ON ZERO AND POLE SURFACES OF FUNCTIONS OF
TWO COMPLEX VARIABLES(Y)

BY
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1. Some problems arising in the study of value distribution of functions
of two complex variables. One of the objectives of modern analysis consists
in the generalization of methods of the theory of functions of one complex
variable in such a way that the procedures in the revised form can be ap-
plied in other fields, in particular, in the theory of functions of several com-
plex variables, in the theory of partial differential equations, in differential
geometry, etc. In this way one can hope to obtain in time a unified theory of
various chapters of analysis. The method of the kernel function is one of the
tools of this kind. In particular, this method permits us to develop some chap-
ters of the theory of analytic and meromorphic functions f(z, + - -, 2,) of
the class L2(B?"), various chapters in the theory of pseudo-conformal trans-
formations (i.e., of transformations of the domains $2?* by z analytic func-
tions of # complex variables) etc. On the other hand, it is of considerable inter-
est to generalize other chapters of the theory of functions of one variable,
at first to the case of several complex variables. In particular, the study of
value distribution of entire and meromorphic functions represents a topic of
great interest. Generalizing the classical results about the zeros of a poly-
nomial, Hadamard and Borel established a connection between the value dis-
tribution of a function and its growth. A further step of basic importance
has been made by Nevanlinna and Ahlfors, who showed not only that the
results of Hadamard and Borel in a sharper form can be obtained by using
potential-theoretical and topological methods, but found in this way im-
portant new relations, and opened a new field in the modern theory of func-
tions.

As one passes from the theory of functions of one variable to the case of
two and more variables(?), the question of the value distribution becomes
more complex and many directions arise which can be considered as a gen-
eralization of the above mentioned chapter of the theory of functions of one
variable. However, the formulation of the problems which can be answered,
and generalization of methods used in one variable, is not immediate.

A function of two complex variables may vanish in a domain on a segment
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(?) In the present paper we are considering the case of two variables. We note that a gen-
eralization of methods used in the following to the case of # variables, #n >2, presents only tech-
nical difficulties.
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of a (two-dimensional) surface and there exists an infinite variety of independ-
ent functionals which we can associate with these segments. Hereby the be-
havior of different functionals reflects different properties of the segments.
Further, a generalization of methods of Nevanlinna and Ahlfors to the theory
of functions of two variables is not immediate, and the whole problem of con-
necting the theory of analytic functions with a conveniently chosen class of
real functions for which a generalization of potential-theoretical procedures is
possible requires a revision.

Various investigations in the theory of functions of several variables (e.g.,
arising in the theory of the kernel function) teach us that, in contrast to the
situation in one variable, it is useful to classify domains of definition of func-
tions of two complex variables. In particular, so-called domains with a dis-
tinguished boundary surface are of great interest; these are domains on whose
(three-dimensional) boundary lies a (two-dimensional) distinguished boundary
surface. In many instances, a generalization of deeper results in the theory of
functions of one variable to two variables is possible in the case of these
domains, whereby the distinguished boundary surface (and not the three-
dimensional boundary), plays the role of the boundary curve.

In these domains an analytic function of two complex variables assumes
the maximum of its absolute value not only on the boundary of the domain,
but even on the distinguished boundary surface. There exist a generalized
Cauchy formula [B. 1, 2; W. 1. 2; So. 1](%) and a development in terms of
functions which are orthonormal when integrating along the distinguished
boundary surface [B. 11]. In the case of domains with the distinguished
boundary surface, these facts permit us to generalize a number of results of the
theory of functions of one variable whose generalization is not possible in gen-
eral domains. If, however, one attempts to generalize results obtained by the
use of potential-theoretical methods, one realizes that the class of B-harmonic
functions (i.e., real parts of functions of two complex variables) is too special,
so that not necessarily to every (say, continuous) function defined on the
distinguished boundary surface does there exist a function which is B-har-
monic in the domain and which assumes on the distinguished boundary sur-
face the prescribed values. This situation leads us to extend the class of B-har-
monic functions in such a way that the extended class possesses all prop-
erties needed in various function-theoretical procedures, but is sufficiently
large so that the boundary value problem with the values prescribed on the
distinguished boundary surface always has a solution. These requirements
lead us to introduce certain functions of the extended class which (in contrast
to the case of one variable) depend in general upon the domain of definition.

Once the functions of the extended class are introduced, one can easily
define Green's function of the extended class and derive various integral

(*) Numbers in brackets refer to the bibliography. As a rule the name of the author is re-
placed by the first letter.
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formulas of Green’s type. It has been shown in [B. 3, 4, 5; B.-S. 2] that, using
these formulas, one obtains certain functionals which can be considered as a
direct generalization of such notions as a number of points a, for which
f(a,) =a in a circle |z| <r, as E|a,|§, |a,|"‘, etc., and that for these func-
tionals one obtains bounds in terms of expressions characteristic for the
growth of the functions on certain three-dimensional hypersurfaces. There
arises, however, a difference in comparison with the two-dimensional case;
namely, while a family of circles with increasing radii covers the whole plane,
a one parameter family of two-dimensional manifolds forms a three-dimensional
hypersurface; choosing different families we obtain different hypersurfaces
on which the growth of the function is considered.

The continuation of investigations of this kind can proceed in different
directions. At first one can use further types of domains with a distinguished
boundary surface to obtain analogous formulas connecting functionals of
similar type with the growth of the function on hypersurfaces of more com-
plicated structure than those considered in [B. 4]. On the other hand, the
variety of the functionals which one can associate with segments of a surface
is richer than those which one can associate in the case of one variable with
a set of points. Further, in connection with the theory of pseudo-conformal
mapping where we consider a mapping of a domain by a pair of functions, it
is of interest to associate functionals with a pair of functions.

In the present paper we introduce functionals of a new type, which are
considered in special domains 8. These domains are bounded by two segments
of analytic hypersurfaces. One of these segments lies in the analytic hyper-
surface ”22] =1], so that the family of analytic surfaces z,=const. plays a
distinguished role for the structure of the domain under consideration. In
domains of this kind (see for details §2), we introduce functionals which are
denoted by M(P), k=1, 2, which we associate with a pair (fi, f2) of mero-
morphic functions. These functionals are formed as follows: Let w(z), w(0)
=0, #’'(0) >0, be the function which maps a simply connected domain B2 of
the z plane onto the unit circle. We denote

w(z) — w(Z)
1 — w(@Z)w(z)

)

(1) (2,2,98%) = l

as the (°(B?)-distance between z and Z(*). For every 2z, [22] =1, we form
the following four products: P;(z;) and P,(z;) are the products of (2(B2(z))-
distances between every zero of fi=fi(z1, 2;) and every zero and pole of fa,
respectively, and P3(z;) and Ps(2;) are analogous products with zeros of f;
being replaced by poles of fi. (B2(23) means the intersections of the domain B
under consideration with the plane 2, =2} =const.)

We introduce further “exceptional points” (2%, 2%), »=1, 2, - - -, of the

(9 (1) is connected in a very simple manner with the non-Euclidean distance, see p. 443).
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pair (f1, f2). (These are intersection points of zero and pole surfaces of f; with
zero and pole surfaces of f,, and certain other points. See §2.) We cut out from
the projection |22| <1 of B on the z-plane the projections Izz—-zﬁ”)l <P,
P> 0 sufficiently small, and we denote by &} the remaining part of the unit
circle. The function 9 (P) is the average of the generalized Blaschke product
[P1(22) Pa(22) / Pa(22) P3(22) | over ©}.

The second functional N(;(P) is formed in a similar way. We obtain for
the sum N (P) +N0(P) upper bounds in terms of quantities which are con-
nected with the growth of the functions (f1, fz) and certain quantities which
we associate with exceptional points of the pair (f1, f2).

In §7 we show that the kernel function of the functions of the extended
class normalized in the sense of a conveniently chosen metric is finite.

Thus, in [B. 4] and in the present paper, we derive bounds for functionals
characterizing certain properties of segments of zero and pole surfaces of
analytic functions of two variables. These results seem to indicate that, in
analogy to the case of one variable, in the case of two variables after an ex-
tended class has been introduced one can also establish formulas of Green’s
type which then can be used in deriving bounds for functionals characteriz-
ing in this or other respects the behavior of zero and pole surfaces of one or of
a pair of functions of two complex variables. In the domains with a distin-
guished boundary surface of more complicated structure, one obtains further
relations using Morse’s theory of critical points. [See B.6].

NotaTioN. Manifolds as a rule are denoted by German characters, and
the upper index indicates the dimension of the manifold. In the case of four-
dimensional manifolds the index 4 is omitted. $t"(sJ) means the intersection
of M with the plane z,=2=const. In operating with the sets we use the
usual symbols S or + (sum set), — (difference set), N (intersection), and
so on. For instance, the sum set of a family of curves or domains B*({2),
n=1 or 2, each of which lies in a different plane 2,=¢{,, where {; varies along
a curve or in domain %™, m =2, will be denoted by S,,eam B*(z,) or by
[SB"(2,), 2,€A™]. Arguments of the functions are abbreviated and omitted
as much as possible. 2, k=1, 2, is used, as a rule, as a complex variable x; +iy:
and as the point (xx, yi), as well.

A function, say f, is often considered:

1°. in the domain B=S,,,<1 B%(z,), where B%(z,) is the domain bounded
by the curve b1(z;) = [z:=h(\, 25), 0 SN =27 ], h(0, 25) = (2, 25);

2°, in B¥=S,,,;<1 b1(2:) (b® represents a part of the boundary of 8B); and

3°. on the distinguished boundary surface D2?=S<4,<2+ b! (exp (igs)).

As a rule, a function f(z, 2,), (21, 2;) €8, when considered in b3, as a func-
tion of X and 2,, i.e., f[R(\, 22), 2], will be denoted by f*=f*(\, 2,), and when
considered on D? as a function of \ and ¢, i.e., f[E(\, exp (i¢s)), exp (i¢2) ],
will be denoted by f. However, an exception is made in the case of the func-
tion k(\, 22) which is defined originally as a function of (\, %) and only in
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very few cases is considered as a function of two complex variables 2, 2.
We write then £,(2, 22) so that &, (exp (4\), 22) =k(), 22). We note that we write

%= k(N @) for k(\, exp (igs)).

Other minor abbreviations or conventions are explained in the body of the
paper.

