SCHLICHT SOLUTIONS OF W"'+pW=0

BY
M. S. ROBERTSON

1. Introduction. Let

(1.1) 25() = pot pis -+ pus -
be regular for |z| <1. For the differential equation

aw
(1.2) + p(z)W =0,

dz*

the origin is a regular singular point (or an ordinary point when po and p;
are both zero), and the indicial equation is

(1.3) AN =X+ po=0,

with roots @ and B, a+B8=1, Ra=1/2=RB. Corresponding to the root «
with the larger real part (or to either root if the real parts are equal), there
exists a unique solution of the form

(1.4) W =W = 2°), aus?, ap =1,

n=0
valid in the unit circle Izl <1. Let F(3) be defined as
(1.5) Pe) = {WElte =5+,

where that branch of the function is chosen for which F’(0) =1. In this paper
we shall obtain sufficient conditions on p(z), of a fairly general nature, so
that F(s) is schlicht in |z| <1 (F(z) takes on no value more than once in the
unit circle).

lItl will be observed immediately that every analytic function f(2), schlicht
in |z| <1,

(1.6) &) =z4pa+ - A pan -,
satisfies an equation of the form (1.2) where
— zf"(2)
(1.7) 2p(z) = ————
7=

is regular for Izl <1. In this case, po=0 and a=1. It follows then, for the

special instance a=1, that our sufficiency conditions on p(3) can be re-

phrased in terms of f(z) and f’/(z) to give many new tests for an arbitrary

analytic function f(z) for which f(0) =0, f’(0) =1, to be schlicht in Izl <l1.
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A related problem was recently solved by Nehari [5], who showed that
in the special case po=p;=0, =1, no solution of (1.2) can take on the value
zero more than once in |z| <1, provided either

@) 2@ ] = 1 =22 || <1,
or
(ii) | p(2) | < =2/4, |z] < 1.

In either of these two cases the ratio of two independent solutions of (1.2)
is schlicht in Izl <1. The conditions (i) and (ii) may be replaced by

290-2200(1 — |5]2)7, for0O=N=1,

<
l P(Z)| = {22_)\(1 — | z|2)—)\’ for 1 é A é 21

a refinement of Nehari’s result due to Pokornyi [6]. A condition analogous
to (ii) applied to analytic functions in a convex domain was obtained recently
by Ryll-Nardzewski [8]. The problem at hand now, however, is to find suffi-
cient conditions on p(2) so that certain individual solutions can take on no
value more than once in |z| <1 (even when p, is different from zero). The
“Green’s Transform” of (1.2), used so successfully by Nehari [5] and of
fundamental importance in the earlier papers of Hille [1; 2; 4] on the exist-
ence of zero-free regions for solutions of (1.2), also plays an important role in
this investigation.

Our aim is to derive a fairly general “parent” theorem, involving a some-
what arbitrary function p*(z), whose “offspring” will be theorems cor-
responding to each selected function p*(z). Each such p*(z) will have asso-
ciated with it a universal constant 4 =4 (p*) (often times a root of a trans-
cendental equation) which will give a sharp character to the corresponding
theorem. By varying $*(2) innumerable tests for the univalency of F(z) of
(1.5) may be obtained. A few of these examples will be explored in §7 of this
paper. Because of the length of a satisfactory and complete statement of the
main theorem, we postpone this until the proof is at hand in §6.

2. Preliminary definitions. Let

(21) f(z)=z+uzz2+...+”"zn+..

be regular for Izl <1. We denote by S the class of functions f(z), f(0)=0,
f(0)=1, given by (2.1), which are schlicht, or univalent, in ,zl <1. Let
S(v) be the subclass of S whose members f(2) satisfy, for some real constant ¢
(|v] £7/2) and || <1, the inequality

2.2) m%wd@};a
(2
- It was shown by Spatek [9] that the inequality (2.2) is a sufficient condition
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(when f(0)5£0) for f(z) of (2.1) to be schlicht in |z| <1. In general, a mem-
ber of S(y) maps lzl <1 onto a spiral-like domain. We shall call f(z) “spiral-
like” if it is a member of S(v).

The subclass S(0) of S(¥), corresponding to =0, contains only those
members of S which are star-like with respect to the origin. Each member
f(2) of S(0) maps |z| <1 onto a star-domain, one which has the property
that every ray from the origin contains an open segment, from the origin to
a boundary point, which lies entirely within the domain. We shall call f(z)
“star-like” if it is a member of S(0). Every star-like function is also spiral-
like since S(0) CS(v).

We shall denote by K the subclass of S(0) whose members f(z) map I z| <1
onto a convex domain, one which has the property that, if W; and W, are
points within the domain, the line segment joining W, and W, lies entirely
within the domain. It is well known that f(z), with f(0) =0 and f’(0) =1, is
convex in |z| <1 if, and only if, 3f'(2) is star-like in Iz] <1. Since (2.2), with
v =0, is both necessary and sufficient for f(z) to be star-like in ]zl <1, it fol-
lows (as is well known) that the necessary and sufficient condition that f(z)
(with again f(0) =0, f’(0) =1) be convex in l zl <1 is that

Zf"(Z)}
f'(2)

Another important subclass of .S, to be denoted by K*, is the class whose
members f(z) are real on the real axis and each f(z) maps |z| <1 onto a
domain which is convex in the direction of the imaginary axis. This means
that if W, is any point within the domain, then the line segment joining W,
and its conjugate point W, lies entirely within the domain. It is known that
the necessary and sufficient condition for f(z) to belong to K* is that zf(2)
=g(z) be typically-real for ,zl <1. Following Rogosinski [7] we say g(2) (g(0)
=0, g’(0) =1) is typically-real for lzl <1 if g(z) is regular in lzl <1, is real
on the real axis, and if the imaginary part of g(z) vanishes for Izl <1 only
when z is real. We shall speak of f(z) as being “convex in the direction of the
imaginary axis” if it is a member of K*.

