
EXPONENTIAX LIMITING PRODUCTS
IN BANACH ALGEBRAS

B. O. KOOPMAN

1. Introduction. The formula of elementary calculus

(1.1) lim ( 1 + — )  = ea
n-.« \ n /

generalizes easily to the theorem that if  {a} = {ax, a2,

in which the limit

(1.2)

exists and

(1.3)

is bounded, then

(1.4)

m lim («!+•••+ an)/n

( | «i | + • • • + | an | )/n

lim  n(l + —) = em.
n-»»   s_i \ n /

From this it follows almost trivially that if {b} = {bx, b2,

sequence for which

(1.5)

exists, then

(1.6)

lim A &• - P * 0

lim  fl ( *. + — ) = pe

is a sequence

} is a second

Finally, these formulas subsist even when each as in (1.4) and (1.6) is re-

placed by a„ + c„,s, where

(1 • 7) lim ( | c„,i | + • • • + | Cn.n I )/n = 0.
n—»»

These results generalize immediately to cases where the denominator w

in (1.2)—(1.7) is replaced by ain, the wth term of a sequence {co} = {tux,

a>2, • • • } of positive numbers increasing monotonically to infinity and with

wn+i/co„ approaching unity. A theorem of this sort is used in a proof of the
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Central Limit Theorem of probability.

All these theorems are proved immediately by taking logarithms of

the product in (1.4), and applying a suitable form of Taylor's Remainder

Theorem of the second order, and then making an obvious evaluation of the

sum of remainders. One uses the fact that since

(1.8)       -=(-!><-I>,) + (i-)—!>.-.
<¿n \t"ln  ¿=1 Oln-X   i=X       / \ ù)„   / ü)„_i   i_i

ttn/w»—»-0 as W—><X> (!).

The object of the present paper is to extend all these theorems to the case

where the elements of {a} and {b} belong to a Banach algebra 9Î containing

the identity. Since multiplication in 3f is in general neither commutative nor

invertible, the process of taking logarithms is no longer available; and the

proofs are no longer strictly elementary. Formula (1.4) (with w replaced by

«„) remains valid, em being defined by the infinite series. But (1.6) has to be

modified by replacing m by the quantity

B„+x)/n(1.9) M = lim (axBi + a2B3 +•••+«„

where

(1.10) Bi = lim bibi+1 ■ ■ ■ bi+,-x
v—»00

(under suitable hypothesis as to these limits).

One example of our results arises in the case where 9Î is the ring of r-rowed

square matrices (the singularity or nonsingularity of which is irrelevant).

Another example occurs when 9î is the class of bounded linear transformations

in Hilbert space. And still other examples can be given. The case of matrices

not only makes contact with the theory of iteration of linear transformations

in r-space, but is needed for the proof of the Law of Small Numbers in non-

stationary Markoff processes, established recently by the author(2). Of course

the extension of (1.1) to Banach algebras is trivial: it is contained in well

known results in group theory.

2. The Banach algebra. We recall that a Banach algebra is a system

dt possessing the following four properties(3) :

(i) 9Î is a ring (in general, noncommutative).

(') A more general theorem of this sort is contained in the author's note: Necessary and

sufficient conditions for Poisson's distribution, Proceedings of the American Mathematical

Society vol. 1 (1950) pp. 813-823.
(2) B. O. Koopman, The law of small numbers in Markoff chains, Trans. Amer. Math. Soc.

vol. 70 (1951) pp. 277-290. Actually the author was led to the results of the present paper by his

attempt to solve this problem of probability.

(3) Cf. E. Hille, Functional analysis and semi-groups, Amer. Math. Soc. Colloquium Pub-

lications, vol. 31, New York, p. 12.
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(ii) 3Î has the set of real (or complex) numbers as multiplicative operators.

(iii) 9Î is normed. The numerical function N(a) is defined for all a of 3Î

and has the usual properties of a norm, among others, N(ab) ^N(a)N(b).

(iv) 9? is complete with respect to convergence in the norm N.

Finally, for our purposes, we shall add the requirement that

(v) 9Î contains the identity 1 (la = al=a for all a£9i).

A first example of such an 9? is the class of all /--rowed square matrices of

real (or of complex) elements, with the usual definition (Frobenius-Wedder-

burn)

N(a) = (trace aa*)1'2 = ( ¿ ¿ I «."il*)    >
\ ¿_1  ,-_! /

where a¡¡ is the general element of a. Here, convergence a(n)—*a amounts

to convergence of corresponding elements, a¡tJ(w) —»cc.-y.

A second example is when 9î is the class of bounded (namely, continuous)

linear operators of Hilbert space: those operators a for which (parenthesis

denoting the fundamental bilinear form) :

(a<¡>, a<j>)/(<p, 4>) ̂  G < oo

for all elements <t>5¿0 of the Hilbert space. G is independent of 4> but depends

on a. The non-negative square root of its greatest lower bound is a well known

definition of N(a).