2. Domains with a distinguished boundary surface. Functions of the
extended class. Let %,({, 22) be an analytic function of two complex variables
¢, % defined in [1—e<|{| <1+4e |2|=1], €>0. We assume that %
=h|[\, exp (i) ], where h=h(\, 25) =k, (exp (4\), 2), and 7 =0%/9\ are con-
tinuously differentiable functions of ¢, and A and that

(1) 0<H, S|h|SH <o, |=|=H,

where H, <  are conveniently chosen constants (Hypothesis 2.I). We as-
sume further that for every fixed z;, |2 =1,

) b(zs) = [21 =k, 0 £\ £ 2n],

is a smooth simple curve which bounds a simply-connected, schlicht domain
B2(z,) of the z;-plane. It includes the origin z; =0 in its interior (Hypothesis
2.1I). Using the classical theorems about variable domains [C. 1, 2; R. 1]
we conclude that % and &, are continuously differentiable functions of x; and
ys and that the function g(z;; 22), g(0; 22) =0, g’(0; 2;) >0, mapping B2(z;)
onto the unit circle is a continuously differentiable function of x., ¥s.

In the present paper we consider a special class of domains
A3) B =S Bz) = [2: € Bzo), (| 2] < D]

|221<1

As it can be easily shown (see [B.-S. 2]), the boundary of 9B consists of two
segments of analytic hypersurfaces

@ 6 = S bi(a) =[5 € 0z, (| 22| = 1)),
221 =1
(5) @ = S ®G) = [|a| €86 (|a] = D]
The intersection
(6) D2=a?Nb = S bl(z) = [z € bl(zy), (l ZZI =1)]
lz2]=1

of the two above segments forms the distinguished boundary surface of 8.
Let $2(\) and h'(\) denote the segment of an analytic surface

™) O\ = [z1 =k, | 2] = 1] (0 <\ < 2r)
and the curve
8) B = [z21 =k, | 5| = 1] (0 == 20),
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respectively. We note that we can also write

© b = xs‘l S0 = [(on, 29 € S*N), (0 S\ = 21)],
=0
(10) D = S PO = [(en 2) € KON, (0 S A < 2m)].

A=0

Further we assume that k(\, 2,) satisfy the inequalities

i) < m )
622 h"
(Hypothesis 2.111).

REMARK: If k., vanishes (at some points or identically) in |22| =1, by the
transformation

I

=SEG< »

(11) SH< =,

22

(12) o=t om o=
one can make A'(\, 2) =h(\, 2,) +az satisfy the first of the conditions (11).

As mentioned in §1, for a continuous real function, defined on the
distinguished boundary surface ©?2, there does not necessarily exist a B-har-
monic function defined in 8B, which possesses the prescribed boundary values
on D2 (See [B. 9].) In order to be able to apply potential-theoretical methods
in every domain B, an “extended class of functions,” €(8B), have been intro-
duced in [B. 4, 6, 9; Bers 1]. However, in the papers mentioned above, only
continuous boundary values on D? have been considered. For our purposes,
the case is of interest where the boundary value function becomes infinite at
finitely many points of 2. In the following we shall describe the boundary
values in which we are interested and define the functions of the extended
class for this more general case.

According to (10), D?is a one-parameter family of curves h1(\), 0 SN =Z2r.
Each of these curves bounds a segment $2(\) of the analytic surface [z,=£,
A=const]. Let a real function 7 be given on ®? which is continuous, except
at finitely many points, say

>‘=)‘") ¢2=¢;'y K=1,2,"',K1;V=1,2,"’,!’1(1(1),

where 7 becomes + ® or — .

A function e=e(z1,2:) =e(z1, 22; 1) will be said to be a function of the ex-
tended class €(B) which possesses the boundary values 7 on D? if e satisfies
the following two conditions.

1°. e*=e*|\, 2,; 7], 0N =2, for every fixed \ in |22| <1 is that har-
monic function of x,;, y; which assumes for |z2[ =1 boundary values 7, ¢,
=arc 2. If {)\‘“', ;"}, A@=N", k=1, 2, - -+, Kk, are infinity points of
i(\*, ¢,), then we assume that [e*(\’, 2;) —cuw log |zz—exp (iqS;’)]] remain
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bounded if we approach the point z,=Z(\*, ¢%’), z=exp (i¢*) moving in the sur-
face z1=h(N\’, 2;) and remaining in the domain whose projection on the
z-plane is —7/2 < —a=<arc[z-exp (—ipy)+1]Sa<w/2. Here c,, are (posi-
tive or negative) integers.

2°. By the requirement 1° the function e(z;, 2; ) € E(B) is defined in
B3, see (10). According to (4) the boundary curve b!(z) of B2(z) lies in b3
Thus by 1°, e* is determined on the boundary curve of the domain 8B2(z,).
For every fixed 2, the function e is defined to be that harmonic function of
x1, 91 which on bl(z;) assumes the boundary value obtained above. As it can
be easily shown, these values are for | 2| <1 continuous. For | 2| =1 they can
have (finitely many) infinity points. If Z\*, ¢5), &5 =5, v=1,2, - - - , n,,
are infinity points which lie on b! (exp (i¢3)), then we assume that

e(z1, exp (ids)) — 3 ce log [ 21— BQ\", ¢a) |

=1

remains bounded if 2 converges to z; =AMy, ¢¥), along a path lying in the
plane 2z, =exp (i¢%) and remaining in B2(i¢5). Here ¢}, are conveniently chosen
(positive or negative) integers. Using the fact that a function f, belonging to
E(B) in every lamina [z;=h(}, 2,), |z2| <1], is a harmonic function of xs, ys,
and f in every [5E8%%)], |%| =1, is a harmonic function of x;, 1, we can
derive for f a generalized Poisson formula (see [B. 11; B.-M. 1; Bers 1]).
This formula yields a representation of f when we approach a point 2z
=k, ¢2), z=exp (ips) of D? along a path in [Re [z1—2:k.,(\*, exp (i$y))
— kv, ¢5)]<0]X [Re [z exp (—ig;") —1]<0].

As mentioned in §1, the aim of the present paper is to give bounds for
certain functionals %(;(P) and N(P) (see §6) of segments of zero and pole
surfaces of a pair of functions f; and f, which are meromorphic in §. These
functionals are integrals over a domain &}. &} is the projection of B onto
the 2,-plane (i.e. [[22| <1]) from which the projections [Iza—zg)l <P] of the
neighborhoods of exceptional points (3, 2°) in B of the pair (fi, f2) are cut
out.

These exceptional points consist of:

(a) Intersection points of the surfaces [log |fi| =+ ] and [log |f:|
=tw],

(b) On different places, see 4.11.2, 4.II1., etc. (see §§4 and 5), we make
assumptions about some properties of the functions f; and f,; e.g., that f5, fi
or functions connected with them have at every point (21, 22) of B or b? series
developments whose first coefficients satisfy certain inequalities. In general,
these hypotheses are fulfilled. But there can exist some points where these
requirements are not fulfilled. These points (2, z”) belong also to the set of
exceptional points. The projections of these exceptional points do not belong
to &% (Hypothesis 2.1V).
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fx, k=1, 2, does not vanish or become infinite identically on a surface
z,=c=const., |¢c| =1 (Hypothesis 2.V).

We assume that there are only finitely many exceptional points (Hy-
pothesis 2.VI).

3. An integral formula for functions of the extended class.

DerInNITIONS. 1. A function P = P(z, 2,) will be said to be a function of the
class NM(Y), if (P—log | f | ) 68(%), where f is a function of two complex vari-
ables which is meromorphic in 8.

2. If z1=a(2,) is a zero of f=f(z, 2.), then sg (a(z:))=1; if a(z.) is a pole
of f, then sg (a(z;)) = —1.

Formulas of Green’s type for harmonic functions, possessing in the do-
main logarithmic singularities, represent a valuable tool for the study of
meromorphic functions of one complex variable. As has been mentioned in
§1, in order to be able to apply potential-theoretical methods, and in particu-
lar to define some notions analogous to Green’s function, we have to introduce
functions of the class M(B) and to derive theorems of Green’s type for these
functions.

THEOREM 3.1. Let Pr=Pi(z1, 22), k=1, 2, be two diﬁ”erent functwns of the
class M(B), and let Bp=[52EBz), 2ECH], S - > F 82,
=[|z| <1]. Here ¥2=|2—3"| <P, 2 being projectwns of exceptwnal
points(®) (22, 28),0=1,2, - - -, o< ®, of the pair Pi, k=1, 2, in [|za| <1].
(P is assumed to be suﬁicwntly small.)

Let further z1=0r,=ax.(2:), 0=1, 2, - -+, Ni(2;), Ni(2:) SNo< o, be the
singularity surfaces of Px, k=1, 2. Then

Fe(Py, P2) + Bp(Py, P2)

1 1 -1 P

=— | PPk, dzudz — ——f 2 sg (@1,(22)) Po(ans(22), 20)dws,

4Jy 2Je.2
where (%)
A = S bi(z2),  Fe(Py P) = | PiyPrsde, Be = S B,
"E P Bp znep
o a(P¥mh)
(2) Be(Py, Py) = — f f [Pz*plhxh,z + Pl*——————] d\dws,
@P A= 022

6Pk 8Pk
.Pk,z”E y B=1,2; n=1,2, pr=\|— ,
azn 322 z1=h (\,z3)
dh ok
h)\ = —) h,, = — dwk = dxkdy;,, dw = dwldwg.
)N 622

(5) See the end of § 2.
(%) B2(z") =B\ [z2=2"] have been defined on p. 415.
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Here 8} is the boundary of &%, b'(z,) is the boundary of B2(z,).

Proof. Let 2,&®} and let ai, be the infinity points of Py, k=1, 2, in
B2(z,), while ax, are infinity points on the boundary curve bl(z;) of B2(z).
By b*(2;) we denote the boundary of the domain

3) B* = Bz) — 2 2 [| 21— an(z) | < e,
k=1 g
and by b**1(z;) the boundary of
B**2(z9) = B(z2) — kz { Z [l 21 — ap(22) | = 61]
@) o
+ 2 [ 21— anlz) | = 62]} .

Here ¢, =e€i(22), k=1, 2, are chosen so small that all circles
I Z1 — aky(.%'z) l = €1 and | 21 — 0[@(22) I = €9

have no intersection points with each other and that |z —a(z:)| <& lies
completely inside of B2(z;). Applying (37b), p. 57 of [B. 8], we obtain

1
Pl,31P2.lldwl =— Pl,qude
8”2(22) 21 btl

1 2
(5) -——>X> Py, Pydzy

2% k21, | 21—aky(29) |=e€q (22)

—fPl,,lglPdel.

