B-SETS AND FINE-CYCLIC ELEMENTS(})

BY
CHRISTOPH J. NEUGEBAUER

Introduction. The theory of A-sets and proper cyclic elements of a Peano
space proved extremely fruitful not only as an additional insight in the struc-
ture of Peano spaces, but also—to cite an example—in applications to surface
area theory (see [2; 5; 6]). Nevertheless, as L. Cesari has observed in his
papers [2; 3] concerning surfaces that are defined as mappings from closed
finitely connected Jordan regions, it is desirable to have a finer decomposi-
tion of proper cyclic elements. For, if one considers the middle space M asso-
ciated with such a continuous mapping (see [6; 9]), the proper cyclic ele-
ments of M may have the form of several “leaves” linked together. Each
of these constituent “leaves” ought to be considered by itself and should con-
stitute, in the terminology of L. Cesari [2; 3], a fine-cyclic element.

Several attempts have been made in the literature to decompose proper
cyclic elements further (see [4; 7; 8]). Recently, L. Cesari [2; 3] has succeeded
in obtaining such a decomposition for surfaces defined as mappings from
closed finitely connected Jordan regions which proved very useful in the
theory of surface area. One of the purposes of this paper is to extend Cesari’s
concepts to Peano spaces.

In the above mentioned papers [4; 7] a decomposition of a proper cyclic
element has been obtained by generalizing the concept of conjugacy (see
[6; 9]). However, the elements so obtained lack many properties that are
possessed by proper cyclic elements and which are very desirable. In this
paper a new attempt is made to decompose a proper cyclic element by gen-
eralizing the concept of a set being cyclic (§13 of this paper). The writer’s
intention has been to obtain as complete a theory for the generalized elements
as the theory of proper cyclic elements of a Peano space.

It is well-known that a proper cyclic element of a Peano space is a cyclic
A-set. Indeed, a proper cyclic element can be defined to be a cyclic A-set. Ac-
cordingly, the greatest part of this paper deals with a generalization of an
A-set. In this connection it should be recalled that an 4-set of a Peano space
P can be defined as a closed nondegenerate subset 4 of P with the property
that each component of P —4 has only a single frontier point. An immediate
and obvious generalization of an A-set would be a nondegenerate continuum
B of P such that the frontier of each component of P —B decomposes into a
finite number of points. Such sets will be termed B-sets. A fine-cyclic element
will then be defined to be a B-set which remains connected after removing
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any finite set of points. Such a definition is shown to be equivalent to the one
of L. Cesari. Moreover, the fine-cyclic elements of a unicoherent Peano space
P are precisely the proper cyclic elements of P.

The theory of B-sets of a general Peano space is, however, not as complete
as might be expected. Indeed, a B-set need not be a Peano space. There are
many other shortcomings to be pointed out in the course of the paper. The
aim of this paper is to obtain a theory of B-sets as complete as possible as
the theory of 4-sets. Accordingly, the writer was forced to restrict the Peano
spaces and to consider only Peano spaces whose degree of multicoherence is
finite. As the paper attempts to show, the properties of B-sets in such Peano
spaces are suitable extensions of the corresponding properties of A4-sets.

At this point the writer wishes to express his gratitude to Professor I..
Cesari for the privilege he has given him to study his papers [2; 3].

Notation. The following notation will be employed in this paper. The
closure of a set EC X will be denoted by ¢(E), and the frontier of E by Fr(E).
These concepts depend upon the containing space. Consequently, if the
space relative to which these operations are considered, is not the original
space, it will appear as a subscript, i.e., the notation Fr4(E) is the frontier of
E relative to the space 4.

1. Definition of a B-set and some properties. Let P be a Peano space, i.e.,
P is a Hausdorff space which is a continuous image of the closed unit interval
0=<t=1. All Peano spaces considered will be nondegenerate (more than one
point).

DEFINITION. A nondegenerate continuum B of P will be termed a B-set
of P provided either B =P or else every component of P—B has only a finite
number of frontier points.

The proof of the following three lemmas offers no difficulty.

(i) LEMMA. Let B be a B-set of a Peano space P and assume that P—B#= .
If G is a component of P— B, then ¢(G) is a B-set of P.

(ii) LemMA. Under the same conditions as in (i), P—G is a B-set of P.

(iii) LEMMA. If By, - - -, Ba is a finite collection of B-sets of a Peano space
P and if B=B\\J - - - \UB, is connected, then B is a B-set of P.

