RELATIVE HOMOLOGICAL ALGEBRA

BY
G. HOCHSCHILD

Introduction. The main purpose of this paper is to draw attention to
certain functors, exactly analogous to the functors “Tor” and “Ext” of Car-
tan-Eilenberg [2], but applicable to a module theory that is relativized with
respect to a given subring of the basic ring of operators. In particular, we
shall show how certain relative cohomology theories for groups, rings, and
Lie algebras can be subsumed under the theory of the relative Ext functor,
just as (in [2]) the ordinary cohomology theories have been subsumed under
the theory of the ordinary Ext functor.

Among the various relative cohomology groups that have been considered
so far, some can be expressed in terms of the ordinary Ext functor; these have
been studied systematically within the framework of general homological
algebra by M. Auslander (to appear). A typical feature of these relative
groups is that they appear naturally as terms of exact sequences whose other
terms are the ordinary cohomology groups of the algebraic system in question,
and of its given subsystem.

There is, however, another type of relative cohomology theory whose
groups are not so intimately linked to the ordinary cohomology groups and
exhibit a more individualized behaviour. Specifically, the relative cohomology
groups for Lie algebras, as defined (in [3]) by Chevalley and Eilenberg, and
the relative cohomology groups of groups, defined and investigated by I. T.
Adamson [1], are of this second type. It is these more genuinely “relative”
cohomology theories that fall in our present framework of relative homologi-
cal algebra.

Our plan here is to sketch the general features of the relative Tor and Ext
functors (§2) and to illustrate some of their possible uses or interpretations
by a selection of unelaborated examples. Thus, §3 illustrates the use of the
relative Ext functor in extending the cohomology theory for algebras. §4 deals
with relative homology and relative cohomology of groups, and involves both
the relative Tor functor and the relative Ext functor. §5 discusses the role
played by the relative Ext functor in the cohomology theory for Lie algebras.

Since this paper is intended to serve as a preliminary survey, and since the
topics dealt with are supplementary to the corresponding topics of the non-
relative theory (contained in [2]), we feel justified in presupposing that the
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reader is familiar with the elementary technique and the general notions of
homological algebra.

1. Relatively projective and injective modules. Let R be a ring with an
identity element, 1, and let S be a subring of R containing 1. All the R-mod-
ules we shall consider are assumed to be “unitary,” in the sense that 1 acts
as the identity operator. An R-module will be regarded also as an S-module,
in the natural way.

An exact sequence of R-homomorphisms between R-modules, £;:M;—M;_,
(or #3: Mi—> M+ with appropriate changes below) is called (R, S)-exact if,
for each 7, the kernel of ¢; is a direct S-module summand of M,. Clearly, a
sequence of R-homomorphisms ¢; is (R, S)-exact if and only if, for each 1,
(1): t;0tiyn=0, and (2): there exists an S-homotopy, i.e., a sequence of
S-homomorphisms k;: M;—M. such that ti1 0 h;+hiy 0t is the identity
map of M; onto itself.

An R-module 4 is said to be (R, S)-injective if, for every (R, S)-exact
sequence (0)—U—,V—W—(0), and every R-homomorphism % of U into
A, there is an R-homomorphism 4’ of V into A such that A’ o p =k. Dually,
A is said to be (R, S)-projective if, for every such sequence, and every R-homo-
morphism g of 4 into W, there is an R-homomorphism g’ of 4 into V such
that go g’ =g(Y).

Let t;: Mi— M, be any (R, S)-exact sequence. It follows from our defini-
tions and from the exactness properties of the functor Homp that the induced
sequence of homomorphisms Homg(M;_1, A)—>Homg(M;, A), h—hot, is
exact whenever 4 is (R, S)-injective. Similarly, the induced sequence of
homomorphisms Homg(4, M;)—>Homg(4, M;.), k—t;0 k, is exact when-
ever 4 is (R, S)-projective.

Let 4 be an S-module, and consider the group Homg(R, A4) of all S-homo-
morphisms ef R into A4, i.e., of all maps f: R—A such that f(sr) =s-f(r), for
all s&€S and all r&R. This group is made into an R-module by defining, for
rand 7 in R, (r-f)(") =f(r'7).

LEMMA 1. For every S-module A, the R-module Homs(R, A) is (R, S)-
injective.

Proof. Let (0)—U—,V—,W—(0) be an (R, S)-exact sequence. Since p
maps U isomorphically onto a direct S-module summand of V, it is clear
that the map A—h o p sends Homs(V, A) onto Homg(U, A). On the other
hand, for any R-module M, there is a natural isomorphism of the group
Hompg(M, Homg(R, A)) onto Homg(M, A); k—ki, where ky(m) =k(m) (1), for

() If ¢ is a homomorphism of a ring T into R, and S=¢(T), then the (R, S)-injective
(projective) modules are precisely the ¢-injective (projective) modules, in the sense of Cartan-
Eilenberg, [2, Chap. II, §6]. In fact, the equivalence of these notions follows from Lemmas 1
ancE 2] below, and these lemmas themselves amount to the same as Proposition 6.3, Chap. II,
of |2},
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every m & M. Using this, with M =V, and with M = U, we conclude that the
map k—k o p sends Homg(V, Homg(R, A)) onto Homg(U, Homs(R, A)),
which means precisely that Homg(R, A4) is (R, S)-injective.

The natural standard identification of an R-module M with the R-module
Homg(R, M)CHomg(R, M), under which each element m & M corresponds
to the homomorphism m’, where m’(r) =7 -m, for every r ER, gives rise to the
natural exact sequence

(0) » M — Homgs(R, M) — Homg(R, M)/Homg(R, M) — (0).

On the other hand, the map A—#k(1) is an S-homomorphism Homg(R, M)—M,
sending m' back onto m. It follows that our exact sequence is actually
(R, S)-exact. If M is (R, S)-injective, it follows at once that our sequence is
(R, R)-exact, i.e., that Homg(R, M) is an exact R-module summand of
Homg(R, M). Since a direct R-module summand of an (R, S)-injective mod-
ule is still (R, S)-injective, we conclude that an R-module M is (R, S)-injec-
tive if and only if Homg(R, M) is a direct R-module summand of Homg(R, M).

ProrosiTION 1. Let M be an (R, S)-injective R-module, and suppose that
U—V is a homomorphism of R-modules such that the induced map Homg(V, M)
—Homg(U, M) is an epimorphism. Then the map Homg(V, M)—>Homg(U,M)
is also an epimorphism.

.Proof. We have seen above that there is an R-projection of Homg(R, M)
onto Homg(R, M). We identify Homg(R, M) with M and note that such an
R-projection induces an epimorphism Homg(B, Homg(R, M))—Homg(B, M),
for every R-module B. If we compose this with the natural isomorphism of
Homg(B, M) onto Homg(B, Homg(R, M)) (whose inverse we defined in the
proof of Lemma 1) we obtain an epimorphism Homg(B, M)—Homg(B, M).
Moreover, this epimorphism is natural with respect to B, in the sense of the
theory of functors. Hence, using this with B=V and with B= U, we obtain
an exact and commutative diagram

Homgs(V, M) — Homg(U, M) — (0)

1 !
Homg(V, M) — Homg(U, M)
1 1
(0) (0)

from which it follows at once that the map Homg(V, M)—Homgz(U, M) is
an epimorphism.

LEMMA 2. For every S-module A, the R-module R® sA is (R, S)-projective.

Proof. Let (0)—U—,V— ,W—(0) be an (R, S)-exact sequence. Since the
kernel of ¢ is a direct S-module summand of V, the map h—go &k sends
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Homg(4, V) onto Homg(4, W). On the other hand, for any R-module M,
there is a natural isomorphism of Homg(R® s34, M) onto Homgs(4, M);
k—k;, where ki(a) =k(1®a), for every aEA. Using this, with M =7V, and
with M =W, we conclude that the map k—¢o k sends Homg(R®sd, V)
onto Homgp(R® sA, W), which means precisely that R®s4 is (R, S)-projec-
tive.

If M is any R-module, the natural map R® sM— M gives rise to an exact
sequence (0)—>Ky—R® sM—M—(0). The map m—1®m is an S-isomor-
phism of M onto an S-module complement of K in R® sM, showing that our
exact sequence is actually (R, S)-exact. If M is (R, S)-projective it follows
that the sequence is (R, R)-exact, so that M is R-isomorphic with a direct
R-module summand of R® M. Since a direct R-module summand of an
(R, S)-projective module is still (R, S)-projective, we may now conclude
that an R-module M is (R, S)-projective if and only if it is R-isomorphic with
a direct R-module summand of R®sM, or if and only if Ky is a direct R-
module summand of R® sM.