A third class of examples arises as follows: Let £ be a domain in the

space of one or more variables belonging to the (real or complex) scalar

multiplier field of a given $R. Consider the functions defined on the common

domain D and having values in the range 9Î. Those of bounded norm over

9î may be taken as the elements of a new 9î, sums and products being defined

by adding and multiplying the functions, and the norm defined as the least

upper bound over D of the norm of their values on D. More generally, meas-

urability and summability of such functions being definable over D, the new

9Î may be defined as the class of, say, summable-square functions, the new

norm being the square root of the integral over D of the square of the ab-

solute value of the corresponding function(4). Extensions are obvious. Obvi-

ous also is the extension of the first example to the case where the matrix ele-

ments an are functions of the proper type defined over D.

Further examples, involving continuous transition probabilities, can be

given.

We define the exponential of any element c of £ by the series

oo      rn

n=0   Wl

That the series always converges is seen from the relation

(4) Cf. E. Hille, loc. cit., chap. III.
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/     n+p      rk \ n+p

\  ¡fc=n+l     KV k=n+X

N(c)>

k\

together with the convergence of the ordinary exponential series for eN(-¿>.

If ab = ba, simple power series manipulations show that ea+b = etteb; but when

ab^ba, this is no longer valid(5).

We close this section by remarking that all the theorems of this paper

concerning limits of products of elements of 9î are equally valid if the order

of all factors are simultaneously reversed. This is the result of the skew auto-

morphism x—>x' of 9Î into itself, which causes

(a + b)' = a' + V,        (ab) = b'á,        (\a)' = \a' (X, scalar).

3. The averaging sequence. By an averaging sequence we shall mean any

sequence ¡co} of real numbers having the three following properties:

(3.1) 0 < wi ^ oj2 < o!3 ^ • • • ;

(3.2) co„ —» co     as    n —* «3 ;

(3.3) lim ü)n+i/cü„ = 1.
n—»«

The simplest example of an averaging sequence is the sequence of positive

integers, or any arithmetic progression of positive terms. Another example is

the sequence co„ = wc, where c is any positive constant. And we may have co„

= log n, or u„ = nc log w (for w>l), and so forth. An example which occurs

in a proof of the Central Limit Theorem of probability is the following: Let

{bx, b2, ■ • ■ } be any sequence of positive constants (in the application cited,

they are the variances of the variâtes added), having the property that for

each s,

bs/(bx +••-+&»)-* 0

uniformly over the set (0<s< ») as »—+ao. Then the sequence {w}

w« = bx + • • • + bn

evidently satisfies conditions (3.1), (3.2), (3.3).

But the sequence w„ = cn (c^l) is evidently not an averaging sequence.

Nor is con = bx-\- ■ • • -\-bn an averaging sequence if the ô-series satisfies a

Hadamard gap condition.

We shall write, for any positive integers w, k,

Ao)„   =   Un+X  —  Wn, AcO„  =   Wn+X  ~  "n.

Lemma I. For every averaging sequence {co}, and positive integer k,

(s) Cf. E. Hille, loc. cit., §5.18.



260 B. O. KOOPMAN [March

1  !£î    h-x 1
(3.4) lim — ¿-i <°»   Aco,- = ■— •

B-.« CO* i=i k

We have on the one hand

V*   »    *        V^  /   * *s k k
¿^ Aco< = 2-, (<°<+i — w») ■■ •» — «*iî
t-1 t'-l

and, on the other hand,

n—1 n—1

X) AcOi  =   X)   [(«i + A"«)     -  C0¿ J
t-1 «=1

n—1     j. n—1    *        ,     ,     .

=   * ^W¡    AcOj +   Z 2 Cj'c0«     (A">)   I
«'=1 t—1  J=2

where C} = kl/j\(k—j) lis the binomial coefficient. Equating these expressions,

and dividing by ¿co*, we obtain

ig^i-l^Y-ltc; §(«)w(íüY
W» Í-1 « «   \Wn/ *   ,=2 6-1 \<On/ \ C0„ /

In virtue of (3.2), equation (3.4) will be established if it can be shown that the

last sum on the right approaches zero as n—»°°.

For this purpose, we note that on account of (3.1),

.=1 \C0n/ \ C0„ / ,_1 \ C0n /

Letting i(n) denote the subscript of the (first) maximum Aco,- in the set

(Acoi, • • • , Aco„), and recalling that j^2, we see that

Í-1 \ C0„ / \     C0„     / C0„  ,_!

Now

1   "-1 1 CO!
— 2_, Aco,- = — (co„ — COi) =  1-)
COn  ¿_1 C0„ C0n

and this approaches unity, in view of (3.2). It remains to show that Aco¿(„)/co„

—»0 as w—>°o. There are two possibilities: i(n), which increases with w if it

changes at all, may either remain finite or become infinite. In the former case

the desired result is a consequence of (3.2). In the latter, we have, using (3.1),

AcO¿(„) AC0¡(„)   C0¿(„) AcO,(„) COi(n) + i

C0„ C0¿(„)        CO„ C0,-(n) C0i(„)
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and the required approach to zero follows from (3.3). This completes the

proof of the lemma.

