ON HYPERDIRICHLET SERIES AND ON RELATED
QUESTIONS OF THE GENERAL THEORY
OF FUNCTIONS(Y)

BY
BENJAMIN LEPSON

INTRODUCTION

We use the term hyperdirichlet series to denote a series of the form

) 3 Po(g)ee
n=0

where P,(2) is a polynomial in the complex variable z(=x417y) of degree
t» and the N, are positive numbers tending monotonically to infinity. Such
a series is said to be a regular hyperdirichlet series if the condition
(2) lim I‘n/xn =0

-
holds, and we shall deal mainly with such series in this paper.

Part II is devoted to a study of the convergence properties of these and
related series. In particular, it is shown that the sets of points for which a
regular hyperdirichlet series is convergent and absolutely convergent are in-
teriors of half-planes (which may be the whole plane or the empty set) plus
certain portions of their boundaries and possibly additional sets depending
primarily upon the roots of the P,(z) and of their partial sums. These “ex-
ceptional sets” are shown to have outer logarithmic capacity zero, to be of
first category with respect to the plane and certain subsets of the plane, and
to have Hausdorff measure zero with respect to any measure function k()

for which the integral
L 1(’
) 0 4
o ¢

converges. The series is also shown to converge uniformly in any sector(?) sym-
metric with respect to the real axis and contained in the interior of the
“half-plane” of convergence, and to be “M-convergent” (in a sense described
below) in any such sector contained in the interior of the “half-plane” of
absolute convergence. Examples are given, however, to show that the Abel
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(*) Begun on an Atomic Energy Commission Pre-doctoral Fellowship and completed while
under contract with the Office of Naval Research.

(%) We consider only sectors opening to the right and of angle less than =.
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limit theorem for boundary points does not hold in general, and sufficient
conditions for its validity are given for a boundary point of absolute con-
vergence. Finally, a relation between the “abscissas” of convergence and
absolute convergence and a uniqueness theorem are obtained, analogous to
those in the theory of Dirichlet series.

Series of this general nature first appeared systematically as solutions of
linear homogeneous differential equations of infinite order with constant
coefficients. Ritt [16](®) studied these equations for the case in which the \,
are complex, and the only condition on the u, and \, is

) n 1
3) | nietlca,
n=0 )\n

Some results were obtained for the case u,=0, that is, for Dirichlet series
with complex exponents (see also [9; 14; and 17]). A result in the direction
of the present paper was the theorem that the corresponding series converges
uniformly in any closed and bounded domain interior to an area in which it
has uniformly bounded partial sums [16, p. 48]. This follows in our case
from the corollary to Theorem 16. The only other previous results along the
lines of this paper are by Valiron [20, pp. 26-30] (see also [21]). He allowed
the A, to be complex, while the u, and A, had to satisfy the condition

log »

4) lim

n—so  Ap

=0

in addition to (2). His results will be given in detail later, but in the case of
positive exponents they follow from the results of this paper. The contribution
of the present paper lies essentially in omitting any restriction on the rate of
growth of the A, so as to give a generalization of Dirichlet series (see also [5]).

Part 1 is concerned with certain questions on polynomials and series and
sequences of analytic functions and their moduli which are necessary for
part II. The notion of transfinite diameter (or logarithmic capacity) is used
together with a result of Carleson [2] on sets of positive outer logarithmic
capacity. An analogue of the classical theorem of Osgood [13, p. 30] on
convergence of sequences of analytic functions is obtained, using the notion
of M-convergence, that is, the type of convergence to which Weierstrass’
M-test applies. Some preliminary results concerning convergence and sets of
the first category are also included.

I would like to express my appreciation for the encouragement and many
helpful suggestions given me by the late Professor Ritt. I also wish to thank
Professor Strodt, who has read an earlier version of this paper and suggested
several improvements, and Professors Eilenberg, Carleson, and Fekete for
their ideas on the present subject.

(3) Numbers in brackets refer to the bibliography at the end of the paper.
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Part I

1. Boundary points of the set of convergence. A point set S contained
in a set D will be said to be of open type in D if, for every subset R of D, the
set SNR is, with respect to R, an open set plus a set of the first category.

We start with two simple results which can be proved by standard argu-
ments (see, for example, [8]).

THEOREM 1. An F, is a set of open type.

THEOREM 2. Let { F.(x) } be a sequence of real continuous functions defined in
D and let S be the subset of D for which

lim sup F.(x) < &,

n— oo

where k is a given finite number or + . Then S is an F,, and therefore a set of
open type, relative to D.

The following unpublished theorem of Lennart Carleson will be useful
later (see [4] for definitions).

THEOREM 3 (Carleson). Let { F.(x)} be a sequence of real Borel measurable
functions which converges on a bounded plane point set E of capacity k>0.
Then, given any €>0, there exists a closed subset F of E of capacity greater than
k—e€ on which the sequence converges uniformly.

NotE. Theorem 3 is valid for logarithmic capacity and also for any capac-
ity whose potential function is non-negative. We assume the latter in the
following proof, since, for any given set E, the logarithmic case can be re-
duced to it by a magnification of the plane.

Proof. Let u be any distribution of the unit mass on E. By Egoroff’'s
theorem [18, p. 18] and the normality of u [4, pp. 12 and 48], given any ¢
satisfying 1>¢>0, there is a closed subset G of E on which the sequence
converges uniformly and such that u(G)=1—c. Let 6(e) be the completely
additive and normal set function given by 6(e) =(1—c¢)~'u(eMNG), where e
represents any plane set. Then @ is a distribution of the unit mass on G. Let
V be the L.u.b. of the potential generated by u on E. Then the potential gen-
erated by 0 on G is nowhere greater than V(1 —¢)™!, from which the result
follows.

2. M-convergence. We first state a known strengthening of Cauchy’s
inequalities for power series [10, p. 487].

LEMMA 1. Let f(2) = D20 @z be analytic for |z| <R, and let

1 2r
=— f | f(Re®) | d.
21I' 0
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Then |a.| SI/R

We say that a series of functions Y ., F.(2) is M-convergent on a set S
if D r o M, converges, where

M, = Lub. |F.(s)|.
S

It is important to know under what conditions M-convergence is implied by
absolute convergence. In this connection, we have the following analogue of
Osgood’s theorem on convergent sequences of analytic functions.

THEOREM 4. Let D o Fn(2) be a series of functions, each analytic in a
domain D, which converges absolutely at every point of D. Then there is a domain
contained in D on which the series is M-convergent.