PROPOSITION 2. Let M be an (R, S)-projective R-module; and suppose that
V—W is a homomorphism of R-modules such that the induced map Homg(M, V)
—Homg(M, W) is an epimorphism. Then the induced map Hompg(M, V)
—Homg(M, W) is also an epimorphism.

Proof. We have seen above that there is an R-isomorphism of M onto a
direct R-module summand of R® sM. For every R-module B, this induces
an epimorphism Homg(R® sM, B)—»Homg(M, B). If we compose this with
the natural isomorphism of Homg(M, B) onto Homg(R® sM, B) (whose in-
verse we defined in the proof of Lemma 2)' we obtain an epimorphism
Homg(M, B)—Homg(M, B). Moreover, this epimorphism is natural with
respect to B. Hence, using this with B=V and with B=W, we obtain an
exact and commutative diagram

Homg(M, V) — Homg(M, W) — (0)

! )
Homgr(M, V) — Homg(M, W)
i !

(0) (0)

from which we see that the map Homg(M, V)—Homg(M, W) is an epi-
morphism.

PRroPOSITION 3. Let M be an (R, S)-projective R-module, and suppose that
U—-V is a homomorphism of right R-modules such that the induced map
UQsM—VQ®sM is a monomorphism. Then the map UQrM—V®rM is also
a monomorphism.

Proof. There is an R-isomorphism of M onto a direct R-module summand
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of R®sM. For every right R-module B, this induces a monomorphism
BR®rM—BQ®r(R®sM)=BQ®sM. Using this, with B=U and with B=7,
we obtain an exact and commutative diagram

0) (0)
l 1)

U Rr M—’V@RM
i 1

0)>URsM—->V Qs M

from which we see at once that the map U®gM—V @M is a monomor-
phism.

2. The relative Tor and Ext functors. By an (R, S)-projective resolution of
an R-module M we shall mean an (R, S)-exact sequence —C,—Co— M —(0)
in which each C; is (R, S)-projective. It follows at once from Lemma 2
and the remarks following its proof that every R-module has an (R, S)-
projective resolution. In fact, we may take Co=R®sM, with the natural
map R®sM—M, and then proceed in the same way from the kernel of this
map in order to obtain Ci—C,, etc. The (R, S)-projective resolution obtained
from this process is called the standard (R, S)-projective resolution of M.

Let B be an ordinary (left) R-module, and let 4 be a right R-module.
Let . - - »X;—X¢—A4—(0) be the standard (right) (R, S)-projective resolu-
tion of A. Let u; denote the R-homomorphism X;—X_, of this resolution, for
i>0; but let %, stand for the 0-map on X,. It is convenient to introduce the
graded R-module X whose homogeneous components of non-negative de-
grees are the X, while its homogeneous components of negative degrees are
(0). Also, denote by « the homogeneous R-endomorphism of degree —1 on X
whose restriction to X is #;. Thus we have a graded right R-complex (X, u).
Likewise, from the standard (R, S)-projective resolution — ¥,—Y,—B—(0)
of B, we obtain the graded (left) R-complex (Y, v).

Now form the graded group Z=X ®rY, with homogeneous components
Zn= D iyi=n X:i®rY;, and define the homogeneous endomorphism w of de-
gree —1 on Z such that, for x€X; and y€Y,

w(x ® y) = u(x) @ y + (—1)ix ® ().

Since #2=0 and v2=0, it follows that w?=0, and we have a graded group
complex (Z, w). We define Tor*¥ (4, B) as the nth homology group H.(Z, w)
of this complex. Clearly, these groups are (0) for » <0.

Suppose we have two R-modules M and N, and two sequences of R-
homomorphisms - - ~—Cy—Co—M—(0), and - - -—D;—Dy—N—(0), satis-
fying the following conditions: (1): in each sequence, the composite of suc-
cessive maps is 0; (2): the C-sequence has an S-homotopy; (3): each D; is
(R, S)-projective. Suppose also that we are given an R-homomorphism
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g: N—M. Then it is easily seen that we can successively find R-homomor-
phisms D;—C; such that the resulting diagram

+—=C;—Co— M —(0)
7 1 Tq
-—D,— Dy— N — (0)

is commutative. Moreover, if (s;) and (¢;) are any two such systems of R-
homomorphisms, there is an R-homotopy connecting them, i.e., a sequence of
R-homomorphisms k;: D;—C;y1 such that, if ¢; and d; are the maps of the
given sequences, s; —£{;=c¢iy1 O bi+hiy 0 d;, for all ¢ (where h_;=0).

This is enough information to enable one to proceed exactly as in the
usual theory of Tor® and thus establish the following facts. Every pair of
R-homomorphisms A—A4’ and B—B’ induces a unique homomorphism
Tor®9(4, B)>Tor®9(4’, B’), and these induced homomorphisms have
all the requisite properties to make Tor{®% a twice covariant functor. More-
over, the actual choice of the (R, S)-projective resolutions of 4 and B that
are used in computing Tor®%(4, B) has, to within natural isomorphisms,
no influence on the result. In particular, one sees from this that, for >0,
Tor®9 (4, B) = (0), whenever either 4 or B is (R, S)-projective. On the other
hand, it can be seen directly from the definition that, for arbitrary 4 and B,
Tor$#9(4, B)=AQ@rB.

As in the case of TorZ, it is actually sufficient to make a resolution of only
one of the modules; Tor®(4, B) may be identified with the homology
group H,(A®rY) of the complex 4 ® rY that is defined as above, using, in
the place of X, the complex whose component of degree 0 is 4 and all whose
other components are (0). Similarly, Tor®®(4, B) =H,(X ®gB). This can
be proved by the methods of Chapter V of [2]. The critical fact that is
needed is the following immediate consequence of Proposition 3 above: if 4 is
(R, S)-projective then, for any (R, S)-exact sequence - - -—B;—B; ;— - - -,
the induced sequence - :-—A4A QrB;—>AQrB;1— -+ - is exact (similarly,
with the roles of the left and right modules interchanged). We shall briefly
sketch a direct proof of the above.

Consider the subcomplex X’ of X whose components are given by:
X! =X, for ©>0; X{ =u,(X;). The injection X’—X and the R-homomor-
phism X—A of our resolution compose to the (R, S)-exact sequence (0)—X’
—X—A—(0). Since Yis (R, S)-projective, the induced sequence (0)—>X'®@rY
—X®rY—>A®rY—(0) is exact. Clearly, the homomorphisms of this se-
quence are compatible with the structure of a complex of each term. Hence if
we show that the homology groups of the complex X' ®zY are (0) it will
follow that the map X® pY—A4 ®z Y induces an isomorphism of H,(X ®rY)
onto H,(A ®zY), establishing the above claim concerning Tor®%(4, B). In
order to show that H(X’'®rY) = (0) we define an increasing sequence of sub-
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complexes Z* of X’®zrY whose components are given by:

Ze = X' ;®r Y,
iSk
Then each factor complex Z¥/Z*! is isomorphic with X'® g V. Since X’
has an S-homotopy and ¥Yj is (R, S)-projective, it follows that the homol-
ogy groups of Z*¥/Z¥ ! are (0). Hence the injections Z*¥~!'—Z* induce iso-
morphisms of H(Z*!) onto H(Z*). Since Z* = (0), for k<0, we conclude that
each H(Z*)=(0). Since H,(Z¥)=H,.(X'®rY), as soon as k>n, we conclude
that H(X'®rY) =(0).

Let (0)>U—V—-W—(0) be an (R, S)-exact sequence. This leads (as
above) to an exact sequence of complexes (0)=>U®zY—=VQ@rY->WQ®rY
—(0). Using that Tor®¥(4, B)=H.(A®zrY), we obtain the exact sequence
—Tor®9 (U, B)—=Tor®S)(V,B)—=TorE (W, B)—>Tor®™3 (U,B)—and, clearly,
there is a similar exact sequence with the roles of left and right modules
interchanged.

Now we pass to the discussion of the relative Ext functor. By an (R, S)-
injective resolution of an R-module M we shall mean an (R, S)-exact sequence
(0)>M—C"—>C'— - - - in which each C'is (R, S)-injective. It follows from
Lemma 1 and the remarks following its proof that every R-module has an
(R, S)-injective resolution. In fact, we may take C°=Homg(R, M), with the
monomorphism M—Homg(R, M) that we discussed in connection with
Lemma 1, and proceed in the same way with the cokernel C°/Homg(R, M)
of this monomorphism, etc. The (R, S)-injective resolution so obtained will
be called the standard (R, S)-injective resolution of M.