As an immediate corollary, an application of (3.2) shows that

1   "     k-i 1
(3.5) — X 4v-iAum = — + f(n, *),      lim f(n, k) = 0 (k è 2).

CO* „_jfc k n^»

4. Limits of the expansion terms. In this section, {co} will be a fixed

averaging sequence, and {a} = {alt a2, ■ ■ • } an infinite sequence of elements

of 9Î, having the two following properties:

(4.1) lim   — X«¡    = m,
n-"o Lcon ,_i      J

1      n

(4.2) — X)^Oi) á a < » for all n.
COn  t=l

Here and throughout this paper we shall use the following notation for

certain sums: If x(ilt • • • , ik) (lá^á«) is any symbol (for example, a prod-

uct) involving the subscripts ix, ■ ■ ■ , ik, whether it represent an element of

9? or an ordinary number, we shall denote by

n

X)  *(*ll  •  •  •   .   ik)
CO

the sum over all sets (ix, • ■ ■ , ik) satisfying the inequalities

(4.3) la *i <»»<•••< **á ».

There are obviously Cl = n\/k\(n — k)\ x-terms in this sum. And we shall

denote by

n

X x(ix, • • • , ik)
m

the sum over all sets (ix, • ■ • , ik) satisfying the inequalities

l ík ip Ú n; iP 9e- i,   when    p 9a <r;

p, o- = 1, 2, ■ • • , n.

Evidently this sum has P\ = n\/(n — k)\ x-terms. And if every x(ix, • • • , 4)

is symmetric in the subscripts, then

n 1       n

(4.4) X *(*i, •••»**>*•—£ *(*!> ■ ' • » **)•
(t) «! m

In the special case of the product of k numerical factors not less than zero,
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x(ix, • • • , ik) = Xit • • • xlk,        i,-äO (i = 1, • • • , n),

we have at once

n J       »

2-1 xh ' ' ' x't ~ TT 2-i xh ' ' ' *«'*

(4.5) S -i   ¿ • ■ • ¿ *,
¿!   <~

x¿t
i        ú-i

-ï[H-
In dealing with noncommuting products, we shall use the symbol Hs=P

to denote the product of factors running from left to right as s goes from the

bottom value p to the top value cr: Ij£_„ would be the product of the same

factors in reversed order.

By an obvious expansion, with the order of factors maintained, we obtain

(4.6)    n(i+^=(i+^)-(i + ^)-t#(.,»,
»=1 \ co„/ \ C0n/ \ C0n/ i=0

where p(n, 0) = 1, and, for k^l,

(4.7) p(n, k) - -a ¿ ah ■ • • a,v
CO«   (i)

In this section we shall take a first step towards establishing (1.2) in

the present case by proving that p(n, k)—*mh/k\ as n—>°o.

Lemma II. For each integer k>\,

1    "    k-x m
(4.8) lim -j- 2_¿ co,_xa, = — ■

n->«= C0n v~k k

Writing, for each positive integral v,

St = ax + • ■ • + a, = (m + dv)wv,

we evidently have (using the subscript difference operation A) :

a, = s„ — sr~x = twAco„_i + A(¿,_1co„_i),

(4.9) lima, = 0;
v—>«o

the latter, on account of (4.1). Then we obtain

1  A   »-1 m   »     ,-i 1    »     *-t
-y ¿^ C0„_lCT»   =   -y 2^ C0„_iAc0„_i  H-£ ¿^ C0„_i A(rf„^iC0,,_i).

C0n ,—k COn   p=,* C0n ,=fc
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Now the first expression on the right approaches m/k as w—►<», in virtue of

Lemma I, (3.5). That the last expression approaches zero appears as follows:

By a rearrangement of terms (cf. the "summation by parts" of the calculus

of finite differences), we get

i

1   V<    ^a/j            <,        {""^Y'1;        ü)*-1<¿*-1   ,   çy      .s2_, ctf„_iA(fl,_ico,_i)  = I-I     d„-1-\- ¿>(n, k),
r_* \   C0n    / C0n

(4.10)
1   "   L ^   i

S(n, k) «■ —f j. á„covAco,_i.
Ci'n v=k

1  7>-l

Since the first two terms on the right in (4.10) approach zero as w—»°°, on

account of (3.2), (3.3), (4.9), we have but to show that S(n, k)—»0.

Let e>0 be given, and ß=ß(e) be an integer such that v^ß implies that

N(dv) <e (cf. (4.9)). As soon as w>/¿ + 1, we have (assuming, as we may, that

ß>k)

(4.11) AT [S(n, k)]^—k2Z N(d,)wAo>kZl + 4 £ «*A"£?
con ,._Jfc CO«  »_p

Now the first expression on the right, being the sum of ß — k terms all inde-

pendent of w, divided by the indefinitely increasing co*, approaches zero as

it—»co. For the second expression we obtain, after a rearrangement of terms,

OèniL covAco,_i =  e   I-1-j-¿^ co,    Aco„    è « I-1 —» e.
COn »=,. LA   C0„    / C0„ „,„ J \   C0„   /

This, in connection with (4.11), shows that

0 ^ lim sup #[£(», k)] g e;

and since e is arbitrary, it follows that 5(w, k)—*0; and the proof of Lemma II

is complete.