Proof. By [13, p. 31], there is a subdomain F of D and a number N >0
such that E,':_o IFk(z)l < N for all # and all zin F. Let H be a circle lz—zol
=R which is contained in F, and put

1 2x
= f | Fr(Re® + 2o) | d.
0

Then
Shi= Z ]F,,(Re-'v + 20) | db
k=0 ke=0
1 2r n
= — ZIF;‘(Re"+zo)|d0
2 0

<—f Ndo = N

hence D i Iy <N. Let G be the domain |2—2| <S, with S<R, and put
M. = lub. |F.(3)].
a

Let the expansion of F,(z) around 2, be

F(z) = i ani(z — 20)*.

k=0

Then

Mo s S a5 = 5 lorr] (3)

k=0 k=0

But |@.xR*| <1, by Lemma 1, hence
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© S k S -1
M. = I,.(——) =I,.(1——> ,
2 R
therefore _
k S -1 k S -1
M, =(1-— I.<N 1———) R
s (o) Zren(-g
which shows that Y ., M, converges.

3. Polynomials. We start with a relation between the coefficients of a
polynomial expanded around two different points, one of which we may take
to be the origin.

LEMMA 2. Let

P(z) = i az® = i bi(z + 2')*,

k=0 k=0
M =max (| a], |ar], -+, |aa .
N =max (| bo|, | b:], -, | ba]).
Then
M(|Z|+ D"z Nz M|+ 1)
Proof.
P®(0) » r\
I“"'=’ T ,}_:,,b'<k)(z)'_k
svE()ersvs( ")l
=k \ K . =k \r — k
SN2+ D)

which gives the second inequality; the first follows by symmetry.
This leads to an estimate of the maximum modulus of a polynomial on an
arbitrary circle.

LEMMA 3. Let P(z) and M be defined as above, then

M
max | P(3)| 2 —F——
le-2|=R (l Z'I + 1)»
Proof. This follows directly from Lemma 2 and Cauchy’s inequalities.
We can obtain similar estimates on closed bounded sets of positive trans-
finite diameter (see [15]).

min (R~", 1).

THEOREM 5. Let E be a closed set contained in the circle |z| SR2 1 of trans-
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finite diameter d>0. Then, if P(z) and M are defined as above,

- el Y

with equality only for n=0.

Proof(*). Let P(z)=a(z—r1) + -+ (2—7a). Let s1, - - -, sz be those r; for
which Ir,~| <2R and 4, - +, t,, with B+m=n, the remaining ones. By
Cauchy’s inequalities, there is a point 3’ on the circle lzl =R such that
| P(z")| = M. Then
PE) || G=s)- - G—si)a—t)- -+ (3~ tn)
PE) | " l@ —s) (@ —s)@ —t) - (& —tw)|
But, for | 3| <R, we have, since |¢;| >2R,

2[4 >3] 5| +]#];

26)] = | 26)] -|

therefore
3le—ulz3lul =3z >[4+ 2] —ul,
hence
(z—1t) -+ (33— im)
(&=t - (5" —tw)

> 3

Also,
| (& = s1) - (& —s0)| < BR)*
and by [19] (see also [15]),

mlg.x [z —s51) -+« (2 — su)| = dF,

therefore
max | P()| 2 [¢/BR)]3" 2 [¢/GR)]",

since it is clear that d £ R. Equality can occur only if max,..z |P(z)| =M,
in which case P(z) = Mz~ It is then clear from the proof that equality holds
only if n=0.

It is possible to extend this theorem to a larger class of functions.
We define the index of a polynomial as the non-negative integer » such
that the modulus of the coefficient of 2” is greater than the modulus of
the coefficient of any higher power of z but not less than the modulus
of the coefficient of any power of z. Let P;j(z) (j=1,: -, k) be poly-

(4) This proof was suggested by a similar argument of Valiron [20, p. 27].
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nomials of degrees u; and indices »; respectively. Let M; be the coefficient of
z'i in Pi(z), M = Z},l| M;|, n=max; y;, and P(z) = P IPj(Z)I. We call
P(3) an absolute polynomial of degree n and maximum coefficient M. We say
that P(z) is normalized if M =1 (if j=1, we also say in this case that Pi(z)
itself is normalized). We then have the following result.

THEOREM 6. Let E be a closed set contained in the circle z=R=1 of trans-
finite diameter d>0. Let P(z) be an absolute polynomial of degree n and maxi-
mum coefficient M. Then

d n
max P(z) = M (—-—)
E 6R

with equality only for n=0.

Proof. It is sufficient to consider the case where M;=0 for every j. Let

Roa(2), - + +, Ros,(2) be those P;(z) of index 0; Ryi.1(2), - - -, Rys,(2) those
P;i(z) of index 1; - - - ; Raa(2), - + +, Ras,(2) those Pj(z) of index n. Then
each 8, is non-negative and their sum is k. Let 6, 8y, - - -, 0, be those 4,

which are positive, listed in order of increasing m, hence » <n. Put 0,,=0,.
Put To(2) =Rmeg1(2)+ -+ * +Rmgo(2); T1(2) =Rm,1(3)+ - - - +Rum,.0,(2);
«+ 3 To(2) =Rm,1(2)+ - - - +Rum,0,(2). Let Dy be the coefficient of zm in
To(s), - - -, D, be the coefficient of z in T,(z). Then P(z) = | To(2) | +| T1(2) |
+ -+ +]|T(2)] and M=Dy+D;+ --- +D,<(r+1)Dy where Dy
=max (D,, - - -, D,). Hence

P _ [T@ |+ + [T [TvGE)|
M (r + )Dy T 2Dy

But, by Theorem 5, with equality only for n =0,

d n
mg,x | Tn(z) | = D (3;{—) )

M/ d\* d \"
max P(z) = ~—-(———) = M(—
E 27\3R 6R

with equality only for n=0.

The leading coefficient of an absolute polynomial P(z) is defined as the sum
of the moduli of the leading coefficients of the P;(z). By a similar argument, it
is possible to prove the following extension of Fekete's result on the maximum
modulus of polynomials (which was used in the proof of Theorem 5), which,
however, will not be used in the present paper.

THEOREM 7. Let E and P(2) be defined as in Theorem 6, and let L be the

hence
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leading coefficient of P(2). Then

d 1\7*
max P(z) = L [min <_, ——)]
E 2 2

with equality only for n=0.