Let A and B be R-modules, and let (X, #) be the R-complex obtained
(as above) from the standard (R, S)-projective resolution of 4. If (0)—B
—Y%—>,0 V!>, - -+ is the standard (R, S)-injective resolution of B we de-
note by (Y, v) the R-complex formed by the Y* and the maps v¢, agreeing
that Yi=(0), for 1<0. Now form the graded group Z whose homogeneous
components are the direct sums Z"= > iri=n Homg(X;, V7). Define a homo-
geneous endomorphism w of degree 1 on Z such that, for A& Homg(X;, Y7),
w(h)=ho uy1+(—1)w7 o h. Then w?=0, and (Z, w) is a graded group com-
plex. We define Ext{z (A4, B) as the nth cohomology group H"(Z, w) of this
complex. Clearly, these groups are (0), for n <0.

Using the result on the existence and uniqueness (up to homotopies) of
maps between complexes that we have cited in our above discussion of
Tor®¥ | as well as the dual result involving (R, S)-injectivity instead of
(R, S)-projectivity, one can easily establish the following results, which are
quite analogous to standard facts concerning Ext;. Every pair of R-homo-
morphisms 4—A’, B—B’ induces a unique homomorphism Ext{s) (4, B)
—Ext{zs (4, B’), and these induced homomorphisms have all the requi-
site properties to make Ext{gs) a functor, contravariant in the first argument,
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and covariant in the second. Moreover, the actual choice of the resolutions
of A and B that are used in computing Ext{z s (4, B) has, to within natural
isomorphisms, no influence on the result. In particular, it follows that, for
n>0, Ext{zs (4, B)=(0), whenever either 4 is (R, S)-projective or B is
(R, S)-injective. On the other hand, it.can be seen directly from the definition
that, for arbitrary 4 and B, Ext(g 5 (4, B) =Homg(4, B).

Now let X’ be the subcomplex of X that we have used above in reducing
the computation of Tor¥® (4, B). Since the components of ¥ are (R, S)-
injective, the (R, S)-exact sequence (0)—X'—X—4—(0) induces an exact
sequence of complexes (0)>Homz(4, ¥)—>Hom(X, ¥V)—>Hom%(X’, ¥)—(0),
where the prime in Hom’ indicates that we take the weak direct sum of the
homomorphism groups for the homogeneous components rather than the full
group of all homamorphisms. Define a decreasing sequence of subcomplexes
Zy of Hom(X’, Y) by taking Zf = Y _;x Homg(X._,, ¥7). Now we can pro-
ceed in almost the same way as in our discussion of X’ ® Y above and con-
clude that the cohomology groups of the complex Homg(X’, V) are (0).
Hence the map Homg(4, Y)—Homg(X, V) induces an isomorphism of
H*(Homg(A, Y)) onto H*(Homp(X, V)) =Ext{z(4, B).

Similarly, let Y’ denote the factor complex of ¥ modulo the image of B
in Y° We then have the (R, S)-exact sequence (0)—»B— ¥Y— ¥’—(0).Since
each component of X is (R, S)-projective, the induced sequence of complexes
(0)»Hom%(X, B)—»Homz(X, Y)—>Homg(X, Y')—(0) is exact. Define a
decreasing sequence of subcomplexes T of Homp(X, Y’) by taking Ty
= Y ixx Hompg(X;, ¥'»). Proceeding as before, one now shows that the
cohomology groups of the complex Hom%(X, Y’) are (0). Hence the map
Homg(X, B)—>Hom%(X, Y) induces an isomorphism of H*(Homg(X, B))
onto H*(Homg(X, Y)). We may therefore identify Extfps (4, B) with
H*(Hom%(X, B)), as well as with H*(Homz(4, Y)).

Now let (0)>U—V—W—(0) be an (R, S)-exact sequence. This leads to
exact sequences of complexes

(0) = Homz(X, U) — Homg(X, V) — Homz(X, W) — (0),
and
(0) » Homg(W, ¥) —» Homg(V, ¥) — Homg(U, ¥) — (0).

Using our reduced expressions for Ext{ps), we see that the first of these
sequences yields an exact sequence

— Ext(r.s,(4, U) = Ext(z.5,(4, V) = Ext(p.5,(4, W) — Extns,(4, U) —.
Similarly, the second sequence yields an exact sequence

— Ext(z,s)(W, B) = Ext(z,5,(V, B) = Ext(r.5,(U, B) — Extms)(W, B) —.
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In particular, consider the (R, S)-exact sequence (0)—>K,—R®@gd—A
—(0). This gives rise to the exact sequence Homz(R® s4, B)—>Homg(K 4,B)
—Ext{rs (4, B)—(0). For every h&Hompg(K4, B), let I, denote the R-
submodule of the direct sum B+R® sA that consists of all elements of the
form h(k)+k, with REK,4. Put Ey=(B+R®s4)/Is. The natural map of B
into Ej is a monomorphism, so that we may identify B with its image in E,.
The projection of B+R®s4 onto R®sA, followed by the natural map
R®sA—A, induces an R-epimorphism E,—A whose kernel coincides with B.
The map that sends each element a € A4 onto the coset mod I, of 1 @aER® g4
is an S-monomorphism A—E;, and its composite with our epimorphism
E,—A is the identity map on A. Thus we have attached to % an S-trivial
extension of the R-module B by the R-module 4, i.e., an (R, S)-exact se-
quence (0)—>B—E,—A—(0). It is not difficult to check that this yields a
homomorphism of Homz(K 4, B) onto the group (with the Baer composition)
of the equivalence classes of the S-trivial extensions of B by A. Moreover,
the kernel of this homomorphism turns out to be exactly the natural image of
Homg(R®sA4, B) in Homg(K4, B). Hence we conclude that Ext{zg (4, B)
is isomorphic with the group of the equivalence classes of the S-trivial extensions
of Bby A.

Finally, let us observe that, in the case where the subring S is semisimple,
in the sense that every unitary S-module is semisimple (or, equivalently, that
S is semisimple as an S-module), every R-exact sequence is automatically
(R, S)-exact, whence we have, for all #, and all modules 4, B, Tor™ (4, B)
=Torf(4, B), and Extl (4, B) =Ext;(4, B).

3. Relative cohomology of rings and algebras. Let K be a commutative
ring, and let P be an algebra over K. We suppose that P has an identity ele-
ment, 1, and that Q is a K-subalgebra of P such that 1&Q. We denote by P’
the K-algebra anti-isomorphic with P, and by p—p’ the algebra anti-iso-
morphism of P onto P’. Put R=P®xP’, with its natural structure of an
algebra over K. Let S denote the natural image of Q®xP’ in R. We regard P
as an R-module such that, for p1, ps, p in P, (p1Qp7) - p = p1ppa.

For any (unitary) R-module M, we define the relative cohomology group
H~(P, Q, M) for (P, Q) in M as Ext{gs (P, M). In order to interpret and
handle some of these groups, we shall give an explicit (R, S)-projective resolu-
tion of P.

For #=0, let X, stand for the tensor product P®gq - - - ®¢P, with n+2
factors P. The R-module structure of X, is such that, for a, b, p; in P,
@®b) - (po® -+ * @pnp1) =apo®@P1® - + - QP @prpid. It is easily seen that
there is an R-isomorphism of R® sX .1 onto X, (where, momentarily, X,
is to stand for P) sending (a®bV)® (po® - - - ®pn) into a®pe® - - -
®pn1®pab, and whose inverse sends po® - - - ®papr into (Bo®prt1)
QpM® -+ ®p.®1). Hence each X, is (R, S)-projective. Let uo be the
R-homomorphism of X, onto P such that %o(a ®b’) =ab. For n>0, let u, be
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the R-homomorphism of X, into X._; for which

Un(Po® *++ ® par) = 2 (= 1)(Po ® + ® pipir1 @ *+* ® Pay1)-
1=0
It is easily checked that #,_; 0 #,=0. In order to see that we have indeed an
(R, S)-projective resolution of P, we merely have to exhibit an S-homotopy,
k. Define h_: P—X, by h_1(p) =1®p. For n=0, define k,: X,—X 1 such
that 2,(pe® : -+ @Par1) =1®e® : : - @pn1. The verification that this is
actually an S-homotopy presents no difficulties.