2. Condition 7(P). In the sequel, unless otherwise stated, we will have to
restrict ourselves to Peano spaces whose degree of multicoherence is finite
(Whyburn [9, p. 83]). Let P be a Peano space, and let for any two continua
F., F, of P whose union is P, r(Fi, F;) be the number of components of
FiNF, less one. The degree of multicoherence 7(P) of P is defined by r(P)
=lLu.b. r(F1, Fs), where the least upper bound is taken over all decomposi-
tions P=F,\UF, of two continua F;, F..

(i) LEMMA. Let P, P* be Peano spaces with r(P)=n< o, and let m be a
continuous and monotone mapping from P onto P*. Then r(P*) Zn.
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Proof. Let Fi*, F5f be any two continua of P* with F*\UF#*=P*, and set
Fi=m~1(F{), Fo=m~1(F#). Since m is monotone, F;, F, are continua of P
such that Fi\UF,=P. Therefore, r(F1, F;) =n. Let now F be a component of
FiNF,. Since m(FiN\F,) = F¥MF#¥, there is a component F* of FF¥NF5 such
that m(F)C F*. Therefore, the number of components of F¥NF# is not
greater than the number of components of FiM\F,. Consequently, r(Fy¥, Fs¥)
=<, and the lemma follows.

For a slightly different proof of (i) see Whyburn [9, p. 154].

3. Preliminary results. In this section we will state some lemmas which
will be needed in the sequel. Most of the results are well-known and therefore
some of the proofs are omitted.

(1) LEMMA. Let H, K be disjoint closed sets of a metric space M, and assume
that M —(H\JK)# . Then there exists a closed set E in M separating H, K
in M.

(ii) LEMMA. Let A be a finite union of disjoint continua of a Peano space P.
Then there are two continua H, K of P such that (1) HNK =, (2) ACHUK,
3) ANH= g, ANK=# .

(iii) LEMMA. Let H, K be two disjoint continua of a Peano space P and let
A be a closed subset of P consisting of n distinct components. If A separates
H, K in P, then there exists a number v, 1 Sv=n, such that (1) no union of less
than v components of A separates H, K in P; (2) there exists a union of v com-
ponents separating H, K in P.

By a change in notation we may assume that A4, - - -, 4,, 1Sv<n, is
such a minimal collection of continua of 4. If weset 4*=4,U - - - \UA4,, the
set A* separates H, K in P. Let G be the union of all components of P —A4*
not containing H.

(iv) LEmMma. A*UG is a continuum of P.

Proof. Let v be the component of P—A* containing H. Then A*UG
=P —v, which shows that 4*\UG is closed. To verify that 4*\UG is con-
nected, let us assume that

1) A*UG = EUF,
where E, F are nonempty disjoint closed sets. We may assume that KCF.

If FNA* =, then P=(y\JE)UF, where Yy UE, F are nonempty disjoint
closed sets of P. Since P is connected, this is impossible, and hence

(2) FNA*# &,  EN A* = &,

From (1) and (2) it follows that FNA* decomposes into less than » com-
ponents of 4.
Consider the set equality P—(FNA*)=(yUE)\U(F—A4%). Since Fr(y)
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CA*, we have c(Y\JE)YN\(F—A*)=[EUc(y)|\(F—A*) = . Moreover,
(YJEN(F—A*) C(YVEYNF=¢, and HCyJE, KCF—-A* Thus
FNMA* separates H, K in P. Since, as noted above, FIMA4* decomposes into

less than » components of 4, we arrived at a contradiction to the definition
of 4*.

(v) LEMMA. Let K be continuum of a Peano space P and let G be a com-
ponent of P—K. If r(P)=n< =, then Fr(G) decomposes into at most n+1 dis-
tinct components.

(vi) LEMMA. Let Ky, K, be two disjoint continua of a Peano space P with
r(P)=n<w. Let A be a closed set of P separating Ky, Ky tn P. Then there
exist v components A, - - -, A,, v=n+1, of A such that A*=4,0 - .- U4,
separates K1, Ky in P.

