AN APPLICATION OF DOUBLY ORTHOGONAL FUNCTIONS
TO A PROBLEM OF APPROXIMATION IN TWO REGIONS(})

BY
PHILIP DAVIS

1. Introduction. In the plane of the complex variable z, let there be given
two regions G and B which are bounded and such that GCB. The regions
may be simply- or multiply-connected, but will be considered to satisfy cer-
tain additional conditions which will be formulated precisely in a subsequent
paragraph. We shall designate by L%(G) the set of functions which are single-
valued and regular in G and which possess a finite norm:

(1.1) Il = [ [ 15724 < =

By L?*(B), we shall designate the similarly defined class of functions over B.
In the present paper, the following process of approximation is considered.
Let a function f&EL2?(G) and a number M be given. We are interested in
approximating f on G by a function f*& L2(B) whose B-norm does not exceed
M:

(1.2) 1l = M
and such that
(1.3) |l7 — f*l¢ = minimum.

A closely related problem was first proposed by Walsh, and has been
considered in a series of papers by Walsh [11; 12](?), and by Walsh and
Nilson [8; 13]. In these papers, the problem is discussed using an L? norm
defined by a line integral over the contours which bound the region. The
Tchebycheff norm, corresponding to p= «, has also been considered. The
principal aim of these writers was to establish asymptotic expressions for the
degree of convergence of the best approximating functions as M— , and
it was shown that this degree is governed by the relation between the region
of regularity of f and the level lines of a harmonic measure of the boundary
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of B with respect to the difference region B—G.

In the present paper, we shall investigate an aspect of the problem which
is more structural in nature. That is to say, we shall be interested in gen-
erating functions of best approximation, in discussing their totality, and in
relating them to the domain functions which arise in the boundary value
problem. The system of doubly orthogonal functions for the domains G and B
introduced by Bergman [1, 2, 3] plays a fundamental role in our develop-
ment. These are a set of functions {¢>,.(z)} (n=0, 1, - - - ) which are of class
L2%(B), and are simultaneously orthogonal over G and B:

(1.4) f f0¢n(2)(¢m(2))‘dA = b

f f 62(5) @) A = bnbn, bn > 1,
B

where (¢..(2))~ denotes the complex conjugate of ¢,,(z). The connection is made
using the Fredholm theory of integral equations. The latter theory will enable
us to obtain an explicit representation of functions of best approximation
by showing that they may be generated by a resolvent kernel which is closely
related to both the kernel functions of the region G and of the region B. It
will appear, moreover, that the convergence of an f (€L2(B)) of its functions
of best approximation as M— « may be given an interpretation as a process
of generalized Borel summation.

It should be recalled that the kernel function of a region D has been de-
fined (Bergman [3]) as

(1.5) Kol @) = 3 pa(e)(pu(w))~

n=0

where { () } is any closed orthonormal set over D:

(1.6) ffbpm(z)(p,.(z))—dA = Bmn.

If D is simply-connected and has a boundary d which is such that all the
points which do not lie in D+d form a single region whose boundary is
exactly d, then (Farrell [5]) a closed orthonormal set may be found by

orthonormalizing the powers 1, z, 2%, + - - . For many multiply-connected
regions, such a set may be found by orthonormalizing appropriately selected
powers (z—ax)* (n=0, +1, +2,---; k=1, - - -, m). For the purposes of

the present paper, we shall therefore consider the kernel functions of the
regions dealt with as “known” functions. Actually, in what follows, we require
only a knowledge of the kernel function of the larger domain, Kx(z, ). If,
in the case of simply-connected regions, a preliminary conformal map of B
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onto the unit circle is made, then we have very simply Kpg(z, w)
=(1/7)(1 —zw)~2

Our principal theorem, proved in §4, can be stated as follows.

THEOREM. Let k*(z, w; N) designate the resolvent kernel of the integral
equation

1
(1.7) 1) = g + f f Kn(e, wg(w)ide.
If f(z) €L%(G), then |
(1.8) f(z;N) = ff k*(z, w; N)f(w)dA,
G

1s, for each positive N, a function of class L*(B) of best approximation in G to f(z).

Despite the fact that the doubly orthogonal functions ¢,(z) play a funda-
mental role in the theory, it is to be emphasized that the final results are in-
dependent of them. This is of particular importance in view of the relative
inaccessibility of the doubly orthogonal functions corresponding to two
arbitrary regions G and B.

2. An extremal problem in Hilbert space. In the present section, we deal
with the Hilbert space 2 of sequences 4 ={a.} of complex numbers for
which

(2.1) 14l = 3 | ot < .

n=0
Let there be given a fixed sequence of positive constants k, for which

1
(2.2) Y — < .
. n=0 n
By the hyperellipse €= E(k,; M) we shall mean the set of points 4 whose
coordinates satisfy the inequality

(2.3) > | an |k, < M2
n=0

By the surface of the hyperellipse E(k.; M) we shall mean the set of points
A for which equality in (2.3) holds. In the space /2, we consider the problem
of minimizing the distance from a given point A* to a given hyperellipse.
It will appear subsequently that the characteristic properties of minimal
distances in Euclidean n-spaces will carry over to this more general situation.

The set € is both convex and compact. To show the former, let 4 = {a.}
and B= {b,} both belong to €. Consider now the point P=¢4+(1—0)B,
0 <o <1. By Minkowski's inequality we have
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oo 1/2
I: > I ga, + (1 — )b, Izk,,]
n=0
0 1/2 © 1/2
[ > a,.|2k,,] + (-0 [ 3 b,.|2k,,:|

n=0 n=0

IIA

SeM+(1—-0oM =M.

Therefore PE E. To show that € is compact, we may make use of the follow-
ing well known necessary and sufficient condition for compactness in an [?
space: a subset S of /7 is compact if and only if (a) there exist constants
my, My, - - + such that for all A €S we have

(2.4) lan(A){ S Mo (7l=0, L'")
and (b) the series

(2.5) 2 a4
n=0

converges uniformly for 4 €S. Reverting now to p =2 and S= € we see firstly
from (2.3) that for all A € E(ka; M) we have Y o |@.(4)| %< M2, so that
a fortiori |a.(4)| 2. < M? and hence

(2.6) | an(a) | = M/k," (n=0,1,---).
Thus condition (a) is satisfied. Secondly, by (2.6), the series Y 2, ’a,,(A) l 2
is uniformly dominated by ) =, M2/k.< =, in virtue of (2.1). Thus (b) is
satisfied, and € is therefore compact.

Because of the compactness of €, it follows from general topological
considerations that, given any 4*E€/2, there will exist a point 4 €€, such that
|4*—A4|| is 2 minimum, that is, ||[4*—A4]|| =g.l.b.s-c € ||4*—4’||. Further-
more, it is a consequence of the convexity of € that the point 4, and hence
also the minimizing vector A*—A, are uniquely determined. For, suppose
that there are two distinct points 4 and 4’ such that ||[4*— 4| =|l4*—4/|
=m=minimum. The point B=(4+4’)/2 is in E. Also, ||[4*—B|?
= (1/4)” (A*—A)+(4* —A’)“ 2, Now for arbitrary X, Y& > we have||X+ Y
+]|X = ¥||2=2]|X]2+2]| ¥[|*, so that [l4*—B|]*=(1/2)[|4*=4]+(1/2)
N A*—A"2=(1/4)||(A*—4) — (A*—4")||2=m?— (1/4)|| 4 — A"||2 <m?. Thus,
the assumption that both 4 and A’ are minimal is contradicted.

We may therefore write 4(4*; M) and A(4*; M) to designate unambigu-
ously the minimal point and minimal distance from A* to E(k.; M). For a
given point A*={a}}, the series D =, ]a:‘ | 2k, may either converge or
diverge to plus infinity. In the former case, 4*€ E(k,; M) for M sufficiently
large, and we shall have A(4*, M)=0 for M sufficiently large. However,
even in the latter case (of divergence), we have, as we shall immediately
prove,

2
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2.7) Ll[im A(4*, M) = 0.

