ON THE DISTORTION IN CONFORMAL MAPPING
OF VARIABLE DOMAINS(!)

BY
S. E. WARSCHAWSKI

INTRODUCTION

Formany problems inconformal mapping it is of importance to have precise
quantitative information concerning the variation of the mapping function
of a region onto a circle, under a deformation of the region. A number of
estimates for this variation in terms of parameters, which measure the de-
formation and the smoothness of the boundary of the region, have been given
in the literature. A survey of such results is contained in [13] and [11](2?).

While the degree of the change in the mapping function itself has been
investigated for various general configurations, the corresponding question
concerning the distortion, i.e. the derivative of the mapping function, has
been studied primarily for nearly circular regions. The object of the present
paper is to obtain such estimates of the distortion for arbitrary regions under
quite general hypotheses.

The paper is divided into two parts. The question considered in the first
part arose in connection with the following theorem [8, p. 364]. Suppose C
and C, (n=1, 2, - - - ) denote closed Jordan curves which are represented by
the equations

w = w() and w = w,(/), 0=t=1,

respectively, where w(¢), w,(¢) are periodic with the period 1, have continuous
nonvanishing derivatives, and

w,(1)— w(t), w, () — w'(f), as i — o,

uniformly for 0=¢t=1. If f(z) and f.(z) map the circle |z| <1 conformally
onto the interiors of C and C,, respectively, such that f(0) =/.(0) and f’(0)
>0, f4 (0) >0, then, for every p>0,

1 2T 1/p

lim M, 1/ — fi} = lim [— f | 74 (ei®) — f'(e%) |Pd0] = 0.
n—ro n—o 21I' 1]

We supplement this result here in a quantitative sense by giving an estimatc

for the rate of convergence of this integral. Let C and C; be two closed Jordan
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curves with continuously turning tangent and let f(z) and fi(z) be the cor-
responding mapping functions defined and normalized as f and f, above. Then
we obtain a bound for M, {f' —f{ } in terms of the “deviation” of C, from C
and of other parameters which characterize certain geometric properties of
C and G (Theorem I). This result generalizes a previous theorem [14] which
was stated and proved only for a special form of the modulus of continuity
of the tangent angles of C and C;. The present result is general.

The second part of the paper deals with estimates of the actual difference
of the derivatives, i.e. the Max ;<1 ] @) —f (z)| , and of a similar expression
of the derivatives of the inverse functions. These bounds are of the same
type as those for the L? mean, and the fact that they depend only on certain
parameters characterizing the geometrical configuration, and in no other
way on C and C;, makes the results applicable not only to a given pair but
also to a family of pairs C, Ci, which pertain to the same parameter values.

I. ESTIMATES FOR THE L? MEAN

1. Statement of results. Suppose C and C; denote two closed Jordan
curves in the w-plane which possess continuously turning tangents. Let 7(s),
71(s) denote their tangent angles, expressed as functions of the arc length,
and let B(¢) and B:(¢) be moduli of continuity for 7(s) and 71(s), respectively,
i.e. B(¢) is a monotone function, defined for £>0, with lim,., 3(¢) =0, such that

|r(s £ h) —r(s)| <B(h), 0=<s=<LO<h=IL,

where L is the total length of C. Here 7(s) may be chosen arbitrarily mod 27w
and 7(s £ ) is so determined that 7(s £x) is continuous for 0 <x < k. Through-
out the paper C and C; will be subject to some or all of the following assump-
tions:

(i) C and C are contained in the ring 0<d = | w| <D.

(i1) If As denotes the (shorter) arc of either curve between w' and w', then

As

IIA
S

[wl_wlll

(iii) For some €>0, C, is in the e-neighborhood of C, i.e. every point of Ci is
contained in a circle of radius e about some point of C.

(iv) C is in the e-neighborhood of Ci(%).

(v) To every point wy&Ci associated with the value s of the arc length,
0=<s51 =L, there corresponds a point wC, pertaining to the arc length value
o =0(s1), such that le —w| = e and that, for suitable choice of the branches,

(®) Condition (iii) does not imply (iv). However, it can be shown that (iii) together with
(i) and (ii) imply that C lies within an ¢-neighborhood of C; where ¢ <ke and % is a constant
which depends only on d, D, and ¢. The writer owes a proof for this fact to Fulton Koehler [4].
Inasmuch as it would be sufficient for our purposes to know that C is contained in an ¢ neigh-
borhood of C; with & =ke, the condition (iv) is not essential.
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n= Sup |7i(s1) — 7(o(sp)) | = I < w/2.
0S50y 2

REMARKS. 1. If C and C, satisfy hypotheses (1)—(v) and if € is so small that
B(2ec) Za/2, then condition (v) holds also if the roles of C and C\ are inter-
changed and o replaced by /2.

For any w&C there exists by (iv) a point w1 EC; such that ['w—'wll <e
We denote by 7*(w) (and 77 (w1)) the tangent angle to C at w(C, at w;). By
(v) there corresponds to w,&C; a point ' €C such that |w—w'| S€ and
|r}"(wl)——r*(w’)| <7/2—a. Now the length of the shorter arc of C between
w and @' is at most ¢- | w—w'| <2ce. Hence, for suitable choice of the angle
7*(w) (mod 2m), |-r*(w)—-r*(w’)| =<B(2ce) =a/2 and thus

%* T a
(1'1) IT*(w)—Tl(wl)i é———-
2 2
On the other hand, if the branch of 7*(w) is prescribed, that of 7*(w’) and
7*(w;) may be simultaneously so adjusted (mod 2w) that (1.1) holds. This
proves our statement.

2. Conditions (iii), (iv) and (v) are clearly satisfied if C and C, are repre-

sented in parametric form by the equations

w=w({) and w; = w(l), 0=t=a,

respectively, such that, |w’ (t)| =6>0, Iw{ (t)l =b and
@) —m@)| se |20 -wl@®] S5,

if & is sufficiently small (one can show that 5 <w8/2b).
Suppose w=f(z) and w=f,(z) map |z| <1 conformally onto the interiors
of C and Ci, respectively, such that f(0) =f1(0) =0 and f’(0) >0, f{ (0) >0.
Our principal result here is the following theorem.