An R-module M may be regarded as a two-sided P-module, and we shall
treat it as such in our notation, whenever this is convenient. The cochain
complex with the groups Homg(X,, M) may be identified with the cochain
complex with groups C*(P, Q, M) consisting of all n-linear (with respect to
K) functions f from P to M such that, for g&Q and p;EP,

‘I'f(?l’ c ’Pﬂ) =f(9?1’ bay oy Pn)!
f(Ply ft piq; Po‘+1, R ,Pn) =f(Plr tt pi; qpi+l; tt pn)v
f(?lr e ’an) =f(Pl, R} Pﬂ)'q'

Here, C°(P, Q, M) is to be the group of all elements m& M for which ¢-m
=m-gq, for all g€ Q. The coboundary operator é: C*(P, Q, M)—C+1(P, Q, M)
is given by the usual formula

(sf)(fl, Sty pn+1) = Pl'f(?% e ,Pn+1)
b3 (= DYy, s P s Prd)

1=l
+ (_1)”+lf(Ph Sty pn)'?n'f-l-

These relative cohomology groups can be used to obtain generalizations
of the results of the ordinary cohomology theory for algebras (which is the
case where K is a field and Q coincides with K). One of the simplest of these
is as follows.

THEOREM 1. Suppose that H'(P, Q, M) =(0), for all PQ gP'-modules M.
Then, if a PQ xP’-module is semisimple for its induced structure of a Q@ xQ’-
module, it is semisimple also as a P ® xP’-module.

Proof. Let V be a P ® xP’-module satisfying the condition of the theorem,
and let U be a submodule of V. Put W=V/U, and let ¢t denote the natural
epimorphism V—W. Since V is Q® xQ’-semisimple, there exists a Q® xQ'-
monomorphism &: W—V such that ¢ o & is the identity map on W. To every
pEP let us associate a map k, of Winto U by setting k,(w) =k(w)-p —h(w- p).
Then h,EHomg(W, U). Now Homg(W, U) can be given the structure of a
two sided P-module such that, for pEP and gEHomo(W, U), (p-g)(w)
=g(w-p) and (g-p)(w) =g(w) - p. Moreover, remembering that Q contains the
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K-multiples of the identity element of P, and that our modules aré unitary,
it is easily verified that this actually makes Homg(W, U) into a PQxP’-
module. Now one verifies directly that the map p—#h, is an element %’ of
CY(P, Q, Homg(W, U)), and that 64’ =0. By the assumption of our theorem,
there exists an element g in C°(P, Q, Homg(W, U)) such that ég=h'. This
means that g is an element of Homg(W, U) such that ¢-g=g-g¢, for all ¢g&€Q,
and h(w) - p—h(w-p)=g(w-p)—g(w)-p, for all p€P and w&W. Clearly,
h+g is therefore a Q® xP’-homomorphism of W into V, and ¢ o (k+g) is the
identity map on W. Put f=h-+g and, for every p&E P, let f, be the map of W
into U that sends each w&W into f,(w)=f(p w)—p f(w). Evidently,
fsEHomp. (W, U). We make Homp/ (W, U) into a two sided P-module such
that, for pEP and kEHomp (W, U), (p-k)(w)=p -k(w) and (k- -p)(w)
=k(p-w). It is easily seen that this actually makes Homp/.(W, U) into a
P ® xP’-module. Now one verifies directly that the map p—f, is an element
f' of CY(P, Q, Homp/(W, U)) and that §f' =0. Using the assumption of the
theorem once more, we conclude that there is an element & in Homp/ (W, U)
such that f(p-w)—p f(w)=p k(w)—k(p-w). Clearly, f+k is a PQgP’-
homomorphism of W into V, and ¢t o (f+k) is the identity map on W. Thus
U is a direct P®kP’-module summand of V, and, since U is an arbitrary
submodule, we have proved that V is semisimple.

Observe that, with R and S as before, the last part of our proof has
actually shown that every (R, S)-exact sequence of R-modules is also (R, R)-
exact. Conversely, this property implies that H*(P, Q, M) =(0), for all M and
all #>0, as is seen at once by applying it to an (R, S)-projective resolution
of P.

In particular, the assumption of Theorem 1 is satisfied if P is the ring
of all m by m matrices with elements in Q. Indeed, let p;; be the usual matrix
units, and let f be an element of C'(P, Q, M) such that §f=0. Put
u= D ", pa-f(p1;). Then it can be verified directly that « € C°(P, Q, M), and
that éu =f, which proves our assertion. Using also the above remark, we con-
clude that if P is a full matrix ring over Q then H*(P, Q, M) =(0), for all n>0
and all P Q@ kP’'-modules M.

We shall now obtain some general results connecting relative cohomologi-
cal dimension with relative global ring dimension. These results are relativ-
ized versions of results of Cartan-Eilenberg (cf. Proposition 4 and its corol-
laries, in [4]) and actually represent the situation in a smoother form, in that
no special assumptions need be made.

Let P, Q be as above, and let T be another K-algebra with identity ele-
ment. Let 4 and B be T ® xP’-modules, written as left T- and right P-mod-
ules. We define the structure of a two sided P-module on Homr(A4, B) such
that, for a€4, pEP, h&Homy(4, B), we have (p-h)(a)=h(a-p) and
(h-p)(a) =h(a) p. It is easily checked that this actually makes Homr(4, B)
into a P ® xP’-module.
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TaeEorEM 2. H*(P, Q, Homr(4, B)) is naturally isomorphic with
Ext{g,rn (4, B), where E=T ®kP’ and F is the natural image of T® Q' in E.

For the proof we require the following lemma:
LeMMA 3. If A is (E, F)-projective then Homz(A4, B) is (R, S)-injective.

Proof. Let X and Y be R-modules (treated as two sided P-modules), and
let v be an S-homomorphism of X into ¥. Then v induces the homomorphism
v': Homp, (Y, B)—>Hompg.(X, B), where v'(h) =k 0 v. Now Homp.(X, B), and
similarly the other such groups, are E-modules, with the following left T-
and right P-module structures: (¢-h)(x)=¢-k(x) and (k-p)(x)=h(p x).
Clearly, ¢’ is then a T-homomorphism. Moreover, with ¢&Q, we have
(o) -q)(x)=(hov)(g-x)=h(g-v(x))=((h-q) 0 v)(x), which shows that v’ is
also a right Q-homomorphism. Hence ¢’ is an F-homomorphism. If v is not
only an S-homomorphism, but even an R-homomorphism, it follows in
exactly the same way that ¢’ is an E-homomorphism.

Now let (0)>U—V—-W—(0) be an (R, S)-exact sequence. Then it fol-
lows from what we have just seen, applied to the homomorphisms of the given
sequence, and also to those of an S-homotopy, that the induced sequence

(0) = Homp/ (W, B) — Homp/(V, B) — Homp. (U, B) — (0) is (E, F)-exact.

Next let us observe that there is a natural isomorphism between
Hompz(U, Homz(A4, B)) and Homg(4, Homp’(U, B)) (and similarly with V
or W in the place of U). In fact, if s&€Homg(U, Homz(4, B)) the correspond-
ing element of Homg(A4, Homp'(U, B)) is k', where k’(a)(4) =h(u)(a). It can
be checked quite directly that the correspondence between % and &’ is indeed a
natural isomorphism between the two composite Hom functors.

Since A4 is (E, F)-projective, the epimorphism Hompg:(V, B)—»Homp. (U, B)
of the (E, F)-exact sequence derived above induces an epimorphism
Homg(A4, Homp'(V, B))—Homg(4, Homp'(U, B)). Using the natural
isomorphism just observed, we conclude that the map Homg(V, Homr(4, B))
—Homg(U, Homy(4, B)) that is induced by the map U—V of the given
(R, S)-exact sequence is an epimorphism. Thus Homz(4, B) is (R, S)-
injective, and Lemma 3 is proved.

Now let -+« —»X;—X,—A4—(0) be an (E, F)-projective resolution of 4.
This induces the sequence

(0) - Homz(4, B) — Homr(X,o, B) — Homz(Xy, B) — - -« .

Apart from the fact that the roles of (R, S) and (E, F) are interchanged,
this situation is the same as that in the first part of our proof of Lemma
3. We conclude that the sequence connecting the Homr is (R, S)-exact,
and, by Lemma 3, is therefore an (R, S)-injective resolution of Homr(4, B).
It follows that H*(P, Q, Homr(A4, B)) is naturally isomorphic with the



258 G. HOCHSCHILD [May

nth cohomology group of the complex Hom%(P, Hom7(X, B)). On the
other hand, the map 2—#k(1) is easily seen to be a natural isomorphism of
Homg(P, Homz(X;, B)) onto Homg(X,, B); the inverse map is k—k’, where
k' (p)(x) =k(x-p) =k(x)-p. Hence the complex Homg(P, Homz(X, B)) is
naturally isomorphic with the complex Homg(X, B). This means that
H"(P, Q, Homz(A4, B)) may be identified with the nth cohomology group of
the complex Homg(X, B), i.e., with Ext{g s (A4, B). This completes the proof
of Theorem 2.

