, if we are given a more detailed approximation of
¢o(t) we can deduce a correspondingly more detailed approximation to f(x).
Our result is:

THEOREM 4. If we replace the condition (1.8) in Theorems 1, 2 and 3 by the
more precise condition (1.12), we may replace I1(X) by the I,(X) of (1.13) and
correspondingly for I(X') and I(X"'), where the B,, and B,, of I,(X) can be calcu-
lated in terms of the B3,, and the B,, of (1.12).

‘We omit the proof of Theorem 4, since the extensions required to the
proof of the other theorems are more tedious than difficult. In §9, however,
we give a rule to calculate the §8;, and the B,

4. The functions U(Y) and ¢(U). The following lemma is a well known
result due to Lagrange; see, for example, [8, p. 133].

LEMMA 5. Let oA be the circumference of the circle |z| =K in the 3-plane,
let p(2) and 9(2) be functions of z regular on and within A and let |9(z)| <| 2|
at all points on <A. Then the equation z=19(3) has just one root =27 within <4
and

0 1 ds1
(4.1) 2(2) = p(0) + X2 —,—[ - {p'(z)a'}]
=1 S! Ldz*
We take 9 =9(z) =py'(p Ver) = DA ,b; V*i~1e®i—D=, 50 that
|9Gz)| < K| Y|t < Ky =] 2]

on o4, provided | ¥| >K. Hence Z is uniquely defined as a function of Y.
We define U=U(Y) and ¢(U) by

(4.2) U=U®Y)=Ye ¢U)=U+ 2 A;(1—b;)U%.
By (2.3),

z=0

1
_l” = Z Tp:—ry—-re-n'
s! (8)

Putting $(2) =z in Lemma 5, we have

i[dl_l {p'(z)z?'}] =2 (=) Ty

s! Ldzs1 2=0  (s)

and so
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U w
(4.3) log (—) =Z =) (—1)"1) Trlp—ry—r,
Y 8=l (s)
If we put p(z) =e% for any fixed d we have similarly
(4.4) Ud = YieiZ = Y4 {1 + dZ > @d- T)v—lrpc—fy—r}
s=1 (8)

Again the equation Z =9¢(Z2) is equivalent to
(4'5) Y=U €xp (— ZAfbjUbi.-l).
We next take
p(3) = er+ 2 A;(1 — b;)Vbi-lebiz,

so that
(4.6) o(U) = Yp(2)
and
?,(z) = e + ZA,b,(l - b,-)Ybi-lebiz = e’{l — (’I(Z)j.
Now
d d
(s + 1)ed'9e = er — 9ol = — (engetl) — grgetl
dz dz
and so
n—l 0
g ‘S—" d_‘_i{ (z)t"} ‘-El (8’0‘ — e (")
had 1 da— 1
ey®) — z9a+1
4.7 .-218. "'( %) ,=El(s+1)ldo( )
( ' ) hd 1 —1
2§81
+.§ Gt D1 g &
d 8—2
= ed + g gl (e%0°).
Also
(4.8) p(0) +8(0) = 14 > A, V%1 = 1 4 Y-Y(p¥).

The formulae (4.1), (4.6), (4.7) and (4.8) together give us

4.9) 6(U) = ¥ +9(e¥) + 3 3 (1 — r)=Tprpi,

=2 (8)
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If we put d=1in (4.4) and compare it with (4.9), we see that

(4.10) ’ ) v
' v * Ty

It follows from (2.4) that the series in (4.3), (4.4) and (4.9) are not only
convergent for | ¥| >K but also asymptotic in the sense that, if only a
finite number of terms are taken, the error is of the order of the term of
greatest order neglected. In particular,

(4.11) U=Y+40(1Y), arg U = arg ¥V + O(Y*Y),
(4.12) o(U) =Y + O(Y?).

Again, when s [c]+1>¢, (2.4) shows that R(r)=s(1—b)>1 and so, by
(4.9) and the definition of P(Y),

(4.13) o(U) = P(Y) + o(1), e W) ~ P,
5. Use of Cauchy’s theorem. We write
% = ki, r=|u|, 0 = arg u,
(5.1) x(w) = x(u, Y) = ulog (eV/u) + ¢ (pu).

We choose 7, a fixed positive integer such that, if Ko=«'(n;—1/2), K, is
greater than the K of (2.6); N>K| Y| is a positive integer. The contour B
is the segment of the straight line R(%#) =K, on which —u; £0 =<u,. The con-
tour (Px(61) is the segment of the straight line 6 =6, on which K, sec §;=r
s=(N+1 /2)| KI , while (6,) is the semi-infinite straight line on which 0=6,
and 7= K, sec 0;. The contour Dy is the arc of the circle r=(N-4 1/2)|x| on
which —u; <0 =p..