4. Sequences. A point set in the plane will be called a C-set if its Hausdorff
measure [7] is zero with respect to every measure function k(¢) for which the
integral

converges. In particular, therefore, a C-set has a-dimensional measure zero
for every positive a. A set for which the intersection of no neighborhood of
any point of the set with the set is a C-set will be called a G-set. If a C-set is
of first category with respect to every G-set, it will be called a Ci-set. Thus
a Ci-set is of first category in the plane, with respect to every continuous
curve and the classical Cantor set [7, p. 172], and so on. It is clear that a
C-set which is of open type in the plane is a Ci-set, and that a subset of a
Ci-set is also a C;-set. We shall use the following special case (a=0) of a result
due to L. Carleson [2, p. 15] (see also [12, p. 145 and bibliography]).

LEMMA 4. 4 plane point set of outer logarithmic capacity zero is a C-set.

We now give two results on sequences of absolute polynomials which are
necessary for Part I1.

LEMMA 5. Let {P,,(z)} be a sequence of normalized absolute polynomaials of
degrees r,>0. Let S be the set of points for which lim,..., [Pa(2)]/»=0. Then S
is a set of logarithmic capacity zero.

Proof. It is easy to see [8, p. 270] that Sis an F,;, and therefore its inter-
section with any bounded Borel set has a logarithmic capacity. Let T be such
an intersection, and let ¢(=0) be its logarithmic capacity. Then there is a
closed subset U of T of logarithmic capacity greater than or equal to ¢/2
on which the sequence converges uniformly. (If ¢>0 we use Theorem 3, while
if ¢=0 the result is immediate.) Hence, given any €>0, we can find an N
such that, for #> N and all zin U,

P.(3) < €™,

It follows by Theorem 6 that U is of transfinite diameter zero, therefore,
by a result due to Szego [19] (see also [15, p. 6] and [4, p. 45]), c=0. Hence
S is of logarithmic capacity zero [2, p. 16].

LEMMA 6. Let { P.(2)} be a sequence of normalized absolute polynomials of
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degrees r,=0. Let {)\,,} be a sequence of positive numbers such that

. r”
lim — = 0.
n—o Ap
Let S’ be the set of points for which lim supn.. [Pa(2) ] <1. Then S’ is an F,
of outer logarithmic capacity zero and therefore a Ci-set.

Proof. If »,=0, hence P,(z) =1, for all sufficiently large n, then .S’ is the
null set. If not, there is a sequence of values of # for which r,>0. It is suffi-
cient to prove the lemma for this subsequence, therefore we may assume
that 7,>0 for all n. Let S be the set defined in Lemma 5, and let 2’ be any
point not in S. Then, for a certain subsequence of values of n, [P,(z’)]!/r»
>e>0, which implies that [P,(2") ]/ = [P,(2') |A/rw s > eraha which ap-
proaches 1 as # becomes infinite. Therefore, for that subsequence,

lim inf [P.(s") |1 2 1,

n— o
hence, over all #,

lim sup [P.(z) ] 2 1,

which shows that S" is a subset of S and thus also a set of logarithmic capacity
zero.

But, by Theorem 2, S’ is an F,. It follows easily from known results that
an F, of capacity zero is of outer capacity zero (see [3, p. 112], [4, p. 52],
and [2, p. 58]), which fact, together with Lemma 4 and Theorem 1, com-
pletes the proof.

Finally, since it is clear that, for any g, [P,.(z)]”""g([zl +1)rarn we
have the additional result that, for any z not in S,

lim sup [Pa(z) '™ = 1.

n— o

Parr 11

Preliminaries and definitions. We use the phrase set (region) of con-
vergence to mean the set of points (interior points) for which a given series or
sequence converges (see also [8]). For a series, we have similar definitions of
set (region) of absolute convergence and set (region) of boundedness of partial
sums. The term set (region) of termwise boundedness will mean the set of
points (interior points) at each of which the terms of a given series or se-
quence are bounded.

Following the notation of the Introduction, we put A.(z) = > =, Pi(2).
Let d, be the degree of 4,.(z); then we have

d, < vo = max (o, 1y * * * 5 Mn)
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and therefore, because of (2) and the monotonicity of the A,
lim d,/\, = lim »,/\, = 0.

n— 0 n—o

Let C, be the maximum of the moduli of the coefficients of P,(z) and B, the
corresponding maximum for A4,(z). It is assumed that no P,(z) vanishes
identically, although it may happen that some A4,.(z) is zero. In that case,
we define d,= —1 and B,=0.

Let 7,1, * * *, 7n,, be the roots of P,(2) and s.,1, - - -, Sa,q4, be the roots
of A,(2). If d.= —1, this latter set is defined to be empty.

Let A be the abscissa of absolute convergence and B the abscissa of term-
wise boundedness (allowing the possibilities + «) for the series

-]
(5) Y Coen2,
n=0
where the A\, are arbitrary positive numbers. Let E be the set of limit points
of the 7;,; including those r;; which appear infinitely often. Let G be the
corresponding set for the s; ;. Let F be the intersection of the sets analogous
to E for all subseries of (1) whose corresponding subseries of (5) have abscissa
of absolute convergence 4.
Consider the series, for fixed finite ¢,

-]

(6) > [Pa(z)erne]e e,

n=0
Define the set G, for (6) as G was defined for (1), therefore Go=G. Let H, be
the subset of G, defined as follows: a point 2’ belongs to H, if and only if,

for every €¢>0,
(a)

@
log B.: log B,
lim sup—g————’— < lim sup—g———— )

j—eo nj 75— 0 n

where the sequence {7;} consists of those values of n for each of which
the polynomial A®(z) = > %, Pi(z)e**= has no root in or on the circle
|3—2'| <¢, and where B® is the maximum of the moduli of the coefficients
of AY(z).

Finally, let F’ be defined in a manner similar to F, but with “abscissa of
termwise boundedness” in place of “abscissa of absolute convergence” and
B in place of A. It is clear that both F and F’ are subsets of E. It can be
shown by means of examples that there is no simple relation in general be-
tween F and F'.

S. Absolute convergence and termwise boundedness. In the first part
of this section, (1) represents a series with arbitrary positive N\, satisfying
condition (2).



28 BENJAMIN LEPSON [January

THEOREM 8. If (1) converges absolutely at a point 2’ not in E, then it is
M-convergent in any closed bounded region of the half-plane R(z) >R(2'), and
more generally in every sector S: |z—2'| S KR(z—2') with K>0.