Let ¢(P, Q) denote the largest non-negative integer # (or «, if there is no
largest such #) for which there exists a P ® g P'-module M with H*(P, Q, M)
#(0). We call ¢(P, Q) the relative cohomology dimension of the pair (P, Q). On
the other hand, let d(P, Q) denote the relative global dimension of the pair
(P, Q), i.e., the largest non-negative integer n (or «, if there is no largest
such #) for which there are P-modules U and V with Ext(p g (U, V)#(0). We
shall also have to deal with d(R, S), where R=P®xP’ and S is the natural
image in R of Q®gP’. Here (and similarly later), where there is an evident
natural map Q®kP'—>P®xkP’ underlying our definition, we shall write
d(P®kP’', Q®kP’) instead of d(R, S), whenever we wish to make a result
quite explicit. Note that it follows immediately from the definitions that
c(P, Q) =d(P®kP’, Q®&P’). On the other hand, consider Theorem 2 with
T=P. We have then E=PQ®xgP’, while F is the natural image in P® P’ of
P®x(Q'. Hence Theorem 2 shows at once that ¢(P, Q) =2d(P®xP’, P®x(Q’).
Thus we have d(P®xP’, Q®xP’) = ¢(P, Q) = d(P®xP', PRxQ).
Now interchange P and P’, and accordingly also Q and Q’. This gives
d(P'®kP, Q'®xP)=c(P’, Q)=d(P'®xP, P'®kQ). Since switching the
order of the factors in a tensor product of algebras is a natural isomorph-
ism, we have d(P’ @k P, Q' ®xP) =d(P®xP’', PR®kQ’) and d(P' ®x P, P' ®k(Q)
=d(P®xP’, Q®kP’). Hence our two chains of inequalities give equalities.

CorOLLARY 1. d(P®kP’, Q®kP’') = ¢(P, Q) = d(P®xP’', P®xQ)
=c(P’, Q).

Now consider Theorem 2 with T=K. Then E=P’ and F=(Q’, whence we
see that ¢(P, Q) =d(P’, Q'). Similarly, ¢(P’, Q') =d(P, Q).

COROLLARY 2. ¢(P, Q) Zmax (d(P, Q), (P, ¢)).

We are now in a position to obtain the following generalization of a result
due to Cartan-Eilenberg [2, Chapter IX, Theorem 7.11].

THEOREM 3. Let Q be a commutative ring with identity element, and let
P=Qlxi, - - -, xa] be the ring of polynomials in n variables with coefficients in
Q. Then d(P, Q) =n=c(P, Q).

Proof. We regard Q as a P-module such that, for g€Q and p(x1, « - -, %)
EP, we have p(x1, » - -, %) q=p(0, - - -, 0)g. We shall use a complex that
was originally introduced by J. L. Koszul [6]: let V denote the free Q-module
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of rank #, with the free basis y1, « + -, ¥a. Let Vi denote the homogeneous
component of degree k of the exterior Q-algebra constructed over V. Thus, in
particular, Vo=Q, V1=V, and V,=(0), for all £>n. The homogeneous com-
ponent of degree k of Koszul's complex is defined as Ti=PQgqV: Let
denote the map p(x1, + - -, x,)—p(0, - - -, 0) of P onto Q. Clearly, 4 is a
P-epimorphism P=T,—Q. Let v—v’ denote the Q-monomorphism V—P
that sends each y; onto x;. For £>0, let # be the P-homomorphism of T} into
T that sends p®w; - - - v, where pEP and v;E V, onto

2. (=070l @ vy -+ - Bi_gBig - - - O

=1
It is easily verified that f;—; o £, =0. Since each T} is (P, Q)-projective (actu-
ally, P-free), there remains only to exhibit an S-homotopy in order to con-
clude that (T, ¢) is a (P, Q)-projective resolution of Q. We define h_;: Q— T,
by putting k_i(¢) =1 ®g. Now observe that each T} is a free Q-module; for
k>0, the elements 1®yj;, - - - y;, and %, -« - 2, ®Yj, - - - ¥;, Where ;i<
Ja< - - - <jrand 4,45 - - - <1, constitute a free Q-basis for T}; and the
elements 1®1 and x;, - - - x; ®1 constitute a free Q-basis for To. Hence we
can define an S-homomorphism #: Tx—Tiy such that h(1®1)=0,
Bo(xiy -+ - %5, ®1) =x4, - - - x;,_ ®Yi, and, for k>0,

(1 ® yji -+ ¢ y3) =0,
while
I % ® 3i e 9i) = (DR Hi ® Yy Vi

if 2,>j:, and =0 otherwise. It is not difficult to verify directly that & is in-
deed a Q-homotopy of (T, ¢).

Since Q is annihilated by every polynomial with constant term 0, it
follows immediately from the definition of #, that the induced map
Homp(Tk-1, Q)—Homp(T%, Q) is the 0-map, for all £>0. Hence, for all
k=0, we may identify Ext{pq(Q, Q) with Homp(T}:, Q). In particular, we
see that Ext((p Q, Q) is isomorphic with Q. Hence we have d(P, Q) =x.

. Nowlet R=P][z, - - -, z.] be the polynomial ring in % new variables with
coefficients in P. There is an isomorphism x of R onto P®qP such that
x(®)=1®p, for p&P, and x(2:) =x:®1—1Q@x;. Then x(P)=1®P, and the
natural operations of P®oP(=P®gP’) on P make P into an R-module
(via x) such that r(z;, - - -, 2,)-p=r(0, - - -, 0)p, for all pEP and all
r(z, - -+, 2,)ER. Now consider the construction of the beginning of this
proof, with R in the place of P, and P in the place of Q. It gives an (R, P)-
projective resolution of P whose components reduce to (0), for degree > .
Through the isomorphism x, this becomes a (P®P’, Q®¢P’)-projective
resolution of P. Hence we conclude that ¢(P, Q) <#. Using our first result and
Corollary 2, we obtain #<d(P, Q) <¢(P, Q) =#, and Theorem 3 is proved.
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4. Relative homology and cohomology of groups. Let G be a group, and
let K be a subgroup of G. Let R be the group ring Z(G) of G over the ring Z
of the integers, and let S=Z(K). If r—7' is the coefficient sum homomor-
phism of Z(G) onto Z we regard Z as an R-module such that r-z=r'z. For a
unitary R-module M, we define the relative cohomology groups for (G, K)
in M by H"G, K, M)=Exts(Z, M). Accordingly, we shall exhibit an
(R, S)-projective resolution of Z.

For all 20, let X, denote the free abelian group generated by the set of
(n+1)-tuples (4o, - - -, A,) of cosets 4;=g;K, with g.€G. The R-module
structure of X, is such that, for g€G, g- (4o, * -+ -, 4a) =(gdo, - - -, gd4).
Agreeing momentarily that X_; =Z, there is an R-isomorphism of R® sX,_;
onto X, sending g® (41, - - -, A,) onto (gK, gd,, - - -, gd,); its inverse
sends (4o, - - -, 4,) onto go® (gi'4y, * - -, gi'd,.), where go is any repre-
sentative of 4, in G, whose particular choice has no influence on the image.
Hence each X, is (R, S)-projective.

We define %, to be the coefficient sum homomorphism of X, onto Z. For
n>0, we define #,: X,—Xa such that

Un(Ao, -+, 4n) = Z (=)Ao, » + =y Aicy, Aigr, -+, 40).
=0
As is well known, (X, «) is an acyclic R-complex, and there remains only t©
exhibit an S-homotopy, k. We define h_;: Z—X, by putting h_,(2) =2(K).
For n=0, we define k,: X,—X .41 such that k,(4o, + + -, 4n)=(K, 4o, * - -,
A.,). The verification that % is then indeed an S-homotopy presents no diffi-
culties.

If M is an R-module, the cochain complex Hom’:(X, M) is the usual homo-
geneous group complex, except for the fact that cosets have taken the place
of group elements.

Any R-module M may be regarded also as a right R-module such that,
for gEG and mE M, the right transform m-g of m by g is given by g='-m.
With this being understood, we define the nth relative homology group
H.(G, K, M) as Tor¥ (M, Z).

In the case where K is of finite index in G, one can proceed as in the
ordinary cohomology theory for finite groups (cf. [2]) and introduce negative
dimensional cohomology groups in such a way that (after H°(G, K, M) has
been replaced by a certain factor group of itself), for every (R, S)-exact mod-
ule sequence (0)— U—V—W—(0), one has a doubly infinite exact cohomol-
ogy sequence

. _,Hq(G, K, U)—')H'(G» K’ V)_')HG(Gv K: W)_)Hq+l(G, K’ U)—_) R
In fact, for all =0, let X_p_y=Homz(X,, Z), made into an R-module

such that, for htEHomz(X,, Z), gEG and xEX,, (g-h)(x) =h(g~!-x). Since
(X, u) is (R, S)-exact and ZCS, the induced sequence
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(0)—Z=Homz(Z, Z)—>Homz(X,, Z)=X_,—X ,— - - - is (R, S)-exact.