Let f(z) be a member of S, and let Cf(2) (C any constant not zero) map
Iz] <1 onto a simply-connected domain D. Let k(z) be regular in lzl <1, and
%(0) =0. We shall say that k(z) is “subordinate” to Cf(z) in lz] <1, and write

h(z) < < Cf(2)

whenever k(2) lies within D for all 2, |z| <1.
3. Green’s transform. Following Hille [2], we adjoin to the differential

equation

aw
3.1) W'+ p(z)W = 0, (W” = ),
dz?

(2.3) 9?{1+ for |z] < 1.
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the “Green’s transform” of (3.1) obtained as follows. We multiply (3.1) by
Wadz and integrate from 0 to 2, |z| <1. This gives

(3.2) f WE W (z)dz + f p(2) | W(2) |2dz = 0,

where p(2) is given as in (1.1) and W= W(z) is the solution (1.4), Ra=1/2.
For the present we shall assume Ra>1/2 (the case Ra=1/2 will be con-
sidered separately). Since Ra >1/2 the integrals appearing in (3.2) exist.
Integrating by parts, we obtain

69 Wowek- [ [welda+ [ 6| we s =o

Let the path of integration in (3.3) be the straight line segment, 8 =constant,

joining the origin to the point z=re®, r <1. Now multiply (3.3) by ze® and

equate the real part of the resulting equation to zero. We then have
zW’(z)}

W(z)

I W(z) |2§R {e""
3.4
(3.4) W o
= 7 cos 'yf | W’ |2dp — rf R{e32p(2) } 101 —
p?

where R F(z) denotes the real part of F(z). The Green’s transform, written in
the form (3.4), will be of fundamental importance in the paragraphs to follow.
4. A fundamental inequality of integrals. Let

(4.1) 22p*(2) = pot + pifz+ - - - 4 paem +

be regular for |z| <1, real on the real axis, and p¢<1/4. If C is any non-
negative constant, the differential equation

4.2) alln { (p*(z) - z—) +"’—°} W =0

dz? 72

has its indicial equation
(4.3) MN—N+pF=0

independent of C. Let a*, 8* be the roots of (4.3). Since p¢f<1/4, a* and g*
are real and so we have a*=1/2=8*, a*+p8*=1, where

(4.4) 20 =14 (1 — 4p5)/3, 26* =1 — (1 — 4p)re.
Let

(4.3) We = We(s) = 22D a*(C)z",  ad(C) = 1,
n=0
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be the unique solution of (4.2), corresponding to the real root a* of (4.3), and
depending upon the non-negative parameter C. The coefficients a,*=a.*(C),
all real, are determined from the recurrence relation

C[?n* + Pn*—lal* + st + P!?kan*—l_l

(4.6) a = , n= 1.
n(n + 2a* — 1)

From (4.6) it is readily seen that ¢,*(C) is a polynomial in C of degree not
exceeding %, and, in particular, a continuous function of C for a*>0.

We shall show now that We¢(z) is continuous in each of the three variables
C, a*, and z for C=0, a*>0, Izl <1. If all the coefficients pi, k=1, 2, - - -,
in the expansion (4.1) are replaced by their absolute values, and if p¢* is
replaced by e—e?, € arbitrarily small and positive, we have a new function
which we shall call $(z) and

(4.7) 22p(z) = e — € + 2| pi*] 2%
k=1
Let Cy>0 be chosen arbitrarily large. Then the differential equation
aw [~ € — € € — €
(4.9 +{-abo - S+ S w-o
dz? 32 22

has the unique solution

(4.9) WCO(Z) = Zei An(CO)zn) AO(CO) = 1’

n=0

corresponding to the smaller root € >0 of the indicial equation. Since 225 (2) is
regular in Izl <1 whenever 22p*(3) is, the series for W¢,(z) converges for
lzl <1 for all Cy. Moreover, the coefficients 4,(C,) are determined by the
recurrence relation

(4.10)  n(n+ 2¢ — 1)A,(Co) = Co[| p*| + | p¥1]| A1+ - -+ +]| p¥| 4uul.