Proof. Since 2’ is not in E, there is an ¢>0 such that |2’ —7, ;| >e¢ for
1> N. Then for any z in the sector S, and for »> N, we have

R Py (z)e (z—17n1) -+ (23— Toy)e ™ |
" P.(3)e % & = 1) - (B — ray)e
z— 2 | z — 2
= 1 + e I 1 + —_— e“‘)\nm(z—‘l')
2 — ran 7 — T'n.un
— N\
é 1 + M] ”e—)\nm(z—-z’)’
L €

We can find an N’ such that, for n>N’, ./ <e/K. If p, =0, then R, <1. l{
not, we can write

Rn g [(1 + Eﬂi(z_—i,).) e—)\nm(z—z')/un] “",

€

which shows that R,<1 for > N’, which completes the proof, as N’ de-
pends only upon the sector S, and since each term of (1) is bounded in S().

Since E, as well as the other similar sets to be used later, may be the
entire plane, Theorem 8 gives no information as to the region of absolute
convergence in the general case. We can obtain this information in a some-
what less specific form.

THEOREM 9. The region of absolute convergence of (1) is the half-plane R(2)
>A. Also, (1) is M-convergent in every sector S: Iz—z’l < KR(z—2'), where
R(2') > A, and therefore represents a function analytic in the half-plane R(z) > A.
Let R be that portion of the set of absolute convergence of (1) in the half-plane
R(2)<A. Then R is an F, and a subset of F of first category in the plane.

Proof. We shall first show that (1) is M-convergent in S. Let R(z') =4
+2¢ and z be any point of S. Then

Po(s)e™*| _ Calun + 1) max (1, | 2[#)
C,eMndto | = C e MnlA+eR()]

<t D]+ 1+ KRG - )]

- e)‘,. [R(e—2")+e]

R, =

Let S; be that part of S where KR(z—2') <|z'| +1 and 3, theremainder.

(°) This is the reason we take the M\, to be positive. It we had some X\, =0, the results
would not be essentially different, but could not be so conveniently expressed.
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Then, in S,
R, < (o + 1)[2] 2 | + 2] < {[4| 7|+ 4];‘"/».})"’

eé

e)\,.c
which is less than 1 for sufficiently large #, while in S,

(bn + D[2KER(z — ) ]

e)\,.ee)\nm (z—2")

R,

IIA

which is also less than 1 for sufficiently large # independent of 2, hence (1) is
M-convergent in S.

We now prove that R contains no interior points. Combined with the
above result, this shows that the region of absolute convergence of (1) is the
half-plane R(z) > A. Suppose the contrary. Then R contains a domain which,
by Theorem 4, contains a circle lz—z’l =2 with e<1, on which (1) is
M-convergent. We also have R(z'+2¢) <A. By Lemma 3,

€ Mn
max | P.(3) | =C, [—:I .
lz—2'|=e IZII +1
Since (1) is also M-convergent on the circle |z—2 | =¢, we see that
0 € Hn
2. Cn [—-—:I eMREHO] < oo,
L] +1
But

Cae™RE+20( | 57 | 4 1)tn

—An € ’ n
Cor R g e [(] 2] + 1)/e]r

which is less than 1 for sufficiently large #. Thus (5) converges absolutely for
z=2"+42¢, which is a contradiction.

Combining these results with Theorem 8, one sees immediately that R is
a subset of E. We shall now show that R is a subset of F. If not, let 2’ belong
to R but not to F. Then there is a subseries of (1), whose corresponding sub-
series of (5) has abscissa of absolute convergence 4, and for which 2’ does
not belong to the set analogous to E. Therefore, by the above results, the
region of absolute convergence of this subseries is also the half-plane R(2)
>A. But, by Theorem 8, the subseries converges absolutely in the half-plane
R(2) >R(z’), which is a contradiction. The remainder of the statement fol-
lows by Theorem 2.

The fact that R is a subset of F might lead one to suspect that E could be
replaced by F in Theorem 8. This however is false. It may even happen, as
the following example will show, that the Abel limit theorem in its weakest
form (approach to a boundary point along a single path) will fail for a point
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at which (1) is absolutely convergent, which lies on the boundary of the
region of absolute convergence, and which lies in E but not in F.
Consider the series

L

5@ = 3 Pa@e = 3 unla)

n=1 n=1

where P,(z) =n*z" if n is odd and P.(z) =n"? if n is even. Here u,=n or
0, A, =n? so that lim,., p./A\,=0 and even D 2, p./A< . Also, C,=n"
or 7%, so that 4 =0. On the line R(z) =0, the series converges absolutely at
z=0 and diverges elsewhere. We see that E consists of the single point 0,
F is empty, and G consists of the point 0.

Let us investigate the behavior of S(z) as z approaches zero along the
positive real axis. We have, for odd =,

0
S(n=?%) = Y Pr(z)e ¥ 1*" > P.(s)e™! = nre?
k=1
which shows that S(z2) cannot approach a finite limit as 2 approaches zero
along the positive real axis, therefore the Abel limit theorem does not hold.
It can also be seen that the series cannot converge uniformly in any con-
nected region of R(z) >0 which contains points of arbitrarily small real part.
Theorem 9 allows the possibility that R may contain an open set with
respect to a curve, which is equivalent to saying that R may contain a curve.
This, however, is impossible if the curve is rectifiable, as we shall show with
the aid of the polynomial estimates of part I. We first must prove two
lemmas.

LeEMMA 7. Let f(x) be a real continuous non-negative function of x for
0<x<r. Let M=max f(x) on this interval and |f(x) —f(x2)] <D|x,—x,]| for
0=x1=x,=7 and some D>0. Then

f f(x)dx = min (r, M/D)[M — min (», M/D)D/2]
(1]

=F = min (1’, M/D)M/Z = F,.
Proof. By direct calculation.

LeMMA 8. Let f(2) be analytic on the curve C of length r including the end
points, if any. Let M =max |f(z)| and ]f’ z)l =D on C for some D>0. Then,
following the usual definition of the integral,

fclf(z)lldzl > F, 2 Fa.

Proof. Let s represent arc length on C measured from the initial point if
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there is one, or, if not, from some arbitrary point in a fixed direction on C,
and let z=g(s) for 0=<s=<r. Let k(s) =f[g(s)], therefore k(s) is a continuous
function of s for 0=<s=r. Let s, and s; be any two values of s in 0 =s<r and
z1=g(s1) and 2, =g(s2). Then

[ Bls2) | = | k(s || < | hlsa) — k(s | = | f(z2) — f(2) |

_ ‘ f :'f'(z)dz

where the integral is taken along the curve. Also, ]h(s)l has M as its maxi-
mum for 0=s=r. Thus, by Lemma 7, f;lh(s)]dnglng. But from the
definition we see that f¢|f(2)| | dz| =f;| k(s)|ds from which the result follows.