Here the last (double) integral in the right-hand side of (5) is taken over
B**2(z,). This last integral vanishes since P; is there a regular harmonic
function, and therefore P .;, =AP;;=0 in B**(z,).

In the neighborhood of ay,(z:), P1=sg (a1,(z)) log lzl—al,(22)| +regular
harmonic function; and

a3 log I21 - aly(22)| _ 1 [0 lOg (Zl bl aly(22)) _ ad lOg (21 - al,(22))]
621 6z1 321

Yy

1
(21 — a1,(z2))" 1 = —2— —lg—iv

where re? =2, —a1,(22). Since for 2 =const. along the circles Izl—al.(zg)l =,
dzy =d (21— au,(22)) =1ire¥dy we conclude in the usual way that

(6) lim Pl,,ngdzl = 1:1I"Sg (aly(22)) . Pe(ah(ZQ), Zz).

&0 lz1—ay, (22) |=¢;
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REMARK. We note that P,(oy,(22), 2:), 22ES3, is always finite since, ac-
cording to the hypothesis 2.1V, the projections on the z,-plane of the inter-
section points of [Py=+ « ] and [P;= + « ] do not belong to &3.

Since P, is regular in Izl—az,(zz)[ <€ and P; is there logarithmically in-
finite, we conclude in an analogous way

(7) lim Pl,,,Pgdzl = O.
€0 v |21—ag, (29) [=eq

Thus we finally obtain

-1
f Py, Pay,dwy = —f Py, Pedzy
8% (29) 21J 6% (2

— ..12"_ D sg (an(22)) Pa(e1n(22), 22).

®)

We proceed now to the study of the four-dimensional integrals and to the
proof that the improper integrals ee—0 can be replaced by ordinary ones.
Obviously

9 f dwzf Py, Py z,dw =f P12 Pasdo, B* = S B*z).
&p’ 8% (29) 28* 2ES,?

According to our assumptions the integrand is infinite, not higher than of first
order on a two-dimensional manifold and therefore

(10) lim Pl,,le,gldw = f Pl,,le_;ldw.
0 J B* 3B

Since P;,.,P; in bj= S,,egp’ b1(z,) is infinite of the first order in a one-dimen-
sional manifold,

1 1
(11) — lim Pl,,ledzldwg = '—'f P;,,ngdzldwz = 31,
21J p?

1 g0 b.a

= S b*(z).
£,EGp?

According to (2), see p. 416,
P¥ = Pk[h()\, 22), Zz], = (aPl/azg),l_;.o‘,,,).
Thus dPF/9z,=(Px,.,) *h.,+p1 and therefore

—1[ 0P aPF  OPF(\,
(12) (Pro)* = ki, [a _ 1’1] ( _ 9P 22)),

%2 622 azz

and
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31 =33 — 4,

1 dP¥ 1
(13) I3 = — P h)\hzz dNdwy, Iy = — Pz*plh)\h,., d\dw,
2iJ (epixth dz2 2iJ (epixtl)

tt=[0=X= 2]

Let 2,=0(\) denote the singularities of Pf in &}, and 2= (\) the
singularities of P§ on the boundary 8} of &%. According to 2.IVb, for fixed A
the integrand of 3; becomes (at the most at finitely many points) infinite at
the most of the first order, and we can write (see (37a), p. 57 of [B. 8])

1 2 _
f f " P hry dwsdh = — — f FPFhaky, dagdN
A= ep™? 022 2¢J =0 ep*
(14)
f PP Ik, dzsdN
21 =1V =0 v VB i=e
-1
- (P hrh.
f Py M dwad\,
@P“z 622
where

er =&r (V) =& — Z{ 2 (|2~ Bu] = «l

k=1 v

+E ”22_6k;&()‘)’ éq]})

8¢ denotes the boundary of SF¥=G¥N=2—> i, >. [|2—B8u])]
<e&]. Here ¢=¢(\) and e;=e(N\) are chosen so small that all circles
22—Br(\) | =€ and |22—Bk,,()\)| =¢ have no intersection points, and so that

—Bi(\)| S€ lie completely inside &3.

Since P{P¥ becomes at the most at finitely many points at the most lo-
garithmically infinite, the second integral in the right-hand side of (14)
vanishes if we go to limit ez—0.

In the last integral on the right-hand side of (14) the integrand becomes
infinite at the most of the first order along a one-dimensional manifold. We
can therefore also pass to the limit and write

1 2r _
33 = — f P2 h)\hn dwd\ = — Pf‘Pz*h)\hz:ded)\
A=0 @P

02, Ar=0 J sp'

-1
(P ks, )
P¥ ———— dwd\
A=0 f er ' 9z,

Combining (8), (10), (11), (13), and (15), we obtain (1).

(15)
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4. A bound for |¥p(—log |fi|, —log |fo| +es)|. Formula (3.1) establishes
arelation between the sum of the integral ¥p(P;, P;) (over the domain Bp) and
the integral Bp(P;, P,) (over b3 a partof b3, see (2.9), p. 422) on one side, and
the sum of certain integrals over the distinguished boundary surface, certain
two-dimensional surfaces lying in b?, and segments of zero and pole surfaces,
on the other side. If we choose

1) P, = — log lfll, Py = — log lle + e, e2 = e(z1, z2; log |f2| )

see p. 418, then, as we shall show in §6, the terms appearing on the right-
hand side of (3.1) can be interpreted as certain functionals associated with
the segments of zero and pole surfaces of f; and f2. (See for details §6.)

In the present section bounds for

(2) | 7e(— log | fi|, — log | fo| + €2)],
and in the next section bounds for
(3) | Be(— log | f1], — log | fo| + )],

will be derived. Using (3.1), we obtain in this way bounds for the above
mentioned functionals.

On the other hand, in order to be able to obtain bounds of this kind for
|j7p(—log | f1|, —log | f2| +e2)|, we have to make a number of hypotheses
about the structure of the pole and zero surfaces of functions fi, f.. We pro-
ceed now to the formulation of these hypotheses.

Around every point

@ [o1 = ann(en)] = [~ sg (axo(zs) log | fulen, )| = ]
we draw the circle
(5) @:,(Zg, P) = [I 21— akv(zg) l < P]

and form around every branch of singularity surface

2

(6) ke = [21 = athe(22) ], 2. € SP?
a (four-dimensional) tube
() ti(p) = S Giolan, ).
‘gest

We assume that p is chosen so small that the tubes ti,(p) have no intersection
points(7).

HypotHESIs 4.1.
(8 | (51 — aro(22))7fu | < Bi = Bilp), 7= — sg (ax(22)),

(") This is possible since the singularity surfaces of log | f1| and log | f2| have no intersection
points in Bp.
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© |2t = exkedih]) 5, = pige
621
hold for (21, 22) Etr.(p), and
1
(10) ‘;l—élfkl§Ak=Ak(P)<°°s Ar> 1,

fk

SCr=Cilp) <
621

(11)

for (21, 2) EBp— 2 tre(p). Here p, Bx, D, Ax, Ci are conveniently chosen
constants.

HypoTHESIS 4.II. We assume that the zero and pole surfaces of fi, %
=1, 2, intersect the distinguished boundary surface D? at the most at
finitely many points:

feat J, = {ziy), z;')},

@ ™
flatjr={zlyz2 }y V=n+19"')nlr

v=12---,mn,

and we make the following hypotheses about the behavior of the functions
fi, B=1, 2 in the neighborhood of the ‘points Js.

1. Through every { ®, (')} v=1,2,+:+, m, goes only one singularity
surface of log |f|, where elther k=1or2.

2. Let z,=0»,(2:) be the equation of the smgularlty surface of log | £
in the neighborhood of J,= {z{, 57}, v =1, 2, , n. Then we assume that
in a sufficiently small neighborhood of J, the inequality(s)

(12) | B\ 22) — aao(za) | 2 e[| N = 27|+ |22 — 2| ]
holds where 0 <a <1.

HvypotaEsis 4.III. We assume that the intersections [f;=0]Nb® and
[fi,e;= © ]JNB® represent curves possessing the property that they can be
divided into finitely many intervals i}, such that in the neighborhood of each
1': = [21=h(x, Zz()\)), Z2=Z20) ]v Z2O‘) = Zg,)(x)v

(13)  fu(h(\, 22), 22) = f* = Ki(N) (22 — Ze(N) + - -+ and | Ks(V) | 2 K > 0.

HvpotHEsIs 4.IV. In our further considerations we need auxiliary func-
tions s,(21, 2) which we associate with every intersection point J,,
v=1, 2, - - -, n, of singularities of log | le with the distinguished boundary
surface. So as to be able to form these functions s, we need some further
additional hypotheses.

(®) The hypothesis 4. I1. 2 refers to the intersection of D? with singularities of log l 2| only.



426 STEFAN BERGMAN [November

Considering intersections of singularities of log I le with the distinguished
boundary surface, we distinguish two cases(?).

Case 1.
(14) az(exp (ids)) € B'(exp (ids)) for ¢ > ¢1
(15) as(exp (igs)) outside of B (exp (igs)) for ¢z < d5 .

Case 2. Where the opposite occurs, i.e., (14) holds for ¢, <¢$, and (15)
for ¢o.>¢3. Let
s = hQhy exp (ig2 ),  z = exp (igs ).
In case 1, the boundary values §,=35,(\, ¢2) on D? are defined as follows:
5, = log | (N, exp (is)) — ez (exp (i) |
forh/2 > | N =N |, /2= ¢ — ¢5 = 0,

For Mo [N =N\| 2Ne/2, (8/2) Z¢:—¢P 20 and for M= |N—\,|, 2= do—¢
>¢/2, 5, goes smoothly to zero, so that second derivatives with respect to
\ and to ¢, are continuous. These values are chosen in such a way that 3,
satisfies the inequality s¥= —log a-+log I)\—)\,I, see (12) and p. 416. P is a
conveniently chosen positive constant, and N\¢<1.

Everywhere else, i.e. for A o> I)\—)\,I =0, 0>¢:— ¢ or p— ¢ > P, 5,=0.
At ¢y =0, No> |)\—)\,| , §, has a jump.

In case 2, §, is defined in an analogous manner with the only difference
that in the definitions everywhere ¢, —¢$ is replaced by ¢ — ..