It thus appears that any family of hyperellipses E(k.; M;) for which
lim supj.. M;= © must be dense in the space /2. To prove (2.7), we must
show that to a given >0, there exists an M, such that [|[4*—A4(4*, M)|| <e
for all M= M. Since A*EI[?, we may determine an n=n, such that
Dowia |a¥|2<et With this n, let M. =[D>"2, |af*|2%;]V2 If, now, P=P(e) is
the point with coordinates {ao*, a*, -+,0:,0,0,0, - }, then we have
PEE(ka; M) for MZ M.. Finally, ||4*—4(4*; M)|| =||4*—P| =e.

It is a consequence of the denseness of the family E(k.; M;) that if
A*& E(ka; M), then the minimizing point 4 (4*, M) must lie on the surface
of E. For, suppose that A={a.} and D o, |a.|2%ka=Mi<M. If A*
& E(kq; M), then by the previous result (2.7) we may find an M sufficiently
large so that A(A*, M) <A(A*, M). Consider now the point 4’={a/ }
=(1—-0)A(4*, M)+cA(4* M,), where 0<o<(M—M,))/(M;— M) <1.
Since D oo |ad |%ka < (1 —0) Mi+0M,< M, we have A’ € E(k,; M). But also,
|[4*—4'|| =(1—0)A(4*, M)+oA(4*, M) <A(A*, M), so that we have
obtained a contradiction, for by assumption, 4 is the minimum point from
A* to E(ka; M).

We turn now to the question of obtaining explicit representations for the
quantities 4 (4*; M) and A(4*; M). Such representations are possible to ob-
tain by means of a limiting process from the case of finite-dimensional spaces.
By way of a preliminary result, we establish the following lemma which gives
the solution for the finite-dimensional case.

LEMMA. Let M >0, and n, a fixed positive integer, be given. Let also the point
A*= {ao*, a*, - -, a,.*} be assumed to lie exterior to E(ko, ky, + - -, ba; M).
Then the extremal problem

(2.8) > a: - a,-|2 = minimum

i=0
under the condition
(2.9) 2| ailtks = M2

=0

s solved by the quantities
(2.10) a; = a;/(1 + Mk)) G=01,-+,n
where N is the positive number determined by

(2.11) 3| &t [tk (1 + M) = M

i=0
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Proof. Let us first note that by our previous reasoning, the minimal
point will lie on the surface of €, that is, equality must hold in (2.9). We
note further that if the left side of (2.11) be designated by Q(A), then Q(A) isa
continuous, monotonically decreasing function of A, tending to 0 as A— .
Since A* is exterior to €, Y. %, Ia.-*lzk.~=Q(O)>M2, so that (2.11) has a
unique positive solution. If we now write a;=0j+1@ntj41; 0 =aF+iaj, 4,
ki =k; (j=0,1, - ,n); kpy;s1=k; (j=0,1, -, n), then our problem is
reduced to the (real) problem of minimizing

2n+1

(2.12) > (o) — ay)?
j=0
under the conditions
2n+1 ,
(2.13) > (aj)2k; = M2
=0

Introducing a Lagrange multiplier N\, we have 2(a;j—of)=2N\k/a;=0
(j=0,1,---,2n+1) so that

It

aj = aj/(1 + \Ej) (G=01,"-,2n+1)
and hence

(2.14) a;

ai/(1 + \Ej) G=01,--,n).

From the very structure of the problem, it follows that sgn a;=sgn a*
(#=0,1, - - -, n). Therefore 1+Ak;>0, so that A>max (—1/k;). Since Q'(\)
=— "2 I a{“l 2k2/(14+\k;)3, it follows that Q’(\) <O for all A >max (—1/k;).
It is therefore clear that X must be positive. Finally, (2.11) follows from (2.9)
and (2.10).

THEOREM 1. Let A*={a}*} €12, A¥*E E(ka; M). If {a;} =A(4*, M), then
we must have

(2.15) a; = aj/(1 + \k)) (G=01--")

where \ is the unique positive root of

(2.16) 0N = X | 0 [hi/(1 4 Mei)? = M™.
i=0

Proof. The function Q(A) is clearly analytic in the right half of the com-
plex \-plane, decreasing to 0 monotonicallyas A—+ . Since 4 *& E(k.; M), we
have Q(0) > M? so that (2.16) possesses a unique positive solution. We may
observe further that as M— o, A =\(M)—0.

For each positive integer n, let 4, designate the point of I* whose co-
ordinates are given by
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(2.17)  An = {do/(1 + Nako), - - - , @n/(1 + Maka), 0,0,0, - - - }

where the quantity N, has been determined as in the preceding lemma. It
may easily be verified that as n— «, \,, increases monotonically to . Let 4’
designate the point {aj*/(14\k;) }. We have lim,._., ”A'—A,,” =0. For,

4n — 47" = O = N 2| B 'a5 /(0 + B (A + Mk’

7=0

+ 3 [+ k)

j=n+1

2, 4 %22
SO =N/ 2 e |/ R+ o)) (n— ).
i=0
By our previous discussion, we know that the minimum problem has a
unique solution 4 = {a,}. Let B, designate the point of /2 whose coordinates
are given by

Bn= {ao,alr'o-,dn,O,O,O,'-~ }.

Now, [|[A*=Bu|2= 2", |af—a;| 2+ 2 ;ni1 | ]2 hence lim,..[l4*—B,||?
=A2A* M). Now, Asg||4*—4,] and, by our lemma, |[4*—A4,
<||4*-B.]|, whence

As|la* =4 + {[l4* — 4l - [la* — 41} = [l4* — B,

Since the bracket is in absolute value less than |4’ — 4., it tends to 0, leav-
ing ||[4*—A4'|| =A. By the uniqueness of the minimal point, we must have
A’=A, and therefore (2.15) holds.

COROLLARY.
(2.18) A% M) = VX | o TR/ (4 k)
=0

It is clear moreover that A2 considered as a function of the complex vari-
able X is analytic for Re A= 0. It is of considerable interest to obtain a geo-
metric interpretation of the solution (2.15). In the finite-dimensional case,
the minimal vector is normal to the surface of the hyperellipse. The equa-
tions (2.15) imply that this is also true for the space [2. Let the point 4
= {a;} lie on the surface of E(k:; M), and let ¥ = {y;}, Y0, be a point of 12,
and such that

(2.19) Z kia;5: = 0.

=0

The line
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(2.20) P(o) = A + oV = {pi}, o complex,

will be a tangent to E(k;; M). For P(0) lies on €, while if ¢#0 we have by
(2.19)

2| p:ltk = Dl aslthi+ | o[22 | itk > 2.

=0 =0 1=0
Thus, P(o) & E.

COROLLARY. The minimal vector A* — A 1s orthogonal to any tangent vector
issuing from A, that s, to any vector of the form o ¥, where Y is subject to (2.19).
More explicitly, (2.19) implies

(2.21) 3 (@f — a)j: = 0.
=0
Proof. A*—A= {a,-*/(l +Ak) —a¥ }, oV = {ay;} where 1y, satisfy
Do aXkid/(14+Nk)=0. Thus, (A*—A4, oV)=d 200 [a¥5:;/(14NE)
—a,'y,-] =—qd A E:_o a,-*k,-)'r.-/(l +Aky) =0.
A geometric interpretation of the multiplier A may be obtained as follows.
From (2.16) there is obtained

— M /N = X | a5 PR+ k)
j=0
while from (2.18).»
da’/dn = — Y| o PR+ Ak + D | af R/ (L + k)
=0

=0
=X | o} "R/ + Mk
=0
Thus we find
(2.22) A= — (A/M)dA/dM.