We now suppose co(t) regular and (1.8) satisfied in the (—pu1, u2) sector in
the ¢-plane and # confined to the corresponding sector in the #-plane, so that
—u1=0=u; and cos 6> K. By (1.8) and (5.1),

(5.2) colpu) Y+ ~ pPybeX (. ¥)
and
QQI%MWW4=MWMM+MMﬁ
=rcosflog (e|V|/r) +7sinf (9 — arg ¥) + O(*) <— Kr,
provided r >K| Y|. Hence, if we write

26,1 = [ aGurean,  Hou ) = [ |aure] d,
Gy

(6)

the integrals are both convergent when —pu; <0 =<u,. We now prove the fol-
lowing lemma.
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LEMMA 6. If co(t) s regular and (1.8) holds in the (—u1, p2) sector and if
— 1 =01, 02 = ps, then

H(0:, Y) = H(6:, Y) + O(YX).

On Dy,
(5.4) | co(pu)Y“l < Ke k¥
by (5.3), while
(5.5) | color) V| < K| V|®

on B. The function ¢o(pu) Y* is regular on and within the contour formed by
(Cn(01), Cw(62) and the portions of B and Dy joining their extremities. Hence,
by Cauchy’s theorem,

f v f o ST = OYE) - OWeHM),
If we let N—«, Lemma 6 follows.

LeMMA 7. If co(t) is regular and (1.8) holds in the (—mui, pe) sector, then
(5.6) f(¥) = O{ H(=p, 1)} + Of H(us, Yerr)} + O(¥),
(5.7) «f(Y9) = H(y, ¥) +0{ H(—p1, Ye27i0) } + O{ H(us, Yer*¥)} + O(YE),
and
kf(¥?) = H(y, ¥) + H(y, Ye?=#) + Of H(—p1, Ve triv) }

+ Of H(us, Yer=ie)} + O(YE).

We integrate the function co(pu) Y*(1 —e~27%*)~1 round the closed contour
formed by B, Cx(—u1), Dy and Cw(us). The integrand is regular on and within
this contour except for a simple pole at each of the points u=kn (n, =n=N),
where 27 times the residue is kco(2) Y**. On B and on Dy,

(5.9) |1 — e2miev| > K.

(5.8)

Combining this with (5.4) and (5.5) and letting N— «, we have
(5.10) «f(V¥) = f - f colpw) V(1 — =27y =1dyy + O(V'E)
G G

by Cauchy’s theorem.
Now

(1 — e—21ripu)—1 =1 + e—2ripu(1 —_— e—-2fipu)—l

=1 + e-—21ripu + e—hripu(l — e—21r€pu)—1.

Since (5.9) holds also on (3(—pu1) by (2.5), we see that the first integral in
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(5.10) may be replaced by any one of

O{H(~p, ¥)},  H(—py, V) + O{ H(—p, Yerriv)},
or

H(—p, ¥) + H(—p1, Ye27ie) 4+ O{ H(—p1, Yet=ir)}.

Similarly (1 —e=27éu)—1= g2viou(g2riru —1)~1 and | e2*% — 1| > K on C(uz), s0
that the second integral in (5.10) is O{H(us, Ye?*#)}. Since —u, <y <pa,
Lemma 6 is applicable and the three results of Lemma 7 follow at once.

6. Evaluation of H(y, Y).

LeMmMmaA 8. If
(6.1) —m =< arg UY) < us
and if co(t) is regular and satisfies (1.8) in the (—m, ua2) sector, then
(6.2) H(y, Y) ~ 211212 B2+ D)
and
(6.3) H(y, Y) = «I(¥).

By (4.11), (4.13) and the definition of I(Y) in Theorem 1, (6.2) and (6.3)
are equivalent; we shall prove (6.2). Throughout this section we suppose (6.1)
to hold good; hence, by Lemma 6,

(6.4) H(vy,Y) = H(arg U, Y) + O(YE).
Also cos arg U>K by (2.5) and so
(6.5) R{s(M)} ~RW) > K| U| > K| 7]
by (4.11) and (4.12). By (5.2),
(6.6) H(arg U, Y) = pf f wex® {1 + O(uFK) } du.

(arg U)
By (4.2), (4.5) and (5.1), we see that
x(U) = ¢(0),
x'(u) = log (Y/u) + p¥'(pw),  x'(U) =0,
so that = U is a “saddle-point” for the integral (6.6). Also

6.7)

1
(6.8) x"(w) = — - + 0w

for large ». In the integral (6.6) we put 4= U(1+¢), so that v is real, and
write
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L(v) = x(w) — x(U).
Hence L(0)=L’(0)=0 and, by (6.8),

U
L"(v) = U"(u) = — 5 {14+ 0@},

Hence, if |u| is greater than some K,
KR(U K|U
|« RO | U]
14+ 1409

(6.9) R{L"(v)

by (6.5).
We now choose ¢ so that 0<e<min {1/6, (1—5)/2}, write k=|U| e,
divide ((arg U) into four parts, viz. those on which