Let s, be the functions of the class £(8) which assume the distinguished
boundary surface values 35,, v=1, 2, - - -, n.

The function (—s,) is non-negative on the distinguished boundary sur-
face and therefore also in 8. At the point J, it becomes infinite.

We assume that for conveniently chosen constants p and ¢ there exist
domains 8B,, v=1, 2, - - -, n, B,N\B,=0 for v>%pu, possessing the property
that 8,D(8BN[—s,=p]) and such that the part of the boundary of B,
which lies in b® includes (8¥N\[|ds¥/2,| = ¢]). Further we assume that zero
and pole surfaces of f; lie outside of the 8B,, v=1, 2, - - -, n.

HypoTHESsIS 4.V. After a function s,& E(B) has been introduced for every
intersection point {zg"), zg’)}, v=1,2, -, n, of D?with a singularity surface
of log |fa(z1, 22)|, we define a further function s&€E(®B), which on the dis-
tinguished boundary surface assumes the values

(16)

n
5O\, ¢2) = log | f2(h(\, exp (i), exp (igs) | + 20 7.5\, ),
(17 _
7, = — sg [aa(exp (ig2) ]
(%) For simplicity’s sake we assume that the case in which (14) holds for ¢:>{" as well as
for ¢2<¢$) does not occur. In the following we shall consider, as a rule, only the case 1. The
modification of the formulas, when passing to the case 2, are obvious.
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We assume that

ds

=T for (z1,20) € B
azl

(18) |s|=s,

where S, T are conveniently chosen constants.

THEOREM 4.1. Let fi=fi(z1, 22), k=1, 2, be two analytic functions which are
meromorphic in B and such that P1=—log |fi| and P,=—log |fs| +es,
e2=e(21, 22; log | le) satisfy the hypotheses of Theorem 3.1. :

Let

z1=ak,(22), k=1,2;a’=1,2,-~,

be the equations of the singularities of log | Sr(21, 22) ] .

We assume that for a conveniently chosen p<l1 at every point of B, the
hypotheses 4.1 hold. Further, we assume that in the neighborhood of the inter-
section points J, of singularities of log l fx| with the distinguished boundary sur-
face D2 the hypotheses 4.11-4.1V hold, and that the function s introduced in 4.V
satisfies the inequality (18). Then

| Fe(—log [ i, —log | fo| + e |
T 2 1 2 2
=< 7[ Z(P + > Bkaoz)'Aa—kca—k] > Sz(s ?[m)

k=1 k=1 [

+ [rT; (p + % BlDlpz):I‘ ;d@b

(19) 1
+ ’ZAICI(A2C2 + 2T,)- V(B)

+ A1C1H3)\0(— IOg a — log )\0 + 1) : ZS 1(%7)
y=1

1
+ mnd 1C1?P)\o + 21rmn)\opP (p + 7 BlD1p2> + —121 np S (S 2(?.,),

where 4(a?) denotes the area of a2, U(B) denotes the volume of B, and S +(G™),
k=1, 2, means the area of the projection P(&™) of ®™, on the z.-plane. Here Ay,
By, Cx, D have been introduced in (8)—(11), H; in 2.1, a in (12), Ty in 4.V,
Noand p in 4.1V, n in 4.11, m is an upper bound for the number of segments of
singularity lines

z21=hNZ(N),  z22=2Z(N)

of log |fi| in =Sk, Q) (see (2.7)) P an upper bound for |dzi/d\|,
and when we move along these lines.
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REMARK. §1(®™) means the area of the domain of z,-plane consisting of all
2, coordinates of the points (21, 22) of @™ $3:(N?) is the area of (in general
multiply-sheeted) projection of N2 on the z,-plane. (S2(N?) is the sum of the
areas of all sheets.)

Proof. Obviously

Fe(—log | fi], — log | fo| + €2) = Fe(— log | f|, — log | f2| + 5)
— 3 nFe(— log | fil, )

=1

(20)

(see (17)) and we proceed to the derivation of upper bounds for each term on
the right-hand side of (20) separately. We consider the first integral in a tube,
say ti.(p). Using (5), (8), (9), (10), (11), (18) we obtain

f dlog | f1]| alog | f2| =)
1, (22.0)NB (29 92y 92y
1

dw1

6(21 - al,(Zz))

s - 21 — a1.(z2) |7
2 L]g’('?»l’)ns(lz)’ {I ! ! 2 I azl
d log [(Zl - Ollo(zz))'fl] d log |f2| ds
+ : - dwl
azl 821 621
1 ] 2x 1 al — .
(21) = f f {—; + ' og [(z1 — eno(z)) 1] }
4Jpm0J 40 o 921
1 af d
Lo,
f2 621 621

f f ( + BlD1> (ALCs + 2T1)p*dp*depe
P *=0 ¢o=0

= —-(p + — BDyp ) (AL€s + 2T9).

2
Thus
f 3 log | f1| a(log | fo] = 3) ‘
. dw
222, @ 921 02
2 1 2
(22) =< %[ E (p + —2— Bkapz) Aa—kcs—k]‘ Z Zc/f(ﬁi,)
k=1 k=1 o

1
+ [TT1 <P + ? BlDlpz):I ‘Sa (§ 2(;) .

When considering ¥p(—log | f1|, —log | f2] +5)in BE=Br— D 2, D . tr(p)
we obtain, using (10), (11), (18),
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‘f dlog | f1] a(log|f2|—s)d l
. w
Bp 021 9% ‘

d log |f1|‘6(log |f2| —3)

<[ 2
* 0z 0z
(23) Bp 1 1
—1 afl 1 =1 afz ds
- — i == - =) | de
Bp* 2 821 2 621 821

1
= —4—1‘11C1(A2C2 + 2Ty) - V(B).

We proceed similarly to determine a bound for | Fe(—log | f1| ) S») [ , but certain
modifications are needed. They are caused by the fact that in the neighbor-
hood of the intersection point J,{z(l"), z(;)} of the distinguished boundary sur-
face with the surface 2; =a3,(%), s, becomes infinite.

We proceed now to determine the bounds for

lf 9 log lfllﬁdwl'
Bp 321 621

(We choose the constants(1?) p< o, ¢< , see 4.1V, so large that log |fi| is
regular in every B,.)
According to (37b), page 57 of [B. 8], we have

log | f1| as, 1 alog | f1]
—— —doy = —— s5,dz
812 (2y) 021 9%, 29 ' (2g) 921

1 dlo
=) alog [ful 0
2i 4 €141 (22.02) azl

Here 8'2(z,) = 82(2,) — D+ 62,(22, p2). Concerning 62, see (5), ¢}, are boundary
curves of §%,. Since outside the interval {)\,—)\0, )\,-{-)\o}, s, vanishes on
b'(z;), we have for 2,EP(B,), see (16), (12), (2.1),

1 al
._f —————-———0g |f1| s,dzl
b (22)

(24)

21 azl
1 N 19 lOg Ifll
= — Ny )\ d\
(2%) T2 j;—)w—)\o 921 | log a + log [ X = M [[| N 20) |
< 4CiHaho | log @ + log N — 1] (Ao sufficiently small),

d lo
f f alog | fil s dosdsy |
2i 1(81) o' (22) 921

< A1C1H3)\o( log a — lOg )\o + 1)8 1(%,).
(1) We note that the inequality Ias,‘/azgl >gq is used only in §5.

(26)
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We proceed now to the derivation of bounds for

d lo 1 .
f f '_gl'é'!' s;odZId(02 = ——f f fl. ! Sydzldwlgy
&p, Y bl (e 931 2Jep,' Vit N

©r., = Gp — S1(B,).

According to the hypothesis 4.11I, one can cover the neighborhood of
BN ([fi=0]4[fi= = ]) in b® by finitely many tubes T2, each possessing the
“axis” =[zn=h0\, Z:(\)), 22=2Z5\)], =M\ =A=N\,,1. In each T3, we can
represent f; in the form

log | f1] = log | (z1 — ae(22))~"| + log | (21 — a1e(22)) "1,

T = — sg (a1(22)),

811 [(z1 — a1(22))7f1]

27)  alog | /i _ 1{alog (a1 — al,(zz))—r_l_

H

9z 2 923 (21 — au(22))"N1
).‘“L'fl_l < i{_____ " BID,}
9z1 T2 U5 — au(z) | ’

3
7

by 4.I. Consequently, since according to 4.IV in the tube £,
axis &}, |s,| £p, and since | dz,| < Pa\,

d lo
‘f g lfl s,dwzdzl
Tyv 0z

1
7\-)\,-'-)\0 a 10
= lf f M s,dwgdzl()s) ’
Ahhe Y (2-Z300 <0 9z,

Ao 2%
Ar—No

= ZT)\oﬁP (p + —'2— BlD1p2>.

with the

1
< —
2

Since we assumed that in S}z, H2(\) there are at the most m tubes T3,
and there are only 7 points {z{?, 50’}, the sum of these integrals

2 XX fSt 3108 1Al i,

=1 W 0%

1
=< 21rmn)»opP-<p + -? B1D1p2) .

On the remaining part of b® accordingly, (10), (11),

talog | £1]

1
<—C4
021 2 v
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and therefore

d lo
f g |f1| $,dwadzy
uvs azl

AN 1
< f 7 A1C1pP1rd)» = 1I'A1C1?PX0.
A

y—Ao

(The integration on the left-hand side is taken over A =b3—P(B,) Xb!(z:)
=D IN $3..) Since we have 7 intersection points {zf"), z&”)},

f .’

It still remains to determine bounds for

n

>

=1

< wnd 1C1PP)\0.

1 dlo |
‘ f (_ f 3 log | £i] s,dzl> don.
i @pz 2 511(22'132) 971
Now
1 d lo ™
lim |— f —glfLI sidz1| = — s,(1s(22), 22)
pz—'o 2 CI,cl(z?-Pz) azl 2

where z =ay,(z}) are infinity points of —sg (e1.(23)) log |fi(z, £)|. But
for 2,&EP(B,) these points lie outside B,, for 2,ES%—P(B,), |s,| =<p on the
boundary curve b!(z;) of B2(z,), and therefore also in B%(z,). Consequently

0 é ’1‘ sr(ala(z2)) é 1 ?
2 2

everywhere in 8B, so that

1 d lo T
Z (—f _g_l.'fil' S’dzl) dwy| = — PS 2 (S g(fu)
@Pz 4 2 cwl(zz-ﬂz) 9z 2 4

where §3(S,%},) is the area of the projections of the zero and the pole surface
of fi on the z;-plane.
Let us finally mention that the integrals

f d log |f1| d(log |f2| + s,) dos
q'rwz(nm)

(30) lim

pa—0

621 621

tend to zero for p—0 since the integrand is infinite of the first order and the
integration is taken over a two-dimensional domain whose area tends to zero.

