POSITIVITY IN H-SYSTEMS AND SUFFICIENT
STATISTICS(Y)

BY
T. S. PITCHER(®)

Introduction. In §1, Theorem 2.1 of [6](*) is improved slightly and then
is used to show that nonzero, central positivity preserving projections in the
H-system of a group arise in a simple way from compact normal subgroups.
In §2 this theorem is applied to a problem in statistics.

1. Let G be a separable, locally compact, unimodular group, H(G) its
H-system (see [1] and [5] for the definition of an H-system), P the non-
negative elements of H(G), and W(H(G)) the weakly closed ring of operators
generated by left convolution operators in H(G). An element of W(H(G)) is
central if it commutes with all right convolution operators. If x is an element
of G or fis a function on G we write [(x) or I(f) (r(x) or (f)) for the correspond-
ing left (right) translation or convolution operators.

If K is a compact normal subgroup of G and we define nf by =f(x)
= [gf(kx)dk where dk is normalized Haar measure on K then 7 is a central
projection and 7P CP. Moreover every wf corresponds to a function (7 (f))
on G/K and 7 gives a positivity preserving isomorphism between w(H(G))
and the H-system of G/K. The following theorem shows that every positive
central projection arises from such a K in this way.

THEOREM 1.1. Let 7 be a nonzero central projection in W(H(G)) with wP CP
and let K= {x: xEG, m(x) =1r}. Then K is a compact normal subgroup and
wf(x) = [xf(kx)dk almost everywhere for every bounded f.

Proof. K is clearly a closed and normal subgroup. We can find a neighbor-
hood U of the identity for which the closure S of UU™!is compact and a func-
tion p with [y(wp)2dx>0. If a sequence k; from K is defined as follows:
ky=identity and k.1 U is disjoint from U}, ;U then we have

f (rp)%dz > 2 O fv(wp)ﬂdx

so the sequence must end for some NV and K CUX, k;S which is compact.
Hence, if f is bounded and measurable pf(x) fxf(kx)dk is defined and p
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can be extended to a central positivity preserving projection of H(G) onto a
subset isomorphic to H(G/K) and satisfying mp =pr =m. xK—I(x) maps G/K
onto a group of unitaries operating on wH(G) and taking 7P into itself. If
we could verify the conditions of Theorem 2.1 of [6] we could infer that #H
was isomorphic to H(G/K) under the map <: ¢(f(xK)) =f(x), and this would
complete the proof since pH is also isomorphic to H(G/K) under the same
map. However there seems no easy way to verify condition (3) in the defini-
tion of an HP system [6, p. 485] so we are forced to prove an alternate
version of the theorem.

Let C= { Z7=1 $iqi; Pi, ¢iE7P and the products involved are deﬁned}
and [ D 7, pig:] be the function on G/K defined by:

[ 5 pas| k) = £ 0 10200,
i=1 1=

LemMA 1.1. (1) wH can be represented as the Ly of some measure space in
such a way that wP corresponds to the almost everywhere non-negative functions
in this Lz.

(2) wP=(xP)*.

3) If fi, hEC and there is an fEC with fi <f (f—fiExP) for all i and
sup [f:]>[k] then sup fi>h.

(4) There are approximate identities for TH(G) in wP and wPNA is dense
in wP, where A is the bounded algebra of H(G) (see [1]).

(5) CCmP.

Proof. If 7p and wq are in 7P then (rp, mqg) >0 since TP CP and if (7p, 7x)
20 for all p &P then (p, wx) >0 for all pE P so mx EP so mx &wP. Hence by
a theorem of Nagy [4] (1) will be verified if we show that whenever wp, Tps,
mq1, and wge are in 7P and satisfy wp;+mp, =mq1+m7g, we can find w;; (3,7 =1,2)
in P to satisfy mpi=wa+ws, 7¢;=wi;+ws. But since mp;, 7g; are in P we
can find #;; in P to satisfy these equations and then set w,; =mu,;.

For p in P, (w(p*)f, g) = (w(p*x), ) =(p*x, my) = (x, p(7y)) = (x, w(p)y)
whenever the products involved are defined which shows that w(p*) = (p)*
so that 7P =m(P*)=(wP)* verifying (2). (3) and (5) are trivial and the
approximate identities in (4) can be obtained by applying 7 to a set of ap-
proximate identities for H(G) in P.