Lemma III. For each k = 0, 1, 2, • • ■ ,

mh

(4.12) lira p(n, k) = ■-
n->» k\

This equation, trivial for k = 0, coincides with (4.1) when k = \. It is

proved by induction: Writing, for all w, k,

OT*
(4.13) p(n, k) = -+ z(n, k),

kl

we assume that z(n, k — 1)—K)asw—>», and shall prove that 2(w, &) —»0 (k^2).
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The evident relation

n n     / v—ï \

2Z an •••****= s ( ¿c ah ' • • «i*.« w
(¿) r=k \   (i) /

leads, with the use of (4.7), to the formula

1    " fc-i
p(n, ^-ïZit'-U- l)cov_!a,.

C0„   _fc

On replacing the p's by their expressions in (4.13), and solving the resulting

equation for z(n, k), one obtains

mk-\ / l      n        kl m\

z(n< *) = ~r,-7T,\~k~¿->w"-lff' —r) + R(n> *)»
(k   —    1)! \C0n  „=jfc k /

1       S h-\
R(n, k) •= -fftz(v — 1, k — 1)co„_ict,.

COn v-i

Lemma II shows that the first expression on the right approaches zero as

«—►°°. It remains to show that R(n, &)—>0.

Let e>0 be given. By the inductive assumption, there exists a ß (which

we may and will take greater than k + l) such that v^ß— 1 implies that

N[z(v — 1, k— 1)] <e. Then we have

N[R(n, k)] á t L ^[z(v - 1. * - l)]«*-iV«) + 4 ¿ «£?#(*).

Now the first expression on the right, being a sum of ß — k terms independent

of n, divided by co*, approaches zero as w—> 00. The second expression may be

thrown into the form

n   / CO _ A*-1 €    "

L Z (-^-)     N(a,) ̂  — Z #(«,) á €«,

the last inequality, in virtue of (4.2). Therefore

0 ^limsupA7^«, k)] g ea;
n—>°o

and this being valid for arbitrarily small e, shows that R(n, k)—>0; and our

lemma is proved.

5. The simple exponential theorems.

Theorem I. If {w} is any averaging sequence, and if {a} is any sequence

of elements of 9Î for which

1 A 1 A
lim — 2-1 a' = m<        — 2-, N(a{) ¿ a < <x>,
»->*> w„ ,-=i con ,-=i
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then

(5.1) lim  n(l + — ) = em.
»-»"    s=l \ Wn/

Equations (4.6), (4.7), and Lemma III show that, for any fixed number ß,

the sum of the first ß terms in the expansion of the product in (5.1) approaches

the sum of the first ß terms in the exponential series defining em:

rn /«-i mk~\
lim     £ p(n, k) - £ —   - 0.
B->» L k=0 k—0     «! J

To establish (5.1) we shall use a method of majorants.

We have, from (4.7) and (4.5),

N[p(n,k)]S-i2ZN(ail)---N(aik)

i n »i ri a       1*   «*

the last inequality on account of the last hypothesis.

Let €>0 be given, and chose a fixed ß so large that

A  N(m)k A «*
^ "IT" < e'      ¿- T\ < e;
ft-*       «! *-/i   «!

This is possible, because of the convergence of the series for ey<m> and ea.

Then we have, once n>ß,

A/        «A A'r w*"l       A A  mh

s=l \ C>)n/ A=0 L « ! J *_,i *_,i     K !

and hence

Therefore

A a*       A   #(»0*
+ Z-+Z-77-

/«-I mk\

^N\2Zp(n,k) - —} +2«

0 á lim sup Ar i f[ ( 1 - — ) - em\ g 2e;
»-»•> V 3=1 \ "n/ /
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and the validity of this for all e>0 suffices to prove (5.1).

Theorem II. The sequences {co} and {a} being as in Theorem I, let

\Cn,i\    ~-    \Cn,X,  Cn,2, ,  Cn,n) , n   =   1,  L,  '  * •   ,

be an infinite triangular array of elements of 9Î such that the quantity

1    n

<Pn = — £ N(cn,i) —> 0 as    n —» co.
COn   ¿-1

Then equation (5.1) subsists even if a„ is replaced by as + cn,s- Moreover

(5.2)        n(i + ̂ ±^)-n(i + -) = o(^).
»=1 \ co„ / s=i \ «„/

TJere /¿e order symbol O is based on the norm: if {/„} is a sequence of ele-

ments of 3Ï, fn — 0(4>n) means that N(fn) = 0(4>n).

By expansion,

s=l \ COn / i=0

P(«, 0) = p(n, 0) = 1,

1    "
P(n, k) = -¡r- £ (a,-, + <;„,,-,) • • ■ (a<t + cn,,-t)       (1 I ii «).