KzsecargUgluléKa;

Ky<|u|<|U|( — &), thatis, v < — E;
A-k|U|=s|u]=|U| @+ F), thatis, —k<v=k;
1+ k| U| <|u|, thatis, v> &

respectively and write

(6.10) H(arg U, Y) = Hi+ Hy+ Hs + H,
to correspond. We have at once
(6.11) |H:| < K| Y|E

In H,, Hs, and Hy, |4| > K; and so (6.9) is true. By Taylor’s theorem for
a real function of a real variable,

R{L@®} = R{LO)} + R{L'(O)} + @*/R{L"(wr)}
= (/)R {L"(wn)}
for some w such that 0 <w<1. By (6.9),

x| U] - K| U] (v < 0),
R{L"(wv)} < — P _KlUl 0> o).
149

Hence, when v=< —&,

R{L@W)} < — K| U| = — K| U|*
and so
(6.12) | Hiex® | < K| U|ReEIWi2e < K| 1/2+6-K

for some K. Again
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| He x| = K

UKf (1 4 v)PeL®dy
k

=klu Kf 14 9)8| e KW  A40)gy
(6.13) | k|(+)|

1 ©
< K| U|K<fk e'K'U"”dv-l-ﬁ | (1 +v)'3|e—x|”|"d‘v)

< K| U|ReRWI™ < K| pr2+s-K |,
To calculate H; we require the following well known result.

LEMMA 9. If 0<e<1/2, h>K|y| <2 and |arg y| <7/2—K, then

h 21r 1/2 h 1
f vy ~ <—> , f I e‘""zﬂl dy = O(———)
—h y _r yl/2

as y— o,
It follows from (4.5) and the definition of v and L(v) that
L) =U{v— 1 +)log (1 + )} + > 4;U0%{(1 + v)% — 1 — bp}.
Hence, when |v| k=] U| <V2, we have
| L) + Uv?/2| = K| Uv*| + K| U%?|
= K(| Uz | Ul < K| UIE,
since e<min {1/6, (1—5)/2}, and so

k
(6:14) Hyex® = (—Bys+ f U2 {1 4 O(U-K) ) dy ~ 21271128 B+1/2

~k

by Lemma 9. (6.2) follows from (6.4), (6.5), (6.7) and (6.10)—(6.14).
We observe that our method would enable us to prove the following
lemma.

LemMa 10. If |arg U(Y)| <w/2—K, then
f | wbexw®) || du| < K| Utir+oepw |,
e(argU)

If we put J=1, 4,=K, b;=b in this lemma and replace ¥ by | Y ] o, where
K<o<K,then U (I YI o) is real and arg U=0. Writing R for the real variable
% and B=R(B), we have:

LemMa 11, If K<o<K and Y is any large number, then

g . elYla
logf RR(ﬂ')exp{Rlog< = >+KR"}dR.§|Y|a+K|Y|1—K.
K
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7. Proof of Theorems 1 and 2. Our next step is to find an upper bound
for the H of Lemma 7.

LeEMMA 12. If cos 0> K and if (1.8) is true on (3(0), then
log H@, ¥) < | V| cos getesn06-ane?) 4 K|V |1-K,
By (1.8)

-]

H@O,Y) <K rmBendy,

Kgsecl
where
vi=rcosflog (e| V| /r) + rsin 6(6 — arg ¥) + O(*).

If we put R=r cos 6 and ¢ =cos 0 et*»#¢—=e?) in Lemma 11, the conditions of
that lemma are satisfied and Lemma 12 follows at once.
Replacing ¥ by Ye 2% in Lemma 12, we have

(7.1) log H(—p, Ye2rir) | ¥ | Mi(arg ¥) + K| YV |°K,
where

Ai(n) = cos p exp {(,u1 + 9 — 27p’) tan uy — 2wp’ tan 7}.
Similarly
(7.2) log H(ue, Yerr¥r) < | V| No(arg V) 4 K| ¥ [*-5,
where

Aa2(n) = cos u2 exp {(p.z — 7 — 2mp’) tan u; + 27p’ tan 'y}.

LeMMA 13. (i) () Scos nif —Sn=wi.
(i) M(n)=cos n—K if —u=n=w;—e
(iii) Ne(n) =cos 9 if —w2 = Spe.

(iv) Ne(n) Scos n—K if —wste=<n=ps,.