Composing this sequence with the given resolution (X, %) of Z, we obtain
a commutative and (R, S)-exact diagram

'—-)Xl—)Xo —_ X__l—)X__z—-)--
N
VA

7N
(0) (0)

Using the natural isomorphism between Homg(U, Homz(X, Z))and
Hompg(X, Homz(U, Z)), for arbitrary R-modules U and X, we see easily that
the R-modules Homz(X,, Z) (#=0) are (R, S)-injective(?). This has the
significance that, if we make the same construction with any other (R, S)-
projective resolution (X’, #’) of Z, the resulting “complete resolution,” in
which X’ ,_,=Homz(X/, Z), is equivalent, up to R-homotopies, with the one
displayed above.

If M is an R-module, we define the generalized cohomology groups
H(G, K, M), for — o <g< =, as the gth cohomology groups of the complex
Hom%(X, M), where X now stands for the weak direct sum of all the X,
with — o <g< . It follows from the remark above that these cohomology
groups are still independent of the particular choice of the original (R, S)-
projective resolution of Z. ‘

Now let us make use of some of the special features of the resolution
(X, u) that we defined in the beginning. It is clear from our definition that
(for n=0) each X, has a finite (because K is of finite index in G) free basis
over Z whose elements are permuted among themselves under the action of
G. It follows from this that Homz(X,, Z) is also (R, S)-projective. In fact,
using such a basis, we can define an R-isomorphism of X, onto Homz(X,, Z).
This is done as follows: for each basis element x of X ,, let x’ be the element of
Homgz(X,, Z) that takes the value 1 at x, but the value 0 at each of the other
basis elements. Clearly, there is a Z-isomorphism of X, onto Homz(X,, Z)
that maps each basis element x onto «’. Since the basis elements are per-
muted among themselves under the action of G, we have (g-x)'=g-x/, for
every g&G and every basis element x. Hence our Z-isomorphism is actually
an R-isomorphism.

Hence our above (R, S)-exact sequence connecting the X, for — o <g<
is a complete (R, S)-projective resolution of Z, and therefore leads to the
doubly infinite exact cohomology sequences announced above. It is easily
seen from our definition of the X, that the cohomology groups H%(G, K, M)
are precisely those defined by Adamson in [1]. Moreover, Adamson has
shown that the doubly infinite exact cohomology sequence results from any

(®) The proof is similar to, but much simpler than that of Lemma 3.
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R-exact sequence (0)—>U—V—-W—(0) with the property that, for every
subgroup L of K that is an intersection of conjugates of K, the induced se-
quence (0)—>Ul—VIL—-WL—(0) of the L-fixed subgroups is still exact. Since
this condition is evidently satisfied whenever the given sequence is (R, S)-
exact, Adamson’s result is stronger than what we have obtained above by
using merely the general theory.

Next we observe that, if K is of finite index in G, we can augment the
system of homology groups for (G, K) by using the same complete resolutions
of Z. Thus, for all — » <g< », we define H,(P, Q, M) as the gth homology
group of the complex whose components are the M ® X ,. This replaces the
former Ho(P, Q, M) by a certain subgroup of itself. If (0)—U—V—-W—(0)
is an (R, S)-exact sequence, we have then a doubly infinite exact homology
sequence

= H'I(Gy Ky U) - Hq(Gv K: V) - HQ(G: K: W) - Hq—-l(Gr Kr U) >

In the ordinary theory for finite groups, one has H"*(G, M)~ H, 1(G, M)
and H_,(G, M)=~H"Y(G, M), for all n>1 (also for n=1, when the modified
H° and H, are used). The reason for this is that then the groups X, of the
usual homogeneous resolution of Z (take K= (1), in the above) have a finite
free Z-basis (the (n41)-tuples of group elements) on which G operates with-
out fixed points, which means that the X, are free R-modules of finite rank.
Now it is easily seen that a finite free R-basis for X, allows us to define, for
every R-module M, isomorphisms between Homg(Homz(X,, Z), M) and
M®grX., and between M ® gHomz(X,, Z) and Homg(X,, M), these iso-
morphisms leading to isomorphisms between the homology and cohomology
groups, as indicated above.

In the relative case, this breaks down, and we are left with separate
(augmented) homology and cohomology structures. There is a very simple
example showing that the positive dimensional homology groups differ from
the negative dimensional cohomology groups, and also that the negative di-
mensional homology groups differ from the positive dimensional cohomology
groups.

Let G=K XL, where K and L are groups of order 2. Let s be a generator
for K, t a generator for L. Let Z’ be the R-module whose underlying group is
the additive group Z of the integers and where the operators are given by
s-2=—z, and t-z=3, for all 2&€Z’. Then the K-fixed subgroup Z'K of our
R-module Z’ is (0). Now it has been shown by Adamson (see also §6, here)
that if K is a normal subgroup of G one has H«(G, K, M) =H*G/K, MX), for
every R-module M. Hence we have H¢(G, K, Z’) =(0). On the other hand, let
I(K) be the kernel of the coefficient sum homomorphism of Z(K) onto Z. As
we shall see in §6, we have then H (G, K, M)=H,(G/K, M/I(K)-M). By
what we have said above about the ordinary homology theory for finite
groups, this last group may be identified with H-+(G/K, M/I(K)- M). If
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M=2Z', we have M/I(K)- M=Z/2Z, with trivial G/K-operators. G/K being
cyclic, these cohomology groups are well known. In our case, they all coincide
with Z/2Z.

We refer to [1] for such information on the relative cohomology groups
as is significant for field theory. The relative homology groups have not been
investigated, and their significance remains to be elucidated.

By way of illustration, we shall be content here with an elementary inter-
pretation of H*G, K, M) in the framework of the theory of group extensions.
Let M be an R-module. By a (G, K)-extension of M we shall mean a pair
(E, p), where E is a group containing both K and M, and p is a homomor-
phism of E onto G satisfying the following conditions: (1): for e€E and
mEM, eme~'=p(e) -m; (2): p is the identity map on K; (3): the kernel of p is
M; (4): the identity map of K into E can be extended to a map ¢ of G into E
such that p o ¢ is the identity map on G, and q(gk) =q(g)k, q(kg) =kq(g), for
all g&G and kEK.

We shall say that two such extensions (E, p) and (E’, p’) are equivalent
if there exists an isomorphism ¢ of E onto E’ which is the identity map on M
and on K, and such that p’ o £=p. With the usual composition, one obtains
the structure of an abelian group on the set of equivalence classes of (G, K)-
extensions of M. We shall show that this group is canonically isomorphic with
H*(G, K, M).

We shall employ a shortened form of the cochain complex derived from
the homogeneous (R, S)-projective resolution of Z. At the beginning of this
section, we exhibited an R-isomorphism of R®sX,; onto X,. This yields
an isomorphism of Homg(X,, M) onto Homg(R® sX.—1, M). Now this last
group may evidently be identified with Homg(X,_1, M), whose elements
may be regarded as the functions f of n#-tuples of cosets gK, taking values in

M, and such that f(k4,, - - -, kA,) =k -f(41, - - -, A,), whenever REK. In
terms of these functions, the coboundary operator turns out to be given by
@) Ay, - -+ dapr) = gl'f(g:lA% Tty gTIAmu)

n+4-1
+ 2 (=)Ao, Aigy Aipry - 0 oy Angd),
=1
where g, is any representative in G of the coset 4,. Here, a 0-cochain is an
element m of MX, and (6m)(4:) =g1-m—m.

Now a (G, K)-extension of M gives rise to 2-cocycles f of the type just
described, as follows: f(41, A2) =g(g1)g(gi'g2)g(g2)~*, where g: is a representa-
tive of 4; in G, whose particular choice has no influence on the expression
defining f(4,, A2). If ¢’ is any other map satisfying the above condition (4),
then ¢’(g) =r(g)g(g), with r(g) € M. Also, for kEK, we have kr(g)q(g) =kq’(g)
=q'(kg) =r(kg)kg(g), whence r(kg)=Fk-r(g). On the other hand, r(g)q(g)k
=¢'(g)k=q'(gk) =r(gk)q(g)k, whence r(gk) =r(g). Hence r may be regarded
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as a 1-cochain 7’ for (G, K) in M. If f’ is defined from ¢’ in the same way as
f was defined from ¢ we find that f'=f+87'. Hence a (G, K)-extension of M
determines a unique element of H%*(G, K, M). As in the analogous inter-
pretation of the ordinary cohomology group H*(G, M), it can now be shown
that this correspondence induces an isomorphism between H?*(G, K, M) and
the group of equivalence classes of the (G, K)-extensions of M.