COn  (¿)

Evidently, when k^l,

P(n, k) = p(n, k) + q(n, k),

where q(n, k) is the sum of all those terms in the expansion of P(n, k) which

contain at least one factor cn,i, the remaining factors being the a's. Grouping

the terms in q(n, k) according to the number, rial, of factors c„,¿, we may

write

i

q(n, k) = 2~1 Q(», k, r) ;
r=l

and Q(n, k, r) may be expressed as follows:

1    *
Q(n, k,r) = —k2Z K ■ ■ ■ »*»],

<*>n   (¿)

where [vit • • • Vik] is the sum of all the C^ = k\/r\(k — r)\ different products

obtained by replacing r D-symbols by c's and the remaining k — r by a's, al-

ways with the corresponding subscripts and in the corresponding order.

It follows that
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N[Q(n, k,r)}^-k2Zè #(*.!,) • ' ' N(cn,ir)N(ah) ■ ■ ■ N(ah_,)

á 4Ê #(*».*,) • • • tf(c«.0~ï=; ¿ #(«,-,) • • • N(ahJ,
W„   (i) C0„ (j)

where in the first summation (i) — (ix, ■ ■ ■ , ir) and (j) = (jx, ■ ■ ■ , jt-r) each

run as in (4.3) except that no i and j are equal. In the last summation, this

restriction is removed, thereby introducing certain non-negative terms. We

have, further, by (4.5) and our hypothesis,

r

7 Z N(Cn,h)   •  ■  •   N(Cn.ir)   g   ̂

Similarly,

co« «) r!

- ¿ N(ah) ■ ■ ■ N(ah_r) iS
con (,-) '   (k - r){

It follows that

N[q(n, k)]£22 N[Q(n, k,r)] £ -T, '        ¿^
r_i kl r=1  r\(k — r)\

k\

and therefore the norm of the left-hand member of (5.2) is less than or equal

to

A r(*» + «)*   «n ^ a r(*« + «)*   «*1
Í5L       *! AU       ¿ToL       A! *.U

which fact suffices to prove (5.2).

6. The composite exponential theorem. We now turn to the theorem

which replaces (1.6) in the noncommutative case.

Theorem III. Hypothesis: {co} is an averaging sequence, {b} is a sequence

of elements of 9î having the two properties

(6.1) N(bi) gß < » (i= 1, 2, • • • ),

(6.2) lim bibi+x • • ■ 0,+>._i = j3,- uniformly over 0 < i < °o.
V—»00

{g} ¿sa sequence of elements of 9î having the two properties

(6.3) -¿%)l7<« (n=l, 2, •••),
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(6.4) lim —=0.
i—>oo   C0<

Finally, {b} and {g} have the mutual property

1    "
(6.5) lim — 2Z giBi+i = M.

«-»» COn  ,-_l

Conclusion :

(6.6) lim  fl(bs + —) = BxeM.
»-"»    8=1 \ Wn/

Using a notation for "advancing factorial powers" of the calculus of finite

differences, we shall write

bT = i,
o¿    = o¿Oj+i • • • £>i+x-i (* = *,/,•••;.

And we shall set

(6.8) of = Bi+fi(\).

Then (6.2) declares that, given any e>0, there exists an integer ß=ß(e) inde-

pendent of *', such that

(6.9) #[/<(»] < « for all\t ß and all i = 1, 2, • • • .

Setting X=/x, we have, by (6.8), (6.9), (6.1), that

N(Bi) ^ N(b^) + N(fi(ß))

g N(bi)N(bi+x) ■ ■ ■ N(bi+x-x) + «

^ ß" + e,

which shows that {B} is a bounded sequence. This, in turn, shows that the

aggregate of is bounded : If X <ß,

1 g 1     if   0 < 1.

HXèA»,

iV(o") g JV(Si) + iV[/i(X)] á /3" + 2e.

We select an arbitrary common bound 6, and write
MM

(6.10) #(£<) g 9j        ^ôf') g 0 (i^UIO).
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It is now evident that the sequence {a}, where a¿=g,-5,-+i, verifies the

hypothesis of Theorem I. We have (6.5) ; and also the fact that

(6.11) — ¿ N(giBi+x) £ — ¿ 6N(gi) g fry.
CO71  t'=l ^n  «=1

Consequently

lim£in(l + —) = 5ie".
n-»« s_i \ C0n    /

On the other hand, by simple expansion,

Ml(.i + —)-  tpin.k),
«=1 \ C0n     / fc_o

(6.12) i(n, 0) = 5i,

1    2
/>(«, A) = — ¿j Bxgi.Bi.+x • • • g,-tB,-,+i (A > 0) ;

and, similarly,

n (*. + -)= ¿ «(».*),
s=l \ C0n/ k=0

(6.13) »(», 0) = 0i<n),

... 1   A  ,«1-D      .«a-i'l-D (¿s-<2-l) ,(»->*)
«(«.   «)   =  "It   2^ °1 g«Al+l C?<AVH •   •   ■   S<t0»i+1 (A  >   0).

