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Introduction. Ramanujan(1) conjectured that if a and fi are fixed positive

numbers

n^      . ,    . ,       T(a + l)r(/8 + 1) f(« + Dt(fi + D
Z-»-W^(" -")-„,     ,   .   ,   _.-„,     ,   .   ,   -.      o-a+f,+i = o(o-a+i>+i(n))
r=i T(a + fi + 2) f(« + fi + 2)

where aa(n) is the sum of the ath powers of the divisors of n.

In 1927 Ingham(2) published a similar result about the sum

Y d(v)d(n - v)
>-i

where d(n) is the number of divisors of n, and pointed out that his elementary

method would serve also to confirm Ramanujan's conjecture. The proof of

this was carried out in detail by the author of the present note(3), who proved,

in addition, that if the left-hand side of Ramanujan's formula is denoted by

E(n),

(0(nuo--i(n) log n) when a = fi < 1
E(n) =  <

\0(n" log* n) otherwise;

hereco = a+fi+l —min (a, fi, 1) and c = 0 when min (a, fi)>l; when min (a, fi)

±£ 1, c = 0 if the three numbers a, fi, 1 are different, c = 1 if two of these numbers,

but not all three, are equal, and c = 2 if a = fi=l.

If min (a, fi)Wl, there is a saving of 1 in the exponent of the error term,

and it appears difficult to improve this result. If, however, min (a, fi) <l,

and the added restriction

(1) a + fi<l

is imposed, it is possible to adapt an analytic argument which Estermann(4)

used to sharpen the above-mentioned result of Ingham, to proving the fol-

lowing:

Received by the editors April 12, 1956.

(') Collected papers, p. 137.

(2) J. London Math. Soc. vol. 12 (1927) pp. 202-208.
(«) See Halberstam [l ].

(*) See Estermann [2].
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Theorem.

n—1

Y <ra(v)cra(n - v) = Ax<Ta+a+x(n) + A2naa-a+B+x(n) + A3n^aa-a+i(n)
-l

+ ^4raa+"(r_a_3+i(ra) + 0(»"i(log ra)3+")

where Ax, A2, A3 and Ai are as defined in (61), and a)i=3/4 + (a+/3)/2 if

a+fi<l/2, 03x = l/2+a+fi if a+fi^l/2, and k = 1 if a+fi = 1/2 and 0 other-
wise.

In the case a+fi^l/2 it is possible that the error term may absorb part

of the approximating function.

The author wishes to express his indebtedness to Dr. Estermann for hav-

ing suggested this investigation.

Notation, k, I, m, r, u are positive integers, t is a complex number. 6, d are

real numbers. X is a positive number less than 1.

Wherever the O-notation is used, the relations are uniform with respect to

all variables except X, a and fi.

£„ stands for e2ri<".

Throughout a and q are positive integers such that a<q, (a, q) =1; these

restrictions on a are implied automatically whenever a is the variable of sum-

mation.

Preliminary results. We define, for S(t) >0,

00

f\(r) = Y o-\(m)e2*<™.

Then, provided that 4(r)>0,

g(r) = fa(r)fa(r) = Y s(m)e2'imr
m—1

where

m-X

s(m) = Y h"*" = Y o-a(v)o-a(m — v).
k,t,r,u',kl+ru—m *«■ 1

Hence

(2) s(n) =  f g(r)e-2*inrdr

with the integration taken over the line segment (i/n, i/n + 1). Writing

r = 0+i/n, (2) becomes

(3) s(n) = e2' f g(0 + i/n)e-2'ined0.
J o
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We dissect (0, 1) into Farey arcs of order n1'2, and denote the typical arc

by Ma,q. It is well known that if 6 is in M„,q, we cam write d=a/q+&, where

-Biq-in-1'2 ^ t7 ^ P^1*-1'2

with l/2^5igl, 1/2^P2^l. Then, by (3),

/«"'"-'/2 / ^     , ■ ,
I    ^—^ —na    . .   I      — zirintr

\ Yfa «(«/? +1?)}«     *>

where

(4) r, = i/n + t7,

and # =4>(n, a, q, t?) = 1 or 0 according as a/g-f i? does, or does not, belong to

Ma,,.