Proof. Let G, be the component of P—A containing K;. Then Fr(G,) CA4,
whence KsCP —¢(Gy). Let G; be the component of P—¢(Gy) containing K.
Since ¢(G;) is a continuum, we have from (v) that Fr(G:) decomposes into
at most #+1 distinct components each of which isin 4. Let then &y, - - -, &,
i<n++1, be the components of Fr(G,), and let 4y, - - -, 4,, v=%, be all those
distinct components of 4 such that &K\J - - - Uk;CA4,U - - - UA4,. Since
kU - - - UE; separates K;, K, in P so does A*¥=4,\J . . - UA4,. This com-
pletes the proof.

4. Further properties of B-sets. Let P be a Peano space with 7(P) =n < «
and let R be a continuum of P. If G is a component of P — R, then by 3(v),
Fr(G) decomposes into at most #+1 distinct components. The next theorem
gives some information concerning the number of components of P—R.

(i) THEOREM. Let R be a continuum of a Peano space P with r(P)=n< c*
Then there can be at most n distinct components of P — R the frontier of each of
which decomposes into more than one component.

Proof. If we deny the assertion we have at least #+1 distinct components
Gy, -+ -, Guyr of P—R such that for each 7, Fr(G;) reduces to more than one
component. By 3(ii) we have for each 7 two disjoint continua H;, K; of P such
that Fr(G,)) CIH\JK;, Fr(G)NK;>= &, Fr(G;)NH,;# &. By 3(i) in conjunc-
tion with 3(vi) we have a closed set 4;CP consisting of at most #+1 com-
ponents separating H;, K; in P. We may also assume that the number of
components of A is minimal in the sense of 3(iii). Note also that 4 separates
K.Ne(Gy), HiNe(Gs) in ¢(GJ).

For each 4, let .S; be the union of all components of P —4; not containing
K and let §; be the component of P —A4; containing K;. Then §;N\G;# & and
SiNG;# . By 3(iv)
(1) A,US,, 'L=1,,1’l+1
is a continuum of P.
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Let now N;=¢(G:)M(4A:\JS,), M;=¢(8:)MN\c(G:). Then N;, M; are closed
and nonempty. Since ¢(G;) =N;,UM; and ¢(G;) is connected, we infer that
N.N\M;# . Moreover, N;NM;CG,. Since, for 15j, GiN\G;= &, we obtain
(2) (N,f\M,)ﬂ(N,f\M,)=,®', l#],'t,]=1,°,n+1

Let now G* be the union of all components G of P—R not among
Gi, + + +, Gpur. Define

n+1 n+1

=1 =1
Since RUG*=P—U!*! G;, the set F, is closed. Clearly, F. is also closed.
Next we will show that F; is connected. Let us deny this and assume that
Fi=HUK, where H, K are nonempty disjoint closed sets. Since R\JG* is
connected, let

4) RUG*CH.

From (3) and (4) we infer that K CU!! N,, and since G:N\N,; =, i#j, we
have

(5) KNG;C N.

Let K! =KNN,;. Then K/ is not empty for some 7. The remainder of the
proof will be in terms of such an index 7. Since K/ CA4\JS;, consider the set
equality

(6) A; U S;=K!\U[(4:US) — K!].
Since from (4), K! CP—R, we have that K/ CG;, and hence
(N K=&, (4:IS)— K #*d.
Moreover,

(8) cKHN[(4:US) — K!]=KIN[4:US) —K!]=g.

We will show now that [(4,\JS,) —K!]|NG;CH. First of all the left-
hand set is contained in F;. Assume now that there is a point
x € [(4:;US) — KI]NG;
which is also in K. Then x&€KNG;, and hence by (5), x&N,. Thus
xEKNN;=K/!, which is impossible. Therefore
© (4, US) — KIINK! = ¢[(4:; US) — KI]NG:N K!
Cell(4:VUS) —KIINGJNKI CHNK! CHNK = (.

Since (6), (7), (8) and (9) contradict (1), we have shown that F; is a con-
tinuum,
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By an entirely analogous argument it can be shown that F: is also a con-
tinuum. It follows from (3) that Fi\UF,=P, and from (2) we infer that FiN\F.
decomposes into at least #+2 distinct components. This, however, is contrary
to the hypothesis that #(P) =#n. The proof is now complete.

(ii) CoRrOLLARY. Let B be a B-set of a Peano space P with r(P)=n< «.
Then there can be at most n distinct components of P — B with more than one
frontier point.