THEOREM 1. Under the assumptions (1)—(v) there exist, for every p>1:
(1) a constant My, such that(®)

1

s -} =[5 [ e - e as| " 5 e

(2) a constant K, such that
(1.3) Do{f' — 1} S Kyln + 6*(2cM,9)]

where B*(t) is any convex majorant of B(t) in a neighborhood of t=0, i.e. B*(¢)
=B(t), B*(t) is convex from above and lim,.o B*(t) =0. The constants M, and
K, depend only on p, d, D, ¢, a and the functions Bi(t).

(%) An estimate in terms of a lower order in ¢, Mp{f —fi} =0(é'®), was obtained by F. J.
Polansky (see [13, p. 184]) under weaker assumptions on C and Ci.
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Part (2) contains as a special case a result which was established previ-
ously [14]:

CoROLLARY. If B(t) =Ht*, 0<y=1, and n=qe, where H and q are con-
stants, then

Mo{fi — 1} < Noer,
where N, depends only on p, d, D, ¢, v, H, and g.

2. Lemmas. For the proof of this theorem we shall need three lemmas.
Before stating these we introduce the following convention to be adopted
throughout the paper. Suppose, as above, that Cis a closed Jordan curve with
continuously turning tangent, 8(¢) a modulus of continuity of the tangent
angle 7(s), w=f(z) the mapping function described. Let, for any real 6,
5(8) = fa| f'(e**)| dt. Then we shall mean by 7 [s() ] the branch of this angle for
which

(2.1) 7[s(0)] = arg /() +.6 + }

where arg f/(0) =0. Since arg f’(2) is single-valued and continuous in |z| =<1,
7[s() ] =0 is a single-valued and continuous function and, for any 6, 6,

(2.2) | 7[s6)] — 7[5 ]| = B(|s(6r) — s(62)|), |62 — 61| < 2.
We turn now to the three lemmas.

LeMMA 1. Suppose C is the curve described in §1, which satisfies hypotheses

(i) and (ii), and w=f(2) is the function defined above. Then there exist two con-

.Istavlzts my lanld me which depend only ond, D, ¢ and the function 3(t) such that for
21| =1, (2] =1

(2.3) m1| 21 — %2 |2 = [f(zl) - f(Zz) | § le 2y — Zzll“,
and if s(0) = f3|f'(ei) | dt,
(2.4 | 5(62) — s(6) | < ma| 02 — 6:]12

Furthermore, there exists a function 6(x), 0<x=1, with lim,,, §(x)=0
which depends only on B(matV?) such that, for 0 <0 <2,

(2.5) | arg f'(ret®) — arg f'(e) | < 6(1 — 1) (arg f'(0) = 0).
Finally, if w is in the interior I(C) of C and ]wl =d, then the inverse func-
tion of f(2) maps w onto a point z such that ]z| =d/D.

Proof. The inequalities (2.3) and (2.4) follow immediately from [12,
p. 255]. The function 8(x) is easily determined and (2.5) established by use of
the Poisson integral representation of arg f’(z) in |z| <1. One merely needs
to observe that B(mat'/?) +¢ is a modulus of continuity for arg f’(e¥) and that
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im,{arg f’(e"’)} =arg f'(0) =0. The last statement of the lemma follows by
application of Lindeléf’s principle to the functions w/D and f~*(w).

LEMMA 2. Suppose C and w=f(2) have the same meaning as in Lemma 1.
Let wo=f(e), w1 =f(re*), for some r, 0 <r <1, and let w be the shortest distance
of wy from C. Suppose |'w1| =d. Let \ denote the length of the arc l:w=f(pe®),
rZp=1. Then there exists an €,>0 which depends onlyond, D, ¢ and the func-
tion B(t) such that if w < e€o,

A= 2.
Proof. The tangent angle at any point f(pe®) of I is given by
u(p, 6) = 0 + arg f'(pe™), 0=<6=2m

Let w; be a point on C closest to w; so that w= | w,—w;|. The direction angle
of the segment w;w,, which is normal to C at w, is

p = 0y + arg f'(e*),
where 0, is determined by w, =f(e%?) and is so chosen that |0—02| <. Hence
p(p, 6) — p =0 — 02 + arg f'(pe®) — arg f'(¢¥’) + arg f'(e’) — arg f'(¢*)

= 7[s(0)] — 7[5(8:)] + arg f'(pe®) — arg '(e*).
Hence, by (2.2) and by Lemma 1, (2.4) and (2.5):
2.6) | u(o, 0) — u| = B(|s(0) = s0)|) +8(1 =)

< B(ma| 6 — 62|12 + (1 — 7).
We obtain from (2.3)
1—-n2= l ret? — 659212 < w/m,,

and since 7|e?—e| <|re®—e*2| we have, because of the assumption

|0,| =d and the last part of Lemma 1,
T fw\? 7 D/fw\'?
Thus, from (2.6),

™
(2.7) 16— 6, < — |eit — 62| £ —
momD [ w\1/* w\1/?
| ulo,0) — n| = /3( (——) ) + 6((—) )
2d my my
Hence we can determine an ¢ >0 which depends only on d, D, ¢, and B(¢) such
that the right-hand side of this inequality does not exceed 7/8 if w <e. This
implies that the tangent to any point of / forms an angle < /8 with the normal

ww, to C. Hence [ lies within an angle 4., of opening 7/4 with vertex at wi,
which is bisected by the line ww,.