Let —w:=7=pue, so that cos 7> K, and let {(n) =cos 7—As(). We have
¢(—wz) =0 by the definition of w; and

¢(u2) = cos pa(1 — exp {2mp’(tan v — tan ps)}) > K,
since y <us. But
¢"(n) = — cosn — tan® pho(n) < — K
when —w, <9 =p, and so
$) 20 (—we =1 = p), () > K (—ws+ € < 9 < pa),

which are (iii) and (iv). The proof of (i) and (ii) is similar.
Now suppose the conditions of Theorem 1 satisfied, so that
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(7.3) — min (u1, w2) + € =< arg X < min (u,, w1) — €
by (3.1). Hence, by (7.1), (7.2) and Lemma 13 (ii) and (iv),
H(—p1, Xe~?7%) + H(us, Xe?™i) = O(eX-KIX1),
Hence, by (5.7),
«f(x) = H(y, X) + O(eX~K1X1) + O(XX).

Since arg U(X)~arg X, it follows from (7.3) that (6.1) is satisfied by U(X)
and so, by Lemma 8,

(7.4) f(®) = I(X) + O(eX~¥1X1) + O(XX).

Now |arg X| <m/2—K by (7.3) and (2.5) and so R{ P(X) } ~R(X)>K| X|.
Hence the error terms in (7.4) can be absorbed in that of I(X) and

(7.5) f(x) = I(X),

which is Theorem 1.

We now suppose the conditions of Theorem 2 satisfied so that, in par-
ticular, p’ <1/2. Since € is any sufficiently small positive number, we may
replace € by 2¢ in our hypotheses, so that ¢¢(¢) is regular and (1.8) is true in
the (—po—2¢, po+2¢) sector. We take e small enough to ensure that

(7'6) max (ﬁo) /“0) + 2e < 7"/2’ e < (1"0 + ﬂo)/Z,
the latter being possible by (2.7). We shall prove Theorem 2 when
(7.7 0 <argx— tanylog | &| — (uo — 20)/(20") < ,

the proof when
—r<argx—tanylog | x| — (uo — f0)/(20") < 0
being similar. It follows from (7.7) that
— 7 <arg (—x) — tanylog | x| — (o — @0)/(20") S 0
and so that X''=X, X’'=Xe?*% and
(7.8) (wo — M0)/2 < arg X = arg X' < po.
We consider separately the case in which
(7.9 (o — Ho)/2 < arg X" S po— ¢
and that in which
(7.10) wo — € < arg X" < po.
First let (7.9) be true, so that
—fGote<arg X S po— e
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by (7.6). By Lemma 2(ii), if we put ;= and ps=pu,, we have w;=pu, and
wy=Ho. Hence the conditions of Theorem 1 are satisfied and f(x)=I(X)
=J(X'"). But, by Lemma 4 and (7.9),

R(X"” — X') = K| X"| sin (o — arg X”) > K| X"'|.
Hence I(X') is negligible compared with the error term in I(X’’) and
(7.11) f(x) = I(X) + I(X"),

the result of Theorem 2.
Next let (7.10) be true. Since

arg X' = arg X" — 27p’ = arg X" — po — o
by (2.7), we have
—bGo—e<arg X' £ — @.
By (4.11)
po — 2¢ < arg U(X") < po + ¢
—Fo—2<arg UX') < —fo+ e

If we take uy =mo+2€ and ps=po+2¢ in Lemma 8, (6.1) is satisfied by U(X'’)
and by U(X’) and so '

H(y, X") = «I(X"),  H(v, X') = «I(X").

We now take u; = o and pa=po; (7.11) will follow at once from (5.8) provided
that
XK, H(—fo, X''e47%), H(uo, X"e2%0)

are all O{exp (X"-K |X ! ’I)} and so negligible compared with the error
term in I(X’’). Since cos arg X''>K, X''K is certainly of the required
order. Next, putting ¥'=Xe"~?*% in (7.1), we have

log H(—pui1, X" e4xir)
< | x| Marg X7) exp { —2mp’(tan py + tanv)} + K| X" |-
< (1 —K) |X"| cosarg X"
by Lemmas 13(i) and by (2.5). Finally
log H(us, X"e?*#) < | X" | Ma(arg X') 4+ K| X [F S R(X) — K| X |
by (7.2) and Lemma 13 (iv), since
—wete=—fo+e=arg X' = po = pa
8. Proof of Theorem 3. We prove first the following lemma.

Lemma 14. If
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co(n) = O{n"e“")(e/xn)"‘}
for all integral n=1 and if
8.1) arg U(X) = v + O(X™17%),
then
f(x) = O(X12H8ePX)),
Let V be real and positive and let
o = (kV)e VP = (V)< exp (— 2, ab;Vt1).