The proof of Theorem 1.1 is completed by:

THEOREM 1.2. If H is an H-system with a subset P and G is a group of uni-
taries commuting with right multiplications in H, and H, P, G satisfy the condi-
tions (1) through (5) imposed on (wH, P, G/K) by the previous lemma then
H, P is isomorphic to the H-system of G under an extension of the map [ | of
C onto functions on G.

Proof. We first prove the following lemma.
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LeMMA 1.2. If D is a strongly closed subset of G and U is an element not in D
then there is an f in C with [f](U) =1 and [f](V) <1 —a<1 for all V in D.

Proof. We can take U to be the identity. For some p;’s in PN A the strong
neighborhood { V; || Vpi—pd| <B,i=1, - - -, n} is disjoint from D and if we
take

1= ot [ X lode
we have [f](I)=1 and

110 =S aves [ Sllee < E(Il-58) / o

=1 1=1

From now on the proof follows the proof of Theorem 2.1 in [6], using the
definition of C given above instead of that in [6]. We shall only indicate the
changes that are necessary. Lemma 2.1 is no longer needed and Lemma 2.2 is
trivial. Lemma 2.3 requires the following result.

LeEmMA 1.3. If B and B’ are closed, bounded, and disjoint then
inf (d(B), d(B")) = 0.

Proof. For a Vin B’ choose an fin C with [f](V) =1+aand [f](B) <1 —a,
and let M(V)={W;f(W)>1}. For each U in B choose a g in C with [g](U)
=1 and [g](M(V))<1—34. Then if e, is a set of approximate identities in P
we have, on M(V), [(f—inf (f, g))e.]> [(f —g)e.] which converges uniformly
to [f]—[g]>8 and at U, [(g—inf (f, g))e.]>[(g—f)e.] which converges to
[¢]—=[f]>aso that 2/8 (f—inf (f, g))e. covers M(V) and 2/a (g—inf (f-g))es
covers a neighborhood N(U) of U for large enough n. Hence (d(M(V)),
d(N(U))) < (4/ad)((f—inf (f, g))en, (g—inf (f, g))e.) which converges to 0 so
that if N(U,) is a countable subcovering of B(d(M(V)), d(B)) <(d(M(V)),
sup d(N(U,))) =0 and then finally by a similar argument (d(B’), d(B)) =0.

Lemma 2.4 and 2.5 go as before but for Lemma 2.6 we need to know that
if S is open and bounded then d(S)>£0. This is an obvious corollary of the
following lemma.

LeEMMA 1.4. If S is open and bounded, p is in P and for every U in G
(p, Ud(S)) =0 then p=0.

Proof. It will be sufficient to prove (p, f) =0 for all f in C. We can find a
countable covering S, of G with S,C U,S for some U, in G and a, =sup f(x)
for x in S, <2 inf f(x) for x in S,. Then a,d(S,) L2f so a =sup, .d(S,) <2f.
Choose a set g,; from C so that (g.;),=, covers S, and “sup, gn;—d(S,)||
<(B/2") so that
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SUp auga; < 2f + 2 an(SL;p gni — d(Sn))
n,J

n=1

where the last sum exists and has norm <. Hence f <sup a@ngn; so

(9, f) < (p, 5Up @ugnj) = I}Ilf:o (P’ sup angni)

na<N,j=1t0 o
N
<liminf Y an(p, Uad(S)) + an (p, SUp gnj — d(S,.))
N—ow j=1 7

< lim inf 3 (sup f=)|7 %n < B(sup f(2))|/ 2|

for every (.

Finally in the proof of Theorem 2.1 only the second paragraph where it is
proved that ST is the identity needs revision. For this we show as before
that if E=ST then E=E? so that (E*)?=E* and for any x and bounded B
(x—E*x, Ud(B)) =(x— E*x, E(S(c(UB)))) =(E*x— (E*)%x, S(c(UB))) =0 so
by the above lemma E* is the identity so E is also.

We can restate Theorem 1.1 using ideals instead of projections as follows.