3. The transformation 7. Let the region B lying in the complex z-plane
possess the kernel function Kg(z, ®). In addition, let there be given a region
G for which GCB. In preparation for what follows, we shall introduce a
transformation T to be applied to functions f&€ L%(G) and given by

(3.1) Tj(z) = f f Ks(z, #)()dA..
e

In view of the condition GCB, the kernel Kp(z, %) is regular over G. The
operator T acts as a stretching in the sense that the transforms Tf belong
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to L2(B). For, let {$.(3)} be a set of functions which are closed and ortho-
normal over B. Then by (1.5) we may write

716) = [ [ 3 00 oaw) Sl

G n=0

so that

00

T/6) = 3 aupa(®) where aw = [ fcf(wxp,.(w»-m.

n=0

By the Schwarz inequality we have

(3.2) e |” = [1£ll5l1 2l

and therefore

(3.3) Slea|’ s ||f||2ff Ks(w, 9)dd, < .
n=0 [ed

It follows by the Riesz-Fischer Theorem for the class L?(B) (cf. Bergman
[3, p. 5]) that Tf(z) €L*(B).

In particular, let w be fixed in G. Then T acting on K ¢(z, @) yields the
kernel function of B:

(3.4) TKe(z, w) = Kg(z, w).

For, TK¢(z, @)= [[¢Ks(z, {)Ke(t, w)d4,, and hence (3.4) follows by the
reproducing property of the kernel K ¢ over G. If the boundary of B is sufhi-
ciently smooth, then the operator T will stretch f beyond the confines of
the region B. More precisely, we have the following result.

THEOREM 2. Let the region B be bounded by closed analytic curves. Then
there will exist a region B* such that BCB* and such that all transforms Tf of
Sfunctions fEL*G) are regular in B*.

Proof. Introduce gp(z, w) =gs(x, y; #, v), 2=x-+1y, w=u-+1, the Green’s
function of the region B. It is known (cf. Schiffer [9], Bergman [3, p. 58])

that

2 9%s(z, w
(3.5) Ki(a, w) = — - 282@ )
T 320w

where

(3.6) i} 1(6 .6> ] 1(6+.6)
. —=———1i—), —=—\—+i—
9z 2 \ox 9y 0z 2 \9x dy

and we may therefore write, as an alternate form of (3.1),
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02 ,
3.7) 1) = — — f f g;(; ) wide,

Let w be a fixed point of G. Inasmuch as the boundary of B is analytic,
gz(2, w) is a harmonic function of x, y in B, and hence d%gs(z, w)/20w is
analytic for zEB. To each boundary point 2, of B there is a circle |z—zb|
<p, p=p(zs, w), in which Kp(z, @) is analytic, and hence, by the compact-
ness of G, for each boundary point 2, there is a positive p=p(2s) such that
Kp(2, @) is regular in lz——zbl <p for all wEG. We may cover the boundary
with a finite number of such circles. If these are designated by C;
(t=1,2, - --,n),and if B¥*=B+4 Z}‘_l C;, we shall have Kp(z, ®) regular in
B* for all wEG. Therefore, by (3.1), Tf(z) must be regular for zEB*.

It should be noted that the character of the boundary of G plays no role
in this result qualitatively, but of course serves to determine the best possible
B*_If, for instance, B is the unit circle, we have

(3.8) Kp(z, w) = (1/7) (1 — zw)?

so that the transformation T takes the particularly simple form
f(w)dds

3.9 T = — f f .

(3.9) £(2) T

From this follows that if G is simply-connected and contains the origin, then
the transforms Tf will all be regular in G’, the region containing the origin
and bounded by the reflection in B of the boundary of G.

The iterates of T are defined by

(3.10) T™f(z) =f Kp(z, 9) T Vf(w)ddy (n=1,2,---),
¢

T°=1.

They may be written in the alternate form

) T(”) — K('l) ’ - v
(3.11) 1(a) f fa_ (e, B)f(w)dd

where the iterated kernels have been defined by

Kél)(z, ) = Kp(z, ®);

(n—1)

(3.12) K;"’(z, W) = f Ks(z, DKp (¢, ©)dA: (n=12,3,--+).
]

It should be observed that for fEL2%(G), the iterated transforms T™f(z)
(n=1) are all of class L%(B), and if B is bounded by analytic curves, will
be regular in a larger region B*.
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4. An integral equation of Fredholm type. Let the regions G and B be
given such that GCB, and let their respective kernel functions be K ¢(z, @)
and Kp(z, w). We construct the following linear combination of the kernels
K g and Kpg:

(4.1) K(z, w; N\) = Ka(z, w) — NKp(z, @)

where \ is a complex variable. It is clear that K is regular for all z, wEG and
for all \. We next form the integral equation of Fredholm type

4.2) ¢a) = f f K0 Nf(w)dde, € L¥G).

This may be written in the more familiar form

¢@) = fz) — f f Ko(a, 0)f(w)dd.

= (I = N\D)f(z) If = 1.

We shall be interested in (4.3) both from the Fredholm and Hilbert-Schmidt
points of view. A formal solution of (4.3) is given by the Neumann series

4.3)

(4.4) f&) = (I — \T)-ig(z) = 3 AT g(z)
n=0

and this solution will be valid for values of A which are sufficiently small in
absolute value. We may rewrite (4.4) in the form

4.5) f(@) = g(@) + A f f0k<z, ; Ng(w)dA.o
where
(4.6) k(z, B; \) = i N TR (3, ).

n=1

The Fredholm resolvent is (for each fixed z, w&G) known to be a mero-
morphic function of N, and may be expressed as the ratio of two entire
functions of N in the following manner.

4.7 . k(z, w; M) = D(z, w; \)/D(\)
where D(z, @; A\) and D(A) have the following power series representations,
each converging for |\| <

2. (—1)"\*4,(z, w
(4.8) DGz i) = 33 DG D)

n=0 n!
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(4.9) by = 3 T

n—0 n!

The functions 4,(z, @) and the constants ¢, may be expressed by recursion as
follows

(4.10a) Ao(z, w) = Kp(z, w),

(4.10b) Aau(z, ®) = c.Kp(z, w) — nff An_1(s, D) Kp(t, w)dA,,
@

(4.10c) ¢ =1; Cnp1 = ffA,.(z, 2)dA.,.
e

Closed expressions can be given for these quantities in terms of certain de-
terminants. It is clear from (4.10a) and (4.10b) that each function 4, is
regular for z, wE€ B. With w fixed in B, and to each closed subdomain of the
regularity domain of Kg(z, @), we may surely find an m such that IK 5(2, w)l
=m holds for all z in that subdomain. The Fredholm theory then tells us
that the functions 4, will satisfy the inequality

(4.11) | An(z, ®) | < mrti(n 4 1)+D12gn

where g=[[qdA. Thus, for all \, the series (4.8) will converge uniformly
and absolutely in every closed subregion B’ CB, and will therefore be regular
for z, wEB.

The functions 4, as well as the constants ¢, depend merely upon the do-
mains G and B, and are obtained by repeated integration of the kernel func-
tion of the larger domain over the smaller domain. Each 4, is a linear com-
bination of the iterated kernels Kz, K?, - - -, K%. The constants ¢, are
further related by the recursion formula

n

(4.12) tor1 = 2 (=) *nlay_rici/kl;  co =1,
k=0
where
(4.13) am = f f Ky" (3, 3)dA,.
G

Referring to (4.5), we may write the solution of (4.3) in the form

A
166) = 566) + g faD(z' ; Ng(0)dA o
(4.14)

_ A& (= _
= g(z) + Doy > " ffGAn(z, w)g(w)dA,,.

n=0

This solution is valid for all values of X providing only that D(\) =0. These
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latter values are, of course, the eigenvalues of the homogeneous integral
equation, and it is to this that we now turn. We consider, therefore, the
equation

(4.15) flz) = )\ff Kg(z, ®)f(w)ddw = ATf(2).
¢

In this connection, the following theorem due to S. Bergman [3, p. 14] is of
fundamental importance.