A
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There exists an € >0, which depends only on d, ¢ and 8(¢) such that the
circle of radius €; about any point w of C contains only such points of C in
its interior which lie in the angle B, of opening 7/4 with vertex at w and
symmetrical about the tangent to C at w(®). By (2.3) and (2.7), I‘lvz—'ZUo
Smy(D/d) V% w/my) Y4 = kw4, We take now €, =min (&, [&/k]%), w= |w1—-w2
= €. The point wy at which / and C intersect must lie within the angles 4.,
and B,,, and a simple trigonometric calculation shows that

w ™

I'wo—w2| §—2—SCC§'

Furthermore, the projection of ! onto the line wyw. does not exceed
n w T o7 <1 + 1 ¢ 1r>
w+ —sec—-sin— =w — tan—}.
2 8 8 2 8

Finally, since the tangent line at any point of ! forms an angle with the line
w,wy which is <7 /8, we have

1 T T
>\§w<1+—tan—> sec — < 2w.
2 8 8

LEMMA 3. Suppose C and Ci satisfy hypotheses (i), (ii), (iii), and (v) of §1.
Let G denote the largest subregion common to the interiors of both curves, which
contains w=0. Then there exists an e, which depends only on d, D, ¢, o and the
function B(t) such that, if e<e:

(a) the image T' of G by means of the inverse function of w=f(z) is star-
shaped with respect to z=0;

(b) if z=h ()maps |¢| <1 conformally onto T such that h(0) =0, h'(0)>0,
then for every g <m(mw—a)™!

CH(§) il} <[ 2 ]uq 0 <1
W0 | S leosqmz—ap] @ ST O<esh

(c) for every p>1 there exists a constant H, which depends only on p, d, D, c,
a, and [(t), such that

(2.9) Mo{h(t) — ¢} < Hype.

Proof. (a) By [7, p. 87] the boundary of G is a closed Jordan curve and
hence the boundary of I is a closed Jordan curve in | z| <1. This curve is com-
posed of arcs i which are images of arcs of C and therefore lie in |z| <1
(except for their endpoints) and of point sets which are images of parts of C
and hence are on |z| =1.

oy

(°) See, for example [12, p. 256]; the first part of the proof of Lemma 1 in that paper proves
our statement concerning e..
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We denote as in §1 by 7 (w) (r*(w)) the tangent angle to C; (or C) at the
point w. Suppose now that z=re® is an (interior) point of an arc ;. Since
vr possesses a continuously turning tangent, the angle between the normal
to vx and the radius at z is given by

2(z) = 11 [f(re)] — arg f'(re?®) — % — 0,

where 77 [f(re®®)] is, of course, determined only mod 2x. By hypothesis there
exists a point w’ =f(e®’) on C such that, for w; =f(re®), |w1 —w'| <eand

(2.10) | r#(wy) — *w)| <q < % - a

We may assume |0’ —0[ <w. We choose the branch of r*(w’)=7[s(8)] in
accordance with (2.1), and (2.10) determines then the choice of 7} (w). We
obtain thus

o(s) = 71 [f(re?®)] — 7[s(0)] + r[s(0)] — 7[s(0)] + arg f'(¢®) — arg f'(re®).
Hence, by (2.2) and (2.5),
(2.11) [9(z) | = n+8(]s0) —s0O)]) 481 =)
If € < €0, the bound of Lemma 2, then, since w; has at most the distance e from
C, we have by this lemma, lf(re"") -f(e"")| <\ =2e. Hence, by (2.3),
1 . 2e
(1 =9t — [ flre®) = f(e) | = —-
my m
Furthermore (see (2.7))
107y 10 1/2 1/2
o — o] él[lf(e ) = fle >I] < 1(}_) '
2 my

2 my

We can determine, therefore, an & < €, which depends only on d, D, ¢, «, and
B(¢) such that, if e<e,

m™ o

(2.12) o) | = P

(z on any vg).

This inequality implies in particular that any radius drawn to a point
of v can intersect v; in only one point. Any radius ending at a boundary
point of T' which is on [z| =1 has again only one point in common with the
boundary. Thus T is star-shaped with respect to z=0.

(b) Let V() =arg [¢H(5)/h ()] for 0<|¢| <1, V(0) =0. Then

(2.13) [v©| s7/2 for l¢| <1
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V(¢) has, therefore, radial boundary values ¥(¢) almost everywhere on
|¢| =1. On arcs of |{| =1 which correspond to the (open) v by means of the
transformation z="Ah({), ¥(¢) is continuous and, by (2.12),

PO -

=TT

If e* is an interior point of an arc which is mapped by k({) onto an arc of
z| =1, then Y(¢) =0. At every point 3, =h(e**) of the boundary v of T', with

zo| =1, a chord 2z of v forms an angle x (2, 2) with the tangent line to the
unit circle at zy such that lim supz*z.,l x (20, z)l <w/2—a/2. Hence, for |§‘| =1,

fozewo,
. [h(ﬁ') — k(o) ¢ jH
lim sup | arg <
$=%o e I () 2

and this holds also as {—¢, from |{| <1, as is seen by use of the Poisson
integral. But, if Y(¢,) exists,

[ h(pSo) — h(So)  pSo :| ~ lim arg pCol' (pto)
(p — Do A(pSo) sl h(p0)

and thus N(qbo)l <7/2—a/2. Hence, wherever ¥(¢) is defined,

| 2

a
-
2

= ¢(¢O) ’

lim arg

|¢(¢)| §—2'—7'

Because of (2.13), V({) may be represented by the Poisson integral in |§‘ | <1
with the boundary values ¥(¢) and hence

m™

|V®l§?—%,mlﬂ<L

By a lemma of Zygmund [15] we have, therefore, for { =pe',

h’(;-) £1 2 1/q
m’{ ) } = [cos g(r/2 — a/Z)] o O<e=l

for any ¢>0 such that g(7/2 —a/2) <m/2.
(c) Let z2=r(f)e* be a point on the boundary of I'. The arc w=f(pe*),
r(0) <p =1, has the length

Ao = f | f'(oe?) | do = (1 — 7(8)) Inf |f(pe®)].
T 0Sp<1

6)

Because of the hypothesis (iii) of §1 we have by Lemma 2, \¢<2¢ and, there-
fore,
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1- ) < 2¢ , = _— .
7(0) = 2¢g(6),  2(6) Sup 7o |

By a theorem of Hardy and Littlewood [3], there exists a constant L,, which
depends only on p, such that

1
M, {e0)} < LM, {W} S LNy,
and N, depends only on p, d, D, ¢, and 8(¢) by [12]. We have, therefore,
Mp{l — 7(8)} < 2eM,{g(6)} < 2¢L,N,.
Since C) lies exterior to |w| =d, we have by Lemma 1, () =2 D/d and thus
1—r(6) < D

|log r(0) | = 0 =7(1 — (0)).