5. A bound for [pr(—log [£i], —log I fgl +e,|. In determining an upper
bound for the absolute value of the integral Bp(Pi, P;) (over b3), see (3.2),
the line following (3.10), and (4.1), we write again e;=s-+ Y ., s, and shall
determine a bound at first for [‘Bp(—log | f1[ , —log ] le +s)| and later for
201 | Be(=log [fi], s))].

In addition to the hypotheses made in §§3 and 4, we make now the fol-
lowing further assumptions.
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HypotuEsis 5.1. In the part b® (see (2.4), (2.9), and p. 416) of the boundary

of B
afF 9
P g sl k=12, (’i)
922 022/ sy=hr,20)

become infinite along lines z3="2,(\), 22=Br.(\), k=1, 2, 22=v1,(\), respec-
tively. As before we assume that in a conveniently chosen (three-dimensional)
tube t* with the above mentioned line as axis and intersection with $2(\),
see (2.7), being a circle of radius p,

af*
(22 — v2:(N) . < & = &(p),

22

(1

1
@) s | (32 = B )] £ Qe = Qulo), 7 = — sg Bu(N),

k

af
3) (o = v () < L= L)
0z z21=h(\,22)
holds, while outside of the corresponding tube t? in b® the inequalities
i)
(4) i < & = tlp),
622
1
(4.10) R < 7| £ 4r = 4xp),
a
@)
022/ 2y=hMr20)
are valid.

HvrpotuEgsis 5.II. The functions s, introduced in §4, IV satisfy in nd:
[z21=R(\, 22), |22—8()\,)| <po|)\--)\.| <\o] the inequality

ds¥ K

— < o) = iN),
| = I)\—)\,II‘-I-Izz—&()\,)I", oy exp (i)

(6)

where K< o, u< «,7=<2 are conveniently chosen constants.
REMARK. Here we assume for simplicity’s sake that 6(A) =exp (4\), but
we note that it would be possible to choose for (\) some other function.
Hvypotresis 5.I11. For the function s introduced in §4, Hypothesis V,
see (4.17), the inequality

as(k(N, 22), as*
(7) s( ( Zz) 22) = —\f_ § T2 < o
aZz 322

holds.
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Let fo, ftw, 2=1, 2, 3., Bl. denote the respective intersections of
[l =0], [Ifil =), [|8f/02] = ], [(8f1/92)srmrorep= ] with B, see
p. 422. Let further {} =1l +{le-

Finally we assume that p and ¢ have been chosen so large that 8l., ii
lie outside of the n?, =1, 2, - - -, n. See page 432.

We remark also that we can assume that 33, does not intersect the lines
ii, fs0, nor Bi. intersect flo, {3 in b3. (If necessary we can exclude these inter-
section points assuming that their projections belong to ©%, see 2.1V.b.)

THEOREM 5.1. Let fi, k=1, 2, be two analytic functions which are mero-
morphic in B and satisfy hypotheses of the Theorem 4.1. If in addition they satisfy
the hypotheses 5.1-5.111, then

(8) Bp(— log | f1|, — log | fo| + €2) < Bi+ B,
where
B=Z {2H| log A, | p[(2ads + To0)-Llae) + (@02 + To0).Lli0)
+ 4(| log 45| + S)pH [A:L1L(B1w) + 8:0:.L o) ]
+ kz:‘;{% o2 [HRy + 26(| log Ass| + 52 — B)]

1 1
(9) X [7 — log p + | log Qi | + S(& — 1)] L)
H
% [0og | 4] + (6 = D9)73] v(b*)} ,

Rl = (A254 + 2T2), Rz = 51A1, U1 = 34442 + 2T2,
Us = Ady + 2GH | log 41|, i = jro + fker

and Byis given in (34a). L(i*) denotes the “length” of the line segment i*, see (17).

Proof. I. In this part we derive an upper bound for I‘Bp( —log | Al
—log |f2] +s5)| while in IT we shall compute a bound for | Be(—log |fi], )|
According to (3.2)

2r
(10) Be(—tog [ 5], —tog [7al+9 = [T [ (it rat rd
0 Sp

where

d(log | | = s M ]

1
11 = —|log | 2
an m Zi[Og |72 922 Py
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1)  m= i.[(f’—lﬂg—l—fl')h_hm (og | 2] = ) = *]

23 922
1) ra=[log 1] -tog |5#] = o0 aiz(Z)]

Since
dlog |f#| 11 af2

92, 2 fF 9z

71 becomes infinite along the curves {} ={io+1i«, 32 and i3. The second inte-
grand 7, becomes infinite along il, &=fo+1«=i0+[|/|==], and 3l..
Finally, the third integrand 73 becomes infinite along {}, k=1, 2.

Around every point (22, 22), 23=k(\, 23), of a singularity curve, say {,
we form in the lamina $2(\) a disc [z=h(\, ), | 22— 25| <p]=02(z}, ) and
form a (three-dimensional) tube
(13a) Bi) = S %z, 22).

ez €
The curve {! will be denoted as the axis of the tube. Determining bounds for
the absolute value of the left side of (10), as before, we derive them sepa-
rately at first in the tubes, and later in the remaining part of b. Considering
71 in 3(3.), see p. 433, we write

19 as* h
s llog sl | 2L -2 20N | B
(14) 4 13 922 822| | ks,
1 o1 | @2 — 12:(N) (87/322) as*| | In
= —|log | f#|] - 2—- .
4 (22 — v2,(N))f5* 025\ | ke,

Thus by (4.10), (1), (4.18), (2.11) , (7)

1 27 P EzA 2
f midws| < — | log 4| H f f { + 2Tp p*dp*ds,
v (21,22) 4 0 0 P*

T
= — H|log 41| (22420 + Ta0?).
Consequently
f d)\ Tldwz
l;“ % (21,29)

(15)
2

(16)

™
< — H|log 41 (tadep + T20) L320)

where

) L) = [, o
L
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In the case of 3 we proceed exactly in the same way. Using (4.10), (2.11),
(4), (2), (4.18), we obtain

1 27 P 8'4 9
f T1dwe |  — l lOg A1I Hf f + 2T2} p*dp*d¢2
t% (21,22 4 0 0 p*

(18)
™
= H|log A:| (2Qs0 + T2?),

(19) ‘f f Tldwzd)\
fagt ¥/ d%(21,20)

< -’2'- H|log Ay | (2Qw + Twp").L i)

Considering 7; in the tube 3(j}) (around the zero and the pole lines of f;)

we use (2), (7), (4), (4.10), (2.11), (4.8) to obtain

f . T1dw,
b (21,22)

1 27 I
(20) = y (A:284 + 2T9)H f f (| log o*| + | log Q1] )o*dp*d¢p:
0 0

T 1
= 'ZHP2(A254 + 2Ty) (7 — log p + | log 01| ),

and therefore

lf‘f’ ndwgd)\
iy b (21.29)

1 1
=< % HpX(A3e + 2T5) <—2— — log p + | log Q1 | ).(’_(11).

(21)

Considering the next term 7, in the tubes around singularities, we observe
that by 5.1 in the tube $3(8}.)

(a log If1|> 1 (af1 1
aZ2 =h(\,29)2; 2 aZ z1=h (\,22) ff‘

) e

Thus by (3), (4.10), (4.18), (2.11)

(22)

1L
(23) | 72| £ — = 44(| log 4:| + S)H,
2 p*

(24) [f [, et
B’ Y 6 (2y,20)

< (| log 42| + S)HALp.L(B10)-




436 STEFAN BERGMAN [November

Considering 7, in t3(j},) we have, according to 5.1, (5), (2),

‘ (a log | f1 I)
02, £1=h(\, 22)

_1 ' ( _f:f_1> (22 — B1(N)*
2 022/ 2 1=hh,29) [(22 — B (W)

(25)
< 1 81@1

%

-

p

and therefore

T 2dw2d)\ ‘

f f f IQI |1°gAzI+S)Hp*dp*dw2dx}

110
= walel( | log 42| + S)Hp-C(lm)-

Similarly in the tubes t3(j}) around zero and pole surface f; using 5.1, (2) we
have

’ iy b (z1.22)

(26) < —

|log | £ || = | log | (z2 — B2e(N))~"(z2 — B2s(N))7f#| |

| log | (a2 — Ba(N)7| + log | (22 — Ba(N) V2| |
— log p* + | log 0: |

and therefore by (5), (4.10), (2.11), (4.18)

If f Tzd(.v)zd)\
i b2(‘1 22)

2x 6
f f f 222 (— log p* + | log Qs | + S) Hp*dp*dped)

(27)

IIA

< —
(28) =
T

1
614,Hp? (7 — log p + I log Q2' + S) ﬂc(hl)

Finally, determining bounds for the integral of 73 we note that in t3(j;) by
5.1 and (2), |log |f¥|| < —log p*+|log Qi| and therefore by (8), (4.10),
(4.18), (2), (2.11)

‘ Tsd(dgdk)
v (21,22)

2%

(29)

e
~ (|1og 4s| + S)(— log o* + | log 01 | )p*dp*desdn
0

i1

1
= %G(l log 42| + S)p”(—z— — log p + | log Q1| )-C(inl),
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‘ f f Tadwgdk’
ia' ¢ ¥*(z1,2)

(30)
1
< lzr_szl log 4, | (—5- — log p + | log Qz| + S)-C,(I;)

Considering the integrands 7, 75, 75 in the complementary parts of b5 we have
by (4.10), (4), (4.18), (2.11), (5), (7)

. .
(31) |n| = TI log 4:| (24: + 2T H,

1
(32) | 7| §—4-Alal(| log 4:| + S)H,

1
(33) l‘rsl§—2—|logA1l(|logA2|+S)G,
so that the integral over the complementary parts

l f 71dwed\ +f Todwad\ + f fgdwzd)\l
1 1

(34 = {_4_l log 41| (@ds + 2T)H + _ZAlal(I log 4;| + S)H

1
+ | tog ] (|1og da| + 516} VG-

Combining (16), (19), (21), (24), (26), (28), (29), (30), and (34), we obtain B;.
IL. In this part we shall show that

é@p(— log |f1 |, Sy)

lIA

B,

1 n
T (7 ~ log o+ | Iog 0u I) (qHE:l L + pnGC(ﬁ))

+ (—2-A161H + | log 4, ] G) No(— log @ — log Ao + 1) 3 Sa(%))
y==1

—

(34a) .
| + -’2'- {2n | log 41| HE(uho(1 — log No) + ¥) + X (ppL1AH.LHB10)

r=1

1 .
+ pH5:0:0.L5 (1)) + > [4:8:Hp + | log 41| (Hg + Gp)] V()

where ¢ is a constant for which the inequality
2N log po < ¥ = (ho/2) log (Ao + po)
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holds, and .(,(j!) denotes the length of that part of j! which lies in

AN

(34b) =S $0.