For 0= C=C,, a*>€>0, it is readily seen that the coefficients a,.*(C) de-
termined by (4.6) satisfy

(4.11) n(n+ 2 — 1) aX(C) | < Co[| p¥| 4 | ptaat| + - - - + | praks] ],

C *
(4.12) |a¥(©) | < % = 4(Co).
€
Thus
(4.13) | a.*(C) | < A4.(Co) forn21,0<C=Coa*>e

Since the series Z:,o A.(Co)z" converges uniformly in z for |z| <R<1, it
follows that the series Y nmo @.*(C)s" converges uniformly in the three vari-
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ables C, a*, and z for 0= C=Cy, a*>€>0, and Izl <R<1. A similar state-
ment holds for the derived series D oo (n4+a¥)a*(c)z* if a* is bounded
above. Since the coefficients a(C) are continuous functions of C and a* and
the series Y .o a,*(C)z* converges uniformly in C, a*, and z, it follows that
We(2) and its derivatives with respect to z are continuous functions of C, a*,
and z for C=0, a*>0, lzl <1. Similar arguments apply to W(z2) if Ra>0 in
(1.4).

Now that we are dealing with a function We(z) continuous in C, and be-
cause, for n=1, a,5(0) =0, asf(0) =1, it is easily seen that
(4.14) lCim We(z) = Wolz) = 2=,

—0
uniformly for ,zl =R for any positive R<1, and Wy(z) is the solution of
(4.2) when C=0. By z* we shall mean exp (a log 2), the principal branch of log z
being chosen.

Although W¢(2) is in general not single-valued in the neighborhood of the
origin, the logarithmic derivative W(z)/We(z) is single-valued and has a
simple pole at the origin. Since the coefficients are all real and a¢*(C) =1, a*
>0 in (4.5), it is seen that for each C=0 we have

(4.15) Wd () >0 for a range 0 < p < r(C),

and for the same range at least we also have

P
(4.16) We(o) = f W (o)dp > 0.
0
Thus
W !
(4.17) PWEG) for0<p<r<=1,
We(p)

where for C fixed, 7 is the smallest positive zero of W¢ (p) (as a function of p)
or one, whichever is smaller. By taking Csufficiently small we may obviously
have r as near to one as we like. We shall see later that, under certain re-
strictions (not very severe) on p*(z), by taking C=C(R) sufficiently large
we can make W¢(R) vanish for any given R<1.

We are now ready to prove the following inequality of integrals which is
of fundamental importance in the proof of our main theorem. We state the
inequality as a lemma.

LEMMA. Let y(p), dy(p)/dp=7v"(p) be real functions, continuous in the real
variable p for 0 <p <1. For small values of p let '

y(p) = 0(%),  ¥'(p) = 0(p*), 6> 1/2.
Then
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dp

{C(pzp*(»o) — ) + 28} 5%(6)
4.18 °° P
wd (n)

= fo {5'(0) }2dp — Wel?)

where We(2) is the solution (4.5) of (4.2), and where C(=0) is chosen small
enough so that (4.17) holds. Equality in (4.18) holds if, and only if, y(p)
=kWe(p), a*>1/2, where k is an arbitrary real constant.

The conditions y(p) =0(p®%), ¥’'(p) =0(p*"!), §>1/2 guarantee the exist-
ence of the integrals involved. The lemma is proved with the use of the fol-
lowing identity and partial integration.

INECE vaV(@)) o) | o
= fo ,{ y'(p) } 2dp — f 2y'()y(p) o7

«f {V;((p’;)} Y(o)d

- [T tyea - [0 W“'(”)]'

We(p)

+JolEG)+ G 1

¥} (r), 0<r<1,

'(p)
Welp )

(4.19)

_ wy oy W () T W)
—fo {5'(p) }2dp — y%(r) e +fo Welo) y*(p)dp
f {5'(0) }2dp — 5%(r) ki ((r))

d
- [ tcwre - ) + 251500 -

Since the left-hand side of the identity (4.19) is non-negative, and zero only if
y(p) =kWec(p), the inequality (4.18) follows. When equality exists in (4.18)
it is necessary that a*>1/2, p¢*<1/4. However, the inequality holds for
a*=1/2 if §>1/2. This completes the proof of the lemma.

5. Some new universal constants. Let z?p(z) be regular in IzI <1 and be
given as in (1.1). Let

(5.1) W = W() = 22 aq3", a =1, Iz[ <1,

n=0
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be the solution (1.4) of the differential equation (1.2) associated with a given
»(2). We have a (1-1) correspondence between the function p(z) of (1.1)
and the solution W(z) of (1.4). Similarly, we have a (1-1) correspondence
between the function p*(z) of (4.1) and the associated solution We¢(z) in (4.5)
of the differential equation (4.2).

We shall now restrict p(2) by making it satisfy an inequality involving
p*(2) (p*(3) regarded as a given fixed function). Then we shall deduce an
inequality involving the associated functions W(z) and We¢(2).

Let C=0, v ( I'yl =w/2) be assigned constants. Let p(z) be restricted so
that

(5.2) Riea?p(z)} < cosv[C{|z[20*(|2]) — p&} + pi]

for |z| <1, and let %a>1/2. Let C be chosen small enough so that (4.17)
holds. Taking z=0, we note that (5.2) implies in particular that

(5.3) R(eirpo) = pof cos ¥ = (1/4) cos v.

We prove now the following preliminary theorem, comparing the solu-
tions W(z) and We(z).