We define

(5) hn,q(ij) = Y <t>^"ag(a/q + v),
a

(6) Hn., = K.Me-^W.
J -q-ln-lli

Then

(7) s(n) = e2*  Y  Hn,q.
9Sn"2

Our first objective is to find an approximating function for/x(0/3+77) and

to express the resulting error term in suitable form (see (39)).

By Mellin's transformation formula

(8) h(a/q + V) = Y «*(»)£"« ""' = 7^ T(s)z-'F*(s)ds
m-i 2iri J 2-ix

where

(9) z = — 2xii7

and

(10) Fx(s) = Y o-,(m)m~'C-
m-l

The functional equation for F'(s). We have that

Fx(s) = Px(5; £) = Y * &   *   *    = E £       «,  *    *
i,l l-l   t.I;J=6(mod g)

= Y Y Ck*"       Y      *--£ to - x; fMs; b, q)
t-1 &-1 I-l;I=6(mod «) 6-1
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where

(12) t(s; £) = Y «,"*"'
t-i

and

00

(13) to b, q) = Y        *-•
i=i;fca6(mod q)

We put G(s) = -t(2?r)*-ir(l -5). Then

(14) to 6, ,7) = G(5)g-(e''s/V(l - 5; £*) - <f ""Va - *I £6))

and

(15) to &*) = Gis)q^(e"ntil " *! -», <Z) " ^'"'Vtt - «! 6, «)).

Equation (14) is proved in the same way as the functional equation for Rie-

mann's f-function, and (15) follows from (14). We apply (14) and (15) to (11)

and obtain

Fx(s) = G(s)G(s - X)ql+*~2- Y (eiTt-X)/2f(l + X - s; -ab, q)
6-1

-»V(»-X)/2 »"/'../« A -*T«/2^/4 V_'\\

= G(s)G(5 - X)91+^-2'(S1 + 22 + 2, + Z4)

where

aSi = e"<2-»'21: f(l + X - s; -ab, ?)f(l - s; fj),
t=i

Sj = e-w-"/2 f) f(l + X - *; aft, ?)f(l - 5; £*)
e>-i

. e-^2^x)/2 £f(i + X-ii -aft, q)t(l - s; £*),
6-1

2, = - e"x'2 E f(l + X - *; aft, g)f(l - 5; £*),

Si = - e-"x/2 E KI + X - j; -aft, a)f(l - s; £*)
6-1

= _ g-fax/1 £ r(1 + x _ x. a6) ?)f (1 _ s. {J)#
6-1

Thus
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Fx(j) = 2G(s)G(s - \)ql+*-2'

• ̂ cos (s - — Xjir Y f(l + x - *; -«*. ?)fd - *; {«)
(16) l      V        2    '     »

1 * 6 )
- cos — Xx X) f(l + x - 5; aft, c)f(l — s; £,) f ■

2 t-i ;

We now define a' by

aa' = 1 (mod q), 0 < a' g q;

then if r is the least positive residue mod q of —ab, we have ra'=—baa'

= —6 (mod g), and this together with (11) enables us to rewrite (16) as

Fx(s; £) = 2G(s)G(s - \)q+X~*! {cos (s-XjxFx(l + X - s; £*')

(17)
1 a'    |

— cos —XttPx(1 + X — s; £, )>

the required functional equation for F\(s).

The poles of F\(s) at 5 = 1 and 5 = 1 +X. It is easily seen that

f(s; q, q) = q~>r(s),        Y to; £ ) = ?   'fW-
6-1

Further, by (11),

Us) - <f'to) Y Us - X; C) = Y to ~ X; ff) {fls; J, (?) - <f'to)}.
6=1 6-1

and, by the above, since the right-hand side is a regular function of 5 in the

neighborhood of 5 = 1, the residues of F\(s) and q1+^~2''t(s)^(s— X) at 5 = 1 are

the same, namely

(is) ^-w - x).