For large V, |x’| is a continuous function of V which tends to infinity with
V. Hence we can always choose V so that |x’| =|x|. Let ¢ be real and
positive and let

() = | By O (e/xt)ta’t| = | Per» |,
where
v()) = «'tlog (eV/0) + R{¥() — /' (V)}.
Hence
() =« log (V/) + RV —¥ (N}, »¥) =0,

I'd K’ K
) = = —+RWO) = ——+ 00 < - —
for t> K and we have

2. ®(n) < max ®(n) + °°ri>(t)dt s V) + f “IR® s,
n>K #>K & x

If we put u=«t, U’ =«xV and define ¥’ in terms of U’ by means of (4.5)
we see that YV'*=x', | V¢| =|«’| =|x],

[arg‘U’I =|v| <#/2 - K, v(f) = Ri{x(u, ¥")}
by (5.1) and so
f”tﬁwe’(‘)dté K + f(‘? | wbex@w¥D || du| < K| Y/12+8es W) |
)

K

by Lemma 10 and (4.11). Hence
/@] < K|=x+ X o)

2>K
< (V) + K| Y18 Wn | < K| X12HWN ||

since »(V) =R {¢(U’)} and &(V) = | V"I e"V)~| Y’8¢%W" |, By (4.13), we have
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only to show that
R{s(U) — 6(1)} = 0(1),

where U= U(X), to complete the proof of Lemma 14,
Since | x| =|x’|, there is a real number £ such that x=x’e and X = V’e%,
Since arg X and arg Y’ are bounded, £=0(1). Hence

X7 — Y- = X—r(l —_ e—rpfi) —_ O(X—'TE)
and so, by (4.3),
U X
(8.2) arg U — v = arg (TJ—’_> = arg (—;/—) + O(X?* 1) ~ p't.

Let A(%) =‘R{¢(U)}, so that, by (4.10),
f&{i ¢(U)} - fR(g d¢(U)) — R(ipD)
at d  dX
= —|pU|sin(arg U —7) =0(| V' | %)
by (8.2). Hence, by Taylor’s theorem, for some w such that 0<w<1,
R{6(U) — (U} = ta'(wt) = O(| V' | £) = 0(1)

by (8.1) and (8.2).
To complete the proof of Theorem 3 we first observe that (3.4) and (8.1)
are equivalent by (4.3) and (2.4). We write

a'(®)

en) = n'e TV e/m)”, e (n) = coln) — oy (n),
@ =2 Cms, 1@ = @) - 1@

n=1

and apply Theorem 1 to f®(x) and Lemma 14 to f®(x), the latter with — K
replacing 8. Theorem 3 follows at once.

9. Rule to calculate I,( X). We now give a rule to calculate the indices
and coefficients in I;(X) in Theorem 4. In the following the symbol v (which
eventually disappears) is O(1) or, more exactly, satisfies K <|v| <K. We
suppose that R(B1) ZR(Bz) = + - - ZR(Bu) >R(Bu+1). The rule is:

(i) Expand L(U-Y%)49?/2 in powers of v, reject all terms of order
O(UPBu+1—h1) and denote the resulting polynomial in » by g.

(ii) Let/ be the least integer such that /; >R (81 —Bux+1) max (2, ¢), expand

2 ght

q
1 R I S
+q+2!+ +(ll—1)l

in powers of v and reject all terms of order O(UB¥+1—f1),
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(iii) Expand

M
D Bk nUbn(1 + U~/%)bm
m=1
in ascending powers of » and reject all terms of order O(UBx«+),

(iv) Multiply together the polynomials in v obtained in (ii) and (iii), re-
jecting in the resulting product all terms which are O(UB¥+) and all terms
containing odd powers of v.

(v) Replace every »?! in this result by 2T'(!+1/2)/T'(1/2) and multiply
the whole by p2V2I'(1/2) UV2,

(vi) Replace every U9 in the result by its expansion in terms of ¥ from
(4.4), put Y=X and reject all terms of order O(X/2+8x+1),

(vii) Expand

exp { Z Z (1 —_— 7)8—2Tpc—rX1—‘r}
s=[c]l+1 (s)
in descending powers of X, rejecting all terms which are O(XV2+fx+1),
(viii) Multiply the results of (vi) and (vii) together, rejecting all terms
of order O(X#u++12) and call the result Y _X_, B.X#.. Then

MI
IL(X) = eP(x>{ Bl X6n + O(Xﬂu+l+1/2)} .

m=1

Unless the difference R(81—Bu+1) is fairly small, the above process is as
laborious as it appears.

10. The second problem. We now turn our attention to the problem of
deducing the asymptotic expansion for large # of cx(n), defined by (1.2),
from that of co(n). We write

1 — mk
e
1—0

o = (14 )3 ),

s=1 (8)

o =wen{( 5 B )

8=1 (8) m — 1

for m=2 and finally
I1/x']

Y(n, \) = D nt=mep,(m)AmL
m=1

In each case, if S.=0 or [1/«’]=0, the corresponding sum is empty. The
main result we shall prove is:
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THEOREM 5. If co(¢) 4s regular and satisfies (1.8) in some (—py, p2) sector,

then

(10.1) an(n) ~ co(n)e¥ D) ~ yBe¥ (WM (nM) (¢ /kp)n,

Theorem 5 is almost trivial when «’>1 but much deeper when «’ <1. Our
hypotheses are excessive for k=1 and we have the following theorem:

THEOREM 6. If k' =1 and if (1.8) is true for all integral values of t=n then
(10.1) s true, where Y(n, \) =0 (' >1), Y(n, \) =k~*nl~* (k¥ =1).