THEOREM 3. Let the region B be bounded and let GCB. Then there exists a
system of functions {¢a(2)} (n=0, 1, - - - ) which are of class L*(B), and are
such that

(4.16) ff Om(2)(@n(2))7@4 = Eudmn, kn > 1,

(4.17) ff & (2)(¢(2))"dA = 6 (mn=20,1,-..).
G

The system {q&,.(z)} s closed with respect to the class L*(B), and the constants
k. satisfy the inequality

©

(4.18) Zi< ®,

n=0 kn

The above system of functions has been termed by Bergman a doubly
orthogonal set for the regions G and B. We may obviously assume that
ko=ki=Zk:< - - - . Inview of (4.16), the functions

(4.19) In(2) = bul2)/bn (n=0,1,---)

form a closed orthonormal set of functions for the region B so that by (1.5)
we have the following expression for the kernel function of B:

(4.20) Kol ®) = 3 () (u(w))/ b

ne=0

convergent uniformly and absolutely for s, w&B'CB. We may therefore
write the homogeneous equation (4.15) in the form

_ 2. $a(2) _
(a.21) 1) =23 S5 [ [ @t -swaa.
If we now make the selection f(2) =¢;(z); A\=k; (j=0, 1, - - - ), then in view

of (4.17), equation (4.21) will be satisfied identically. It thus appears that
the doubly orthogonal functions {¢.(z) } and the constants k, are respectively
eigenfunctions and the corresponding eigenvalues of (4.15).
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The doubly orthogonal system {¢n(z) } need not be closed with respect to
L2(G), and in the general case will fail to be so. However, there is a wide class
of regions G, B for which we shall have closure over L2(G). This will be the
case (cf. Bergman [3, p. 17]) whenever B and G are each bounded by a finite
number of distinct Jordan curves and the inner region G is such that it
separates no point of B—G from the boundary of B. In some cases, the re-
quirement of a Jordan boundary can be weakened to the type of boundary
studied by Farrell [5].

In the work which follows, we shall assume that the doubly orthogonal
set is complete with respect to L?(G). In this case, we can assert that the
system {¢a(2)} constitutes the set of eigenfunctions for (4.15). In addition,
we shall have

(4.22) Ko(z, w) = f} &n(2)($n(w))~

n=0

convergent uniformly and absolutely in every G’ CG. Returning to the non-
homogeneous equation (4.2) we have

(4.23) K(z, w; N) = ,i},(l - kl,.) $n(2) (o (w))™.
If, now, an f(g) €EL%(G) is given, it has a Fourier development
(4.20 10 = Zoti Dol <
convergent uniformly and absolutely for every G'CG, so that (4.2) becomes
(4.25) 0 = (1 1) et
and we have therefore
(4.26) 1) = 80+ [ [ b w3 Mgwaa.
where
o e = 5 SO
=0 n =

Now for A%k, (n=0, 1, - - - ), we have |1/(k.—\)| Sp/kn (n=0, 1, - - +)
for some positive constant u, so that in view of (4.18), (4.20) the series
(4.27) converges uniformly and absolutely for each fixed w&B, and z in
B'CB, and represents a function of g which is of class L2(B). Similarly in w.
In view of the uniqueness of the resolvent kernel, we may identify the ex-
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pression (4.27) and that given by the Fredholm development (4.7).
From (3.12), (4.17), and (4.20) there is obtained

(4.28) K5 (s, ®) = i "’—"(z)(::ﬂ n=1,2---)

while from (3.12), (4.17), and (4.20) we have

(4.29) T™fE) = 3 a’::(z) (n=12--).
7=0 i

From (4.13), (4.17), and (4.28) there is obtained
(4.30) a=3 k"
=0

In addition to the resolvent kernel k(z, @; ), we shall find it convenient
to deal with the closely related kernel given by

2. ¢a(2) (dn(w))~ )

4.31 k*(z, w; N) = N k(z, w; —\71) =

(4.31) ( ) ( ) g Y

For each z w&B, k*(3, w; N) is an analytic function whose only singu-
larities are poles at A= — (k,)~!, and which therefore induce an additional

essential singularity of the second kind at A=0. Since we have k,>1, the
singularities of k*(z, %; \) considered as a function of \ are therefore con-
fined to the segment —1>Re A <0.

For fixed A\=0,  —k; ' and wE B, k*(z, w;\) is in L%(B). For, from (4.31)
we have

1/2

2 [kn (¢a(w))~ —1/2
Xy ome\) = on AT .
e, %;2) EB[ 1+ \E, ]¢"(z)k"
Now,
) kilz n — |12 0 n 2

From (4.31), (4.7), (4.9), and (4.10), we have a corresponding Fredholm
development

2 Agn(z, )N © e A
(4.32) Bz, @ \) = n(z, ®) ki .
n=0 n! n=0 n!
The modified kernel k2*(z, @; \) may be regarded as the resolvent kernel
for the integral equation
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f(2) = g(z) + N ! ff Kp(z, w)g(w)dA .,
¢
(4.33)
= ff K*(z, w; N)g(w)d4w; K* = K¢ + N 'Kp
¢

providing the solution is written in the form

(4.34) 5@ = 16 — [ f(,.k*(z’ ; N f()dd .

The kernels K and k* both contain the kernel functions K¢ and Kp.
For we have immediately from (4.1)
(435) K(Z, w,; O) = KG_(Z, w)r
(4.36) lim — K(z, @w; \) = — Ks(z, @),

A— o

while from (4.31), (4.20), and (4.22)
(4.37) k*(z, w; 0) = Ka(z, 0),
(4.38) lim Nk*(z, w; N\) = Kp(z, ©).

A— o0
As regards the proof of (4.38), we have

_§ #@0uw)

Kg(z, w) — NE*(z, w; N\
(s, %) & BN = 2 k)

so that by the Schwarz inequality

N Ol RN K GOl
| Ko, w) = B o P B = B T
_ _2°° |¢n(w)|2
S Kole DN 2 G

=< [ )\l‘2KB(z, zZ)Kp(w, w).

With z, w fixed in B, we now let A— 0, and obtain (4.38).

5. An extremal problem for analytic functions. In the present section we
consider the problem of approximation raised in the introduction. We shall
assume that there have been given two regions G and B, bounded, and with
GCB. We shall assume further that the set {¢>,,(z)} of doubly orthogonal
functions is complete for L2(G), or, less generally, that the regions G and B
satisfy the sufficient geometric conditions given in §4 which insure this
completeness.

Let there be given a function fEL?(G) and a positive number M. We
wish to approximate f by functions fa which are of class L?(B) and of B-norm



120 PHILIP DAVIS [January

not exceeding M in such a way that ||f—fu|| ¢ =minimum. Introduce the set
{¢”(z)} Then we have

(5.) 1) = e an = (f 0o
and similarly we may write for fy(2)

(5.2) Ful) = wo a6 al” = B (S, dukn
Now

(5.3) 1alla = Z 0 'k

while we have

(5.9 7 = sull’ = 3 a0 — ot .

n=0

We now make the additional hypothesis (and without it our problem is
solved trivially) that the given function f(z) cannot be continued analytically
so as to be regular in B and of B-norm not exceeding M. This is to say, we
are requiring that Y ., |a,.| 2k, > M?. Thus, in view of (5.3) and (5.4), our
problem has been reduced to the minimal problem for the space /? already
considered in §2. We state our next theorem.