We have, therefore,
D
Sﬁp{log 7(8) } = ; L,N ,2e.

The relation r(6)e® =#k(e%) defines 6 as a monotone and continuous function
of ¢, 0=0(¢), and because of (2.8), 8(¢) is even absolutely continuous. Hence

1 2r i/p
{—f llog r(G)IPd¢}
21!' 0
1 2r d0 1/2 do —1/2 1/p
= {— 1 0) |12\ — — d
G ool () () )
{ifhllo r(0)[2”i€d¢} ”2" {ifh d—¢} i
2rd 8 de ardo  do/de)

It is easily seen that df/d¢ =cos (r/2—c/2) | h’(e"‘*)/h(e"“’)‘ almost every-
where, and hence, by (2.8), for ¢=1,

T {<?>_1} = ?a/Z) '

Thus we have, for { =e*,

IIA

S LI
¢ d sin? (a/2)
and by the well known theorem of M. Riesz on conjugate functions (5]
M, {log h(g‘)} =144, —.4—DG—L2,,N2,, = H e
¢ d sin? (a/2)
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where 4, depends only on p. Hence

which implies (2.9).

3. Proof of Theorem I, Part (1). We assume first that e<¢, the bound
of Lemma 3. Suppose G, I, and %({) have the same meaning as in Lemma 3.
Then g(¢) =f(h(¢)) maps |¢| <1 onto G such that g(0) =0, g’(0)>0. If the
boundary of G is given by the equation r=r(8), and if arg k(e™*) =60(¢), we
have, for { =e*,

1 2T 1/p
ML) — 1)} = {5; [ e = sie |,,d¢}
+ M, {f(e?®) — f(ei)} = I, + I..

By Hypothesis (iii) and Lemma 2, I; < 2e.
To estimate I, we write s’(t) = |f’(e“)| and obtain

1 or 6(¢) P 1/p
L conl ™
21!' 0 HEYAS

Since (1/27) /o7 (0(¢p) —$)ddp =arg k’'(0) =0 there exists a value a, 0 <a <2,
such that 8(e¢) —a =0. Using the periodicity of the integrand we may replace
the limits 0 and 27 in (3.1) by @ and 27 4-a. By Hélder’s inequality:

O 1 6(6) i
{er 09 — & f (s'()rdt | 6(9) — ¢>|vd¢}
@ - ¢

1 2m+a y Up
{— f O —¢|vd¢}

21

3.1) I,

IIA

I,

I\

lIA

where
1 £,
Fe) = Sw o ] [s'(®) ]at
(note that a ¢, 0(¢) = 2w +a). Applying the inequality of Schwarz we obtain
I £ (DL{F(9) )My {6(8) — @}
By a theorem of Hardy and Littlewood [3], see also [16, p. 244]:
[ {F ()} ]Vr < 20209 [Me{ (5'(1) 7} JV7 = 2(2V2) Ny,
by [12]. Hence, by Lemma 3, (2.9), and Lemma 1,
Iy £ 22V N {0(6) — ¢} < Dy,

where D, depends only on p, d, D, ¢, a, 3, and B;. We have thus
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(3.2 Molf — g} < Mje

where M, depends only on these seven parameters. This inequality was
proved under the assumption e<e. However, if e>¢ we write M, {f—g}
<2D =(2D/e)e and thus (3.2) is true for all ¢>0.

Using Remark 1 on the condition (v) of §1 and applying an analogous
argument to fi(z) and g(z) we obtain ({=e*#)

(3.3) M {1(8) — g} < MJ'e,

where M’ depends on the same parameters as M, . The conclusion (1.2)
follows now by combination of (3.2) and (3.3).

4. Proof of Theorem I, Part (2). Again, it is sufficient to prove the con-
clusion assuming € =<¢;,, where €; depends only on p, d, D, ¢, «, and the func-
tions 8 and B;. For if €> e we have by [12, p. 254],

L Ble) < [n+ 8] = 2B
13(2) “ﬁu)" M= g ¢

(We may assume M,=1.)
In accordance with (2.1) we have

arg f{ (¢) — arg f'(¢") = n[s:(0)] — 7[s(®)].

By hypothesis (v) of §1 there exists for every si(f) a value ¢ =s(6:) such that
| fle®) —fi(e®)| <e and, for a suitable branch of (),

(4.1) | 1i[s10)] = ()| = .

We may choose o so that |s(0)—a| <L/2. Then, for a suitable integer &,
which may depend on 6,

| 7(0) = 7[s®)] + 2k | = B(| o — sO) |) = Ble| f(e™) — fe ),
by hypothesis (ii). Since |f(e®) —f(e?)| Se+]|fi(e®) —f(e?)],
42)  |r(0) = r[s@®)] + 2kr| = 8lele + [fi(e®) = 1] ]
Hence
(4.3) | arg f{(e%) — arg f(e) + 2kx| =<1+ B(c[e + | fule®) — fe) ] ].

We maintain now that =0, if e is sufficiently small. We show first that & is
independent of . By [11, Theorem VIII], there exists a constant , which
depends only on d, D, ¢ and the functions 8, 81 such that

| 71(e®) — f(e®)| < m(e'?).