<°n   («')

If, therefore, we can prove that, for each k,

(6.14) lim [«(», A) - p(n, k)] = 0;
«-♦00

and also exhibit a convergent series of positive constants, majorizing each of

the series

(6.15) ÈN[p(n, k)\,

(6.16) ¿#[«(n, *)]
*=o

for every w, the proof of our theorem will be accomplished by the method of

majorants used in Theorem I.

Such a majorant series is the power series for de6''. That it majorizes (6.15)

is seen on reference to the proof of Theorem I, with ai—giBi+x and a=0y

(cf. (6.11)). That it majorizes (6.16) is shown by the following computation,



270 B. O. KOOPMAN [March

using (4.5), (6.10), (6.4):

Qk+l     n ßk+lyk

N[u(n, k)]^-^2Z N(gii) ■ ■ ■ N(gik) ̂  —— ■
CO„      (¿) kl

The proof of (6.14) depends on Lemma IV, established in the following

section.

7. The fourth lemma. In this section we assume the notation and hy-

pothesis of Theorem III.

Lemma IV. For each value k = 0, 1, 2, • • • ,

(7.1) lim [u(n, k) - p(n, k)\ = 0.
n—»oo

Let v(n, k, r) be what becomes of u(n, k) if in each term of its summation

expression in (6.13), the first r factorial powers of o are replaced by B's with

the same subscripts:

v(n, k, 0) = u(n, k);        v(n, k, k + 1) = p(n, k);

1    Ï
(7.2) v(n, k, r) = -¡ X) -Bign-S.YH ' ' • g.v-x-B.v-i+i

W„   (i)

(rr+l-!r-D (n-i't) , .   -v

•girK+i ■ ■ ■ gikK+i (1 S r S *).

Since obviously u(n, k)—p(n, k) = ^*_0 [v(n, k, r)—v(n, k, r + 1)],

(7.1) will be established once it is shown that, for r = 0, 1, • • • , k,

(7.3) lim [v(n, k, r) - v(n, k, r + 1)] = 0.
n—»oo

In each term of the expression (7.2) for v(n, k, r), replace the first

of by Bi+fi(\) of (6.8): If r = 0, the first of is ft?1-0; if l^r^k, it is
o('ïi~ir~1)- In all cases we obtain

(7.4) v(n, k, r) = v(n, k, r + 1) + w(n, k, r)

where w(n, k, r) is obtained from v(n, k, r) by the replacement process just de-

scribed, only using/i(X) instead of 5,+/¿(X). We have

1    n

w(n, k, 0) ■ -j- ¿Z Mil - l)g»1ô,î+i*1      • • • gikblnk+l" ;
u» (O

1    n

w(n, k, k) = -j J2 BxghBi1+x ■ ■ ■ Bik_i+xgijik+x(n - ik) ;

w(n, k,r) = -k2~l BighBil+x • ■ ■ gir^Bir_1+1
Un   (»)

,        ,. . ... .('r+î-'r+l-D .(n-l't) . ,»

•£ír/ir+l(íV+l - »r -  l)gir + l6,r + 1+i ■ • • £it0<n-i (0 < r <  ¿).
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We shall call the factor/,(X) in each term of w(n, k, r+1) the pivotal factor

of the term.

Let e>0 be given, and fix ß=ß(e) as in (6.9). Then we may write

(7.6) w(n, k, r) = w'(n, k, r) + w"(n, k, r),

where w'(n, k, r) is the sum of all those terms in w(n, k, r) whose privotal

factors/¿(X) have 0^X</x, while w"(n, k, r) is the sum of the terms whose

pivotal factors /¿(X) haveX^/^.

From (7.5), (6.9), (6.10), (4.5), (6.3), we obtain

e0*    " eö*7*
N[w"(n, k,r)]ú^2Z N(gil) ■ ■ • N(gik) S —'- ■

Un     (i) R !

Consequently, if we can show that

(7.7) lim w'(n, k,r) = 0 (r = 0, 1, • • • , k),
n—*w

it will follow from (7.6) that O^lim sup„^, N[w(n, k, r)]^8kyke/k\; and,

« being arbitrary, this will show that w(n, k, r)—>0, and therefore, in view of

(7.4), equation (7.3) will be established, and our lemma proved.

We shall use the following consequence of (6.8), (6.10):

N[fi(\)] g 20;

(6.9) is no longer available, since the present \<ß. Then we obtain from

(7.5) and (6.10)

N[w'(n, k,0)]^ -h t,'N[fx(ix - l)}N(gh) • • • N(gik)
Un   (,-)

20*+1   n

á —F" Z (h á ß)N(gh) ■ ■ • N(gik),
Un       (i)

N[w'(n, k,k)]Z -k 2Z'N(gh) ■ ■ ■ N(gik)N[fik+x(n - /»)]
Un   (i)

(7.9) 20*+! A
è —— Z (ik >n- ß)N(gh) ■ ■ ■ N(gik),

Un       (¿)

N[w'(n, k, r)] =g -k 2t'N(gh) ■ ■ • N(gir)N[fir+x(ir+i - *, - 1)]
Un   (i)

(7.10) -N(gir+i) ■ • • N(gk)

2dk+1   "

á  —F" 2Z (ir+l  -  ir  è  ß)N(gil)  • • •   N(gik)
Un       («)

(0 < r < k).