THEOREM A. Let 22p(z) be regular in |z| <1 and satisfy (5.2). Let the root o

of (1.3) be the one for which Ra=1/2. Let
W(z) = 22) a.3", a =1, |z| <1,

n=0

be the unique solution of (1.2) corresponding to a. Let z*p*(z) be regular
in |z| <1 and real on the real axis with lim, .o 22p*(z) =pF<1/4. Let

We(e) = 23 a (), ) = 1,

n=0

be the solution of (4.2) where a* is given by (4.4), a*=1/2. Then

W) _ s wd(]s])
(5.4) E}t-{e"' } = cosy = 0, 2| S R<1],
W (z) We(|z]) =]
for those values C, 0= C= C(R), for which
(5.5) Wd(r) >0 in0<r<R
If we assume further that
(5.6) max R{z2p*(z)} = r2p*(),
zl=r<1
then
wd w¢é
(5.7) ER{Z C(z)}g'zl ‘d=h |z <R <1,
We(z) We(|z|)
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0=C=C(R), and rW{ (r)/Wc(r) is a nonincreasing positive function of r for
0=r=R when 0SC=C(R), and for C=C(R) decreases from o* to zero as r
increases from 0 to R<1.

To prove Theorem A we use the Green’s transform as given in the form
(3.4), and assume Ra>1/2 to begin with. From (3.4), (5.2), and (4.18) of the
fundamental lemma we have for z=re®, r <1, 0 constant,

W’ (z)}
W(z)

WG e o

’ r Clo2p*(p) — pe *
(5.8) grcos'yf IW’|2dp—rcos'yf {o""(0) 2p0}+P0|W|2dp
0 0 )

S W (r)
Wc(f)
which gives (5.4) when Ra>1/2. But (5.4) holds also when Ra=1/2 since, as
we have seen previously, zW’(3)/W(z2) is a continuous function of a when
Ra>0.
In particular, if p(2) is chosen so that
(5.9) 22p(s) = C{2%p*(2) — pi*} + p¢,

and if p*(2) is chosen so that (5.6) holds, then it follows that the condition
(5.2) is satisfied when 4 =0. Furthermore, the solution W(z) of (1.2) given
in (1.4) becomes identical with the solution W¢(z) of (4.2) given in (4.5).
Thus we may replace W(z) by We(2) in (5.4) when 4 =0 and obtain (5.7).
Obviously, equality occurs in (5.7) when z is positive. Thus (5.7) shows that

. sWd (z) rWd(r)
min = .
lel=r  Wel(2) We(r)

cos v | W() |2,

Because the minimum of a harmonic function does not occur at an interior
point of a domain, it follows that »W¢(r)/ We(r) is a nonincreasing positive
function of 7 for 0 =<7 <R <1. We shall see a little later that this function for
C=C(R) decreases from a* to zero as r increases from 0 to R<1.

We have seen that for a given R <1 there exists a range for C, 0= C=< C(R),
for which

(5.10) Wd@) >0 in0<r <R

We shall now show that (5.10) cannot hold for sufficiently large values of C
whenever (5.6) holds, and when 22p*(2) is not identically a constant. Because
of (5.7)

(5.11) o) = <)

We(z)

=a*4biz+ -+ b2+ .-
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has a positive real part for lzl <R <1. Hence the coefficients b, satisfy the
inequalities
(5.12) |b.] <

2a*
Rn
We conclude from (5.12) that |,| is a bounded function of C. On the other

hand b, is a polynomial in C with coefficients which are functions of the co-
efficients p, k=1, and a*=1/2. For example,
Cpi [C2pi*? + 4a’Ct5]

R by = 2a54(C) — (a*(C))? = 4a?(2a + 1)

) n=12--..

b1=‘11"‘(c)= -

It follows from this point of view that |b.| cannot be a bounded function of
C unless p*=0 for k=1. The apparent contradiction is eliminated only if
either

(5.13) (i) W¢(r)>0 for all 7 in the interval 0 <r <R <1 whenever 0= C
=< C(R) < », while at the same time Wg(r) <0 for some value of r <R and
for every C such that C(R) <C<C(R)+86, 6>0 arbitrarily small;

or
(5.14) (ii) 22p*(z) is identically a constant.

In the second case (3%p*(2) =constant p¢*) the solution We(z) of (4.2) is
the same as Wy(z) (C=0) which we have seen in (4.14) to be z*'. For this
function Wg(r) >0 for arbitrary C=0 and all positive . Thus C(R) = «. In
all other cases C(R) is finite. In what follows we shall suppose that this trivial
case is ruled out.

We shall show now that for any fixed R in the range 0 <R <1

(5.15) Wewy(R) = 0.

Thus it is possible to determine the value of C(R) by finding, for fixed R,
the smallest positive root C=C(R) of the equation W(R)=0.

To prove (5.15) we note by (5.13) that for each § >0, and for some r =7(8),
0<r(8) <R, we have Wiry4s{r(8)} <0. Let {6.} be a sequence of values of
6 for which 6,>0, lim, ., 6,=0, lim,_, 7(8,) =7, exists. Then, obviously, 0 <7,
=R. We have already seen that Wp(r) is continuous in C and r. Conse-
quently, since W+, {7(8,)} <0, we have in the limit as §,—0 the in-
equality W (ro) 0. But Wi (r) >0 for 0<r <R, so that in particular
Wery(ro) 20. We must conclude, therefore, that not only does Wz, (ro) =0,
but 7o=0 or R. However, lim,.o W¢a)(r) is never zero if a*>0. This implies
then that 7,5#0. Thus ro=R and Wg/(R) =0.