Hence we can determine an e >0 which depends only on the just mentioned
parameters such that, for e <e, the right-hand side of (4.2) does not exceed
x/2. Now, 7[s(8) ] is a continuous function of 8; 7(s), considered as a function

Mp{f' —fi} =
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of 0, may possibly not be continuous, but, because of the continuity of
71[51(0) ] and of (4.1), there exists an w>0 such that the oscillation of 7(¢) in
any sub-interval of 0 <6 =27 of length Sw is less than 29+ a <m—a. Hence,
there exists an w; >0 such that the oscillation of 7(¢) —7[s(f) ] in any interval
of length =<w is less than . If, for some 0, k changed as # varied from 6 to
0+A0(|A8| <w)), the left-hand side of (4.2) would change by an amount
whose modulus is >, which contradicts the fact that it is and must remain
<7/2. By employing a partition of [0, 2r] with norm =<w,, we see that % is
constant for all §, 0 <60 < 2.
We apply now the maximum and minimum principles to 2wk-+arg f{ (2)
—arg f’(z). Because of (4.3) and of our choice ¢ < e we have, for =0,
T 3
| 27k =n < —<—m,
2 2
which implies £ =0.
We obtain now from (4.3) with =0

My {arg f1'(e¥) — arg f(e®)} < n + Mp{Blcle + 1/:(e”) — f(e) | D}
and if B is replaced by the convex majorant 3*, we have, using (1.2)
M, {arg f{ () — arg f'(e)} < 1+ B*(ce + Myce) Sn + B*(20Me).
Hence, by the theorem of M. Riesz on conjugate functions [5],
T, {log /{ (¢) — log f(e%)} < (1 + 4,)(n + B*(2cMe))
f1(0)
HONN
Noting that f{ (0) =d, f'(0) =d, we obtain by (1.2)

4.4

+ {log

1 1
| log /{(0) —log /(O | = — [{(0) — 70| = - Mo
(4.5)
=< y—’—’ﬂ*(ZcM €)
= dk e
where ko =0(e2)/e2(?). Since
[ =sl =dsl+ 17D g/ = log fi |
we obtain by use of the inequalities of Schwarz and Minkowski
Mol s = J1} = [ Mo{fl} + Mop{f} 1DMep{log 1 — log f1 }.
By [12, p. 254], and by (4.4) and (4.5) we have finally
sz{f’ —fi } = K,(n + B*(2cM 6)).

(®) Since 8*(e) is convex from above we have, for 0 <e < e, B*(¢) /e 28*(e2) /e2 = B(e) /e.
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II. UNIFORM ESTIMATES

5. An estimate for the difference of the mapping functions. We retain
the notations of §1 and derive here estimates for

p=ﬂ£|ﬂ@—ﬁ@| wdnw=ﬂglﬂ@—Lﬂ@k

An immediate bound for u is obtained from (1.2) by use of the Fejér-
Riesz inequality (see [1, Satz II]). We shall prove here yet another result.

Let, for t>0,
w(t) = Max { B_(x_) dx, f M dx} .
0 x 0 x
Then we have the following

THEOREM 11. Suppose that C and C satisfy the hypotheses (i), (ii), (iii) and
(iv). Suppose furthermore that w(t) < « for finite t. Then there exists a constant
M which depends only on d, D, ¢ and B(t) and Bi(t) such that u < Me log 1/e.

The proof is modeled after that of Theorem VIII of [11]. Since w(f) <
there exist two constants a;, a; which depend only on the parameters named
above such that(?), for |z| <1, |z =1,

alz—n| £ [/ —f@)] = alz—2l.

If these inequalities are used in place of (6.2) of [11], the proof on pp. 354~
355 yields the conclusion of the theorem.

6. Estimates for u’. We turn now to the consideration of u’ and derive
first a general result from which simpler statements may be obtained by
choosing special forms for the parameters which characterize the geometrical
configuration.

TuroreM 111, Suppose that C and Ci satisfy hypotheses (i)~(v) of §1 and
that w(t) < o for t< . Let

(6.1) x:m«g;—{lf'(z)i, NHOIRE

l2is

(A bound for \ exists which depends only on d, D, c and the functions 3 and B1().
Then, for every 8, 0 <6<,

2\ T T
(6.2) Wos I[w(zm + {n +B(6[€+n])}(7+log ;)]+%

provided B(c[e-{—u]) <w/2. In particular, § may be chosen as a function of e.

(7) This follows from [9, p. 440] and Lemma 10 of that paper on p. 376.
() The existence of such a bound follows from [10, p. 440]; see also [10, p. 327].
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Proof. Let log f’(s) and log f{ (3) denote the branches of the logarithms
which are real at z=0. These are single-valued and continuous in lzl =<1.Let

A0, 1) = arg [(4+0) — arg [/(¢0-9)
and let 4:(8, £) denote the same expression formed for fi(z). Then
f'(e*) (e
f'0) 11(0)

1 r t
=—f [4(8, ) — A.(6, £)] cot - dt
21!' 0 2

log — log

1 p? ! 1 pr? t
= —f (A6, t) 4+ 2¢) cot—dt — —f (410, t) + 2¢) cot —dt
21[' 0 2 21!' 0 2

1 4 t
-I-—f [46, ) — 4,6, 8)] cot — dt = I, — I, + I.
2w J 2

By (2.1), (2.2), and (6.1),
|40, ) + 2] =B(|s0+ 0 —s60—5]) = B2M)
and therefore
1 2B(2n) 1

I,| = — ——dt £ — w(2)\9).
' ll 2rJ o t/2 1rw( )

Similarly
1
| I.] < — w(20).
™

To estimate I; we apply (4.3), noting that B(c[e+u]) <7/2 and hence
k=0, and obtain

| 46, ) — 46, 8)| = 2(n + Blc[e + u]).
Hence
1 T d 2 T
|12l 5 26+ 8Cele + ) — [ = Z g+ lele + )] og -
T J t T )

Thus we obtain
| log f'(e%%) — log f{ (¢%) |
< [log | /()| —log [ (e®]| | + |arg f'(e?) — arg f{ (e |
1(0)