(7.8)
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The accents on the first summation signs in the first line on the right in each

of these equations indicates the restriction that is made explicit in the second

lines. Naturally, it results from the restriction X <ß in the privotal factors.

It is easy to show that w'(n, k, 0) and w'(n, k, k) approach zero as w—>oo :

The usual type of transformation (cf. (4.5)) applied to the last expression on

the right in (7.8) gives

-I Z (¿i á ß)N(gh) ■ ■ ■ N(git) - -t ¿ N(g,) 22N(g,+h) ■ ■ ■ N(g»h_J
Un   («) C0„ »_! (,-)

i      i "        r i  "       "V
^77—T^-XX^)   -5>Cf«)

(k — 1)! w„ »=i Lco„ ,=i J

yk-l 1        M

(R — 1)!  con v=x

the last, on account of (3.2) and the fixed nature of ß. Therefore w'(n, k, 0)—»0.

Similarly,

-» ¿ (*»>» - ß)N(gil) ■ ■ ■ N(gik) = -h     ¿    N(g,) £ N(gh) ■ ■ ■ Nigi^)
Un   (») C0n   y=n-ß+l (i)

yk-l I n

(k —   1)!   C0„   „=„_„+!

but here the last statement requires (6.4) for its proof. We have

—    2Z   N{g.) =   2J   ■-è    2J   -
C0„   v=n-P+X y=n-P+X      Ur        C0„ r=n—ji+1      U,

(cf. (3.1)). The last sum has the fixed number p— 1 of terms; each approaches

zero as w—->«>, since then v—>» ; at this point (6.4) gives the required result.

Therefore w'(n, k, k)—>0.

It remains to study w'(n, k, r) when (0<r<&). In the last expression on

the right in (7.10), we may write

1    2
I E  (ir+l  -   ir  á  ß)N(gil)   ■  ■   ■   N(gilt)

('•">""(fl

= ti¿ (ir+i = ir + c)N(gil) ■ ■ ■ N(gik) ;
o-_l   C0„   (,-)

that is, we classify terms according to the difference a = ir+x — ir, which may

have all values from 1 to ß, inclusive. Next, in each sum of terms correspond-

ing to a fixed er, we note that the factors fall into three groups, and write

(7.12) ~k ¿ (ir+i = ir + <r)N(gil) ■ ■ ■ N(gik) = -¿JtG,N(gy)N(gr+,)Hv„,
un «) co„ r=r



1951]       EXPONENTIAL LIMITING PRODUCTS IN BANACH ALGEBRAS        273

where

G,= —r2Z N(gh) ■ ■ ■ N(gir_l),
wn (t)

1 n—v—a

H,,„ =    k_r_x    £   N(g>+*+h) • * * N(g>+'+ik-,-ù>
Un (j)

and Wi^w (actually, nx = n — k+r — a + \; but that is immaterial).

We have, by (4.5) and (6.3),

1       r 1 v_1 T"1        •Yr_1

G' = 7-TT7 \-ZN^\    ^7-Ki'(r - l)!Lcon ,-_! J (r — 1)1

1 p 1    n-v-o- -i

-ÏT7   -   £   #(**-*)
r - 1) ! Leo«    Í-1 J

ff,.. á
(*-r- 1)!L«»   Zi "J (*-r- 1)!

Inserting these in (7.12), and allowing v greater latitude,

1
t £ (ir+i = i, + c)N{gix) ■ ■ ■ N(gik)

Un   (,')

yk—2 1        »

-i E N(gr)N(g^).
(r- !)!(*-r- 1)! «írZí

If, therefore, we can prove that

(7.13) lim -t £ N(g.)N(gH.) = 0,
n-»oo C0n »=i

it will follow from (7.11) and (7.10) that w'(n, k, r)—K), as desired.

Let i(n) be the subscript of the (first) maximum N(g¡) in the sequence

N(gx), N(g2), ■■■ , N(gn).

We evidently have

co„ ,=1 C0n C0n r=i con

Now ¿(w) increases, if it changes at all, as w increases. First possibility: i(n)

is bounded as n—►« ; then iV[g,(„)]/co„—»0. Second possibility: ¿(«) —► <» ; then

N[giW]      N[giin)] uiin)      N[giM]-=-^->0,
Un Ui(n) Un C0,-(„)

on account of (6.4). Thus (7.13) is proved in all cases; and therewith our

lemma.

8. An extension of the composite exponential theorem. In this section we
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shall derive a theorem which bears the same relation to Theorem III as

Theorem II does to Theorem I.