THEOREM 1.3. If I is a two-sided ideal in H(G) which can be represented as
the Ly of a measure space in such a way that INP corresponds to the almost
everywhere non-negative functions then I consists of all the functions which are
invariant under L(R) for all k in the compact normal subgroup K = {k; I(k) is
the identity on I}.

Proof. The projection w of H(G) onto [ is central since I is two sided and
if pisin P and ¢ is in PN then (mp, ¢) =(p, ¢) 20 which shows that 7p is in
PN\, i.e. that wPCP. Hence Theorem 1.1 applies and completes the proof.

2. Let S be a field(*) of subsets of a set X and for any subfield S; of S
let B(S1) be the set of bounded S; measurable functions on X.

DEerFINITION. If S; is a subfield of S, f is in B(S), and m is a probability
measure on S then the conditional expectation of f with respect to Sy and m
which we write E(fl Si, m) is the element of B(S:) satisfying for every g in
B(S)E(f| Si, m)gdm = [fgdm. The existence of E(f|Si, m) and its unique-
ness to within sets of m measure zero follow from the Radon Nikodym theo-
rem. If M is a set of probability measures and there is an element % of B(S))
satisfying h=E(f| S1, m) almost everywhere (m) for every m in M we write
h=E(fl Sy, M). If E(fl S1, M) exists for every f in B(S) we say S is a suffi-
cient subfield for M.

For most statistical purposes it is sufficient to consider only functions
measurable Sy if S; is sufficient for the set of measures in question (see [2]),

(4) All fields and subfields used are assumed to be Borel fields.
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and hence it is often a considerable simplification of a statistical problem to
find nontrivial sufficient subfields and in particular to find the minimal suffi-
cient subfield when one exists.

If A1 is dominated, i.e. if there is a measure » with respect to which each
m in M is absolutely continuous then it can be shown (see [3, Corollary 4])
that S is sufficient if and only if all the derivatives dm/d(mi+m2) for m;
and m, in M are measurable S;. From this it follows that there is a best
sufficient subfield for a dominated 17, namely the smallest field with respect
to which all the above derivatives are measurable, and that any other sub-
field is measurable if and only if it contains this one up to sets of m measure
zero for every m in M.

The following facts are easily proved.

LEmMA 2.1. The map f—éE(fI S1, m) is linear and has a unique extension to a
projection in Ly(m). E(f| S1, m) can always be so defined that inf f(x) SE()’| S1, m)
<sup f(x) everywhere and if S: is sufficient for a set M of measures then
E(fl S1, M) can be so defined that inf f(x) S_E(f| Si, M) <sup f(x).

In many statistical problems X is a topological group, S is the field of
Borel sets, and M is a dominated set of measures closed under translation.
The problem of finding the mean of a Gaussian distribution of known or un-
known or partly restricted variance on the real line is of this type. In this
section we find an explicit expression for the best sufficient subfield in this
case.

Let G be a locally compact, separable, unimodular group, S, the field of
Borel sets of G and V(G) the set of bounded Borel measures make into a
Banach algebra with convolution for multiplication and norm given by
m=sup [fdm where the sup is taken over all f in B(S,) with sup |f(x)| <t.
We will write VP for the set of non-negative measures in V(G) and m, for the
Haar measure of G.

DEeFINITION. If x is in G, we write I(x)f and 7(x)f for the functions defined
by (I(x)f) (v) =f(xy), (r(x)f) (¥) =f(yx), I(x)m and r(x)m for the measures de-
fined by [fd(l(x)m)=[((x)f)dm and [fd(r(x)m)=[(r(x)f)dm. If S is con-
tained in S, we write [(x)S= {x~14; 4 is in S} and r(x)S= {Ax~!; A is in S}.
The following facts are easily proved.

LEMMA 2.2. If f is in B(S) then I(x)f is in B({(x)S) and r(x)f is in B(r(x)S).
EU()f | 1(x)S, m) = U)E(f] S, Kz)m)
and

E(r(2)f | (x)S, m) = r(x)E(f| S, r(x)m).

If a subfield S is sufficient for a set M in VP then I(x~*)S is sufficient for I(x) M
and r(x~1)S is sufficient for r(x) M.
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A set M of measures or a subfield S will be called invariant if I(x) M
=r(x)M =M or [(x)S=r(x)S=S for every x in G.