A=Ar—Ag

In order to prove (34a) we proceed to derive bounds for the absolute
value of

) ) )

2x
(35) Bp(— log Iflly $) = — f (s + 75 4 76 )dwed\,
o J &p?
v 1701 h
(36) n = _.(_—og B [> sF—,
23 622 z;=h(\,23) ht,
y 1 sk h
37 7 = log | f#*
37) ™ T glf‘laz2 by
) 1 i) (h)\)
38 =—1 x| ox R
(38) o = log [fF| X — i

We repeat the same considerations as before. The only modification is
that in this case instead of (—log |f.| +5) the function s, appears which is
regular in § except in a neighborhood of the point {2, zé")} so that we have
to derive separately bounds at first in the neighborhood n? of {zﬁ”), zg')} (see
5.II) and then in the complementary part 53— of b3. See p. 422.

In the case of the term (36) we consider 7 at first in £3(8l.), t3(i%), 12
and then in the complementary part.

Considering &’ and 7 we shall determine bounds in the tubes t3(i})
and 13, and then in the complementary part 53 —13(j}) —n?.

We consider at first the term 7$? in t3(8}.) and 3(i},). See p. 433 and
(13a). Using (22), (23), 4.IT we obtain

(¢4]
‘ f f 1'4' dwzd)\’
B Y b (21,20

1 2= r 1 L
<— f f f B2 A.S,00 0 dp*dadn
2 3o o 2 p*

where S,(A\) =p for \, = Ao SX=\,+\o and S,(A\) =0 for the remaining values
of \. Consequently

(¢2]
f f T4 dwzd)\
1.,‘ b’(‘l 122)

(L,(81.) denotes the length of that part of 8}, which lies in b2. See (34b)).
Similarly, in t3(f},) using (25) we obtain

(39

(40) < % ppL1AsH.LCo(B1e).
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(
‘ f f 1'4')dw2d)\ ‘
i b’(zl.zz)

1
10

(41)

lf fz'fp ! s Q‘S(x) *do*depadh
2 im‘ 5 ] 2 lp* \N)Ppap 2

< % pH8:015.Lo(f10)-

We proceed now to the determination of the bounds in nd. See p. 432.
In accordance with the hypothesis 5.II1, t3(381,) and 3(j},) lie outside of
n so that by (4.10), (5), we have

la log | f1]
822

for (21, 22) €n) Cb; —13(B1.) — t(iho)-
According to (4.12) and the definition 4.I1V.2

— 5\, ¢2) = — log @ — log |)\ - )\,l
for [N —N] <o, 0 < 61— ¢35 < &,
5 (N, ¢2) =0 on the remaining part of the distinguished boundary surface.
Since s¥(\, 2») is for every fixed X, A\, an analytic function of a complex

variable regular in |z| <1, it assumes the maximum value of its absolute
value on the boundary and therefore in every $2(\) and consequently in

wNH2(N)
(44

1
<

2ymh N, 23) 2

42) A1y

(43)

| s*¥(\, 22)| < —loga —log | X =\, ],

AN
Q)
’ f f 74 dwzd)\'
A=M—2 Y mBANHZ )

1 M
(45) = - — f Aydy(log @ + log | N — N, | ) Hdwydh
n*NH Q)

4 Jran
1
< — AsbiHo[~ log o — log N + 1]S.1(m).

In the remaining part, h—n?, we have by hypothesis 4.IV (see (4.16),
(34b)) |s»| =p. Therefore by (42) and (2.11)

(»)
f T4 dwsd\
bz’—n;'

where U(F®) denotes the volume of B2.
In deriving bounds for 7&) we observe at first that by (2), 4.1V (p. 426),
(2.11) in 83(1)

1
(46) < — Al V(by),
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)
‘ f f 75 dwad\ l
it v b2 (z1,29)

1 IsF(\, z0) k
= —| f f log | f#(\, 22) | ————" 2 dupd)
2 iyt vV 02 (zy,20) h

i} 2
47) “ :

1 2x 3
= 7[ lf f (— log p* + | log Q1| )gHp*dp*dgsdN
ix 0 0

1
= % qHp? (7 — logp + I log Qll ).C,(I:)

where £, (ji) denotes the length of that part of i} which lies in

Mg

(34b) b= 2 ©O.

A=Mr—)\g

We proceed now to the derivation of the bounds in nd, see p. 432. Ac-
cording to Hypothesis 5.II in nd,

aS:k()\, 22) K
O N N N R Al
where K < «, u< ». Therefore according to (2.11), (4.10)
(48) | gil log 4, | H us )
2 [N =N [0+ p*

and
MDA
» »
l f s dwzdxl ‘ f f 75 dand\
m' »oro I

1 7)\y+)\o 2x PO p*d * dx
(49) <—|log 4,| HK f f il
2 v do Joo [N\ [r 4 p*

= m1log 4| HK [pho(1 — log o) + ¥]
where ¥ =2 [39d\ *[log (\**+p%)] satisfies the inequality

(50y Nologpo S ¥ < ?° log (\o + po).
In the remaining part, b} —n?, by 4.1V, |3s¥/d2z| Sg and therefore(!)

(51)

’ 1
f s dwidh| < — | log 41| HqgU(by).
, b,’_t’d;)-n.‘ 2

(1) We remind the reader that s¥ =0 in b; —b}.
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Considering 7’ we proceed exactly in the same way as in the case of 737,

and using (2), (2.11), 4.IV we obtain in t3(j})

) 1
T8 dwzd)\ § -
8y 2

T 1 1
* 165 [7 ~ log p + ] log 0 ]mo,

[ 6o~ 10g 5* + | 10g 0: | Ydwsin
(52) £

IIA

and in n® using (4.10), (43)

MM »
f T dwad\ '
w2 ¥ m°NET

< | log 41| Gho[— log @ — log Mo + 1]2(SI).

Finally, integrating in the remaining part, b5 —n®—13(j}), we obtain

(53)

(54)

1 N

(v) 3.
dwid\| = — | log A,|Gp U(h,).

j‘bza-ta(ill)—ny’ To i T2 | g 1| ? (b)

Combining (40), (41), (45), (47), (49), (52), (53), (46), (51), and (54) we ob-
tain Ba.

6. A geometric interpretation of terms on the right-hand side of (3.1).
In §§4 and 5 we derived upper bounds for the absolute value of ¥»(—1log | f1| ,
—log |f2| +€)+Be(—log |fi|, —log |fe| +es). According to (3.1), this last
sum equals

1 -1
< tog | al)0g | 2] = e dasdss
a "

Ni(z2)

. Z {sg (er14(22) [log |f2(0‘1v(22)» 22) I — ex(a1,(22), Zz)] }dwz,

+ T
2 Sp° v=1

see p. 420, so that the sum of expressions obtained in (4.19) and (5.8) (see also

(5.9), (5.34a)) represents an upper bound for (1). In this section we shall give

a geometrical interpretation of the terms appearing in (1). P,= —log | f2| +e;

vanishes on the distinguished boundary surface, so that

) fa’ P\Poki, dzdzs = 3 fa (log | 71])Qog | f2| — es) by dzadzs

where 2= [Sb!(z,), 2:Ecl], see (2.2), are distinguished boundary surfaces of
subdomains of 8 which include the exceptional points Q, of the pair fi, fe.
Here ¢, = [|zg—z§")l =P] (see Hypothesis 2.1V, 4.1I) are boundary curves of
the domains b?, see Theorem 3.1. The double integrals (2) can be expressed
by lines integrals over the curves b%(z; =2{) and some additional terms. The
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behavior of these integrals, as we shall discuss elsewhere, depends to a large
extent upon certain properties of the product log l f1| -(log I f2| —e,) at excep-
tional points. (In particular one can derive for these integrals upper bounds,
which depend essentially upon the local behavior of f; and f in the neighbor-
hood of exceptional points.)

We proceed now to the geometric interpretation of the second term in (1).
We write

(3) IOg Ile — €6y = [lOg |f2l - 82] + [62 - 82].

Here E,(z1, 2:), z2=const., is that harmonic function of x;, y, which on the
boundary curve b(z;) of B2(z;) assumes the values

log |f2(z1, 22) | = log ]fz*()\, 23) I

The second term on the right-hand side of (3.1) will assume the form
N (P) + 95 (P) where

T N1i(2)
(42) M(P) = 7)o E {sg (a1,(22)) [log | fa(an,(22), 22) |
- 82(a1;(22). 22)]}d‘°2,
N1
ay P00 =7 [ 5 (s o) [, 2) = xlon(e); 2] .

If 2, =sn(22) are the zeros and the poles of fa(z1, 22) in B2(2:) and g(z1, Z1, 2,) is
the Green’s function of B2(z,)
log | fa(zy, 22) | — €a(zr, 22) = — 2 sg (cea(22))g(21, @2a(22); 22)

(5) N2(z)
= 2, sg (az(22) log (21, a2.(22) ; B%(22)).
ne=1

Here
w(z1; 22) — w(Z1; 20)

21, Z1; B(29)) = = ,

(o 21 (2)) 1 — w(Z1; 32) w(z1; 22)
and

dw(z1; 22)
‘W(Zﬁ Zz) = W(Zl; 22, 22), w(O; 22) = 0, E— > O,
dz; 21=0

denotes that analytic function which maps B2(2,) onto the unit circle.