We note then by Theorem A and equality (5.15) that the function
[r Wty (r)/ Wemy(r) ] decreases from a* to 0 as 7 increases from 0 to R<1.

Since it is possible to determine C(R), and since C(R) is obviously a non-
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increasing function of R bounded below by zero, it is natural to seek the one-
sided limit of C(R) as R—1—0. Thus, to each given function 2%p*(z) there
corresponds a universal constant 4 =4 (p*) defined as
(5.16) A =A(p* = lim C(R)

R—-1-0
which is finite, except when 22p*(z) =constant p¢* in which case 4 = . In
sther words, 4 is the largest value of C for which W¢(r) >0 for all values of »
in the interval 0 <r <1. To see this we note from (5.13) that W¢(r) >0 for all
7 in 0<r <R <1 when 0= C=C(R), and in particular W¢(r) >0 for all » in
0<r<R<1 when 0=C=A. Since 4 is independent of R and R may be
taken as near to 1 as we like, we have Wg(r) >0 for all » in 0<r<1 for
0=C=A4. Thus

(5.17) Wa(r) >0 forall7in0 < r < 1.

On the other hand, we have, from (5.13), Wi(r) <0 for C(R) <C<C(R)-+9d
for all small § >0 for at least one value of » in 0 <7 <1. It follows then that
for small 6 and R near enough to 1 we have, for all ¢>0 arbitrarily small,

ASCR) <A+ e<CR +3s
in which case

(5.18) Welr) £0 forC=4 + ¢

for all small €>0 for some 7 in 0 <7 <1. Because of (5.17) and (5.18) we have
shown that for each €¢>0 there exists some r=r(e) in 0 <r <1 for which

(5.19) Wa(r) >0,  Waiilr) S 0.

(5.17) and (5.19) show that 4 is the largest value of C for which W¢(r) >0
for all » in 0<r<1. )

We remark also that for every 8;>0, there exists a § <8, for which C(R)
=A+6 for some R in 0<R <1, in which case Wi,s(R)=0. If this were not
so, since C(R) is nonincreasing and 4 =lim,.;_o C(R) we would have C(R) =4
for an interval 1—e<R<1. In that case Wj(R)=0 for an R<1. This con-
tradicts the fact that Wj(r) >0 for all » in 0 <7 <1 as we have shown above
by (5.17). We conclude then that A4 is the largest value of C for which
|2| We(|2])/We(]2|) >0, when 32p*(2) is not a constant, and |z| <1.

We shall presently give examples of functions p*(3) for which positive
constants A (p*) are determined.

It is clear also that Theorem A may be restated with 4 (p*) replacing C,
and inequalities (5.4), (5.5), and (5.6) then hold for Izl <1 with C=4(p*).

6. The main theorem. Let us now define F(z) as in (1.5)

(6.1) F(z) = {(We)jte =g+ ---.

Similarly, we write
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(6.2) Fa®) = {Wa@}ie =5+ - - .

Then both F(z) and F4(3) are regular and single-valued in lzl <1. Further-
more,

6.3 m{aew %i_:)} - ?R{eiy z:://(:?}
(6.4) o' {Z?(S)} =% {%ﬁ%} ’

By Theorem A we have

(6.5) E}t{aei‘f Z;‘;S)} > | lefVlj/(A|(zl|z)| ) cosy = 0, ] z| <1,
z_FA’(z) 1 |leA'(|z|)
(6.6) ER{FA(Z)} é;x—*—WA(‘DT')—->O, IZI < 1.

Thus, F(2) is schlicht and spiral-like in Iz, <1 for Ra=1/2. Furthermore,
F4(3) is schlicht and star-like in ,zl <1 for @«*=1/2. Since equality signs
hold in (6.6) when z is positive, and since we have seen that W} .(R) =0 for
some R in 0 <R <1 and arbitrarily small but positive ¢, we conclude that
F44(2) is not schlicht no matter how small €>0 is taken.

We shall show now that, if 4(p*) >0 and z2p*(z) is not identically a con-
stant, then the radius of univalency (defined to be the largest circle with
center at the origin within which the function is both regular and schlicht)
of F4(2) is precisely one. To begin with, let us suppose that p*(z) has a singu-
larity on |z| =1 and A (p*)>0. From the differential equation (6.10) below it
follows that WY(2)/Wa(2) also has a singularity on Izl =1. Thus W4(2)
either has a zero or a singularity on ]zl =1. In either case F4(2) cannot be
both regular and schlicht in any circle containing the unit circle lzl =1.In
the second place, if p*(z) is regular on ]zl =1, then so is the function W,(z).
In this case, assuming A (p*) >0 and 2z?p*(z) not a constant, we may take
R=1 in Theorem A, A(p*)=C(1), and Wj(1) = W(u)(1) =0. Thus, in this
second case, the derivative of F4(2) vanishes on the unit circle. In either of
the two cases we conclude that the radius of univalency for F4(2) is one.

It seems desirable at this point to summarize our conclusions in the fol-
lowing theorem, the principal object of this paper.