It is natural to enquire whether the restriction k’=1 arises from some
ineffectiveness in our methods or from the nature of the results. The answer
is given in the following theorem.

THEOREM 7. The condition k' =1 in Theorem 6 is necessary.

We remark that, if (1.8) is replaced by (1.12) in Theorem 5, we can
replace (10.1) by an expansion for ¢\(z) with an error term corresponding to
that in (1.12). The details are complicated and we omit them.

We use Cauchy’s theorem to prove Theorem 5. If T is a contour enclosing
the points x=0 and x=\, we have

(10.2) ex(n) = — f(z 4+ Ndx _ _1__ f(x)dx .
2xiJr xm! 2ridJr  (x — N

11. The numbers x, and A(X,). We write U= U(X) putting Y=X in §4.
In Lemma 5 let us take

(11.1) 3(z) = Mkn)~*(1 4 2)**exp { D a;pmbi-1(1 + z)b1},

so that

(11.2) [8(2) | < Ken ™ < Ky =| 3]

on the circumference of <4 when n> K. We define Z as in Lemma 5 and write
Us = kn(1 +2), Xo=Usexp (= 24U ), %0 = X

When U= U,, we have X=X, and x=x,. Also

Uo — kn = knZ = xnd(Z) = NUs " exp (2 Ap;U¢ ) = \UoXy ",

nXo
(11.3) Uy = —20
X=X
0
and
x Akn A A
(11.4) Xo—-A=—— = —=—".
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When the conditions of Theorem 1 are satisfied,

log {%} ~o{UX)} — nlog (x — N

N
(1.5 = ¢(U) — nlog (X*— )
= A(X) (say).
By (4.10),
(11.6) —(—i—A(X)——d—¢(m _ X U X

aX Xr—x X Xx—=2

and this vanishes for X =X, by (11.3). Hence x =x, is a saddle-point of the
integral (10.2). _
We now obtain an asymptotic evaluation of A(X,) for large n. By (11.4),

—nlog (Xo—2\) = n{log #(Z) — log A}
and so, by (4.2) and (11.1),
A(Xo) = Uo+ X 4;(1 — b)US + n{log 9(2) — log A}
= inf{l — log (xn)} + xnZ 4+ n(1 — «) log (1 + 2)
+ > ambi{(1 = b)(1 + Z)¥% + b;(1 + Z)*1}.
We take this last expression as $(Z) in Lemma 5 and so have

#(0) = kn — kn log (xn) + ¥(n),

n(1 %
#@ = 20D S i by 4
142
Differentiating (11.1) logarithmically with respect to 2, we find that
0/
11.7) § () = n(l - z—)
&
Now, for m=1,
dm1 1 dm1/ d
(z0'9m 1) = — (z—d"‘)
dzm1 m dz™ '\ dz
z dm m — 1 dm—l
= —_—— 0"3 + < ) 0m
m dz™ m dz™1

and so, by (11.7),

[dm—l { I( )0'»}] [dm—l (ﬂm 0,""‘-1)] n I:dm—l 0,,,]
dz™1 _p 2 ,.o-. " dzm1 # ,go— m Ldz™1 o
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Hence, by Lemma 3§,

A(Xo) = kn — kn log (kn) + ¥(n) + i ulm, n),

where
n am!
m, n) = gm .
u(m, ) m(m!) [dz"“1 :Lo
We have

” 0”‘ Kmnl—nu’

4
m, m)| = —dz| E ——
| m, m | 2rim2J A zm l mAK 1

by (11.2) and so

> ulm, n) = 0~E).
m=[1/x’]+1
Again, for bounded m and g, since
me+ (Sm+ 1)1 —8) > 1+ K,
we have 4
o™ = Am(xn)~m(1 + 5) =9 exp {m > a;bm¥-1(1 + z)%-1}

Sm
= k"‘(l(n)_""{(l + z) m(l—s) L Z m* E Tn—f(l + z)m—mu—-f} + O(”—I—K)

=1 ()

by (2.3) and so

ulm, n) = " i”—‘-dz = pl-m\mp,.(n) + O(n~K).

2rimtJeA zm
Hence
(11.8) A(Xo) = kn — kn log (kn) + ¥(n) + M(n, X) + O(n=K)
(11.9) = kn — «n log (kn) + O(n®).
Similar calculations enable us to show that

(11.10) Uy = kn + O (n®), Xo = kn + O(nB),
whence
(11.11) arg Xo = v + O(n®1).