§D|52—81|

THEOREM 10. The set R does not contain any rectifiable curve.

Proof. Suppose there is a rectifiable curve contained in R. Then as in
Theorem 4 there is a portion C of this curve on which D_%_, |P,,(z)e‘*"‘| <N
for all . Therefore if we set I, = f¢| Pa(z)e=| | d3| we have that D o I, < .
We may assume that C is a closed bounded point set. Let x; =max R(z) and
x9=min R(2) for z on C. By Theorem 5 and Lemma 4(%), there is a constant
k>0 depending only upon C such that max IP,,(z)I on C is at least C,krn,
therefore max | P,(z)e™| on C is at least C.k"e=>. But on C we have

d
= P.(z)e 2| = I — MPo(z)e ™z 4+ P,/ (z)e‘*"“
2

S Cae™Na(rn 4 oo 1) F (et - 1))
< Cpe™a(N, + 1)(r + 1) S Coe =0\, + 1)(r + 1)on

where 7 =max |z| for z on C. Therefore, by Lemma 8, if L is the length of C,
we have, putting K =2 log k—log (r+1),

Lcne—)mzl+;mlo¢k Cne-ln(zzl—zo)"'#nx
2 C T 20n+ D) }
But, for any €>0 and sufficiently large #,

I, = min {

2C,,e‘*" (2z1—z0+¢) ze—xu(xl—z&e)—pnloxk

= 1
LC”e—M z1+pnlogk L

IIA

and

2()‘n + l)C,,e“"" (2z1—z0+¢)
Cne—)\n(hl—zo)ﬁmK

= 20\, + 1)etnemE < 1,

(%) It is necessary to know only that a curve has positive transfinite diameter. This follows
from a well known result of Tchebychef (see [15, p. 8]).
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hence

Cne—)‘,. (2z1—z0+€)

I,

=1,
which shows that

0

Ecne—kn(hx—zﬁe) <

n=0
and therefore 4 < 2x,—x,. But, for any given ¢>0, we can choose C so small
that x; <xo+e€, hence 4 <2xo+2e—x9=x0+2¢ so hat 4 <x,. But this contra-
dicts the fact that C is in R, which completes the proof.

It is convenient to insert here some consequences of Theorems 8, 9, and

10 which will be useful later.

LEMMA 9. If the terms of (1) are bounded at a point 2’ not in E, then they are
collectively bounded in any sector S: Iz—z’ | <KR(z—2") with K>0.

Proof. Identical with that of Theorem 8, since the latter depends only on
a “comparison test” argument.
We can now state the following analogue of Theorems 9 and 10.

THEOREM 11. The region of termwise boundedness of (1) is the half-plane
R(z) > B("). The terms of (1) are collectively bounded in any sector S: |z—3'|
<KR(z—2') where R(z') > B.

Let W be that portion of the set of termwise boundedness of (1) in the half-
plane R(2) <B. Then W is an F, and a subset of F’ of first category in the plane
which does not contain any rectifiable curve.

Proof. The statement concerning S is proved exactly as in Theorem 9
with A replaced by B. To prove that W contains no interior points, we assume
the contrary. Then W contains a domain which, as in Theorem 4, contains
acircle in which the terms of (1) are collectively bounded, say the circle | z—3'|
=2¢ with e<1. By Lemma 3, max | P.(3)| on the circle |z—2'| =€ is at least
Ca(e/(| '] +1))#». Therefore, for all n and some M >0, we have

Cnelln
(|5] + 1)

It follows from this, as in Theorem 9, that C,e~*»l®'+20]1 < M for sufficiently
large #, which shows that the terms of (5) are collectively bounded for
z=2"+2¢. But 2'+2¢<B, which contradicts the definition of B. This also
proves that the region of termwise boundedness is the half-plane R(z) > B.
From these results and from Lemma 9, we see that W is a subset of E;

e~ MR (2'+e) < M.

(7) See the beginning of Part II.
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that W is a subset of F’ is seen in the same way as the fact that R is a subset
of F is proved in Theorem 9. The results about first category and F, follow
from Theorem 2. To show that W contains no rectifiable curve, we assume
the contrary and as in Theorem 4 obtain a portion C of this curve on which
| Pa(z)e=*| <M for all n. We then have I, <N for all #, where I, is defined
as in Theorem 10. Therefore, as in Theorem 10,

Cne—)\n(2:1-zo+e) < N

for all #» (following the notation of Theorem 10), which shows that B =x,,
which is the desired contradiction.

One immediate result of this theorem is that the portion of R in the half-
plane R(2) < B is a subset not only of F but also of F’.

Because of these and the preceding results, it is natural to speak of 4 and
B as the abscissas of absolute convergence and termwise boundedness, respec-
tively, not only of (5) but also of (1).

It is possible, by the use of less direct methods, to say more about the sets
R and W. We do this by considering, in the special case 0 <A=N = - - -
—+ o, the series

0

©) Z‘;' Pu(z) | e,
®) 1P| e
and :

©) f:ol Pu(s) | a2,

where a is a real constant and w is a complex variable. For fixed z, (8) is a
Dirichlet series (whose exponents may not be distinct) in w whose abscissa
of convergence(8) (and absolute convergence) will be called D(z). Let Q.(2)
=D lPk(z)] and D =l.u.b. D(z). Then Q.(2) is an absolute polynomial of
degree(®) v, whose maximum coefficient will be called D,. Put

log D
M = lim sup g,

n—w n

LemMA 10. If M >0, then D =M and the set of points for which D(z) <M
is a Ci-set of outer logarithmic capacity zero. If D>O0, then M >0.

Proof. We use the result(®) [22, p. 7] that the abscissa of convergence of
the Dirichlet series Y ..o @.¢~* and the number

(8) The usual proof holds in the more general case considered here.
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)/

are positive simultaneously and equal if positive. We show first that D(z)
= M. If D(2) £0, there is nothing to prove. If not, then

n

2 o

k=0

lim sup (log

n— 0

! " 1 Dn 1) |»»
D(z) =limsupig_g__§:z_)_ élimsup Og[ (IZI + )]

n—o n n—® An
log D, v, lo z|+ 1
< lim sup g + lim sup — g ()I\ I ) =M.
n—o n n—o n

This also proves the last statement of the lemma.
Let {n;} be a sequence of positive integers such that

log D,

lim = M.

joo n;
Let S be the set of points for which
n;(2) ]2
 lim sup [Q_L(_Z:I <1

Famdd nj
Then, by Lemma 6, S is a C;-set of outer logarithmic capacity zero and, for
any z not in S,

. log Qr;(2) — log Da,
lim sup =
Jj— o X,,j

which implies that

. log Qn,(2) . log Dn;
lim syp ————— = lim —

—3 00 : L ;
J nj Fand n;

=M

and therefore D(z) = M, hence D(z) = M, which completes the proof.