THE MAIN THEOREM. Let the nonconstant function
(6.7) 22p*(z) = p& + pifa+ -+ pam - -
be regular for l 3| <1, real on the real axis and pi<1/4. Let
(6.8) R{z2p*(2)} <|z]2*(| 3]) for | 2| < 1.
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Let A =A(p*) be the universal constant associated with p*(2) as determined by
(5.15) and (5.16). Let

(6.9) Wa(z) = 22 atz", af =1, 2] <1,

n=0
be the unique solution of

(6.10) W'+ {A (p*(z) - 1’2—"2) + P—°} W=0

z2
corresponding to the larger root a* of the indicial equation. Then the function
(6.11) Fa(2) = {Wa@ )= =24 - -

is regular, single-valued, schlicht and star-like with respect to the origin in | z| <1,
and is not both regular and schlicht in any larger circle whenever A(p*)>0,
and 22p*(2) is not a constant. For arbitrarily small and positive € the function
Fay(3) is not schlicht in |2| <1.

lLelzt 22p(2) be regular for lz] <1, and v a real constant (I‘yl =w/2) for which
in |z <1

(6.12) SR{e"’zzp(z)} < cos 'y{A(I zlzp*( | z] ) — &) + po*}
where A =A(p*). Let

(6.13) W(z) = 22). a.3%, =1, |z| <1,
n=0

be the unique solution of
(6.14) W'+ p(z)W =0

corresponding to the root «, with the larger real part, of the indicial equation.
Then the function

(6.15) Fz) = {W@)}tVe=z+---

is regular, single-valued, schlicht and spiral-like in lzl <1. The constant A
=A(p¥*) is the largest possible one.

We remark that if z22p*(z) is a constant p¢*, then 4 (p*) =  and, for all C,
We(2) =22, 2a* =14 (1 —4p¢)1/2, in which case the function (6.11) is the triv-
ial function 2. However, in this case the right-hand side of (6.12) is inde-
terminate, as indeed is (6.10). If it should happen that for some functions
p(2) the real part of {e”z?p(z)} is bounded above by some constant K, then
we may deduce from the theory of functions with bounded real part that

2K|z| 1—|3|

(6.16) E)E{e“’zzp(z)} =< + = l z|

. i), <1.
STH[s] R(poei) | 2]
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In this case, rather than take 22p*(z) a constant in our theorem above we
may take 22p*(z) =z(1+2)"'+p¢, and the value of 4(p*) which goes with
this choice. In this way an appropriate value for K is determined.

COROLLARY 1. The main theorem holds in particular if (6.8) is replaced by
the condition that {z’p*(z) —po } be convex in the direction of the imaginary axis
for Izl <1, and if (6.12) is replaced by the conditions that the function {3%p(z)
—po} be subordinate to the function A(p*) {22p*(z) —pi*} in I zl <1 and that
Rpo=pd~.

Since {z2p*(z) —po*} is to be convex in the direction of the imaginary axis,

and real on the real axis, it follows that the max,, -, % {2?$*(2)} occurs for
z=r and (6.8) then holds. If also

(6.17) {22p(2) — po} << A(p*) {2*p*(2) — ¢},
and if Rpo=p¢*, we have

(6.18) R{22p() — po} S AN {r2p*(r) — &5
and

(6.19) R{zp(2)} < A" {r*p*() — p} + i

Thus (6.12) holds for v =0. This completes the proof of Corollary 1.

7. Illustrative examples. Since z?p*(z) was chosen to be not a constant in
the main theorem, we shall take the next simplest case for our first illustra-
tion.

ExAMPLE 1. Let 22p*(2) =po*+2, psf=1/4. It will be convenient to write

P& = of — a*?, a* = 1/2.

Equation (4.2) becomes

7.1 d2W+(C+a*—a*Z)W_O
' dz? 2z z? . e

The solution (4.5) of (7.1) is

(7.2) We(@) = T(2aze 32 — ¢

=0 n!T(n 4+ 2a*) ’
T'(2a*)

C~

(7.3) We(z) =

(Cz)12T 3021 (2(C2)1/2).

The equation W¢(R) =0 leads to
(7.4 J2a*-1(2(CR)Y?) + 2(CR)Y2J 30_1(2(CR)Y?) = 0.
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Thus
2
X1(a*)
7.5 C(R) =

(7.5) (R) TN
where X; =X,(a*) is the smallest positive root of the equation
(7.6) Taaa(X) + XTsata(X) = 0.

Xi(e*)

(7.7 A =A% = lim C(R) =
R—1—0 4

(7.8) Wa(z) = (?>2“‘_1 T'(2a*)3Y2  g0r_1(X131/2).

1
1/a*

(7.9) Fu(z) = [(Xi)za.—lI‘(2a*)z1/2J2a;_1(X1z1/2)] =gz4 .-

1

The function F4(2) of (7.9) is schlicht and star-like in Izl =<1, and its deriva-
tive vanishes at z=1. Thus the radius of univalency of F,(2) has the value 1.
If a*=1 (ps*=0), we have as a special case the result that the function

2
(7.10) 6(2) = ' AT (XE ) =z 4 -,
1

where X is the smallest positive zero of Jo(X), X1=2.405 - - -, is schlicht
and star-like in || <1, but is not schlicht in any larger circle. As a conse-
quence we have the theorem

THEOREM 1. Let zp(2) be regular for Izl <1, and

2

X
R{z2(2)} §—z-l-|z| for | 2| <1,

where X, is the smallest positive zero of J o'(X ) (X2/4=1.4460 - - - ). Let
W=W(z)=z+.azz2+--~+a,,z”+-~-, |z|<1,
be the unique solution W=W(z), W(0) =0, W’ (0) =1, of the equation
W'+ p(2)W = 0.