Theorem IV. // {co}, {0} ,{g} fulfill the hypothesis of Theorem III,

and if the aggregate {cn,s} verifies the hypothesis of Theorem II, then equation

(6.6) subsists even when, in this equation, gs is replaced by gs + c„,s. Moreover

(8.1)       n (*. + g-1±^) - n(*. + -) - o<*o.
8=1 \ un      / s=i \ co„/

The proof is altogether similar to that of Theorem II. Write

fl(bs + k+±A= ±u{n,k),
s=l \ U„        / k—0

where U(n, k) is what w(w, k) becomes if in (6.13) each factor g, is replaced

by the corresponding g¿ + c„,¿. We have

U(n, k) = u(n, k) + V(n, k),

where V(n, k) is the sum of all those terms in the expansion of U(n, k) which

contain at least one factor cn,¿, the remaining factors being the g's and ¿Vs.

Grouping terms according to the number r of factors c„,t-, we have

V(n, k) =   £ V(n, k, r),
r=l

. . 1    A   r.tfl-U      ,«2-'l-l) Lin-ik)l
V(n, k,r)=—k2-, [bx       Vifi^+x      vh ■ ■ • vikbik+x   J,

Un   (<)

where the bracket [ ■ ■ ■ v,t ■ ■ ■ Vik • ■ ■ ] is the sum of all C* products ob-

tained by replacing r ^-symbols by c's and the remaining k — r v's by g's,

always with the corresponding subscripts and with maintenance of order.

We derive as usual

)i+l      n       n

N[v(n, k, r)] ^ — £ £ N^n.i,) • ■ ■ N(cn,ir)N(gh) ■ ■ ■ N(g!k^r)
n      (t

ßk+X

k
Un      (î)îî(j)

n     r n TT n T

rl(k

0*+1 k\ r  A._r

¿1    r!(Ä-r)!*"7

k+X     k
k   r    «—r

N[V(n,k)] g —-£Cr0B7
ft!   r=1

0*+!    .
—- [(4n + y)k-yk].

k\
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Therefore the norm of the left-hand side of (8.1) is not greater than

x      Qk+l

E —r [(*» + y)h-yk} = e<P(*** - D;
k-0      k\

which furnishes the conclusion of the theorem.

9. A generalization of the exponential theorems. We conclude with a

straightforward generalization of the composite exponential theorem and its

extension. While it is established by an almost trivial step-by-step modifica-

tion of the proofs of Theorems III and IV, it is of sufficient usefulness in

probability to warrant an explicit formulation.

The generalization consists in replacing the sequence {o,} of the preced-

ing theorems by the infinite triangular array {o„,,} : n = 1, 2, • • • ;i=l, ■ ■ -,

n. This aggregate of elements of our Banach algebra satisfies the two follow-

ing conditions, corresponding to (6.1) and (6.2):

(9.1) N(bn,i) ̂  (3 < « (» = 1, 2, • • • ! 1 á » á »).
(■o

(9.2) bn,i — b„,ibn,i+X • • • o„,,•+„_! —> Bi

uniformly over i as v and n become infinite independently, but with i+v— 1 ■¿n.

In other words, writing

(9.3) bZ= Bi + fi(n, X),

we are assuming that, given any positive number e, there exists an integer

ß=ß(t), independent of i, such that

(9.4) N\fi(n,\)}<€ for all X à M and n ^ v+ i - 1.

Theorem V. // {ô„,,} satisfies the conditions (9.1) and (9.2), and if the se-

quences {co}, {g}, {B} satisfy the hypotheses (6.3), (6.4), (6.5), of Theorem

III, then the conclusion corresponding to (6.6) follows, namely

(9.5) lim  f[(V. + —) = BieM-
n-»oo    s=1 \ C0„/

First, the boundedness is established:

(9.6) N(Bi) g 0;        N(bZ) = i (*<«>).

the first applying for all i= 1, 2, • • • ; the second, for all n = 1, 2, • • • , and

all *, X for which ¿+X— l^w. This is done as in the proof of (6.10), with

(9.1) and (9.3) replacing (6.1) and (6.8).

From there on, one simply replaces every 0¿ or bf' by bn,i or b%\. Equation

(6.12) is unchanged, while (6.13) is modified as stated; every factor such as

&¡£%-H 's meaningful, since clearly (i2+l) + (Í3 — i2—í)=i3¿n. The cor-

responding observation applies in (7.2) and (7.5), the pivotal factor

/,-r+i(î'r+i — ir — 1) being replaced by /,-r+i(w, ir+i—if—1) in the latter. With
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regard to (7.6), making X^u (that is, ir+i — ir— 1=m) automatically insures

that w is large enough to bring (9.4) into force. Finally, once equations (7.8),

(7.9), (7.10) have been observed to hold, the remaining rather complicated

steps proceed exactly as before since they no longer involve the modified o-

quantities.

By a precisely similar modification of some of the expressions in the proof

of Theorem IV, we generalize it, and obtain the following last and most gen-

eral form of the exponential limiting product theorem of the present paper:

Theorem VI. // {co}, {o„,,}, {g} fulfill the hypothesis of Theorem V
and {en,,} that of Theorem II, then

(9.7) lim  n(¿n,. + ^±í^)=jBie".
n->«°    s=i \ (0„       /

Moreover, equation (8.1) applies with b„ replaced by o»,„.
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