THEOREM 4. Under the above assumptions as to the regions G and B, the
extremal problem for analytic functions considered here possesses one and only
one solution. In terms of the doubly orthogonal functions ¢.(2), this solution is
gen explicitly by

o andn(2)
(5.9) Iu(2) = f(z; MM)) = ,.Z=.:, EFSYN

where \ 1s the positive root of the equation
l a; l ki _
:-o (1 + MEj)?

The measure of the approximation of fu to f over G is given by

2

(5.6) 17z M5 =

I a,l .
)-0 (1 + xk1)2
As M— oo, \—0 through positive values, and we have

(5.7) A M) = ||f = fullo =
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(5.8) lim A%X(f; M(\)) = 0,
A—0

and this implies that

(5.9) lim f(z; ) = f(2)
A—0

uniformly in any closed subregion G' CG.

Proof. We notice at first that f(z; \) = D>, @.kY%0.*(2)/(14-\k,). Now
Domo | @k (L NE) | 2K N2 20 |aa| 2= || YIfll2 < 0, so that f(z; \)
€L?*(B). (5.5) follows from (2.15), (5.6) from (2.16), (5.7) from (2.18). (5.8)
follows from (2.7), while (5.9) follows from (5.8) by a standard theorem. (Cf.,
for example, Walsh [10, p. 109].) A direct proof of this fact using the repre-
sentation (5.5) may be given in the following way. We have

= xanknd’n(z) |

[ f(2) — f@z N | = ,.2 Ve
N ©
SN Gakuta(2) | + 2| auta(z) |.
n=0 N+1

Given a subregion G'CG and €>0. In view of the absolute and uniform
convergence of Y a.$.(z) in G’, we can, for N sufficiently large, make
> w1 |a.9a(3)| <e/2 for all 2EG". Using this N, the sum DY |ank.¢a(2)]
has an upper bound m for 2EG'. If we now set A\g=¢/2m, then for all 0 <A <\,
we shall have |f(z) —f(z; \)| <e¢, €G-

To each positive value of N and to each f(2) €L%(G) there corresponds a
family of functions of best approximation related to f through (5.5) and
whose B-norm may be computed by (5.6). It is therefore convenient to regard
X\ as the independent parameter in the approximation process. In what fol-
lows we shall suppress M in favor of A, considering always f(z; N) instead of
fu(z).

The functions of best approximation f(z; N) satisfy the following orthog-
onality relation:

COROLLARY. Let g(2) be any function of class L*(B) for which
. ; —dA = 0;
(5.10) J [ renaeraa
then we have
(5.11) [ e - s nan-as = o.

This follows from (5.5), (2.19), and (2.21).
The solution of the extremal problem given in the preceding section
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involves the set ¢,.(z). By means of the resolvent kernel k*(z, @; \) it is
possible to obtain a representation of the extremal function which is in
“directly computable” quantities and is independent of either the doubly
orthogonal set or the corresponding eigenvalues k..

By way of a preliminary, we introduce the second iterate of the resolvent
kernel k* by means of

(5.12) B*®(z, w; \) = f f E*(z, I N E*(t, ; N)dA.L.
B

It is to be noted that in (5.12) the composition has been carried out over B.
From (4.31) it appears that 2*® will have the expansion

(2 . _ 2, kuha(z)(@n(w))~ .
(5.13) E*®) (g, w; \) = g BESVIT

Itisclear that for fixed A\520, 5 — &, ! and for wE€ B, the kernel £*® considered
as a function of z is of class L?(B). It may alternately be obtained from k*
by means of a differentiation:

0
(5.14) (g, w; \) = — P k*(z, w; N).
THEOREM S. Let f(2) EL*(G). Then for each positive N the function
(5.15) 10 = [ [ w6 @i s
G

s of class L*(B) and is a function of best approximation to f(3). Its B-norm is
gien by

sl = [ f ] ka*<2><z, @ N(f)f(w)dA.dA.

-[1.J. 2 ke, 9 V) f(w)dd 4.

while the measure of its approximation to f over G is given by

(5.16)

.10 ) = s Wlfe = [ fa f fGH<z, ; N (/@) (w)dAudA o

where the kernel H is defined by
(5.18) H(z, w; \) = Ka(z, w) — k*(z, w; \) — NE*® (3, @; \).

Proof. From (4.31) and (5.5) we arrive at (5.15) by termwise integration.
Similarly, (5.16) is derived from (5.13) and (5.6). From (5.18), (4.22), (4.31),
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and (5.12) we have H(z, w; N\) = D_> o N2k2p.(2)d.(w))~/(1+\k,)2. Hence, in
view of (5.7), we arrive at (5.17) by termwise integration.

CoROLLARY. The difference g(2) =f(2) —f(z; N) satisfies the integral equation
(5.19) f(z) = g(z) + )\"lf Kp(z, w)g(w)dA .
G

This follows from (5.15), (4.34), and (4.33).

COROLLARY. If the functions A(z, w) and the constants c, are defined by
(4.10), then we have

(5.20)  f(z M) =

e, Wf(w)dd < > C")‘—"H)

n!

n=0 7'

Proof. In view of (5.15) and (4.32) we have

e = [ (Z 2220 s+ (£ “25).

With w confined to G and fixed z confined to B’CB the inner series above
will converge uniformly in G (cf. the remarks following (4.10c)). We may
therefore integrate termwise to arrive at (5.20).

The series (5.20) is valid for all \5£0, 5 —k, !, holding uniformly in z for
z in B’CB, and provides a representation for the minimal functions directly
in terms of integrals of known functions. Similar representations for the
quantities Hf(z; )\)H% and “f(z) —f(z; )\)||?; may obviously be obtained from
(4.32) through (5.16) and (5.17).

As \—0 through positive values (corresponding to M— ), we have
f(z; N\)—=f(2) uniformly in every G’ CG. Thus, referring to (5.20) we have

sl D). +(Z20) -0,

n=0

(5.21)  lim

Aot o n—O n'

As we have observed in §4, the functions 4 .(z, ®) are certain linear combina-

tions of Kz(z, @), - - -, K® (2, @), and hence the transformed functions
(5.22) 4056 = [ [ ae, wswyda.
¢

are surely of class L2(B), and if the boundary of B is analytic will be regular
in a larger region.

This approach to an f&€ L%(G) by means of its functions of best approxima-
tion and given by (5.21) possesses an interesting interpretation as a process of
summation by integral means of the transformed functions 4™f(z). The
process of summation by integral means is a generalization of Borel’s method
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of summation and may be defined as follows. (Cf., for example, Hardy [7, p.
79].)
Let there be given an entire function

(5.23) EQ) = 3 pnn

n=0

which is not a polynomial and has the further property that

(5.24) Pngo (n=01 11"')~
If we have
(5.25) lim Y pusA® + EQ\) = s,

A= © =

then we shall say that the series Z:-o s» is summable (E) to the value s:

(5.26) (E)Y su=s.
n=0

Any E method of summation is regular, that is, it sums to the appropriate
value any convergent series. If p,=(n!)"!, the method becomes Borel’s
method of summation.

If we make the selection p,=c,/n!, then from (4.9), EQ\) =D(—N\). Since
>e o kil< o, we know that D(\) has the product expansion (cf., for ex-
ample, Goursat [6, p. 457])

5.0 oo = 11(1-2)

n=0 n

so that EQ\) = [ ¢ (14+\/k.). This implies that
(5.28) pn= 2 (Riky- - ki)1>0.

<3< -+ - <ip

We can also arrive at (5.28) through (4.12), noting that am= > =, kx™ In
the summation process described above, select s,=n4®Vf(2)/c,

(n=0, 1, - - -). Therefore from (5.25) and (5.21) we may write
LAY | (n—l)f(z)

(5.29) @) = (B ————
na=0 n

Each fEL?*G) may thus be regarded as the (E) sum of functions of class
L?*(B). The process (E) is generated by the entire function E(\) =D(—N\).
It depends merely upon the two regions G, B and is independent of the func-
tion f chosen. We have proved the following theorem.