Then W= W (2) is schlicht and star-like in | 2| <1. The constant X3/4 is a best
possible one.

EXAMPLE 2. Let 32p*(z) =22, a*=1. Equation (4.2) becomes
aw
dz?

(7.11) +CW =0.

The solution (4.5) of (7.11) is



1954] SCHLICHT SOLUTIONS OF W"+4pW=0

(7.12) We(z) = C1/2 sin (CV2%).
We find W¢(R) =0 for C'?R=m/2. Thus
w2 w2
7.13 C(R) = — A(p*) = — -
(7.13) (R) T (»%) 1
2 T
(7.14) . WA(z)=-—sin(—z>=z+~~.
T 2

269

Wa(z) of (7.14) has a radius of univalehcy equal to 1 and its derivative

vanishes at z=1. We then have the theorem

THEOREM 2. Let zp(2) be regular in lzl <1 and R{zp(2)} < (7rz/4)|z| 2in
Izl <1. Then the unique solution W= W (z), W(0)=0, W’'(0) =1 of

W + p(W =0

is schlicht and star-like for |z| <1. The constant w2/4 is a best possible one.

ExAMPLE 3. Let 22p*(2) =2/(1+42), a*=1. In this case 2?p*(z) is a convex

function, real on the real axis. Thus for |z| =7<1

r
(7.15) max R{s2p*(z)} = —— =|z[2*(| 5|).
|z|=r 1 + r
The solution We(z), We(0) =0, We(0) =1 of
(7.16) W' + ¢ W =
’ ‘142

is

—1E (k- 3)2—1 (—3)»
(7.17) Wc<z>=?ZH{ +c}

n=1 k=1 4 (n — 1)In! ’

14 (1—401 1—(1— 401
(7.18) Wc(Z)=ZF( + 2 ) ’ ( 2 ) i 2;

where F(e, B; v; 2) is the hypergeometric function
I(y) & T(a+n)I(@+ n)
7.19 F(a, B;v;2) = "
(719 ( ) I'(a)T'(B) E, T(y + n)n!
The equation W{(R) =0 leads to

(7.20) F(a,8;2; —R) — RF'(a, 8; 2; —R) = 0,

’

where

_Z)

2] < 1.

(7.21) 20 = 14 (1 — 40)2, 28 =1-—(1—40)'7 a+p=1



270 M. S. ROBERTSON [March

The equation (7.20) may be written as
(7.22) (1 = B)F(a, B;2; —R) + BF(e, B+ 1;2; —R) = 0.

The series for F(a, 8; 2; —1) converges absolutely while the series for
F(a, B+1; 2; —1) converges conditionally for the values of a and 8 given in
(7.21).

Using the integral representation

(7.23) F(a, B;v;2) = _I‘_('y)_ lt""—l(l — O BY(1 — zt)~edi
T Ty = 8)Jo ’
valid when |z <1, Ry>RB>0, in (7.22) we find that the left side of equa-
tion (7.22) is positive for 0 <C=1/4. Letting
1

s=7(4C— 1)1z > 0,

(7.24)
1

C=3s? + —Z)
and equating to zero the real part of the integral representation of the left
side of (7.22) we obtain, after considerable simplification, the equation

1 cos [s log (1 — &)/t + Rt*))] _
(7.23) fo [t1 — (1 + R) ]2 =0
(7.26) A(p*) = lim C(R) = lim s*(R) + ooyl
R—1—0 R-1 4 4

where s, is the smallest positive zero of the equation (7.25) when R=1.
Putting e*=(1—1¢)(¢+¢%)~! in (7.25) we find that s, is the smallest positive
zero of the function ¢(s) defined as

(7.27) o(s) = f (3 + cosh x)~1/2 cos sxdx.
0

By considering the contour integral

(7.28) f eiH1UD2(2: 4 6e7 + 1)~1/2dz = O,

where the contour is the rectangle with corners at 2=0, R, R+2x, 2ri and a
slit, parallel to the real axis and joining the points ¢ and 2 In (2}/2+41) +m,
it is possible to show, after letting R— « and taking real parts, that

2In (2/2+1)

(7.29) ¢(s) = sech srf (3 — cosh x)71/2 cos sxdx.

0
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From (7.29) it can be shown that

é(s) >0, 0=<s=<—[ln@24+ 1]

™
4
(7.30)
T 3
#(s) <0, - @24 1]t <s < " [In (212 4+ 1) ],
The existence of the zero s; of ¢(s) follows from (7.30). It lies between 1.3

and 1.4. We omit the details of the proof of this statement.
If zp(2) is regular in lzl <1 and

(7.31) R{z2p(z)} < A(p*)/2 in [z] <1,

where A (p*) =s3+1/4, and s, is the smallest positive zero of ¢(s), determined
by (7.27) or (7.29), then for lzl <1

(7.32) R{z2p()} = AP Tl+'z|’lﬂ = A" | z[2p*(| =] ),

and (6.12) is satisfied. From this we have the theorem:
THEOREM 3. If zp(3) is regular in | zl <1, and if
1 1
SR{z"’;IJ(z)} é;sf+?: |zl<1,

where sy 1s the smallest positive zero of the function *
o(s) = f (3 + cosh x)~1/2 cos sxdx,
0

then the unique solution W= W(z) of the form

W =34 D a.s" lz] <1,
n=2
of the equation
2
+ p(2)W = 0,
— 1)

is schlicht and star-like in | z| <1. The constant s3/2+1/8 cannot be replaced by
a larger one.