It is clear from (11) that we can also write

Fx(s) = Y to ~ X; b, q){(s; £*)•
6-1

This, combined with the above method, enables us to prove in exactly the

same way that the residue of F\(s) at 5 = 1+X is

d9) rx_1r(i + x).

Let Px be the sum of residues of r(5)z~*Fx(5) at 5 = 1, 5 = 1+X. It follows

from (18) and (19) that

(20) Px = T(l + X) f(l + \)(qz)-1-* + f(l - Wfa)-1
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and from (8) that

I        /.-l/2+ico

(21) Ma/q + „) - Fx = Fx(0) + — I T(s)z~'F),(s)ds.
2ltl J -l/2-ia

We proceed to evaluate the two expressions on the right of (21).

Calculation of Fx(0). We rewrite (17) in the form

Fx(s;l?q) /     (        1    \ 1      \
-= 1 cos I s-X lx — cos— Xt JFx(l — s + X; £„  )
2G(s)G(s - \)q^-2'     \      \        2    } 2      / 8  '

(22) 1
+ cos —Xir[Fx(l - 5 + X;£,   )

- Fi(l - s + \; £')].

We observe that G(0)G(-X) = -r(l+X)/(2ir)2+\ and that, by (19),

lim <( cosf 5-X 1 ir — cos — Xir )Fx(l — s + X; £<," H

(23) = lim (sirsin — Xtt + • ■ •  )Fx(l - s + X;C)
s-*o \ 2 /

1
=  - ir sin — \ir-0-^(1 + X).

This disposes of the first term on the right of (22). As for the second, we have,

by (11), that

lim (Fx(l - 5 + X; £*') - Fx(l - s + X; £))
8-<0

= lim (FX(S + X; C') - Fx(s + X; £))
,->i

(24) = lim Y Us + X; ft, q)(r(s; C'") ~ to {,*'*))

= Y f(l + X; ft, g)(f(l; £*'') ~ «1; €."'*))
6-1

= E £»«■(!; C*)-r(l ;£'*))
6-1

where, for 0<ft<<j,

£» = f(l + X; ft, q) = £ (ft + rq)-™ < Y ^"V + l)"1^
(") _0 r_0

= ft-'-W + x).
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Now if rq(m) is the least non-negative residue mod q of m,

-a'h a'b 1 — £« a'6 / 2trrQ(a'b)\
f(i;««   )-f(l;£. ) = log7—f-r = log(-?3 )-*(-» +—^^)

1 - £<T° * \ q      /

= 2iri(rq(a'b) - — qj/q,

so that the right-hand side of (24) can be written

2xi £l / I    \
— Y(rq(a'b)--q)Eb.

q   b-i\ 2    /

Moreover, for any integer m

1 '
fq(m) - — q = Y c£,m

2 ,_i

where

1 -, -1
(26) Cq=-—,        c, = (£,   - 1) (0<p<q);

for

(.-^tf(«)-f,}i.-"---i-+9-|('-T,>;"

^ i-i 2 j-i

1 (a - l)q      1 1

- - y + &' - ^ + 7 = &' - 1)_1 (0 < " < 9)-

Thus the right-hand side of (24) becomes

2xl _j a'b*        2xl    '       a'lf „ \
(27) — Y cvEh^q    =—YlA Y crEb).