12. Proof of Theorem 5. By definition the u;, u2 of Theorem 5 satisfy
(2.5). We may also suppose that, if p’ <1/2, then u; <gip and uz <uo. We write
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(12.1)  ps =min (u1, wg, 7/2 — 2y) — ¢, ps=min (u, 01, 7/2+ 27) — ¢
where € is a positive number chosen small enough to ensure that
—us <7y < ps
This is always possible since
— min (1, w2) < v < min (ug, w1)
by (2.5) and Lemma 3 and
—(@/2 = 2v) <y <7/2+ 2,

the latter condition being equivalent to —w/2 <y <w/2.
We now take I' in (10.2) to be the circle on which |x| =], write
x=x0e%, X=X on I" and no=arg X, and choose £ so that
Me — Mo Ma — Mo

. —2r <t
p p

’

We divide T into two parts I'1, T'; on which

Ka— 1o K3+ Mo K3+ no Ka— Mo
’ —21r<£<— , 4 - ’ £ ’
P

IIA
IIA

p p

respectively, and write

1 f(x)d=

1 =— _—

27"1: I, (x - )\)”+l
and similarly for ¢; so that cx(#) =c1+ce.
Lemma 15. log || <R{A(X0)} —Kn.

Our choice of arg x and arg X above differs from that of §2 when x lies
_on part of I'. In Lemma 7, however, there is no restriction on arg ¥ (except
boundedness) and so we may put ¥Y=X in that lemma. Since

(12.2) —m < —us <y < pa < pg
we may replace u;, uz2 in Lemma 7 by us, us. Hence, by (5.6),
(12.3) f(x) = O{H(—ps, X)} + O{H(us, Xer=¥#)} + O(XE).

On T, | X| =|Xo|etsnr and arg X =no+p’¢. By (11.10), R(Xo) >K | X
andsoonT

(X0)—K| Xo|

x5 = o(xy) = 0(:;R ).

By Lemma 12,
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log H(—ps, X) < | X| COS U3 exp {tan ps(us + arg X)} + O(XI_K)
= | Xo| @) +0(X0 ),
where
1(£) = cos us exp {(us + 7m0 + p'£) tan ps + p'f tan v}.
Since tan pz+tan >0 by (12.2), & (¢) increases with £ and so, on Iy,

() < Y{— (us + 10)/p'} = cos pse=Gatmortany

= g mtany {cos yertany — f (tan ¥ — tan 6) cos 0e"°‘n‘/d0)}

—k3

< eg~mteanv(cos yeriany — Kj),
where K depends only on 7y and‘ us. But, by (11.11), no~ and so
(k) < cosm — K,
log H(—ps, X) < R(Xo) — K| Xo].

Similar calculations enable us to find the same upper bound for log
H(us, Xe?*#) on I'y. Hence, on T,

log | f(#)| <R(Xo) — K| Xo| = R{$(Un)} — K| Xo
by (4.12). Since | x| =|xo| ~| (kn)*| on T},

(2] (222 - o)
and so

‘( s ) <‘R{A(Xo)} — K| Xo| + 0 %) < R{A(X0)} — Kn

log

on I';. Lemma 15 follows at once from the definition of ¢;.
LEMMA 16. ce~nferX0),
Let x lie on T'y, so that — (us+70) Sp’E Sps—n0, whence
(12.4) —psSarg X S py,

since arg X =n0+p’E. Hence on TI'; our present choice of arg X is the same as
that of §2, the conditions of Theorem 1 are satisfied and

f(x) ~ 2127112 1-BX 1248 @),

f(x) e
(12.5) G QU213 1B X1 2HBEA(X),
X — n

and
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f(=)

(12.6) log {(x =

b~ a0,

We put
A(X) — A(Xo) = Q&) = Qu(§) + iQ:2(9),
where Q1(£), Q:(¢) are real. By (11.6),

, —'XdAX—-' 7 Kknx
Q'(®) = ip K()—w( —x_)\>

and
Anx

aU
(12.7) Q(E)=—PXZ)—(—EC‘_—>‘—);=—PX+0(")

by (4.4) with d=1, since Kn< l X| <Kn. Hence

Q"(®) = R{Q"(®} = — | p?Xo| e”'ttan7 cos (arg X — 27) + O(nF)
(12.8) < — Kn,

since —w/24+ €S —ug—2ySarg X —2ySut—2y=<7/2—eby (12.1) and (12.4).

When £=0, we have x =x0, X =X,, U= U, and so Q(0) =0, Q’(0) =0, the
last by (11.3). If we apply Taylor’s theorem to the two functions Qi(£), Q:(¥)
of the real variable £, we have therefore

(12.9) Qu(®) = 801 (wit)/2,  Qu(§) = £Q1’ (w:t)/2,
where 0 <w,, ws<1. Hence

(12.10) Q1(§) < — Kng?

by (12.8).