5. A-sets. For the purpose of simplifying proofs in the subsequent dis-
cussion of B-sets, we will state in this section some properties of A-sets of a
Peano space P. Let us recall that a nondegenerate closed subset A of P is
termed an A-set of P provided every component of P —A4 has a single frontier
point. For the proof of (i) the reader is referred to Whyburn [9], and the
proof of (ii) is immediate.

(i) LEMMA. Let U be a collection of A-sets of a Peano space P. If A*=0NA,
A EN, is nondegenerate, then A* is an A-set of P.

(i) LEmMMA. Let B be a B-set of a Peano space P, and let A be an A-set of P
containing B. Then B is also a B-set of A.

Let K be a nondegenerate subset of a Peano space P. Then the inter-
section of all A-sets of P containing K is by (i) an 4-set of P and will be
referred to as the smallest A-set of P containing K.

(iii) LEMMA. Under the above conditions, if A is the smallest A-set of P con-
taining K, then for every component G of A —K, Fr4(G) decomposes into at
least two distinct points.

Proof. Assume there is a component G of A —K such that Fr(G) reduces
to a single point. Then 4 —G is an 4-set A* of A containing K. Since 4 is an
A-set of P, A* is also an A-set of P. Since A* is properly contained in 4, we
have a contradiction.

6. More properties of B-sets. Let 4 be an A-set of a Peano space P and
let K be a connected subset of P. Then by Whyburn [9], ANK is connected
(possibly empty). The following two theorems assert an analogous property
for B-sets.

(i) THEOREM. Let B be a B-set of a Peano space P with r(P)=n< », and
let K be a continuum of P. Then BNK decomposes into at most n+1 distinct
components.

Proof. Let A be the smallest A-set of P containing B. Since 4 is a mono-
tone retract of P, we have by 2(i) that r(4) <#. From 5(ii), B is a B-set of 4
and as a consequence of 5(iii) every component of 4 —B has more than one
frontier point (relative to 4). Since 7(4) <n, we infer from 4(i) that there is
only a finite number of components of 4 —B.
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Since 4 is an A-set of P, ANK is connected. We may exclude the trivial
cases BNK =K, BONK =, and A =B. Let S be the union of the closures of
all components G of A —B for which ¢(G)NK s &F, and let S’ be the union of
all other components. Since there is only a finite number of components of
A — B, we conclude that Fi=B\UJS’, Fo,=K'US, where K'=ANK, are two
continua whose union is 4. Therefore, Fi\F; decomposes into at most 7z+1
distinct components. Now FiNF,=(BNK")U(S'NK")\J(BNS)U(S'NS)
= (BMK")\J(BNS). Since BNS is a finite set of points, BONK’'=BMNANK
=BMK decomposes into at most #+1 distinct components.

Let us denote by p(K) the diameter of a set K.

(i) THEOREM. Let B be a B-set of a Peano space P with r(P)=n< «,
Then there exists a 8=0(B) >0 such that for every connected subset K of P with
p(K) <6 the set BONK s connected.

Proof. As in (i) let A be the smallest A-set of P containing B. Then
C=UFr4(G), where the union is taken over all components G of 4 —B, is a
finite set and we may write C= {xl, - e, xk}, x;57#%x; for 14, Define

1
(1) b= 8(B) = o min [p(ui, %), i #jyij =1, -, k],

Let now K be any connected subset of P with diameter less than . Then
K’=KMA is connected. We may assume that K’NB#= &, (A —B)NK'#~ .
Since p(K’) <8, K'MB contains at most one point of C. From (4 —B)NK’
# & we infer that K’M B has precisely one point x¢ in common with C.

Let us assume that BMK’ separates into N and M. Then we may take
x0&EN. We assert that M CB?, where B? denotes the interior of B relative to
4. Let x be an arbitrary point of M. Then x> x,, and hence 0 <p(x, x,) <8.
Since A is a Peano space, let © be a connected open set in 4 such that x&E0
and p(0) <p(x, x¢). We will show now that (4 —B)NO= . If this is not the
case, there is a component G of 4 — B intersecting 0 and since © is connected,
Fra(G)Mo# . Consequently, there is a point x' € C which is also in ©. Since
p(0) <p(x, xo), we have that &’ £ x,, and thus p(x’, x0) Sp(x, x0) +o(x, x') <28.
This contradicts (1) and therefore x&©C B Thus M is a subset of B°.