THEOREM 6. Let G and B be two regions satisfying the conditions described
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previously. Then 1t is possible to set up a regular method of summation by
integral means, that method depending only upon the regions G, B, such that
every function of class L*(G) may be represented through (5.29) as the (E) sum
of functions of class L*(B). This process of summation is identical with the ap-
proach to fE L*(G) of its functions of best approximation as M—> .

Theorem 6 can be regarded as a kind of generalization of the Borel and
Mittag-Leffler theorems on the summability of the Maclaurin expansion of
regular functions.

If we make the particular selection.f(z) = K ¢(z, @), w fixed in G, then by
(5.22) we have A™f(3) =A(z, W), so that there is obtained

(5.30) Ka(s, %) = (E) i nAn_1(z, w)

n=0 Cn

On the other hand, if the selection f(z) = K g(z, @) is made, then using (4.10b),
(5.22), and (5.26),

(5.31) Ks(z, ©) = (B) Y. {KB(z, @) — f—%—wl} :
n=0 n

6. Functions of best approximation. We shall say that a function
fEL?(B) is a function of best approximation (in the sense of our extremal
problem) if there exists an f*&€L2(G) and a constant M such that under the
condition ||g||z< M, the expression ||f*—g|| ¢ is minimized by g=f. In the
present section we investigate some properties of the class of functions of best
approximation.

Let f(2) EL(G) and possess the Fourier expansion f(2) = X o Gn$n(2);
)N la,.| 2< o, We find easily from (3.1) and (4.20) that

Z\ Gndn )

6-1) 1j0) = 3 28
n=0 kn

More generally we have

(6.2) T@f(z) = 22 a"'i".(z) G=1,2-).
n=0 1.

Using (6.2), we may extend the definition of the jth iterate of T to values of
j which are not positive integers. Reciprocally, given a function #k(z)
= D2 0 nda(2), it will be a T transform of an fEL2(G) if and only if

(6.3) > a,.lzk“ < .

n=0

The class of T¢® transforms is L2(G). The class of TU/? transforms is
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L*(B). For assume that h(z) = D .o anda(2) with Z,f,,o Ia,.f 2k, < . Then
h(2) = D 2o axkY?p.*(2), so that in view of the Riesz-Fischer Theorem, k(z)
&€ L%*B). The class of T transforms coincides with the class of functions of
best approximation, as we shall now show.

THEOREM 7. A function f(z) EL%(B) is a function of best approximation if
and only if, for some g L*(G),

(6.4) f(z) = Tg(2)-

Proof. If f(2) is of best approximation to f*(2) = ) .., a®.(2), then, by
Theorem 4, it must be of the form f(2) =f*(z; N) = Do @.*¢a(2)/(1+\E,)
for some positive \. Now,

© a* {2k2 ® .

> z=ar Y e < w.

n=0 (1 + )\kn)2 n=0
Hence by our remarks above, f must be a T transform. Conversely, a given
Tg, gEL%G), is of the form Y oo @2hn(2)/kn, Do |a,.|2< o. If we set
ad = (an/ka) (14N, then|a, | <|a.| (14N) so that D ., |ad |2< . But
Tg= > 2o a!d.(2)/(1+\k,) and is therefore a best approximation to the
function Y 2, @, ¢a(2).

COROLLARY. The function f(z)= D 2o audn(2) is @ function of best ap-
proximation if and only if

6.5) Elan|2k: < oo,
n=0 .
In a paragraph which follows we shall give a criterion which is inde-
pendent of the doubly orthogonal functions.
The second half of the preceding theorem may be reworded as follows.
Let a function g&EL%(G) be given. Then Ty is a best approximation to the one-
parameter family of functions L(g; \) given by

(6.6) L(g;N) =Tg+ M N\ z0).
Furthermore, the measure of the approximation over G is given by
6.7 A = N|glls

We next consider some particular functions of best approximations. Let
w be fixed in B. By (6.6) and (3.4), the kernel function Kg(z, %) is a best
approximation to AK ¢(z, @)+ K5g(z, w) =NK*(z, w; N~!). This statement is
equivalent to the identity

(6.8) )\ff K*(z, I; N"O)E*(t, w; N)dA, = Kp(z, ®).
¢
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More generally, it is easy to show that K% (z, @) is the best approximation
to K®(z, ®) +NKG (2, @) (n=1,2, - - - ),A\=0. Here K is to be interpreted
as Kg.

On the other hand, let w be fixed in G. Then by the reproducing property
of K¢ over G we have

(6.9) ffak*(z, I; N Ke(t, w)dA, = k*(z, w; \)

and, therefore, the resolvent kernel k* is, for A=0, a best approximation to
K (2, w).

The Fredholm theory is rich in identities. Many of these can, by means of
Theorem 5, be given interpretations as theorems on best approximation.
Consider, for example, one of Fredholm's basic identities

ff k*(z, 1; M) E*(¢, @; No)dA,
¢

= (A — M) NEX(z, @5 A1) — Nok*(z, @5 No) } (A1 # Na)

and which in the Hermitian case at hand is readily verified through (4.31).
This tells us that best approximations to the resolvent kernel k* are, for
differing values of the parameter N\, appropriate combinations of k*.

If we set f(2) =¢;(z) (=0, 1, - - - ) in (5.5), there is obtained

$i(2) *

6.10 i(z2; N) = ———— = Me;(2).
(6.10) $i(z; \) TT N $i(z)
Thus, each doubly orthogonal function when multiplied by a suitable con-
stant becomes its own best approximating function.

By combining Theorems 2 and 7, we arrive at the following result.

THEOREM 8. Let the region B be bounded by a finite number of closed analytic
curves. Then there exists a region B* with BCB* such that each function of
best approximation is regular in B*. A region B* may be found which depends
solely upon G and B, and 1s independent of the particular function of class L*(G)
which is being approximated.

We remark, therefore, that if B has an analytic boundary, then regard-
less of the region G, no function of best approximation can possess a singu-
larity on the boundary of B.

COROLLARY. For an outer region B with an analytic boundary, the doubly
orthogonal functions are regular in B*.

The following identity is easily derived from (6.1) and (5.5):
(6.11) Tf(z) — f(z; N) = Tf(z; N).
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Let us designate the operation which produces f(z; N) from f(z) by G, that is,
(6.12) G f(z) = ff k*(z, w; N)f(w)d4 .

G

Thus the operator G\ converts f into a best approximation to f. We may
now rewrite (6.11) in the following symbolic form

(6.13) T — Gy = TG,
whence
(6.14) Gy=T/(T+N); T =Na/U-G).