We shall denote (2, Z; B2 =(Z, 3; B?) as the (B?)-distance between the
points z and Z. (2, Z; B?) is invariant with respect to conformal transforma-
tions. If €2is the unit circle with center at Z, then (z, Z; €% is the Euclidean
distance between z and Z. We note that
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exp [z, Z;82] — 1
exp [2,Z;B2] + 1

where [z, Z; B?] is the non-Euclidian distance between the points z and Z
measured with the invariant metric defined in B2 Thus

(6) log | fa(z1, 22) | — Ea(z1, 22) = log b(zy, f; 22),

where b(z1, fo; B%(22)) = [In% [(21, com(z); B(2)) ], is a quotient,
b=b,/b,, of generalized Blaschke products b, k=1, 2 (b, vanishes at zero
points, b, at poles of f; in B2%(2,)). Functions b will be denoted as Blaschke
functions. (See p. 415 and N. 1, p. 137, B.3.)

It is clear that the integral

(5, Z;%8% =

N1 (22)

. . Z sg (a1a(22))
(7) Sp" n=1
Naen w(ain(z2); 32) — w(azm(32); 22)
n§1 o (cun(z)) log 1 — w(aia(22); 22) W(zm(32) ; 32) ?

exists. Indeed, for 2,ES},

w(ain(22); 22) — wW(aam(22); 22)

1 -— w(am(22): Zz)w(azm(z2);z2)

’

0<a§l

since according to Hypothesis 2.1Va the intersection points of zero and pole
surfaces of f and f; lie outside [SB%(z,), 2:ES%]. If we approach to values
of 2, for which w(au,(22), 22)—1,

w(aia(22) ; 32) — wW(aam(32); 22)
1 — w(ain(22); 22) w(aam(22) ; 22)
Thus we see that for 2,E S},

0 < | log (o1a(22), @zm(22); B2(22)) | < | log a|

uniformly in 2, as it can be easily shown by classical arguments. (Concerning
a, see Hypothesis 4.11.)

Since according to our hypotheses, see Theorem 4.1, for the number,
Ni(22), of zeros and poles ax.(z2) of fi(z1, 2;) we have Ni(z;) <N < «, the in-
tegral (7) exists. Thus N (P) = (r/2) [ &t log A (22)dw, where A (2,) is the product of
(C(B2(z,))-distances between the poles of fi and f, and their zeros, divided by the
products of C(B2(2,))-distances between the poles of fi and zeros of fs, k=1, 2;
fe=fx(21, 22), 22=const.

A(zs) can also be interpreted as the product of Blaschke functions

Ni(z2)

II [5(aia(zs), foi B2(z2)) ]o% Ccante

nw=l
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where o1,(22) are zero and poles of fi(z1, 22), 21EB2(z,).

In the present paper we consider functions fx, k=1, 2, which for every
fixed 2z, |z2[ =1, possess finitely many, say N(z,), zeros and N(z,) <N, where
N < =, is independent of 2z,. The methods applied here can be easily general-
ized to the case where lim,,.; N(7; exp (i¢$?)) = «, for finitely many ¢ or
even (under some additional assumption) in the case where ¢{’ have ac-
cumulation points. See also N.1, p. 137, B.3, etc.

We proceed now to the interpretation of the second term in (4). For every
2, for which the zero or pole surface of f> does not intersect b!(z;) (see (2.2)),
€:(z1, 22) —ea(21, 22) is a regular harmonic function of x;, y; in B%(2,). Therefore

62 — €2

(8) 1 2r e“ ___.w(ZI.. zz)

= [82*()" ZZ) - 32*()\, Zz)] [————— + __’—] d0
el —

27 J g0 b — w(z1,22) €% — w(z, 22)

where exp () =w*(\, 22) =w(h(\, 22), 2:), and w(z;, 2) is the function which
maps B2(z:) onto the unit circle. (See p. 416.) For every fixed A

"’ 2 — Ba(N
EF — e = 2 sg (B(N) log —f—g
v=1 - z?ﬁh(x)
(9) Ma(\)
= 10g { H ((22, B2v()\))s‘ ('32'()‘)))}

where (25, Z2) = (2, Z2; €)= (2,—Z2) /(1 —2Z5)| denotes the (°(€?)-distance
between 2, and Z,;, and M,(\) the number of zeros and poles of fy(\, 2,)
in |22| <1. Substituting (9) into (8) (multiplying by 7/2 and integrating
over ©%) we obtain

i Ni(z2)
Ny = — s f@l,z{ E sg (a1.(22))
2 M) 22 — B2,(\)
(10) . j;=0 l: E sg (Bh()‘)) lOg 1 — 2262;«()\) ‘]

dw*(\, 32)  dNdw,
N W\ 2)

X P(w(as(z2)), w0 z2>>}

where
w*(\, 2,) w(asu(21), 22)
w*(\, 22) — w(aw(ze), 22)  w*(N, 22) — w(aw(z2), 22)
1 — | w(aw(z2), 22) |2

T 1 + | wlan(zs), 22) |2 - 2| w(a(22), 22) I cos &

P(w(a(z2), w*(\, 22)) =
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® = arc w*(\, 22) — arc w(e.(22), 22).

The integrand of (10) can become infinite only if w*(\, 22) =w(ouu(2:), 22)
(i.e., at a point where a zero or pole surface of f; intersects b®) or if z,=03,,(\).
1. Let z1=h(\, {2(N)), 22={2(\) be a segment of the intersection line of
log |fi(z1, 22)| = + o with [z1=h(\, 2), |%| <1]. For every fixed \ in the
neighborhood of z,={(\), Z=F(\)
w(h(N, 22); 22) — w(a1u(22); 22)
= A1) (z2 — £2(N) + 4as(M)(E2 — £(N) + - - - .
We make now the additional HypoTHEsIs 6.1. For 2,E&3,
| A1(N) l #~ I Aoi(N) I
If we introduce polar coordinates z; — {a(N) =re™2, dws =rydr,ds, then for
a fixed A
A1) (22 — $2(N) + AN (B2 — £(N) + - - -
= ry[d1o(N)eis2 + Adgy(N)eis2] + - -+

(11)

and

dw, dradés
w(h(h 22), 2) — Wlaw(), ) Ao(e® + (e ] +ral -+ |
Consequently (12) remains bounded also in the neighborhood of intersection

points of b® with the zero and pole surfaces of f; for 2, ES}.
2. For every fixed A,

(12)

22 — Bb(x)
1 — 2:82,(N)

becomes infinite at finitely many points, say 8 (\), v=1, 2, « - «, Mo(\). If
B2,(\) lies inside €2 obviously
22 — 62v()\)

f log
22—B3, \) | Zps 1- 2232-0\)

is bounded. (If Bas(N) lies on the boundary of €2 the integrand vanishes.)
Thus 9, represents the following integral: For every value N\, 0 S\ < 2w, 2,ES3,
we form the sum of the products of the logarithm of the Blaschke function

29 — 32,()\) sg (B(\g,))
1 - Zzﬁz,()\)

log

dradde

b(zs, f+(, 22); €2 = ]

14

sg (a1u(22)) P(w(er1u(22), 22), w*(N, 22)).
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Here B:,(\) are zeros and poles of fz(\, 2) in Izzl =<1, P is the Poisson kernel,
and au,(2:) are the zeros and poles of fi(z1, 22) in B2(22). M is the integral of this
sum multiplied by the weighting function

1 B'w*()\, 22)
4iw*()\, Zz) o\

over [0S\<2m, 2,ECE].

7. The kernel function of the extended class £(8). In [B.4, 5, 6, 10]
as well as in §§2—6 of the present paper it has been shown that the extended
class represents a useful tool in the study of various problems of the theory of
functions of two complex variables. It is therefore of interest to investigate
further properties of these functions. In the present section we shall consider
functions of the extended class in domains described in §2. These domains
are bounded by two segments of analytic hypersurfaces a® and b® (see (2.4)
and (2.5)). In addition to the hypotheses of §2, we are making in the present
section the following assumption 7.I about the structure of the domains 8.

By a transformation ()

(1) 2 = w(z1, 22) = w(21; 22, 22), 255 = 29,

where w is a conveniently chosen function which is analytic in 2, (but not
necessarily in 2z;) and which satisfies the conditions

(2) w[h(0, 25), 2:] = w[h(2m, 25), 2] =1, (0, 25) = O.

¥ is mapped onto the bicylinder B*= [Iz’l"l <1, |22| <1]. Every segment of
the analytic surface [z1="hi(e™, 25), | 2| <1], N=const., goes over into the
segment

[arc z* = arc W(e®, 22), | 2| =1, 2| = 1],
W(C”‘, Zz) = W(e"", 29, 22) = 'w[hl(e"‘, Zz), 22, 22] (see p. 416).
We shall assume in this section that the domain B has the property that

3) 0<as arc W(e®, zi — arc W(e*, z,) <d<o
—u

where ¢ and 4 are conveniently chosen constants. (Hypothesis 7.1.)
NotaTtioN. The functions H! (%1, y1, %2, ¥2) of E(B) which are continuous
on the distinguished boundary surface and satisfy the condition

(4) Hf(o, 0, X2, yz) =0
will be said to belong to €,(B).
THEOREM 7.1. There exists a system of real functions ¢;(x1, Y1, X2, Y2)

(12) Since 3 =2, we omit the asterisk at z¥.
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=T,(21, 22), p=1, 2, - - -, of the class Eo(B) which are orthonormal in the

sense that
96, o6,  obr aqbt aT, oT
f[—"—“+ ’——"]dw=4Re[f ’—“d]
B axl 3x1 ayl 3y1 B 621 621

1if »=u,
=5”‘={'
0 if v &= p,

(5)

and possess the following properties:

10, The system {T,} is (uniformly) complete on the distinguished boundary
surface D?, 1.e., possesses the property that every continuous function defined
on D? can be uniformly approximated by a linear combination

N
D> 4T (21, 22), (21, 22) € D%, N < oo, (ap = a;,N) are constants).
p=1

20, The kernel function of the system {T ,} converges in B, i.e., we have

©) > [o0(w1 yi; %0 y) P < o Jor (21, 31, %, 32) € B.

y=1

Proof. The proof of the theorem follows in the usual way (see also pp.
451-452) from the following

LEmMMA. If = 2™, o, T, satisfies the condition

3F
) ——) 1, (i) €D,
921 z1={1,29={2
then
aF |2
. >
®) fﬁ | 4o 2 C 19 > 0

where C(¢1, ¢2) 15 a fixed positive constant which depends only on B and {1, .