It follows now that K'=(K'— M)UM, K'— M &, M . Taking clo-
sures relative to 4, we have ¢(M) N(K' — M) = ¢c(M) NB N (K' — M)
=c(M)N[BNK) - M] =c¢M NN=¢, and ¢(K' — M) \M
=c(K'—=M)NB'MCc[(K'—=M)NB]JN\M=c[(BN\K')—M]|N\M=c(N)YN\M
= (. This contradicts the connectedness of K’, and hence BNK’=BNKNA
=BMNK is connected.

(iii) REMARK. If #(P)= «, then (ii) is generally not true as the example
in §8 will show. The following more general result can be proved by an en-
tirely analogous argument. Let B be a B-set of a Peano space P and suppose
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that there is a Peano subspace Q of P such that BCQ and Q — B decomposes
into a finite number of components. Then there exists a 6 =8(B) >0 such that
for every connected subset K of Q with p(K) <§é the set BMK is connected.
Note that B is also a B-set of Q.

7. Peano subspaces and B-sets. Let B be a B-set of a Peano space P.

(i) THEOREM. Suppose that there is a Peano subspace Q of P such that BCQ
and Q— B decomposes into a finite number of components. Then B is a Peano

space(?).

Proof. We only have to show that B is locally connected, and this will be
accomplished if B can be written as a finite union of connected sets with
arbitrarily small diameter. Let ¢>0 be given and let 0 <n=min [§(B), €].
Since Q is locally connected, there is a finite number of connected sets
K, - - -, K, such that =K, - - - UK, and p(K;) <7. By 6(iii), BNK; is
connected, and hence B can be written as a finite union of connected sets with
diameter less than e.

(i) COROLLARY. If G is a component of P—B, then ¢(G) and P—G are
Peano spaces. Moreover, if r(P) < «, then a B-set B of P is a Peano space.

Proof. The smallest A-set of P containing ¢(G), or P—G, or else B can be
taken as the Peano space Q in (i).

8. Example. Let Q=[0=<u, v<1] be the closed unit square in the Eu-
clidean (u, v)-plane, and let Q* be the boundary of Q. Moreover, let L,
=[p=2"" 0=u=<1], n=0, 1, -, and let K,=[u=102"0*D, 0=<9=277,
i=0,1,---,2"], #=0,1, - - - . Finally let

P Q*U( u L,,)u( u K,,>.
nz0 nz0

It is easily verified that P is a Peano space with 7(P) = . Let now

B=(Q* U( U Ln).
nz0
Then each component of P—B has two distinct frontier points, and hence
B is a B-set of P. Since B is not locally connected, B is not a Peano subspace
of P. It is also seen that there is no § =8§(B) satisfying 6(ii). Moreover, there
are continua K CP such that KMNB decomposes into an infinite number of
components (see 6(i)).
9. Further properties of B-sets.

(i) LEMMA. Let B be a B-set of a Peano space P with r(P)=n< . Then
r(B) =n.

(2) The author is indebted to the referee for suggesting this theorem.
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Proof. I.et 4 be the smallest A-set of P containing B. Since B is also a
B-set of A, we may without loss of generality assume that P=A4. In view of
4(ii) and 5(iii), P — B decomposes into a finite number of components each of
which has more than one frontier point.

Let now Fi, F; be any two continua whose union is B. Let S; be the union
of the closures of all components G of P—B for which Fr(G)NF;# ¢, and
let S; be the union of all other components of P—B. Then the sets I'*
=R\US,, F¥=F,\JS,; are two continua of P whose union is P. Therefore,
FF¥MF$¥ reduces to at most n+1 distinct components. Now FFNFs*
= (FiNF) U (FoN\S) U (FiNS) U (S1NSy) = (FINF) U (FoM Sy).  Since
FyN\S, is either empty or else finite, we conclude that Fi/M\F; decomposes into
at most #+1 components. The proof is complete.

(i) LEMMA. Let A be an A-set of @ Peano space P and let B be a B-set of A.
Then B is also a B-set of P.

Proof. I.et G be a component of P—B. If GCP—A, then G is also a com-
ponent of P — A4, and hence Fr(G) reduces to a single point. We may therefore
assume that GNA # . Since G'=GMNA is connected, G’ is a component
of A —B. Since B is a B-set of 4, Fr4(G’) is finite.

We now assert that

(1) Fra (G') = Fr (G).