If the first fraction of (6.14) is expanded in ascending powers of T, there is
obtained the Neumann series

© _1 nTn+l
(6.15) Gy = Z u___

n=0
where Tf(z) is given by (6.2). The series (6.15) will be valid for values of A
which are sufficiently large, but by introducing an appropriate method of
summability such as Mittag-Leffler’s, it becomes valid, under appropriate
interpretation for all A\>0. We shall indicate briefly how this can be accom-

AR+l

plished.
Consider the resolvent kernel k(z, w; \)=D(z, w; \)/D(\). The entire
function D(\) possesses zeros only at the points A\=%; (=0, 1, - - - ). Thus,

for z, w fixed in B, k(z, @; \) considered as a function of the complex variable
N is regular in the star-region R obtained by deleting the segment .S: (Im
=0; Re A=k¢>1) from the complex \-plane. Mittag-Leffler’'s method of
summation will sum the series expansion of k, i.e., the series (4.6) for all \
in R. We therefore have

n—1 _Xn)

hud N Kp (Z, 'ID)
6.16 I =k, ), NER.
(©-10 I X T ram o1y e Y <

Comparing this with (4.31), we obtain

n—1__(n)
o, (—1) K , W
(6.17) E*(z, ; \) = lim (-1) s (2, W) .
-0 o1 A*T(1 4 8(n — 1))

It may be shown that for z, wE&€ B’ CB, the limit in (6.16) and hence in (6.17)
holds uniformly, so that from (5.5) and (6.17) there is obtained

. . o (_l)n—l ) ~
(6.18) f(z;\) = ;22 § T+ 3 — D) f fGKB (2, w)f(w)dAw
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or symbolically,

(6.19) G = ()X (=)™ T/An

n=1

where (M) stands for the Mittag-Leffler sum of the series which follows.
Furthermore, from (5.9) we obtain the representation

(6.20) f(z) = lim (M) (= 1)*AT™f(z); f € L¥G).
Ao n=1

In particular, if f(2) =K ¢(z, ®), w fixed in G, we have T®™f=K%(z, w), so

that

(6.21) Ko(s, @) = lim ()3 (= )" V'K (s, %),
A—w n=1

We return now to (6.14). As special limiting values there may be ob-
tained (cf. (4.35), (4.36), and (4.38))

(6.22) lim G\ = 0; lim G\, =1,
Ao A—0

(6.23) lim \G\ = T.

N Ao

Inversion formulae for the operator T may be found as follows. It is
easily shown that for fEL?(G) we have

(6.24) [ [ #6 winT@)A = 6@ = s 0,
B
Introducing as operator B, by
(6.25) [ [ #6 #5 0g(wratn = Brg: g € LY(B),
B
then we have from (6.24)
(6.26) B\T =Gx
so that from (6.22) there is obtained
(6.27) lim By,T = I.
A0

Thus finally

(6.28) T7! = lim B,.
A—0

In terms of integrations over the inner region G, the following alternate in-
version is also obtainable
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(6.29) T-Y(z) = lim ff E*®(z, w; \) f(w)dA .
A—0 G

As a further application of these ideas, we now give a necessary and suffi-
cient condition that a function which is originally defined over G and of class
L?(G) be continuable analytically to B and be of class L2(B) there. (In this
connection, see Bergman [3, p. 18] where a criterion involving infinite
Hermitian forms related to the doubly orthogonal functions has been given.)
We have already seen that the necessary and sufficient conditions for this is
that f be a TW? transform, i.e., if f(g) = D ;o @da(2), then we must have

—0 Ia,,l 2k, < . In Theorem 9, we give a criterion which is related to the
process of best approximation and is independent of the doubly orthogonal
functions.

THEOREM 9. The function f(z) of class L*(G) can be continued analytically
to be of class L?*(B) and with B-norm equal to M < » if and only if

(6.30) lim || f(z; M||5 = M"
A—0
or, what is equivalent, if and only if

(6.31) lim ff ff B*®(z, @; N)(f(2)) f(w)d4.d4, = M2
A—0 G ¢

Proof. The equivalence of conditions (6.30) and (6.31) follows from (5.16).

Using (5.13), we find that (6.31) is equivalent to the condition
© an 2kn
(6.32) lim >, -—I——l——— = M?,
A0 a0 (14 AE,)?

We shall now prove that (6.32) is equivalent to »_., a,.l 2k, = M?2, a con-
dition which is obviously necessary and sufficient for ||f||z= 3. We there-
fore assume, at first, that Y .o |a.|2k.= M2 Consider

2 2 2 2

® 2 | an| ka © | an| ka(2NEn + N k)
2| et — X2 .= ;

n=0 n=0 (1 + )\kn) n=0 (1 + )\kn)
Let €>0 be given. Determine N so large that Y x,, |a.|2%k.<e/2. Now SQ\)
S 2N (N N2k, | @2 %/ (1 4HNEL) 2+ D oy s | @a| 2a. Now determine o
so small that 1 —1/(14 k.)2<e/{2 D> Y, |a.| 2.} for n=0,1, - - -, N and
for 0=A=X\,. Then SQ\)=<e for 0=A=\,. Therefore (6.32) follows. Con-
versely, assume that (6.32) holds. For each N we have
v felh _ o el

> =X

S (AR S (L AR

=S).
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Therefore, allowing A—0 in the above equation, we obtain »_¥_; Ia,.| 2k, < M2,
and allowing N—w», we obtain D .., ]a,.l %k, =< M?. However, since
Do [a,.lzk,,> >, Ia,.li'k,./ (14-Nk,)?, by letting A—0 there is obtained
Do |an] ez M2 Thus, D2 |an] 2%k, = M2

As remarked previously, a function f is a function of best approximation
if and only if it is a T transform. By treating (5.13) and (6.5) similarly, we
can obtain the following criterion which is independent of the doubly or-
thogonal functions.

THEOREM 10. f(2) is a function of best approximation if and only if

(6.33) lim ff ff E*®(z, w; N)(f(2)) f(w)d4.d4, < .
A0 B €]

Theorems 9 and 10 possess interpretations in terms of a process of sum-
mation by integral means which are analogous to Theorem 6. From (5.14)
and (4.32) we may obtain the following representation of k*®(z, ®; N\) as
the ratio of two entire functions of A:

(6.34) B®(z, w; \) = D Dy(z, w)A? / A2ZD e NP
p=0 =0
where
P ) — m i Iy

(6.35) Dy @) = 35 (2m — p 4 1) 2Anln D)

m=0 m!(p - m)!
and where

p

(6.36) ep= D _ mleom

m=0 m'(? - m_)_i7

the constants ¢, having been previously defined in (4.10c). In view of the
remarks following (4.10c) and the fact that D, c,A~*/n! is an entire func-
tion of A~1, it follows that for all N, the numerator of (6.34) converges uni-
formly and absolutely for 2z, w confined to B’CB. We can therefore write

f f G_f f KOG B N(JE)f(w)dddd,
_ g)h f fG f Dals, DUE) S (@it / ng e

so that the criterion (6.31) becomes

(6.38)  lim Z:w f fG f fGD,.(z, w)(f(z))—f(w)dA,dA.,,/ éenxn = M?,

Ao g

(6.37)
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If, in the process of summability described by (5.25), we now set p,=e,
(n=01 17 tte )1 pﬂs"=ff0ff0Dﬂ—2(zr 'ZI))(f(Z))_f(ZU)dAszw (n=2, 3) cre )7
sn=0 (=0, 1), then (6.38) takes the form

(6.39) (e)ée;‘ f fG f fGDn_z(z, @) (f(2)~f(w)dA,dA., = M.

The symbol (e) refers to a process of summability by integral means using
the entire function e(\) = D _., e.\" as the averaging function. We have there-
fore established the following result: let G and B satisfy the usual conditions;
then it is possible to specify a process of summation by integral means such
that a function of class L?(G) is continuable analytically to B and with
B-norm M if and only if (6.39) holds. The process (e) as well as the sequence
of kernels D,(z, @) depend solely upon the two regions G, B. This process is
identical to the convergence to M of the B-norms of functions of best ap-
proximation to f(z).

There are some special cases of Theorem 5 which provide interesting
interpretations of the resolvent kernels 2* and £*®. Suppose initially that the
region G is simply-connected. Let w be a fixed point lying in G. If ¢(z, w)
denoted by the function which maps G conformally onto the unit circle in
such a way that the point w goes into the origin, then it is known (cf. Berg-
man [3]) that

(6.40) 2—¢(z, w) = M .
Ii4 Kg(w, )
Referring now to (6.9) and (4.37), we obtain
(6.41) ff k*(z, I; \) i &(t, w)dd, = M .
@ I]/ k*(w, w; 0)

We have therefore proved the following theorem.

THEOREM 11. For w fixed in G, the mnormalized resolvent kernel
k*(z, w; N\)/k*(w, w; 0) is the function of best approximation to the derivative
of the mapping function of G.