Proof. We consider at first the case of 8=C=[|z| <1, |2| <1]. In this
case the real and imaginary parts of the set
(9) z;"’zlnz';,z;"é;' m=0,1)2739"'yn=1’213r'°'7
form a complete system. Using polar coordinates, i.e., writing zx=x;+%yx
=ri(cos ¢+ sin ¢r), k=1, 2, the real and imaginary parts of functions of the
system (9) can be written in the form(®)

() We note that in (10) and in the following we use the double index {m, n} instead of
the index [p], p=1, 2, - - - . The functions of the set (10) are assumed to be ordered in such a
way that {11 0}1 {Zv 0}1 {lv 1}’ {11 —'1}: - - -, correspond to [1]» [2]» [3]r [4]) <+ . We
omit the terms corresponding to m =0, since the derivatives of these terms with respect to 2
vanish.
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m m m |n| min|
(10) 71 COS My, r2 Sin me, 7172 COS (MPpy + nps), 71 72 sin (mp, + nes),

m=1,2,---;n=1,—1,2, —2, ... The functions (10) are orthogonal to
each other in the sense (5) (with $=C€). Dividing them by conveniently
chosen constants we obtain a system which is orthonormal in €.,

Using the well-known development of a (real) continuous function F
defined on the distinguished boundary surface [see e.g. [B.9], [B.-Marcin-
kiewicz 1], [Bers 1]], we conclude that every F can be developed in § in a
series

0

F=3 {amO(ZT + ZT) — iﬁ,,,o(z;" - 2;")

m=1

(11) + Z [a"m(ZTZ’Z' + 2;"2;) - iﬁmn(Z;’lZ; - 5'11"2;)
n=1

m_n _m n . m_n _m n
+ 'Ymn(zl 22 + 21 Z2) - 1*6mn(21 Z9 — 21 Zz) ]} .

The condition (7) with {;=0, {3=0 yields ayo=1, B10=0. On the other hand
Fy=2, is orthogonal in the sense (5) to each of the functions 7', m=2, 3, - - -,
272, Zr, m=1,2,3,---,n=1,2,3, -, and consequently

oF |2
(12) f— dw=fdw+f|5|2dw;fdw= : =,
(1 € 1 (Y

6z1
0

S =3 mlam — Buo)zr  + 3 [mctmn — Bn)zr 22
(13) m=2 m=1 n=1

+ m('Ymn - iamn)z;n_IQZ]
and C is independent of F (satisfying (7) with {;=¢»;=0). If instead of the
origin we choose an arbitrary interior point ({1, {2) of €, an analogous con-
sideration leads to an inequality (12) with C=#2(1—|{:|2)(1—] & ?).

We proceed now to prove an inequality analogous to (8) for general do-
mains B, as described in §2 and satisfying 7.I. By the transformation (1)
satisfying (2) ¥ is mapped onto the bicylinder $*= [|s}| <1, |2| <1].
Every segment of the analytic surface [z¥f=(e?, 2), ]zzl <1], A=const.,
goes over into a segment

(14) [arc Z*;- = arc W(ei)‘! 22)) I ;;I = 1’ l Zzl é 1]1 W(e‘)‘s 22) = w(hl(en\i 22)9 22].

The class of functions E(B) goes into the classS (B*). Every function K,(z1, 2)
of the system (10) assumes continuous values, say K,(e?, e¥) on [|z| =1,
|z2| =1]. Let now 7,.(3¥, 2,) ES (B*) be so determined that

rplwlin(e, ei%), e, eii] = Ky(e®, ), In(e®, ei%) = h(h, ¢#9),

(15)
0SAS2r0S¢aS2mp=1,2---.
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In the following, the lamina [sf =exp (iw(A(\, 22), 22)), |22| <1, \ constant]
will be denoted by 82(\).

Through every point {exp (iu), {2} of [|2}]| =1, |2| =1] goes a lamina
82(\) where M is the solution of the equation

(16) €xp (14") = W[h()\, fz)» (2]'

Since in every lamina 82()\), the function 7, [w(k(\, 22)), ), 2:] is a harmonic
function of x,, y, it follows from (15) that

(17) Tp[u)(h(ﬂ, zZ)y 22)1 z2] = Kp(eﬂ, 22) for | Zzl <1
where
(18) u = u(), 22), ©(0, z5) = 0.

By orthogonalizing the system {7,} we obtain the system {T,}, p
=1, 2, - - -, of functions of the class § (B*) which are orthonormal in the
sense (5). We proceed now to prove the inequality (8) for functions F of the
class S (8*) satisfying the condition (7). Since ({1, ) EB*, |6 <1, || <1.
Let us form a function

N
Fn(an, 22) = 3 BT (21, 22)

n=1

possessing the property that ¥ satisfies the condition (7).

As we mentioned before through every point {e®, {,}, l §‘2| =1, goes the
lamina 82(\), where \ has to be determined from (16). In every segment 82(\),
Fx assumes the values ¥v [exp (iu(\, 22)), 22]. Fw[exp (Gu(\, 22)), 2:], \ const.,
is a harmonic function of x,, y,.

We determine now a function Py (2, 2;) of the class £(C) by requiring that(14)

(19) Pylexp ((r(\, £2)), 22] = Fwlexp ((Gu(\, 22)), 2].

Py(z1, §2) and Fw(sf, {2) are harmonic functions of %, y; in lzll <1, and
of x¥, ¥¥ in |2}| <1. Therefore from Px(e®, {2) =Fn(e®, §2) follows Py(z,
2) =Fn (¥, §2), | 2| 1. Therefore, in particular

JoP a
(20) ( ”) = ( J ”) =1
92, z21={1.29=02 az’: 21=$1.2=t2

According to (11) and (12), we have

A

(%) We note that the mapping 2} =3} (21, 2), z=2 defined in [|z]| =1, |2| <1] has the
property that z}'(z, {2) =21

2
do Z C(51, £2) = m2(1 — | &1] )21 — | 2] )2
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Let us now compare

*
dP , 2
(222) s = [ |
l211<1 ozf
and \
9 )
(22b) 3t(zs) = f 0Fn(zn 22) dor.
J21*1<1 9z

For 2,={,, as we mentioned, 3(¢2) = 3'({2).
According to a formula of Douglass [D. 1, 2], [Sh. 1], [M.-T. 1],
1 te | Py(exp (ig), =) — Pu(exp (i), 52)|*
(23) 8e) = #=0 fo sin [3(¢ — )]
1 tr | Fu(exp (i), 2) — Jwlexp (i8%), 52 |?
(24) 5“22) f L‘=0 sin [%(¢* — 0*)J

Here ¢*(2,) =arc zf =arc [w(h(e®, 2,), 2,)] and the same formula holds for
6*(2,) as a function of 6. Since by (19), Pn(e*#, 2,) = Fn(e®*’, 2),

Sa) = f2‘r Py(exp (i¢), z2) — Py(exp (46), 22) |2
¢=0 ¥ =

sin (3(¢ — 0))
sin (z(¢ —6)) d¢* do*

sin (3(6* — 6%) dé db
For every |Zzl =1, according to (3)

d¢* do
(26) 0<a2<———<A2<oo
dop do
In order toobtain bounds for l sin ((¢p—0)/2)/sin ((¢* —0%*)/2) I 2 we distinguish
two cases (a) and (b), assuming

dode,

do*de*.

d¢db
(25) ‘

27 = -0 <——— 27 = - -0 <——
(27a) 0=|¢ | < v or (27) 0=<2r—|¢ | < 2
and

1
2 —_— -0 271 — —).
(27b) 2A<I¢ |< ﬂ-( 4A>

In the case (a), we have
sin (s/2)

2

_ 2 sin (s/2)/s
" |2 sin (s*/2)/s*

Here s=|¢—0|, s*=|¢*—6*| in the case (27a) and s—27r—|¢ 0|, s*=2m
- |¢*—0*| in the case (27’a), respectively. From (3) follows in the case (a)

2] s

(28)
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(29) 0<s*< /2

Since 2/7 < [(sin @)/a] =<1 for |a| <7/2, in the case (a) we have

I YA A
T sin (s*/2)/s* 2

In the case (b) according to (26)

2| s

s*

(31 aSle-elsw -2
24 24
and therefore
sin (s/2) |2 1
32 . 4A 2 S S .
(32) Isin (ra/44)]? < sin (s*/2)| ~ [sin (wa/44)]?

If the;efore
(33) b = min [(sin (ra/44?)), (2a¢/7)], B = max [1/sin (ra/44), r4/2],
we see that

5*
(34) 0<b”a2§—-(—zzl§B’A2< .
3(22

Using (34), (20), and (13), we see that
3%
f dw =f UT(Zz)dwz g b’a’f 5(22)d(02
(35) 8 l22l<1—182]) PACI AN
= wb%*(1 — | §'1| (1 — ] le )%

9z
After the inequality (35) for functions Fy satisfying (7) have been derived
the proof that the kernel function is finite follows in the usual way. (See [8,
pp. 21 ff.].)

2

We determine the a,, n=1, 2, - - - | N, so that the expression
N At N . aT.
(36) 4 | X anln| do =2 |aa|2, To= )
Bl n=1 n=1 21

becomes minimum (*®) under the condition that

N
(37) E a,.T,'.(g‘l, 3‘2) = 1.

h=1

If we write

(3) Since the function w(z;, 2.) in (1) is analytic in 2; the value of the integral (36) remains
unchanged when we pass from the domain 8* back to the domain 9.
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R N
»= [(Ii.(rl, £2) + 42/ 2| 5 G 8) |2:|,

the condition (37) assumes the form

N
(38) 2 A,Ta(r, 82) =0

n=1

and

ZlT:.(m, 02 + A, |2 ZITn(rl, rz)|2+Z|A |2

3 [t = 22 . S
39 2 ( él (e €9 l’) (}__‘;] To(S, £2) |2)

The minimum of (39) will be attained if and only if 4,=0,2=1,2, - - -, N,
and equals

1
(40) - 2 4C(§1,$2) >0
ZI Tr’t(g-lr (2) |2

n=1

by (8). Since the right-hand side is independent of N it follows that

(41) | T, (i'lyf'z)l
: 1

Ne=

4C(§-lr {2)

(6) follows from (41) and from the relation

N 2 pa N
(42) S| Ty, 22) |2 = f 2 Ta($1, 22) Ta(E ¥, 22)didt
$1=0

n=1 $1°=0 n=1
which holds for the functions of the class Ey(B), see (4).
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