5. Relative cohomology for Lie algebras. Let L be a Lie algebra over a
field F, and let K be a subalgebra of L. Denote the universal enveloping
algebras of K and L by S and R, respectively, identifying S with its canonical
image in R. If M is an L-module, over F, then the structure of a unitary
R-module is induced on M in the natural way, according to the definition of
the universal enveloping algebra. We regard F as a unitary R-module with
trivial operators, i.e., such that L-F=(0). Now we define the relative co-
homology groups for (L, K) in M as the groups Ext{g s (F, M).

We shall give an explicit (R, S)-projective resolution of F. Let R* denote
the ideal of R that is generated by the elements of L, and similarly define
S+. We take Xo=R/RS*, noting that this R-module is isomorphic with
R®gsF, and thus (R, S)-projective. The canonical projection of R onto F
induces an R-homomorphism #, of X, onto F. For >0, we put X,
=R®g -+ QsR®sR*/RS*, with n factors R. We then define the R-
homomorphism %,: X,—X,_; such that, for ;&R and v&R*/RSH,

n—1
U1 ® @1 @) =2 (1)1 ® Q17 ® - Qv

i=1
F (D" ® -+ @11 ® 1avu.

It is easy to check that #,—; 0 #,=0, and since each X, is (R, S)-projective,
there remains only to exhibit an S-homotopy, k. We define k_;: F—>R/RS*
as the restriction to F of the natural R-homomorphism R—R/RS*. For
7>0, we define h,: X,—X .11 such that k,(n® - - - @7, @) =1@nQ - - -
®r,®v. Finally, we define ho: Xo—X; as follows: the canonical projection
r—r+ of R onto R+, followed by the natural R-homomorphism R*—R*/RS*,
induces an F-linear map v—wvt of R/RS* onto Rt/RS+. We set ho(v) =1Q@v™.
Then ko is indeed an S-homomorphism. For, let 7 be a representative in R of
vER/RS+, and let s€S. Then s-v is the coset mod RS* of sr. Hence (s-v)*
is the coset mod RS+ of (sr)*. But (s7)* =srt 4%+, where r° is the component
of r in F. Hence (s-v)* is the coset mod RSt of s7+, and therefore coincides
with s-v+. Hence ko is an S-homomorphism. Clearly, the other %, are also
S-homomorphisms, and it is easy to verify that & is indeed an S-homotopy.

In order to compare these new relative cohomology groups with those
defined by Chevalley-Eilenberg (see [3], and [5]), we have to consider an
altogether different R-complex. This complex arises from a relativization of
the R-projective resolution of F that is used in showing that the ordinary
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cohomology groups H*(L, M) coincide with the groups Extx(F, M)(®). This
resolution is as follows: denote by E,(L) the homogeneous component of
degree n of the exterior algebra built over the F-space L. The adjoint repre-
sentation of L extends to an L-module structure on E,(L) such that, for
%, % in L, x- (21 » + - xa) =[x, 21]wa + -+ Xat - - - F21 + - - %0, x.]. We
put X,=RQ®rE.(L). On the one hand, X, has then its natural R-module
structure, derived from the ordinary multiplications in R. On the other hand,
using the L-module structure of E,(L), we can define an L-module structure
on X, whose operations commute with the operations of the natural R-
module structure. In fact, for x € L, we define the operator ¢, on X, such that,
for rER and vEE, (L), t.(r ®v) =rQx-v —rx Qu.

The R-homomorphisms %; of the resolution of F will be R-homomorphisms
with respect to the natural R-module structure, in principle. However, they
will also be R-homomorphisms with respect to the R-module structure that
corresponds to our additional L-module structure. The definition of the u; is
inductive. The map u, is the canonical projection of R onto F. The map
u1: X1— X, is defined such that, for r&R and xEL =E (L), us(r x) =rx. We
have then evidently %, 0 %, =0, and it is easily checked that each ., and
each operator of the natural R-module structure, commutes with %, and #;.
Now suppose that #; has already been defined for =0, 1, - - - ,n—1, where
n=2, and that, for all 2£k<n—1, rER, xEL and vEE;_,(L), we have
ur(r Qux) = ux_1(r ®v)x+(—1)*,(r ®v) (the meaning of the notation in the
first term is that, if % _1(r®v)= D ; 7;®v;, then u_;(r®v)x stands for
Z.- r;®vx). Then we attempt to define #, in such a way that this relation
continues to hold for k=#. Clearly, this requirement can be met, provided
only that the expression on the right depends only on r and the product
vxEE,(L), but not separately on v and x. By the multilinearity of the ex-
pression, and by the definition of the exterior algebra as a homomorphic
image of the tensor algebra, this will follow as soon as we have shown that the
expression reduces to 0 whenever v is of the form wx, with wE€ E,_»(L). For
n=2, the expression then becomes rwx @ x +1,(r Qwx) =rwx @x —rx Qux =0,
observing that, here, w& F. Now suppose that #>2. Then, reducing the first
term, our expression can be written (#._o(r @w)x+(—1)""U,(r Qw))x
F+ (= 1), (r@wx) =(—1)""U,(r Qw)x+ (—1)*,(r w)x =0. Hence u, can in-
deed be defined as desired. Evidently, #, is then an R-homomorphism with
respect to the natural R-module structure. Also, by induction on %, one shows
first that #, commutes with each ¢, and then that #,_; o %, =0. We omit this
straightforward computation.

Now let J be the ideal of E(L) that is generated by the elements of K, and
put J,=JNE,(L). Let Q. denote the kernel of the natural homomorphism
R®rE.(L)—>R®sE.(L) (note that, through its L-module structure, E,(L)

(®) This is carried out in [2, Chap. XIII]; our treatment includes the ofdinary groups as a
special case.
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has the structure of an R-module; our tensor product is taken with respect
to the induced S-module structure of E,(L)). Put V,=RQ rJ,+ Q.. We shall
show that %,(Y,)C V... Evidently, t,(X,)CQ,, for every z&K. On the
other hand, it is seen at once by induction on & that, with z;EK, r&ER and
vEE.(L), we have 721 - - - 2,Quv—rQ®2z « + + 2 vELx(Xa) = Z,EK t.(X5).
Hence Q,=tx(X,). Since %, commutes with the operators ¢, it follows from
this that #,(Qs) CQn-1. On the other hand, the inductive definition of u,
shows at once that #,(RQ®rJs) CRQ rJn1+tx(Xs-1), whence we may con-
clude that %,(¥Y,)CY.... Hence %, induces an R-homomorphism ¢, of
Zn=Xa/Yainto Z,_1=X,_1/ Vs such that g,—1 0 ¢, =0. The S-module struc-
ture of E,(L) induces in the natural fashion an S-module structure on
E.(L/K), and we may evidently identify Z, with R® sE.(L/K), concluding,
in particular, that each Z, is (R, S)-projective.

Next we show that the complex of the Z, is acyclic. For this purpose,
we define an increasing sequence of subcomplexes, as follows: let R, denote
the set of all elements of R that can be written in the form » ; ris;, with
s:€S, and r; a product of no more than p elements of L. In particular, Ry=S,
and R,=(0), for » <0. Put Z=R,_,®sE.(L/K)(*). It follows at once from
the inductive definition of %, that ¢.(Z5) CZ;_,, so that the Z} (n=0,1, - - -)
make up a subcomplex Z? of the complex of the Z,. Now consider the factor
complex Z?/Z»-1, It is easily seen that (Z?/Z*7!), is isomorphic with
P, .(L/K)®rE.(L/K), where P,(L/K) denotes the homogeneous com-
ponent of degree ¢ of the symmetric algebra built over L/K. The boundary
operator (Z?/Z?7'),—(Z?/Z?7'),_, that is induced by g¢. is thereby trans-
ported into an F-linear map of P, (L/K)® rEA(L/K) into P, _nu1(L/K)
®rE.1(L/K) sending each element of the form a®w - -v. onto
> (—1)7av;®u; « - - Vi1ip1 + - - Vs, as is seen by induction on n. Thus,
the complex Z?/Z?~! no longer involves the Lie algebra structure. Moreover,
we know from the proof of Theorem 3 that this complex is acyclic. Hence the
injections Z#~1—Z7 induce isomorphisms of H(Z?~!) onto H(Z?). Hence each
H(Z?)=(0), and it follows that H(Z) = (0).