LeEMMA 2.3. If M is invariant, I is the smallest two sided ideal containing M
and I® is the set of non-negative measures in I then a subfield is sufficient for M
if and only if it is sufficient for IF.

Proof. Since M is contained in I?, sufficiency for I? clearly implies suffi-
<ciency for M. Suppose S is sufficient for M, then for any m in M, n; and #n; in
V(G), f in B(Sy), and g in B(S) we have, where 7rf=E(fI S, M)

f (nf) gd(nymns) = f f f nf(xy2)g(xyz)dni(x)dm(y)dna(z)
= [ i [ ana) [ @ngdticarom)
_ f dny(2) f dns() f Fed(i(x)r(s)m)

= f fed(nymns).

It is easy to extend this to finite sums completing the proof.
From now on we deal with a fixed nontrivial invariant dominated subset
M of VP and define I and I® as in the above lemma.

LeEMMA 2.4. There are elements m, in IF such that for every non-negative, meas-
urable function f, [fdm,=1im [fdm..

Proof. Choose an m in M and an increasing sequence 4, of Borel sets of
finite Haar measure whose union is G. Let g, be the characteristic function
of A, and d, the absolutely continuous measure g,(x)dm.(x). Then m,=md,
is in I? and [fdm.=fdm(x)[a,f(yx)dmo(y) = [F.dm— [(lim F,)dm = [fdm,
since F, is increasing.

Since M is dominated it has a best sufficient subfield .S and S is invariant
by Lemma 2.1. If f is any non-negative function in Ly(m,) and =f = E(f| S, M)
=E(f| S, I?) then [mfdm,=lim [nf*dm,<lim [fdm,= [fdm, so =f is also
in Ly(mo) and m has a unique extension to a projection in Ly(m,). Now I(x)mf
=l(x)E(f] S, M) =E(l(x)f| I(x)S, l(xY)M)=nl(x)f and similarly r(x)nf
=qr(x)f so w is central and since it also preserves non-negativeness we can
apply Theorem 1.1 to it.

THEOREM 2.1. Let M be an invariant dominated subset of VP and K(M)
= {x; xEG and l(x)ym=m for all mEMY}. Then K(M) is a compact normal
subgroup of G and S(M)={A; AES and l(k)A=A for all kEK (M)} is the
best sufficient subfield for M. Moreover if f is in B(So) and we define wf by
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7f(x) = [konf(xk)dmi(k) where my is the Haar measure of K(M) then =f
=E(f[ S(M), m) for every m in M.

Proof. We only need to identify K(M) with the K of Theorem 1.1, that is
with {x; x&G and l(x)7r=1r}. If I(k)m =m and m is in M then, using the fact
that 71 =1 where 1 is the function which is identically 1 on G, we have

f fa(i(kym) = f F1d((kym) = f (e 1d(I(ym) = f ((k)xf) 1dm

=f(1rf)1dm=ffdm

which proves that K is contained in K(M). K(M) is clearly closed and it is
also compact for if we choose m in M and compact C with m(C)>0 then a
disjoint sequence (kiC, - - -, kyC) must be maximal for some N<m(C)™!
proving that K is contained in the compact set Uk;CC~'. Hence the equation
defines a wf and it is easily verified that S(M) is a sufficient subfield for I? with
.y =E(f| S(M), IP) so that S(M) contains S and hence K(M) is contained in
K.

The assumption that M is dominated or at least admits a minimal suffi-
cient statistic cannot be dropped as the following example shows. Let G be
the reals mod one and let M be all the translates of the measure m defined by

1 1 1 1
[ sim =~ f J@eidx+ - fO) + - f1/2)

for some ¢. Then for each x the subfield S, consisting of all sets either con-
taining both x and x+41/2 or neither is sufficient for M with

_ f(y) ify#axorax+ 1/2,
E]$2 I00) = {I/Z(I(x) +f(x+1/2) ify=xorax+ 1/2.

If S is contained in all S; and we write d, for the characteristic function of
the point x then

1
E(f| S, M) > E(f(x)d.| S, M) = - f(x)(dz + desy

SO

1
E(f| S, M) > /@ + J 4+ 1/2)
and substituting this in [E(f|S, M)dm= [fdm gives
Jiwswasz [u + 1+ 17260

which is a contradiction since f and ¢ are arbitrary.
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