Q     iS&S«-i;iS*Sc7 Q    i-l \iS6Sa-inS^5;6val (mods) /

Finally,

£kl=|+   E  -r-iT<| + |?   £  -<9iog(2?),
v_i 2        iSkS«/2 sin xiyo       2        2      i^^«/2   v

so that, by (25),
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(28) Y c,Eb\ g ( Y I 6, | Y Y E>) < f2(l + X)« log (2q).
lSft-g-islgySg \ .—1 /\ 6=1       /

If now we combine equations (22), (23), (24) and (27), we obtain

Fx(0) = - T(l + X)(2ir)-2-x j-27r sin— xX-f(l + X)

+ 4Wi?x cos —Xx Y ( Y C'F<>) £« f
(29) 2 j_i  \ig6g9-i;iSi.g5;6>.-I (mod a) /        )

=  Z) ̂«    i
I-l

where

-2fF(l + X) cos Xx/2 ^
dt =-7——-— <r Y c,Eh (1 g I ga - 1)

(Zx)1"™ iS6S4-ia^>'^a;6>'»l (mod g)

T(l + X) sinXx/2        2iT(l + X) cosXx/2 ^
(30) =-Y c,Eb

(2x)1+X (2x)1+X l_6_»-lilS»S«;l»=iI(mod g)

(I =  ?).

so that, by (28),

(31) Y \dt\   = 0(q^ log (2q)).
(=i

Calculation of the integral in (21). We denote the integral under considera-

tion by J\. By (17), (10) and the definition of G(s),

/.-i/2+i»                                               /       /         t    v

Tx =  I 2G(s)G(s - X)<71+x-2*r(s)z-«<costs-X)x
J -1/2-100 l\ 2       /

Fx(l - s + \; C) ~ cosy XxFx(l -s + \; £)\ds

00 CO

= Y "»Wfi      em — Y <r\(m)£q    em,
t»=l m—1

where

/   q  \i+x /.-i/s+^^W r(l + X-5) /        1    \
(33) em = — (-)      I (-)-cos I s-\\icds

\ 2irm/     J -i/2-ix,   \ q2z / sin xs \        2    /

and

/   q   V+x 1 /-i/*H-/4ir*»Y r(l + X-5)
(34) em = — I-1     cos — Xx I I-1   -ds.

\ 2irm/ 2       J _i/2_,-w \ q2z / sin xj
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Lemma 1. If <R(5) >0, then

r -i/2+i»   r(i + x - s)
d°  -;- ds  =  0(|5 7"2),

J -1/S-no Sin 7T5

,.-1/2+*=        r(1   +  X   _   s) l t       v
6s -cos (5-X)x-d5 = 0(| Sp^-f l h\^e-^h).

J-i/z-i*, sin 7T5 \ 2    /

Proof. Of these two results the first is trivial. To prove the second, we

assume first of all that #(5)=0. By expanding cos (s— X/2)x it is easy to

show that the second integral is equal to

J f-l/H-to        p(1   _|_  X   -   S) r-l/2+£=o
cos — Xx I 8'-:-eir'ds — iV"'2   I 8'T(l + X - s)ds.

2 J_i/2_,-Q0 Sin 7T5 J _i/2_l00

It is clear that

--1/2+*.     p(i + x - 5)
I 5. -.-e"°ds = 0(\&\-ir2),

J -1/2-too sin T5

and

/—1/2+ioo /»3/2+x+w

8T(1 + X - s)ds =   I r(ty)51+x-"'(fw = 2xJ51+xe-x.
-1/2-too J 3/2+X-ioo

Hence the result if 4(5) _0; the proof for 8(8) >0 is similar.

We apply Lemma 1 with 8 = 4ir2m/(q2z) to em and em. We note that by

(4), (9) and because |t7[ ^q~1n^112, q^nxl2,

/4r2m\ 8x3w 2rm
<R(8) = (R (-) = —;—i— = - = rm > 0,

\ q2z )      q2\z\hi      a2n($2 + n~2)

whence

/        4r2m\ (    \r2m\-2 2   /    4x2m\7l       q2\z\hi
c-^5=exp(-(R-) = 2   (R-)     < -(31-)     =      '    '      •