LEMMA 11. The set of points for which D(z) < D is a Cy-set of outer logarithmic
capacity zero.

Proof. If D= — « there is nothing to prove. If D>0, the result follows
by Lemma 10. Assume that — « <D =0, and consider the series (9) for
a=1—D. For fixed z, this is a Dirichlet series whose abscissa of (absolute)
convergence is D(z) +1—D =D’(z). But l.u.b. D’(z) =1, hence, by Lemma 10,
the set of points for which D’(z) <1 has the stated properties.

THEOREM 12. The regions of convergence and boundedness of partial sums of
(7) are both the half-plane R(2) > A. Let R’ be that portion of the set of bounded-
ness of partial sums of (7) in the half-plane R(z) <A. Then R’ is an F, of



1952] ON HYPERDIRICHLET SERIES 35

outer logarithmic capacity zero and therefore a Ci-set.

Proof. For a given z, (7) converges absolutely if D(z) <®(z) and has un-
bounded partial sums [6, p. 4, footnote] if D(z) >R (z). Hence (7) converges
absolutely in R(z) > D. Also, by Lemma 11, that portion of the set of bounded-
ness of partial sums of (7) in the half-plane R(z) <D is a Ci-set of outer
logarithmic capacity zero, and an F, by Theorem 2. Thus the regions of
boundedness of partial sums, convergence, and absolute convergence of (7)
are all the half-plane R(z) >D. Therefore, by Theorem 9, D=4, and thus
R’ has the above properties.

THEOREM 13. R is an F, of outer logarithmic capacity zero in the case of
arbitrary positive \,.

Proof. Consider the subseries S of (7) for which u,>0. Then, by (2),
A.—+ o for S, therefore, after a rearrangement, Theorem 12 is valid. Hence
R is as stated if the abscissa of absolute convergence of S is A. But if not,
then the abscissa of absolute convergence of the remaining subseries is 4,
therefore R is the empty set.

THEOREM 14. W is an F, of outer logarithmic capacity zero in the case of
arbitrary positive \,.

Proof. We use the fact, the proof of which is standard (see |22, p. 3] for
a similar result), that the abscissa of termwise boundedness of the series
Do a.e™: with non-negative A, tending to infinity is equal to
lim supy.. (log la,.l)/)\,.. The method is similar to the proofs of Theorems
12 and 13.

6. Convergence and boundedness of partial sums. For the next three
sections, (1) will be assumed to satisfy conditions (2) and 0 <N =N =N

< - .- >+ ». As above, we introduce the series
(10) f: P.(z)e
n=0
and
(11) f_: P, (z)eM e,

n=0
Let C(z) be the abscissa of convergence of (10), and let C=1.u.b. C(2). Also,
put(’)
log B,

K = lim sup

n—owo n

Let H be the intersection of the H, for all real values of a greater than —C
if C is finite, for all real values of a if C= — =, and let H be the null set if
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C=+4w,
LemMA 12. If K>0, then CEK and C(2) =K for all z not in H,. If C>0,
then K >0.

Proof. The proofs of C< K and of the last statement are as in Lemma 10.
Suppose that 2, is not in Hy. Then, for some >0, we have
log B,;
lim sup B K,

— 0 :
7 nj

where the sequence {n;} consists of those values of # for each of which 4 .(3)
has no root inside or on the circle | z-—zol =<2e¢. We may takee<1. By Lemma 3

dn

dn
max lA,.(z)I = B, [m] = B.e ,

|z— 80' =
therefore

dn
min | 4.(:)| = B, ?) = Bt

|z—zo|-e

by an argument used in the proof of Theorem 5. Hence IA,,j(zo)I 2 B, 6", s0
that

Ans(20) '™ ay
= €2 )
B,
therefore
log | Awn,(20) | — log B,
lim ing (%8 [An(0| — log i,
J—o X,.’.
which implies that
log | As;(20) | — log B,
lim gl 1'(0)| g i_o.
Fand 4 )\n,'
But it follows from this that
log | 4,..(z log B,
lim sup-~g——|——’&))—| = lim sup—g—’— =K
Fand n; Joe nj
and finally
log | A.(z
lim supL(o)I =z K

so that C(z) =K.
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LemMA 13. C(2) =C for all z not in H.

Proof. If C=— » or H is the entire plane, there is nothing to prove.
Suppose not, and let 2z, be any point not in H. Then, for some real a greater
than — C, 2 is not in H,. Consider the series (11) for that value of @, and let(")

n—oo n

But C+a>0, therefore, by Lemma 12, since the abscissa of convergence of
(11) is C(2) +a, we see that K,>0, which implies that K,=C+« since H, is
not the entire plane. Therefore, by Lemma 12, C(z)) +a=K.=C+«, hence
C(z0)=C.

LeMMA 14. If K>0, then C =K and the set of points for which C(2) <K is a
Ci-set of outer logarithmic capacity zero.

The proof follows the methods of Lemma 10.

LEMMA 15. The set of points for which C(2) < C is a Ci-set of outer logarithmic
capacity zero and a subset of H.

Proof. The first assertion follows from Lemmas 12 and 14 as Lemma 11
follows from Lemma 10, while the last part is equivalent to Lemma 13.

We can now give the main result on convergence, which is a partial
analogue of Theorems 9 and 13.

THEOREM 15. The regions of convergence and boundedness of partial sums of
(1) are both the half-plane R(z) > C. Let S be that portion of the set of boundedness
of partial sums of (1) in the half-plane R(2) <C. Then S is an F, of outer
logarithmic capacity zero and therefore a Ci-set and also a subset of H. That
portion of S in the half-plane R(z) <B is also a subset of F'.

Proof. The last statement is an immediate consequence of Theorem 11,
while the rest follows from Lemma 15 and Theorem 2 as in Theorem 12.

CorOLLARY. That portion of R (see Theorem 9) in the half-plane R(z) <C
s a subset of H.

We observe, for use in §7, that C<max (K, 0) and K =max (C, 0). The
number C will be called the “abscissa of convergence” of (1).