Since Fr4(G") CFr(G) is obvious, let x ©Fr(G). Then there exists a sequence
of points {x,.} in G such that x,—x. If infinitely many x, are in 4, then x, EG’
and hence x&EFrs(G’). Thus we may proceed with the proof under the as-
sumption that x, &4 for each n. Let 7y, be the component of P—A4 containing
%». Let us observe that only a finite number of the x, lie in a given ;. Other-
wise, x EFr(v:), and since G—vx = &, x€G which is impossible.

Hence we have a sequence {n,} with the property that x,, Sy, Ya; \Yn,
=, 15], Xa;—%. Since v¥n; is a component of P—A4, Fr(y,,) reduces to a
single point p,; in 4. By Whyburn [9], p[c(v.,)]—0 as i— e, and therefore
P(Dnsy %) Zp(Pniy Xu)) +p(%uy, %) Sp [c('Yn.') ] +p(%5;, x)—0 as i— o . Thus p,,—x,
and since p,,&G’, we infer that x ©Fr4(G’). Thus (1) follows and the proof
of (ii) is complete.

(iii) LEMMA. Let B be a B-set of a Peano space P with r(P)< . If B’ is a
B-set of B, then B’ is also a B-set of P.

Proof. Let A4 be the smallest A-set of P containing B. Then B is also a
B-set of A and 4 —B decomposes into a finite number of components each
of which has more than one frontier point. We will show that B’ is a B-set
of 4, which by (ii) concludes the proof.

Let now L=UFr,(G), where the union is taken over all components G
of A—B. Then LCB and L is finite. Consider a component G’ of 4 —B’.
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If GN\L=¢F, then either G’ is a component of A —B, or else G’ is a com-
ponent of B—B’. To prove this assume that G’ is not a component of 4 —B.
Then G'N\B#= . If now G’ — B J, then there is a component v of A —B
contained in G’. Since G’ —y# J, there follows that G'N\Fr4(y)* &, and
thus G'M L &, a contradiction. In either case Fr4(G’) is finite.

Hence we assume that G'MLs ¢f. Since L is a finite set of points in B,

lety;, * -+ -, vk be the components of B— B’ such thaty; L= &,i=1, - - - k.
We assert that
(1) Y- -Un DG NB.

Let x&€G’MB and let v be the component of B— B’ containing x. We will
prove that yNL#= . If we deny this, then it follows readily that v is open
in A and that Frs(y) CB’. From this we deduce that

2) G=G-NYr, G —v#J,v#,
©) cMN G —7) =vN (G —7) = &F,since Fra (v) C B,
(4) oG =Ny Cel@-nNvl=2,

where the above closures are relative to A. However, (2), (3), and (4) con-
tradict the connectedness of G’. Thus ¥yN\L> &, and (1) follows.
We will prove now that

k
(5) FI‘A (G') C U FI'B ("/,’) U L.

i=1
If x&Fr4(G’), then there is a sequence {x,.} in G’ such that x,—x. If in-
finitely many x, are in G’\B, then from (1), xEFrp(y;) for some 7. Other-
wise, x is in L, thus proving (5).

Since L is a finite set of points and since B’ is a B-set of B, Frg(y))\J - - -
UFrz(y:) is a finite set of points. Thus (5) implies that B’ is a B-set of 4.
Thereby (iii) is proved.

REMARK. Without the restriction r(P) < e, (iii) is in general not true.
As an example consider

I=[02x=<1,9y=0], L=[0=2x=1/2,y = %],
L=[1/22x=21,y+ = 1],
I!=x=n10=y=<n, IL'=[t=1-—n,05y=sn]

Then P=IULJI,UU,.. I/ UI}!") is a Peano space. The set B=IU
Uns2 (I/UIL") is a B-set of P, and B’=1 is a B-set, even 4-set, of B. How-
ever, B’ is not a B-set of P.

10. Intersection of B-sets. The property mentioned in 5(i) for 4-sets will
not be true for B-sets, since the intersection of B-sets need not be connected.
We have, however, the following results.
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(i) LemMMA. Let By, - - -, By be a finite number of B-sets of a Peano space
P with »(P)=n< . If B is a nondegenerate component of BiM\ - - - MBy,
then B is a B-set of P.

Proof. We proceed by induction on k. Let then H=By\B,. By 7(ii), B,
is a Peano space and by 9(i), 7(B,) =n. Let A be the smallest 4-set of B;
containing H. Then r(4) <n.