\ q2z / \      q2z J rm \      q2z J 4rAm2

It follows from Lemma 1 together with these two inequalities, and equations

(33) and (34), that

I em I   +  I «m I   = 0(g2+x I z |i/2w-«/2+\) + wo1-* | z^m'2) = 0(n(q I z l)1"^-')

where / = min (2, 3/2 +X). Hence

(35) £ <xx(m) { I em |  +  | em \ } = 0 (n(q \ z | )«-* £ «r*(«)«-«) =0(»(? | 2 l)1^).
m=l \ "-1 /

If now we put
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00 00

(36) di = X) <r\{m)em — 2 0"x(w)€m,
m-Ums-idnod q) m=i;m==I(mod g)

it follows from (32) that

(37) Jx=YdUT
i-i

where, by (35) and (36),

(38) Y   \d*\   =0(n(q\z\y-*).
i-i

In view of equations (29) and (37) we are now able to rewrite (21) as

(39) fxWq + V) ~ Rx = Y Mt''
i-i

where

1     *
(40) ji = dx + —:dt (lg/gg),

2irl

so that, by (31) and (38),

(41) Y  I h I   = 0(ql* log (2q) + n(q\z\ )>"x) = 0(u(q \ z |)»-» log (2q)).
i-i

Calculation  of  g(a/q+ri) -RaRB.  We  note  that  g-RaRa=fafa-RaR8

= (fa-Ra)RB+(fa-Ra)f«; hence, by (39) and (20),

(42) g(a\q + n) - RaRB = Y ktC
i=i

where kx, k2, ■ • ■ , kq are numbers, independent of a, such that, by (20) and

(41-),

,.,.        E  I *« I = 0 (n2(q | z | )2-«-P log2 (2q) + n(q\z\ )—* log (2q))
(43) ;=i

= O (n1+"+Bq-<-"+^ log2 ra).

The error term. We put

(44) T = RaRB Y <t>C°
a

and

(45) F = RaRe Y C = cq(n)RaRB
a
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where cq(n) is Ramanujan's function. We define

/g-'n"1'2 Te-**in*dd
-q-\~™

and

Ve~2*in di}.

CO

We have by (5), (42) and (44) that

hn.M - T = Y 4>{g(a\q + «) - RaRe}C = Y <t> Y k£qa'~na

(48) ° '       "g                 , ,_
=    Y    kl   Y   <t>C

1=1 a

It has been shown by Estermann(6) that an estimate for the inner sum on the

right can be derived from an estimate of Kloosterman's sum. Moreover, a

"best possible" estimate of 0(q112) for Kloosterman's sum was obtained by

A. Weil(6) some years ago. If then we combine Estermann's method with

Weil's result we find that

(49) Y da'~n° = 0(q'2 log (4?))
a

and

(50) Y (<t> - DC = 0(qm log (4q)).
a

It follows from (43), (48) and (49) that

(51) h„.q(ii) - T = OOi'+i+y/2-"-" log3 ra),

and from (20), (44), (45) and (50) that

T-V= RaRB Y(+- DC = 0((q\ z\ )-2~°- V/2log ra).
a

Now it is clear from our definition of <b that T= V for \d\ g<2-1ra_1,2/2 so

that T-V can be nonzero only for |t?| >q~ln-l'2/2. Since, by (4) and (9),

|z| >27r|i?|, we have that

(52) T- V = 0((q\&\)~2-^qli2logn), (\ v \  > — cr^-1'2).

(6) See Estermann [3].

(6) See Weil [4]. The so-called Kloosterman sum is Y<- ^°q+""'-
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By (6), (46) and (51)

(53) Hn.q - tn.q = 0(»1'2+a+V1/2~a~/3 log3 n).

Furthermore, our definition of <p(n, a, q, t?) implies that

/OO

Ter**in*d&.

Hence, by (47) and (52),

/»., - vn.q = 0(  f (9i?)-2-«-y/2log»<f,7)
\ J ,-lB-l/>/J /

(54)

= 0(w<1+a+«/2g-1'2 log w) = 0(n1/2+a+<39-<<"+<J+1/2> log n).