We choose € so that 0<e;<min {1/6, (1—B)/2}, write h=n="2? and
divide T'; into two parts I's, I's such that |£| >/ on I's and |£| <k on T's. We
write ¢a=cs+c4 to correspond. On T's, by (12.10),

R{AD)} = R{AGK)} + Qu(®) < RIAKS)} — Kne
and so, by (12.5),
(12.11) | cs| < K| ntir+serXo-ke| < K| pp-KehXo)|,
On Ty, by (12.7),
Q'(®) = — p’X + 0 (n®) = — p*Xo + O(Xt) + O(n®)
= — pn + O(n§) + O(n?)
and so by (12.9), |



436 E. M. WRIGHT [November

Q@)

— pn§?/2 + O(n£®) + O(nPE?)
—_— pn£2/2 + 0(n3¢1—1/2) + 0(n261+3—1)
= — pn£?/2 + O(n~K).

Again, on Ty, x =x¢e% ~xy, X~X¢~kn and so, by (12.5),

1 f(x)dx nlI2HBeAXD) rh
“= i r (xz— A = (2m)/2 f_h @® {1+ O(nK)}dt
_ miireAy f he—pne’lz{l + 00
Qm)vz J_,
~ nPeh(Xo)

by Lemma 9, with y=pn. Lemma 16 follows from this and (12.11).
Theorem 5 is an immediate consequence of Lemmas 15 and 16 and (11.8).
13. Proof of Theorem 6.

LemMmA 17. If ' 21 and if
(13.1) co(t) = O{t"e'“‘)(e/xt)"‘}
for all integral t=n, then c\(n) =0 {ne?™ (e/xn) ""} .

In what follows ! is a non-negative integer and the K are always inde-
pendent of /. By (1.1) and (1.2)

(13.2) a(n) = i(ﬂ -ll- l)co(n + DAL

1=0
n _|_ l e xn+xl
l —_ gy (n+i)\1 .
s® ( 1 )(n+l)e >\(K(n+l))

Now Y(n+i+1) —¢(n+1) =0{ (n+1)>-1}, e¥r++D~ebn+) and so
Ig(l-l- 1) < Kn+1+ 1)1‘“'(l n 1 )“"""*” K )
g l+1 n+1 141

since k' = 1. Hence, by (13.1) and (13.2), we have the result of the lemma
]

0 3 K1
lam) | = KZ,; g() < Kg(0) g ~ < Kz0).

Let

IIA

To prove Theorem 6 we use the c{ (1), & (1), f(x), f®(x) of §8 and write

(13.3) Pt =3 o ma" (¢ =1,2).

n=0
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By Theorem 3,
(13.4) c{l)(n) ~ ew"’ncél)(n)
and by the hypothesis of Theorem 6,

a’(m) = 0fn " e (m)}.

But, since x’ =1, M(%, \) =0(1). Hence, applying Lemma 17 to ¢ (n) with
o=83—Kj, we have
Py = 0f{a™ & ()},
which, combined with (13.4), gives us Theorem 6.
If k’>1, the use of Theorem $ is unnecessary. We have ¢(z, \) =0 and

’g(l-l- 1) < Kn+1+ 1)K
g I+1

so that (13.2) is an asymptotic series and c\(n)~co(n). Thus, for k' >1, it is

possible to prove Theorem 6 by quite elementary methods. I have found the

same to be true when k=1 but not, so far as I can discover, when x’=1 and

k#1.,
14. Proof of Theorem 7. We take >0 and define ¢?(t) (p=3, 4, 5) by

(3) 5 wti (4) 5 (5)

o) = £ () = 70 (1) = £ (e/xd)”,

when R(£) >0; also ¢ (0) =0. We define f®(x) and ¢®(n) to correspond. Since
¢ (n) = (—1)c (n), we have -

fO@) = fO(=5), O +N) = fO(= =)

and so ¢ (n)=(—1)"®(n). If we apply Theorem 5 to ¢(n) with 8, A
unchanged and to ¢ (n) with 8—8, —N\ replacing 8, \, we obtain

) ~ne’ ™ (e/kn)”,

o m) = (=1 ~n T (ofun)”
and so
(14.1) cis)(n) + c{”(n) ~ nﬁ(e/xn)m{eW(n'M + n—se_)‘“"'_)‘)_”‘},
where
(14.2) Y(n,\) = ki {1 + 0(n—)}.

But
co () + co () ~ £e/xt)"

for large positive ¢. Hence, if Theorem 6 is true for the particular « in question
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and if co(f) =@ (t)+cP (1), we have ¢ (n)+c® (n) = cr(n)~nfe =N (e/kn)*n,
But this is only consistent with (14.1) provided that

wdg ™M (N = O(n—Ev(n)
for every A and suitable K. This implies that
R{—M(n, —N) — MW(n N} < K log n,
that is, by (14.2),
R{— 2x*n—+} < K log n,

which is false for some N unless k' = 1. Hence the condition x’ =1 in Theorem
6 is necessary.
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