7. Uniform convergence. It is clear that (1) cannot be uniformly con-
vergent in a half-plane unless u,=0 for sufficiently large », therefore we
shall investigate uniformity only in sectors of the half-plane R(z) >C. We
use the following identity, which is obtained by partial summation.

(12) zk: P.(z)e ™ = i Aa(z)(e7nz — eMnh1s) L A (z)e M2,

n=0 ne=Q



38 BENJAMIN LEPSON [January

The following lemma will be useful. This is a standard tool for proving uni-
formity in sectors for Dirichlet series [6, p. 3].

LeEMMA 16. Let x =R(2) 0. Then
|2

x

| etz — e—x,.+u| < (e — g 1)

if Ao and Nuyq are real with N, SNpq1.

Let K be defined as in the preceding section, and put N =max (K, 0).
We then have the following lemmas, always using x for :(2) and x, for % (z.).

LEMMA 17. If x0> N, then 2 .o | An(z0) (em50 — e Mwti0) | < oo,
Proof(?). Put xo=N+2¢. There exists an 7, such that, for n>n,,
log B,

< N +¢ hence B, < enWteo.

therefore, for some n; and all n>#;,
| Aa(20) | < P +O(] 29| + 1) < pnWH+20),
Hence, for #>mn,, and using the result 1 —e—*<x for x>0,

| Au(z0) (6270 — g ntin) I < nN+20) l et — e—X",+1zoI

é l ZOI e)m()v.;.gg)(e—)\,.xo _ e—)\n+130) (by Lemma 16)
Xo
= lzol e—)\ne[l —_ e—()\n+l-)‘n)~"o]
%o
4
< ._I__o_.l_ eM¢ min [()\n+l - )\n)xOy 1]
Xo
x 1
< ﬁ[__(__ﬂ—'l'_)_ e—Me¢ min [()\,,4.1 - )\n)v 1]

Xo

Let 8o=Xo, 0n=No+min (\y—No, 1)+ - - - 4+min (\,—A,—1, 1) for n>0. Then
0,.+1—0,,=min ()\,,+1—7\,.,1) and Oné)\n. Thus

. k
D e™emin (Nup1 — My 1) S D €0¢(0y1 — 6n)

n=0 na=0
’

k
= D eteOntDe(g,,, — 6,)

n=0

(®) We may assume without loss of generality that Ans1 >\, and B, >0 for every n,
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k
< e Z e tnt1e(0,, 1 — 0,)

ne=0
k On+1 On+1

<e' ) e WedlWW = e‘f eV dW
n=0¢ 0, 8

< e‘f e Wedly,
9

0

which is a finite number independent of &, and therefore proves the lemma.
LeEMMA 18. If xo> N, then the series
(13) 2 An(g) (e — ew)
n=0
is M-convergent in every sector S: |z— 20| < K'R(z—20).
Proof(®). In S, Iz[ éK’ER(z)—K’iR(zo)+|zol, so that
IZI/$<KI+ lZoI/xéK,+ IZo'/xo =M.

By Lemma 17, (13) is absolutely convergent at every point of the half-plane
R(z) > N. By Theorem 4, we can find a circle D: lz-—zl| =¢, with €<1, com-
pletely contained in the strip

N 2 N
xo;—_<m(z)<L=

X2
on which (13) is M-convergent. But, by Lemma 3,

IA()|>B( € >4n B.c™
ma n = Dp\ 77— = Dn
DX Z |21|+1 €1

while, at any point on D, |e ™ — —*~+1‘| = (e~Mz—e~Mn+17) But, for fixed
n, e M3 —eg M2 jg 3 decreasing function of x for x=1/\,, hence, for n so
large that M\,(xo+N) =2, we have, on D,

I e Mz — —)\n+12| g (e")mﬂa — g_xn'('lz?);

therefore

- dy =Ny zg —An +1%2

D Baer'(e " —e ) < .

n=0
In S we have
An(3)
Boefn

éB,.(IzI+1)d~§[Mx+1]d~.

Befn

€]
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Let S; be that portion of S in which x <2x,. Then we have in S;, by Lemma
16,

8-')"" — p—Mnt12 6—)"‘" — p—Mnt12

e M2 — g~Mtizy | T e Mz — g Mt1zg

1 — e n+1—An) z

Me—)\n(z—zz) -
1 - e—()‘n+1—)\u)23

— g~ 2\at+1—2n)z2
é Me—)\n(@"zz)

1 f— e"‘()*rﬂ-l—)m)z?
< 2MeMntema),;
hence, since xs <xy,
A(z) (e = g

Bneiin(e—XnJﬂ pu— e—kuﬂxz)

n

<2sz +1

€1

dn
) [2Mentz—a0 |

which approaches zero as # becomes infinite.
Let S; be the remainder of S. Then in S,

e—)mz — e Mt1z e—)\nz — e M+12z

eMz2 — pMnt1z2 e Mz2 — pMntiz2

(e-'an/Z + e—-)m+1z/2)(e—)mz/2 —_ —)\n+lz/2)

e—anz — e—)‘n+lz2
< 2Menel2
for n so large that M\,x;=1, in which case, defining R, as above,
Mzx+ 179
R, < [——JC—] IMe sl
€1

But the right member is decreasing for x = 2d,/\,, therefore, for sufficiently
large #,

2M«x 1774
Rﬂ < [_—il-—] ZMC—X'&IS'

€1
which approaches zero as # becomes infinite, hence (13) is M-convergent in S.

LEMMA 19. If x> N, then (1) is uniformly convergent in every sector
S: |3—20| S K'R(z—20).

Proof. Using Lemma 18 and equation (12), it remains to prove only that
lim, ., Aa(z)e*n+1 exists uniformly in S. Put xo=N-2e. Then, for n>n,, as
in Lemma 17, B, <e*®W+9, Therefore, for zin S and n>n,,
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‘An(z)e—-)«yﬁlzl < QmVHO(Mx 4 1)dng s = g=Mne(Yx 4 1)dngInlz—20),
Let S; be that portion of S in which x <2xy. Then in S; and for #>n,,
| da(z)e ™1z < eMne(2M mg + 1)%

which approaches zero as # becomes infinite.
Let S; be the remainder of S. Then in S;, for #n>n,, since x = 2x,,

| d,(z)e ™z | < e Mo (M + 1)dnernsl2,
As in Lemma 18, if # is sufficiently large, we have, for zin Sy,

| A(z)e Mtz | < eMe(2M xg + 1)dng—2n0

which also approaches zero as # becomes infinite, therefore we have uniform
approach to zero in S.
It is now possible to prove the main result on uniform convergence.