We remark that for C=A4(p*)=si+1/4 the hypergeometric function
(multiplied by 2) in (7.18) is schlicht in Iz, =1 and its derivative vanishes at
z=1. This solution corresponds to a choice of

(7.33) 2p(z) = A(p*)2°p*(2) = A(p*)z(1 + 2)7
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in which case po=0, a=1.

If po5%0 and if 2%p(2) is regular in lzl <1, Theorem 3 could have been
stated in a somewhat more general form provided we assume Rp, =<0 and use
(6.16) with v=0. In this case o #1.

ExaMPLE 4. Let

d 1
(7.34) 22p*(3) = D pren,  pi < T’
n=0
be regular in |z| <1 with p*=0, n=1, 2, - - - . Suppose |z| =1 is a natural

boundary for 22p*(2). This is the situation if, for instance, the series has suffi-
ciently large gaps. Since none of the coefficients is negative, the condition
(7.35) max R{z'p*@)} = |z['2*(|z)
of the main theorem is fulfilled. We then determine the constant 4 =4 (p*)
by (5.15) and (5.16). If A >0 we see from (6.9) and (6.10) that the solution
F4(2) of (6.11) corresponding to our choice of z2p*(z) in this example is
schlicht and star-like in |z| <1, and, moreover, has the unit circle as a na-
tural boundary. Thus we have a device for constructing schlicht functions
with natural boundaries whenever 4 (p*) can be determined in a construc-
tive way, and provided it is not zero.

ExaMpLE 5. That A =4 (p*) can sometimes be zero is shown by the fol-
lowing illustration. Let

(7.36) 22p*(2) = 22(1 — 2%)~2
Here pg*=0. The solution [3] corresponding to a*=1 of
C
7.37 w'4+—Ww =0, C =0,
(7.37) T
is
(1T +2)/(1 —2)"2 = (1 — 2)/(1+ 2))**

(7.38) We(z) = (1 — s?)re. >

d=(1—-40)120.
(7.39) W () = [6— N1+ b+ 6 + (1 = n] + 2(1 — ryasorn,
Let y=1v(6) be the numerator of (7.39). For values of r sufficiently close to,
but less than, one and for €>0 arbitrarily small we have
y=2r(1—17r)">0 when 6 =7 < 1,
y=—e(l1+rt9o9r4+ (2 —er(l —ri-9r <0 when 6 = (1 — ¢)r.

Thus y=0 for at least one root § =8y, (1 —€)r <8, <r. As r—1, §,—1, since €
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may be taken arbitrarily small. In this case C=C(r)—0. Thus A(p*) =0,
Wa(z) =z _

Although We(z) in (7.38) is indeterminate when 6=0 (C=1), a limiting
process gives

1 142
(7.40) Wi(z) = — (1 — 2212 log ( )

2 1 -2
The derivative of W;(z) vanishes within the unit circle. Since W,(z) is there-
fore not schlicht in | z| <1, it is sufficient to consider as we did only the range
0=C<1 for We(2) in (7.38) (6 real and positive).

8. Concluding remarks. Throughout this paper we have confined our in-

vestigation to the solution of

(8.1) W' 4+ p(z)W = 0, 22p(z) regular in | z| <1,

which corresponds to that root a of the indicial equation for solutions about
the origin for which the real part of « is the larger (or, if the real parts are
both equal, to a solution about the origin which does involve log 2). The reason
for this is fairly obvious: the integrals in the Green’s Transform (3.4) do not
exist for Ra <1/2.

This, however, poses the question as to whether our main theorem may
not still have a counterpart for the other root 3, if we assume R3>0 and
employ a modified method of proof. I am leaving this question open for
further investigation, but point out here that the Green’s transform may be
rewritten so that the integrals exist for #8>0. We multiply (8.1) by zWdz
and integrate from 0 to z, |z| <1. This gives

(8.2) fzzW(z)W"(z)dz + f zz[)(z) | W(z) |2dz = 0.
0 0
Integrating by parts, we obtain
W’ z _ z _
| W(z) |2 W) =f | W'(z) |22dz -l-f W'(z)W (z)dz
W(Z) 0 0

(8.3) ,
- fo zj)(z)[ W(z) |2dz.

If the path of integration from 0 to z=re® is a straight line segment, § =con-
stant, we have

Iw<z>|2m{z;/('g)} =f0r — +f0r9‘*{z;z'}m=p| wp%ﬂ
—j;rm{zzﬁ(z)}lzlal w2 d

P

(8.4
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It is seen at once that in this modified form Green’s transform involves
integrals which exist for 3 >0. However, an additional term has been added
to the formula which means that some further modifications of attack on the
problem are necessary to obtain results for the case 3 >0 analogous to those
found in this paper.
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