If M is an R-module, the cohomology groups of the complex with the co-
chain groups Homg(Z,, M) evidently coincide with the relative cohomology
groups for (L, K) in M as defined by Chevalley-Eilenberg in [3] (see also [5D.
If we knew that the complex (Z, g) has an S-homotopy, we could therefore
conclnde that these relative groups coincide with the groups Ext{z s (F, M).
In general, the question of the existence of an S-homotopy, and also that of
the coincidence of the Chevalley-Eilenberg groups with the Ext{zs(F, M)
is not settled. However, in the case where the relative groups have a topologi-
cal interpretation, as the topological cohomology groups, over the field of the

(*) R has an F-basis consisting of the ordered monomials in the elements of an ordered
basis of L, an endsection of which is a basis of K. Hence each Ry is a direct right S-module sum-
mand of B. This is used implicitly from now on.
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real numbers, of homogeneous spaces of compact analytic groups, it is pos-
sible to prove the existence of an S-homotopy for our complex (Z, ¢). The
algebraic essentials of this case consist in the base field being of characteristic
0, and the subalgebra K being reductive in L, i.e., L being semisimple as a
K-module. We then have the following result:

THEOREM 4. Let L be a finite dimensional Lie algebra over a field F of char-
acteristic 0. Let K be a subalgebra of L, and assume that K is reductive tn L. Then
the complex (Z, q) defined above is an (R, S)-projective resolution of F, and hence
the relative cohomology groups for (L, K) in any L-module M (as defined by
Chevalley-Eilenberg) coincide with the groups Extig g (F, M).

Proof. There remains only to show that the complex (Z, ¢) has an S-
homotopy. Since K is reductive in L, L/K is semisimple for its natural struc-
ture as a K-module. It follows (see Proposition 1 of [5]) that the #-fold
tensor power of L/K is also semisimple as a K-module. Since E.(L/K) is a
homomorphic image of this K-module, it is semisimple. On the other hand,
R may be regarded as an L-module such that, for &L and 7&ER, z-7 =zr —r2.
Let R, be the subspace of R that is spanned by the products of no more
than p elements of L. Then, with respect to the L-module structure just
defined, R, is an L-submodule of R. Moreover, as an L-module, R/ is a
homomorphic image of the sum of the homogeneous components of degrees p
of the tensor algebra built over L, with its natural structure as an L-module.
Restricting the operator algebra to K, we obtain the structure of a semi-
simple K-module on this tensor algebra, because K is reductive in L. Hence
also R, is a semisimple K-module. Since R is the sum of the submodules
R, it follows that R is semisimple as a K-module, and, in fact, is the sum of
finite dimensional simple K-submodules. The same is therefore true for the
tensor product R® rE.(L/K) (again by Proposition 1 of [5]), when this is
regarded as a K-module with operators a, (€ K) such that a,(r ®u) = (zr —73)
®u+r®z-u. Now it is evident that each a, maps the above ¥, into them-
selves. Hence the a, induce the structure of a K-module on Z,, for which Z,
is semisimple. We have a.(r @u) =2r @u+t,(r ®u), and, since t,(X,) C V., it
follows that the K-module structure on Z, that is induced by the a, coincides
with the K-module structure that corresponds to the natural S-module struc-
ture of Z,. Hence Z, is semisimple with respect to its natural S-module struc-
ture. Since the complex (Z, g) is acyclic, it follows that it has an S-homotopy,
and Theorem 4 is proved.

6. Reduction of relative groups. If K is a normal subgroup of a group
G, and M is a G-module, then the relative cohomology groups for (G, K) in
M reduce to the ordinary cohomology groups for G/K in the K-fixed part
MZX of M. An analogous reduction takes place in the case of a Lie algebra L
relative to an ideal K of L. We shall absorb these known results in a more
general result concerning certain (R, S)-projective resolutions.
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Let R be a ring with 1, and let P be a central subring of R such that
1EP. Let S be a subring of R such that PCS. Suppose also that there is
given a projection homomorphism g of R onto P. Let S, denote the kernel of
the restriction of ¢ to S. Assume that SQRCRS,, i.e., that the left ideal RS,
of R is also a right ideal. We may then form the factor ring R’=R/RS,. We
assume, finally, that R’ is P-projective, for its natural structure as a P-
algebra.

Using the projection ¢, we may regard P as an R-module such that, for
pEP and rER, r-p=4q(r)p. Now consider the standard (R, S)-projective
resolution (X, u) of P. One sees at once by induction on » that each X, is
annihilated by S,, so that it may also be regarded as an R’-module. We claim
that, when so regarded as an R’-complex, (X, #) is an R’-projective resolution
of P.

In order to see this, consider R® sU, where U is any R-module that is
annihilated by S,. The exact double R-module sequence (0)—>RS,—R—R’
—(0) induces the exact R-module sequence RS, ® sU—R®sU—R' @ sU—(0).
Sincé U is annihilated by S,, the first map of this sequence is the 0-map.
Hence R® sU is isomorphic with R’ ® sU. Now R’ and U are both annihilated
by S, and S/S, is isomorphic with P in such a way that corresponding ele-
ments operate in the same way on U, R’. Hence we have R"®@sU=R'®pU.
Now suppose, furthermore, that U is P-projective. Then U is a direct P-
module summand of a free P-module, N, say, and R'"®pU is a direct R’-
module summand of R’®pN, which is a free R’-module. Hence R'®pU is
R’-projective, and therefore also R® sU, when regarded as an R’-module in
the natural fashion, is R’-projective.

Since P is annihilated by S, and is P-projective, it follows therefore that
Xo(=R®sP) is annihilated by S,, and R’-projective. Since R’ is P-projec-
tive, every R’-projective module is also P-projective. Since the complex
(X, ) has an S-homotopy, which is a fortiori a P-homotopy, the kernel of %,
is a direct P-module summand of X,, and hence is still P-projective. Hence
we may now repeat the whole argument to conclude that X, is R’-projective,
and that the kernel of %, is P-projective, etc. Hence (X, %) is indeed an R’-
projective resolution of P.

Now let M be an R-module, and let M’ denote the set of all elements of
M that are annihilated by S,. Then M’ is an R-submodule of M. Moreover,
M’ may be regarded as an R’-module and, as such, is canonically isomorphic
with Hompg(R’/, M), where R’ is regarded as a left R-module and a right
R’-module in the natural fashion. If U is any R’-module, regarded also as an
R-module via the natural homomorphism of R onto R’, there is a natural
isomorphism between Homg: (U, Homg(R’, M)) and Homg(U, M) sending
hEHomg (U, Homg(R/, M)) onto h&Homg(U, M), where h(a) =h(a)(1),
for every a & U; the inverse sends k onto k', where k'(a)(r") =k(r'-a). Using
these isomorphisms, for U=X; (=0, 1, - - - ), and the isomorphism between
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M’ and Homg(R', M), we find that Ext{gg (P, M) is naturally isomorphic
with Ext} (P, M’).

In the application to the cohomology of groups, we have P=2Z, and ¢ is
the coefficient sum homomorphism of R=Z(G) onto Z. If K is a normal sub-
group of G, we take S=Z(K) and see at once that all our above assumptions
hold in this case. The result is that H*(G, K, M) is naturally isomorphic with
H~(G/K, MX). Moreover, if K is of finite index in G, it is easily seen that the
R-modules Homz(X,, Z), as defined in §4, may be regarded also as R’-
modules and, as such, are the same as those resulting when the X, are re-
garded as R’-modules and the operations on Homz(X,, Z) are defined by
referring to G/K. Hence the result for the cohomology groups holds also in
negative dimensions.

Similarly, if M is a right R-module, and U is an R’-module as before, we
may identify MQ®rU with M®@rR'Q@rU. Using this with U=X;

(= -), we find that Tor®®(M, P) is naturally isomorphic with
Tor,, (M ® RR’ P). Moreover, M @rR’ may evidently be identified with
M/M-S,.

In the case of homology for groups, this shows that, if K is normal
in G, H.(G, K, M) is naturally isomorphic with H.(G/K, M/I(K)- M),
where I(K) is as in §4. As above, this continues to hold for negative #,
when K is of finite index in G.

In the application to the cohomology of Lie algebras, we have P=F (the
base field), and g is the projection of the universal enveloping algebra R of the
Lie algebra L onto F. If K is an ideal in L, we take S to be the universal en-
veloping algebra of K, and see that all the above assumptions now hold. The
result is that then H"(L, K, M) is naturally isomorphic with H*(L/K, MK),
where now MZX is the set of all elements of M that are annihilated by K. This
result holds for the relative groups as proposed here, as well as for the relative
groups of Chevalley-Eilenberg (in which case it is well known, of course).
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