2 2 T
< — w(2N8) + — € log — ¢ Ol
() - — (0 8l D) log - n Bl 4w+ log 7
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Here Ilog O /f (0))| =p/d. Finally, using the inequality
| f'@) = fi@) | =\ log f'() — log f{ () |

where A is defined by (6.1), we obtain (6.2).
As an example of a simple result which follows from (6.2) we state

THEOREM IV. If C and C: satisfy hypotheses (1)—(v) and if B(¢)=H!,
Bi(t) =Hyt*, 0<y =1, n=qe, where H, Hy, v, and q are constants, then

(6.3) u= Me and u = Ke log1
€

where M and K depend only on d, D, ¢, H, Hy, v, and q.
Proof. From (1.3) we obtain by the Fejér-Riesz inequality, for p =2,
p = 7Ka(n 4+ B*(2cM ) = wKa(qe + H2c M) = Me,
since B(¢) = Ht may be taken as $*(¢).
Next we note that it is sufficient to prove the inequality concerning u’
under the assumption e 7 /2Hc(1+ M) = €; this insures that B(c[e+u]) <7/2
for e<eo. If €>e, then u’ <2N\oe/ey, where Ao is an upper bound for N (see

(6.1)) and depends only on the seven constants named in the theorem.
Choosing 6 =¢€'/7 we obtain from (6.2) (assuming yH < H,)

2\[ H, T T [ T
W < -l}— (2N)7e + (ge + Hele + Me)) (7 + log ——)] + ” < Kelog —.
Y €

T el

7. Derivatives of the inverse functions. In order to state our next result
it will be convenient to assume that C and C) are represented in parametric
form by the equations

7.1) w=w({) and w = w (), 0==:=1,

respectively; w(t), wi(t) have the period 1 and %’(¢) and w/{ (f) have bounded
difference quotients; thus w’’(¢) and w{’ () exist almost everywhere in [0, 1]
and

(7.2) ") =k |wl’@®)| =k

where k is a constant. We assume furthermore that

(7.3) lw@®|zb>0  |wi@]|=b>0,

and that for some ¢>0 and some p>1

(7.4) Myfw’'(t) — w!’ ()} e and | w(0) — w,(0)| S e

THEOREM V. Suppose C and C, satisfy hypotheses (i) and (ii) of §1 and are
represented by the functions (7.1) with the properties (7.2), (7.3), (7.4). Let
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¢(w) and ¢1(w) be the inverse functions of f(2) and f1(2), respectively. Then there
exists a constant N which depends only on d, D, c, b, k and p such that

(7.5) Sup | ¢'(w(0) ~ ¢{ (w(0) | < Ne

Before passing on to the proof we mention several consequences of the
above hypotheses.

1. Since [3(w'(f) —wi (£))dt=0 there exist values f, and #, 0<t, H# =<1,
such that Re [w'(t)) —w! (t)]=0 and Im [w'(t)—w{ (t)]=0. Since, for
0=st=1,

Re [w() = wi ()] = [ Re [w"®) - wi’ ©)dt,

Im [w/() — w{ ()] = [ Im [w'®) — wi’(©)]d,

31
(7.6) | w'(f) — wi(t)| < 2M{w’ — wi’'} < 2e
2. From the second inequality in (7.4) and from (7.6)
(7.7 Lw(l) — wi(t)| < 3e

3. Let 7(¢) denote the tangent angle to C at the point w(¢). Then «(¢)
=dr/dt=1Im [w" /w'] for almost all ¢. If 7,(¢), xi(f) have the analogous mean-
ing for C,

1 k
My {e(t) — ()} < 7sm,,{w" —w!'} + 7,;sm,,{w' — w{}
(7.8)

b+ 2k
m e
Furthermore, |T(t2)—--r(t1)| é(k/b)ltg—tl| and we may take B(s)=(k/b?s

and similarly B:(s) = (k/b%)s.
Since [ow'(¢)dt = fow! (£)dt=0, it follows from (7.2) that

(7.9) | w'(t)| < 26, | w{ ()] =< 2k

=

8. Proof of Theorem V. (a) An integral representation for
log | &'(w(®)/${ (wa(1)) | -
We have by an integration by parts

: L i . , -0
log | /(e%)| = - f [arg /(6 = arg /(6] cot =—"do +log /()
—7
1 [ otr darg f/(e¥ 6—6
= — — M log |sin O'dﬂ + log f'(0).
™ p—x do 2
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The function 0(¢) =arg ¢(w(t)) is (strictly) monotone and continuously
differentiable. Let £(8) denote its inverse function. If ¢, =¢(0,)

1 27 0 — 6
log | ¢/(w()| = — f ()£ (6) — 1) log
—_ _l-flx(l) log |sin 0——————(0 — 6t

+ log ¢/(0).
Similarly, if 6,(t) =arg ¢:1(w:(¢)), we have

sin

} d + log ¢/(0)

2 L4
dt — —f log
™ 0

t
sin —ldt
2

0:(t) — 61(t0) &

sin

l 1
log | ¢{ (wi(ts)) | = :f x1(¢) log

G

2 - t
- —f log sin — dt 4 log ¢{ (0).
wJa 2

Hence
& (w(t)) §O 1 80) — 0ulte)
o8 | S oy | T e wfo k(0 = xa(] log |sin &
1o sin (00) — 0(19))/2)
+ 7fo alf) 108 | 200 = 6ut0)/2)
= 11 + 12.

(b) Estimate of I,. The hypotheses (i), (ii) of §1, (7.3), (7.9) and the fact
that B(s) =B:i(s) =ks/b? insure the existence of two positive constants, ai, az,

which depend only on d, D, ¢, b, and & such that

do do,

a1§—-.<_a2, dls——ét’l«z.