It follows from (7), (53) and (54) that

s(n) - e2*    Y   vniq = o(n^2+a+nogin   Y Q~lll~a~a)

(55)
= 0(«"i(log «)3+")

where coi = 1/2 +a+fi if a+/3 = 1/2, coi = l/4 + (l+a+/3)/2 if a+j8gl/2, and

k = 1 if a+/3 = l/2 and 0 otherwise.

Finally, it is well known that

cq(n) =    Y   lM(~7)d<
d|(«,n)       \d/

so that by (47), (45), (20), (9) and (4)

Y Vn., =   Y c,(n) f   Rc,Rge-2*i»m = 0(ni+°'+l)  Y   I c,(n) \ r2'^)
„>»1/2 <j>n"2 J -oo \ «>nl'2 /

= o (ni+*** Y r2~"_" E <*)
\ «>n1/J d|(s,n)    /

= 0 ( «1+"+* X) <*     Z     g-2_a"3 )

\ d\n s>n1'2,d|« /

= 0 (nx+a+» Y d-x-<*-f>     Y    m-2-"-n
\ <Hn m>nl/2/d /

= o(»<i+«+«'1 Y i) = o(»-»).
V d|n     /

Hence, by (55),
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ao

(56) s(n) - e2* Y »».« = 0(ra""(log w)3+').
g=i

The dominant term. By (20)

(57) RaRB = ai(qz)~2-a-» + a2qa(qz)-2-^ + a^qz)-2— + a^+^qz)-2

where

ax = T(l + «)r(l + 0)f(l + «)f(l + fi), a2 = T(l + |S)r(l + /S)f(l - a)
(58)

a3 = r(l + a)f(l + «)f(l - «, «4 = f(l - «)f(l - fi).

Lemma 2. If z is as defined by (9) and (4), arad if k> 1, then

/z-ke-2'in*d& = e-2"nk-1/Y(k).
-00

Proof. The integral on the left is equal to

/M /2x \~* r °°
(-2iri& I   e--*in<>di} = ra1' I     (2x - 2xin&)-he-2re2*-2l'in*d&

g-2TMt-l     /.2t+>» g-2Tnk-l

= - I eww~kdw =-•
2xt     Ji,-™ T(k)

In view of (45), (47) and (57) vn<q involves four integrals of the type con-

sidered in Lemma 2, and an application of the lemma gives

i ay nl+a+t> a2 nl+»
e2rv„ „ = c„(n) <-1-

\r(2 + a + fi)   ?-+"+'3        T(2 + fi)      q2+^"

a3 nl+a n    \

+-+ 04-\ .
T(2 + a)  q2+a~B q2-"-»)

Lemma 3.

1
Y cq(n)q-k = —- <r,-*(ra), (* > 1).
g=i f(*)

Proof. The sum on the left is equal to

L    E   /•(-jW*=E<*    Y    u(^)q-k=Ydl-hY^n)m-k
g=l   d\n,d\q      \d/ d\n       g=l;d|g       XO/ d|n m=l

«Ti_t(ra)
=    «*)

It follows from (56), (59) and Lemma 3 that
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s(n) = Am1+a+^<r-i-a-g(n) + ^2»1+/Sff_i-fl+a(«) + Aztil+aa-i-a+d(n)

(60)
+ A,nc.i+a+B(n) + 0(»-i(log w)3+"),

where, by (58), (59) and Lemma 3,

_ T(l + «)r(l + fi) to + a)f(l + fi) ̂  1      f(1 + j3)f(1 - a)

' r(2 + a + fi)        $(2 + a + fi) "      1 + fi     f(2 + 0 - a)    '

1      f(l + «)f(l - /3) f(l - «)f(l - (8)
Ai =-j Ai = -•

1 + a     f(2 + a - fi) f(2 - « - 0)

Since nk<T-k(n) =<rk(n), (60) implies our theorem.
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