THEOREM 16. The series (1) is uniformly convergent in every sector S: | z— |
S K'R(z—20) for which xo> C, and therefore represents a function analytic in
the half-plane R(z) > C.

Proof. Consider the series of type (1),

(14) 2 Pu(z + 20 — 1)entetaD,
n=0

The abscissa of convergence of (14) is Co=C+1—x,<1. Let K, and N, be,
for (14), the numbers corresponding to K and N. Since Ko< max (C,, 0), we
see that Ky <1, and therefore Ny <1. This shows, by Lemma 19, that (14) is
uniformly convergent in the sector S: Iz— ll <K'R(z—1). But z+3z,—1
traces out the sector S as z traces out the sector S’, therefore (1) is uniformly
convergent in S.

CoROLLARY. The series (1) converges uniformly in any closed bounded set
interior to an area at each point of which (1) has bounded partial sums.

Theorems 15 and 16 together give a complete analogue, for convergence
and uniform convergence of (1), to Theorems 9 and 13 for absolute con-
vergence and M-convergence. It is natural to ask whether or not there is an
analogue to Theorem 8 which would allow us to extend the sectors of uniform
convergence to certain points on the line %(z) = C where (1) converges. I have
not been able to obtain such a result but, in this connection, the following
negative example is of interest.

It was shown in §5 that the Abel limit theorem may fail for a boundary
point of absolute convergence. The following example will show that the
same behavior is possible for a point of conditional convergence on the line
R(z) =C. But in this case the function represented by (1) is actually an
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integral function, so that the failure of the Abel theorem for one path implies
its failure for any path in the half-plane R(z) = C with the same terminal
point. This point, however, is seen to belong to the “exceptional set” H.

Consider the series
2(z — 1) 23 2(z - 1)
S = — ——— —— _—
(Z) + 2 z 322 + 42z +

We have A =C=1/2, conditional convergence for the point z=1/2, and
divergence elsewhere on the line R(z) =1/2. For R(z) >1/2, we can write

1 1 1 ) 1 1
S(Z)=22<12z+ 22z+ 32t+.‘ >— (22z+ 42:+".>
225(22) — 217%%¢(22) = (25 — (=2 loe2)¢(23),

Since the right-hand member is an integral function, it gives the analytic
continuation of S(z) into the half-plane R(z) <1/2. Hence

lim S(z) = lim [2z2—1— (1 — 22) log2 — - - - ]¢(22)
z—1/2+ z—1/2
= lim [(z—1/2)(2+ 2log2) + - - - ]¢(22) = 1 + log 2
z—1/2

since {(2z) has a pole of order 1 and residue 1/2 at z=1/2. But S(1/2), by
which we mean the sum of the above series at z=1/2, is log 2.

To see that the point 1/2.belongs-to H, and not merely H,, requires some
calculation, but it is perfectly straightforward.

8. Relation between abscissas of convergence and absolute convergence.
It is now easy to generalize a standard theorem on Dirichlet series.

THEOREM 17. If D =lim supn.. (log n)/\, is finite, then 0SA—C<A—B
=D if B 1is finite, otherwise A =C=B.

Proof. It is clear that 4 = C2 B. But (see [22, p. 6] although the result is
not stated in this form), 4 —B <D if B is finite, otherwise 4 = B, from which
the conclusion follows.

We shall now state the results of Valiron referred to in the introduction.
Assuming conditions (2) and (4), he showed that the regions of absolute con-
vergence and convergence of (1) both coincide with the region of convergence
of (5), and that (1) converges uniformly in any closed bounded set interior
to this region. (This region is convex [16, p. 47]; see also [9].) He also showed
that if the A\, and p, satisfy the additional condition

» log n
lim 28" _ o,

n—ow n

then the set of points at which (1) converges and which lie at a positive
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distance from the region of convergence has linear measure zero. If the \, are
also assumed positive, these results clearly follow from Theorems 9, 14, and 17.

9. Uniqueness. It is now possible to obtain a uniqueness theorem which
includes that for Dirichlet series [22, p. 8].

LEMMA 20. A4 regular hyperdirichlet series for which not all coefficients are
zero has at most a finite number of zeros in every sector S: lz—zol = KR(z—2z0)
for which R(z0) > C.

Proof. We may suppose that Py(z)£0. But

S P = | B + 3 Pi@eoror]
n=0 n=1

The series on the right is also a regular hyperdirichlet series, since A\ > \o,
and has the same abscissa of convergence as (1), therefore it converges uni-
formly in S. But it follows from Theorem 16 that the sum of a regular
hyperdirichlet series approdches zero uniformly as R(z)— = in .S. Therefore
the expression in brackets is different from zero for all z with sufficiently
large real part, which completes the proof. We also see that (1) has at most
a finite number of a-places for any fixed value of a.

THEOREM 18. If two regular hyperdirichlet series converge to the same sum in
a domain D, then the corresponding terms (omitting those with zero coefficients)
are identical.

Proof. Immediate by the above lemma.
10. Irregular hyperdirichlet series. In conclusion, we shall show that
condition (2) is necessary for the type of results obtained in this paper.

THEOREM 19. Let {\.} be any sequence of positive numbers tending to in-
finity and {u.} any sequence of non-negative integers such that

lim supf: > 0.

n— o n

Then there is a series (1) whose regions of convergence and absolute convergence
exist and are neither the entire plane nor half-planes.

Proof. There exists a sequence S of positive integers for which, for some
€>0, u,>eN,>n for all # in S. Consider the series of type (1)

(15) > Agng s
n=0
where 4,=1 for all # in S, and, for other #,

A, = [n2 max | z“'*e“*"‘l + 1]‘1.
|2l =n
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The subseries of (15) for # not in S is M-convergent on any bounded set,
while the remaining subseries, and therefore (15), is absolutely convergent
at every point of the interior of the right half of the unit circle. But, for all

n in S,
| gune=nz | > | geg=z [P > 1

if [z] >1 and |z%¢| >1, both of which hold in a portion of the half-plane
R(z) >0 which includes points above and below the unit circle. Therefore
(15) diverges in this portion and the proof is complete.

If {)\,.} does not tend to infinity, this result is not true in general. In fact,
it can easily be seen from their proofs that Theorems 8, 9, 10, and 11 remain
valid if the condition “u, <K for all #” is substituted for (2).
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