8.1) dt /)

By Hélder’s inequality, (7.8), and (8.1) (1/p+41/¢=1)

1 1 1/r 1 o(t _0(10)
| 1, | é:[f lx(t)—xl(t)]Pdt] [f g o) = 6t

sin

q 1/q
dt]

1 " . 60— 0| dt Ve b 4 2k
(8.2) §:[qu log | sin 5 = | - n €
b+2ke2 (- x||?. e
< (+—)e[—f log |sin — dx] = Be.
mb? a1J o 2

(c) Estimate of I,. We divide the interval into two parts. For some 9,



1956] DISTORTION IN CONFORMAL MAPPING 317

0 <8=<1, which will be specified below, let Eo= [0, 1]\ [to—38, tt2+8] and E,
the remainder of [0, 1]. Let

sin (6(1) — 6(k0))/2

, sin (0(t) — 0(1))/2 — sin (8:() — 6:(4)) /2
N N RO IR ‘ t sin (6:(1) — 6:(40))/2
=log |1+ u|,
where
2sin (0(f) — 0(to) — [6:(2) — 6:(t0)]/4)  6(2) — 6(te) + 61() — 61(to)
“ sin (6,0) — 6:(10))/2) o 4 '

By applying the (generalized) mean value theorem to the first factor we find, if
ba;=w/2, and £, — 6 <t=<tp+9,

1/2

< 6'(5) — 6{ , —t| <.
lul_w®l(9 {®] l&— ]
Hence we have, for t,—8 <t <t,+9, if =0
21/2
(8.3) |j] ==— Max |0'(t) — 6{(t)] .
a; 0s5t=21

If j <0, we consider —j=log (14+#’) and find in the same manner
21/2

‘ uw | ==
o' (%)

and thus (8.3) holds also in this case.
FOI' teEl

lo'e) — 0/ ()], &€ — 0] <5,

\u|§i{w@—m@|+lwm—me
where « = Min {|01(t0+5)'-01(t0)|» |0l(to)—01(to—6)| } =6a;. Hence

lu] = — Max |0() — 0:0) |

da; Osts
To estimate the last expression we write 6 =0(¢), 6;=60,(¢) and note that
[ 2@ — w0 ] = | 1) = fule®) | 2 [fe) = fle™) | = | fe) = fale®) | .
Hence,
[ 7te) = jle) | S [w() — )| + | f(e™) = fi(e™) |
S 3¢+ Me= (34 M)e
by (7.7) and Theorem IV. M depends only on d, D, c, k, b. Since by (8.1)
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e — o) < 0 l f(e) — fle®) | = — (3 + M)e

we have, if |0—6,] =T,

(8.4) |6(0) — 6,(0) | < — 1 ¢l — gity

Now, 8(¢) and 6,(¢) are determined only up to an additive multiple of 2. We
choose the branch of 6(¢) arbitrarily, say, such that 6(0) is the principal value,
and then take 6,(0) such that |8(0)—6;(0)| <. Then (8.4) holds for #=0.
If we keep € <eo=(w%/4)((asc/b)(3+M))~}, then the right-hand side of (8.4)
is =m/2 and (8.4) holds, by continuity, for these branches for 0 =¢=<1. Thus
we have on E,;

™ llzC
lu] = —

B
(3+M)e——3—e,

and, if =0,
(8.5) 7] < (Bi/d) e, t € E,.

The same inequality holds also when j <0.
Thus we obtain from (8.3) and (8.5)

21/2 to+d B, 1
|I,] < — Max |0'(t) — 6/ ()| f le(z);dz-i-—a—ef | k1(8) | at
0

a; 0=t=1
2(21/2) 3 k B,
< Max |0’(t)—01(t)| 4+ — —e
a, b o= b &

Combining the estimates of I and I; we find, noting that

|1og $O) | M
6/ (0= d
#'(w(t))
Max |8 ot ) H
(8.6) kB, M 20217 k o
é(Bo+—bg—+7)é+ @ 75 Max |0(t) ol(t)[.

(d) Completion of the proof. By (7.9) and (8.1), (7.3), (7.6)
o) —oi()| < | |8/ e@®)| — |of @] [« ®]
+ | ¢ (wa(®) | | w'(®) — i (0]
< | o w@)| — | ol (wi®)] | 2k + (2as/b)e.
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Let
o= Max | |¢'(w®))| — | o{(w(®)]|.

0=1=1
Then we obtain from (8.6) by use of the inequality
la—b| éMax(a,b)lloga—logH (for e, b > 0)
and of (8.1) and (7.3)
as kB M 2(2v2) 2a,

8.7 SE—|(Bo+— —+ — — e

(8.7 T bl:( 0+b 6+d)e+ o b6(2kd+ 5 e)]
Now we specify the value of § so that (4(2'/2)k%,/a,b?)6 <1/2; thus let

. ™ a1b2
6 = Min{1,—> ——)
2a, 8(2'/2)k2g,

Thus solving (8.7) for o, we find
(8.8) ¢ < Bse.

where B; depends only on d, D, ¢, b, k, and .

To complete the proof we need yet an estimate for |ei¥—e"!| where
v =arg ¢'(w(t), 71 = arg ¢1(wi(t)). Since vy —vy1 = 71(t) —7(t) +0(2) —0,(%)
(mod 27) we have

7 7
I L P I = P PR
|2 Jwl]
1 1 4 2ca,
< 1w —-w|(—+— §— 6, |< —

by (7.3), (7.6), and (8.4). Thus (7.5) follows by a combination of (8.8) with
this last inequality.

We have proved the theorem under the assumption that € < €. If €> €, we
may take N =2as/beo.

9. Corollaries of Theorem V. We first apply this theorem to derive an
estimate for u’/, which, due to a stronger hypothesis, is better as to the order
of e than (6.3).