If G is not simply-connected, then from (6.9), (5.15), and (3.5), we may
say similarly that k*(z, @; N\) are the functions of best approximation to
(—2/m)(0%c(z, w)/020w).

With w fixed in G, let us make the selection f(2) =d¢(z, w)/dz in Theorem
9. The following theorem results.

THEOREM 12. The function d¢(z, w)/0z can be continued analytically so as
to be of B-norm M if and only if

(6.42) lim £*®(w, w; \) = M2[Ko(w, w)]2
A0
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Proof. We have

ff ff E*®(z, 1 \) (K a(s, W)~ Ke(t, w)d4,d4, = k*®(w, w; \) [Ke(w, 0) |?
¢ ¢

by the reproducing property of K¢ over G. The theorem now follows from
(6.40) and (6.31).

We note further that d¢(z, w)/9z is of class L(B) if and only if
(6.43) lim B*®(w, @; \) < .

A—0
This is equivalent to
(6.44) T-'Ke(w, ) < .

If, in particular, the region G has a nonanalytic boundary, then the limit
(6.43) will be infinite for all B such that GC B. Extension of these remarks to
the case of a multiply-connected G may be made through (3.5).

7. Some special cases. In the present section, we give some examples
where the doubly orthogonal functions are easily obtained. Let G be the circle
| 2| <71, and B the concentric circle | z| <7s, 72>71. The doubly orthogonal set
for this pair of regions is given by

. n+ 1\2, .n
W(2) = [ —— =0,1,---),
7.1) ¢n(2) ( . ) z/n (n )
kn = (7’2/7’1)2"+2.
We have immediately
] o P

(7.2) E*(z, w3 \) = —

T e 7?"+2 + )\rgn+2
and that if f(2) has the representation

(7.3) ) = 2 ansn,

n=0

then the functions of best approximation f(z; \) are given by(3)

(7.4) f(z; \) = f‘, -

oy r12n+2 + )\r%n+2
In this case there is obtained further

2 2n42
|an 71

(7.5a) IAlle = Wﬂé a1

() Cf. Walsh and Nilson [13, p. 250], recalling that in this paper line integrals were used.
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2 2n42
2 2 hd Q| 7o
7.5b iMllp=M = !
( ) “f(z )“B "rg (n + 1)1 + N(ra/ry)2n+2)?
2 4n+4

An | 72

2 2
(7.5¢) ”f — f(z; )x)“a = mA ”z-% (n + DrEnt2(1 + (ra/r)in2) ’

From (6.1) we have

(1.6)  TVfE) = (n/r)" X aulri fra) s = (ri/r) " f(r1'5/72)

n=0
and from (6.18) we obtain the representation

. © (_ l)n—l
@D SN = lim 2 e
It will be observed that if f(z) is regular in |z| <r, then f(z; \) will be regular
in |g| <r(ra/r)t.

As a second example, and one which is not simply-connected, let 0<r;
<r;<rz<ry< «. As G, take the annulus ;< Izl <r; and as B, the annulus
n< lzl <r, In this case, the doubly orthogonal functions are as follows.

(ri/r2) " f(ry 5/ 73).

B n+1 1/2

(7.8a) P2n(2) = -W] n (n=0,1,---),
B n—1 1/2

(7.8b) b2n-1(2) = | n(ry2rte — '3_1"4'2):' z " n=223---),
[ 1 1/2

(7.8¢c) d1(z) = -m] z7L

The characteristic constants are given by

(7.9a) Baw= (e =g =1 (n=01,---),

(7.9b) Bory = (r;2n+2 _ n—zn+2)/(r2—2n+2 _ 1'3—2"+2) n=1,2-)

(7.9¢) k1 = log (r4/r1)/log (rs/r2).

If f(2) possesses the Laurent expansion
(7.10) f(z) = 33 AR

then the functions of best approximation have the form

0 anzn —0o0 anZ"
7.11 Z;N\) = + .
( ) fli M n;o 1+ Mkg, n=z—l 1+ Negnn

Of this case, we shall merely observe that keus~(rs/73)2"2, kop_y~(r/r1)?*2,
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and this implies that if f(2) is regular in the annulus ¢ < Izl <a';asry,a 2,
then all functions of best approximation will be regular in the annulus
a(ri/r)?<|z| <a’(ry/rs)?

These special cases for which explicit solutions have been found are ex-
tendable by means of conformal mapping. Let a region G lying in the z-plane
be mapped conformally onto a region G* lying in the w-plane by means of
w=3(2). Designate the inverse mapping function by z=0(w). It is easily
shown that f(z)©L%*G) if and only if f*(w)=f(6(w))d'(w)E&L:(G*), and
||f(z)|| G=||f*(w)|] ¢+ Furthermore, suppose that GCB is given, and the whole
configuration is mapped conformally onto G*, B*. If ¢.(z) is the set of doubly
orthogonal functions for G, B, then,

(7.12) on(w) = 6(0(w))0 () (n=0,1,---)

will be doubly orthogonal for G*, B*. Both sets of regions possess the same
characteristic numbers:

(7.13) ko = kn (n=10,1,---).
It appears, then, that the whole theory of best approximation is conformally
invariant, and indeed from (5.5), (7.12), and (7.13) we obtain

(7.14) Jan(z N = fo (w3 V), w = 3.
The simplest configuration is obtained when G* and B* are images of two
concentric circles |z| <71, |2| <7;, 0<r <7< . In this case we have

n+1

gn() = ((n+ 1)/m)2(6(w)) 8 (w)/r1 ",

ku = (ra/r2) 2,

In the general simply-connected case, we can, at least, map B onto the unit
circle so that the transformation T is expressed very simply through (3.9).

8. Generalizations. In this final section, we shall discuss briefly some
generalizations which can be made. In §4, we introduced the basic assump-
tion that the system ¢,(z) be complete over L%(G). Our reason for this is
that we wished to approximate functions of L?(G) by those of class L?(B).
Assuming completeness, the former class is comprised of those functions f(2)
= D0 @npa(z) with Dz |a,.]2<°o. In case of the incompleteness of
{$a(2) } over L2(G), these latter functions form a subset L}(G). If we agree to
operate only within L}(G), that is, if we deal with the problem of approximat-
ing functions of class L}(G) by functions of class L?(B), then our previous
results will remain intact. If an incomplete kernel function of G is defined by

(7.15)

8.1) Kbz ) = 3 60() (u())",

n=0
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then the class L3(G) is comprised of those and only those functions which have
a representation of the form

(8.2) 1) = f GKZ,(Z, D h(w)ddw;  h(w) € LXG).

This class may be characterized independently of the system {¢.(2)} as fol-
lows: fEL3(G) if and only if

(8.3) flz) = }\nj; ffok*(z, W; ) h(w)dA

for some k(w) & L%*G).

The following modification of the original problem may also be contem-
plated. Instead of discussing complex-valued functions which are analytic in
G, we may discuss real-valued functions which are harmonic in G, or, more
generally, functions u(x, y) which satisfy a partial differential equation of
elliptic type

*u  du
(8.4) :9-—;—!— — — gq(x, y)u = 0, q(%, y) 2 0 in G.

If a scalar product is defined by

8.5) E(u, 9) ff [8u 61} du dv n ]d y
. u, ) = —_——t— — uv | dxdy,
dx dx Jy dy 7 4

the space of solutions # for which E(u, u) < « is a Hilbert space possessing
a reproducing kernel Kg(x, v; & 1) (see Bergman and Schiffer [4]). For two
regions GCB, the integral equation

(8.6) ¢(x, 3) = NE[Ks(x, y; & 1), ¢(&, n)]

possesses eigenvalues ¢,.(x, ¥) which are doubly orthogonal over G and B
with respect to the metric (8.5). Much of the present theory will carry over
to this more general situation.
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