COROLLARY 1. Suppose C and C, satisfy the hypotheses of Theorem V and
that, in addition, for 0=t=<1,

8 dx
9.1) f | (¢4 2) — w'()) | — = »(o), 0<6=<1, limy@s) = 0.
0 x -0

Then there exists a constant A which depends only on d, D, c, b, k, p and the
“modulus of convergence” v(8) such that
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(9.2) W= Sup |/ = fl@)] < 4e
z|S1

Proof. There exists a constant m which depends only on d, D, ¢, b, k and
the function »(8) such that for »’, %"’ on C (see [10, p. 326])

(93) |¢/(w/) . d)/(,w//)l < ml w — w'
Now, if z2=¢(w(t)) =¢1(w1(h)), we have, by (8.1) and (7.3),
1 1

17@) — fi@)| = l <2 | ol (wi(t) — #'(w(®) |,

o' (w(2)) ¢1 (wi(21))
b 2
= (_) {6l (w() — ¢'(w®) | + | ¢'(w(®) — ¢ (w(®) ] }.
a,
Thus, by (7.5) and (9.3),

BRORSHONE (a) {Ne+m| wt) — w(t)| }
b 2
= <~) (Ve + m(| w(t) — wi(t) | + | wi(ts) — w(t) |))
ax

b 2
< (—) [Ne + m| fG) — £12) | + 3¢,
a;

by (7.7). By Theorem IV, ]f(z) —fl(z)! < Me and so we may take A=N
+mM+3.
A simple consequence of (9.2) is the following.

COROLLARY 2. Suppose G denotes the region common to the interiors of C
and Ci which contains the origin. Under the hypotheses of Corollary 1,

Sup | ¢'(w) — ¢f (w)| < A’e,
we G

where A’ depends only on the same parameters as A.

The proof is obtained by an argument similar to that used above.

10. Hadamard’s variation formula for the Green’s function. To illustrate
some of the uses of our results we outline a short proof of this formula which
permits one to estimate the error obtained by neglect of the higher order
terms(?). We shall apply Theorem V and prove it for contours with bounded
curvature. This smoothness assumption may be further relaxed—at the ex-

(®) In this connection see also a derivation of Julia's variational formula for the logarithm
of the mapping function recently given by R. Garnier [2], which utilizes a theorem of W. Seidel
[6]. Julia’s formula may be derived from that of Hadamard. Garnier does not give an explicit
appraisal of the error term; such an estimate can however be obtained in a manner similar to
the one described here.
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pense of the order of magnitude of the error estimate—if some of the other
of our results are used instead.

Suppose C and C, are given by the equations (7.1) and that w,(¢) =w(¢)
+2ee”"Wy(t), when 7(¢) is the tangent angle to C at w(¢) and »(¢) is a function
such that 0 <v(f) 1, v’ () has bounded difference quotients, and M, { (e")"" }
=<1 for some p >1(1%). Suppose furthermore, that w(¢) satisfies (7.2) and (7.3).
For sufficiently small ¢, C; is a closed Jordan curve obtained from C by dis-
placement along the interior normals and C; is not exterior to C. Let w, be a
point in the interior of Ci. If e is sufficiently small, it is easily verified that C
and G satisfy the hypothesis of Theorem V with w, taken as the origin.

Let, for { in the interior of Ci, G(w, {) and Gi(w, {) be the Green’s functions
of the interiors of C and Cj, respectively. Then

f G(w, {)0G,(w, wy)
¢ 2T an

Il

| dw|

G(wo, §) — G(wo, )

1

a“—G‘(w;(t)’ wo) | wl ()] dr.

1 1
- 6.9
T 0
Since G(w, w,) =log ]¢(w)| we have by Theorem V
1dG(w(t), wo) B 3G 1(wi(2), wo)
aon on

Furthermore, since G/w(t), ¢) =0,

(10.1)

= | ¢/ (w®)] —|¢{(w®]]| = Ne

oG ,
G(wi(D), §) = G(wi(1), §) — G(w(d), §) = [W + 0(1):|ev(l)

by [6, p. 226] or [10, Theorem III*]. From the condition that |’ (f)| <k it

follows more precisely(!!) that Io(l)l =<Ke log (1/€). Finally, l'w{ @]

= |w’(t)| +0O(e). Hence we obtain Hadamard's formula

1 fl G (w(t), §) IG(w(1), wo)
0

—21r

G(wo, §) — Gi(wo, §) = eo(t) |w' (1) |dt + o(e)

on n
1 3G(w, §) 9G(w, wo)
= —— (2, §) 3G( : snldw| + o(e)
2 J ¢ an n

19) The normalizations v<1 and M, {(¢i"v)”} <1 are, of course, unessential.

() Consider F(z)=log |f'(z)| +4 arg f'(z) where f(2) maps ]z[ <1 onto the interior of C
such that f(0) =¢, f(0) >0 and arg f'(0) =0. Let ¢ (w) denote the inverse of f(z). Because of the
hypothesis Iw”(t)| <k, Im [F(z)] satisfies a Lipschitz condition, and it follows then from a well
known theorem of Privaloff [16, p. 157] that, for |z| =|z| =1, | F(z2) = F(z1)| £ M|2—2|
-|log | 22—z |, where Mis a constant. The use of the Phragmén-Lindelof theorem shows then
the validity of this inequality when |z | =1 and || <1. From this result one infers in turn
that Ix#'(w) —W(wo)’ §Ml['w—wo[ Ilog lw—wol |,forwo &C, w EI(C). This, together with the
fact that Ixﬁ('wn) —y(w)| S M, wo—w], proves our statement. If C is contained in the ring
d= |w—§'] <D, then an examination of the steps of this proof shows that the constants M, M,
M, depend only on d, D, ¢, k and the lower bound b for Iw'(l)| in (7.3).
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where dn=ev(t) and Io(e)l =<K€ log (1/€). If the condition (9.1) is added to
the hypotheses on w(t), then lo(e)l <K,e? as may be seen by use of [10,
Theorem I11] applied for n=2.

The fact that the constants NV in (10.1) and M, M;, M, in(!!) depend only
on the parameters named above shows that K and K, may be determined uni-
formly for all ¢ and woy in any fixed closed domain contained in the intertor of C.
The same holds also for K,.

It is not essential that C) be in the interior of C or that the “displacement”
be taken in the direction of the normal. A slight modification of the above
argument provides a proof of the Hadamard formula for the general case.
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