If G is a component of A —H, we will prove that Fr(G) reduces to a finite
number of points. Let us observe that BoM\G = &, and hence there is a com-
ponent v of P— B, such that ¥y DG. Since Fr (G) CFr(vy) and since B; is a
B-set of P, Fra(G) reduces to a finite number of points. If H is connected,
we infer that H is a B-set of 4 and hence from §9, H is a B-set of P.

We assume now that H is not connected. By 6(i), /I decomposes into a
finite number of components. Since 4 is a Peano space, the number of com-
ponents G of A —H such that Fr,(G) intersects at least two distinct com-
ponents of H is finite. By 5(iii), each component of 4 —H has more than
one frontier point. Thus, by 4(i), the components G of 4 —H for which
there is a component K of H such that Fr4(G) CK is also finite (for then G
is a component of 4 —K). Let then Gy, - - -, Gx be the components of 4 —H.
If B is a nondegenerate component of H and if G is a component of 4 — B,
then GCG\\J - - - UGI(H—B) and Fri(G) CFra(G)\ - - - UFr4(Gy).
Thus Fr4(G) is finite and hence B is a B-set of 4. Consequently, B is a B-set
of P.

Assume now that (i) is established for k—1 B-sets of P, and consider %
B-sets By, - - -, B of P. Let B be a nondegenerate component of By - - -
M By and let B* be the nondegenerate component of By - - - MBy;_; con-
taining B. Then B* is a B-set of P and B is a nondegenerate component of
B*MBy. Thus B is a B-set of P.

REMARK. Without the restriction 7(P) < «, (i) is in general false. As an
example consider the Peano space defined in §9. Let

Bi=I1UU{]YI!),neven, B, =1J U (I;] UI!"), nodd.

nz2 n>2

Then B, B; are B-sets of P and ByN\B;=1I. However, I is not a B-set of P.

(i1) LEMMA. Let B be a collection of B-sets of a Peano space P with r(P)
=n< », and assume that H=NB, BEDY, is a nondegenerate continuum. Then
H is a B-set of P.

Proof. Let G be a component of P—H and assume that Fr(G) reduces to
more than z-1 distinct points. Let xy, - - -, x, be v=n+2 distinct points of
Fr(G) and let 26 =min [p(x;, x;), 54, ¢, j=1, - - -, »]. Since P is a Peano
space, let 9; be connected open sets of P such that x;E£0; and the diameter of
0; is less than 8. Then 0,N\0,= ¢, 15J, and for each 7, ;NG # .
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In view of the arcwise connectedness of G one can construct a con-
tinuum 7CG such that 0;\r= &, 1=1, - - -, ». Now for each y&r, there
exists a set B, &8 such that y&B,. Since By is closed, there is an open sct 9,
containing ¥ and 0,MN\B,= ¢J. Since 7 is compact, we have a finite number of
points i, - - -, ¥m in 7 such that 0,,J - - - U@, Dr. Let now C be the com-
ponent of B, /M - - - MB, which contains H. Since 7 is disjoint with the
set By, - - - MB,,, there follows that CMr = . In view of (i), C is a B-set
of P. It is now easily seen that the component G’ of P—C containing 7 has
the property that Fr(G’) decomposes into at least n+42 distinct points. Since
C is a B-set of P, this contradicts 3(v). The proof of (ii) is complete.

Let C be a nondegenerate continuum of a Peano space P with r(P)
=n< o, and let B be the collection of all B-sets of P containing C.

(iii) LEMMA. Under the above conditions the set H=NB, BCB, is a B-set
of P.

Proof. By (ii) it suffices to show that H is connected. We may assume
that P—H > . We will exhibit now a decreasing sequence of B-sets {B}}
of B such that II=0N; B}.

Since P —H is open, let {K;} be a sequence of compact sets of P —IH such
that K;CKip,i=1,2, - - - ,and U; K;=P—H. For each 17, let B; be a B-set
of B with B;CP —K,. For the construction of such a B-set apply the method
used in the proof of (ii). Set B =By, and define inductively B/ as the com-
ponent of B;M\B;_; containing C. Then by (i) each B] is a B-set of B, and
B! DBjyy, j=1,2, - - -. To prove that H=; B}, observe that HCN, B, .
In view of the property or the sequence {K.} we also have the complemen-
tary inclusion. By a well-known theorem (Whyburn [9, p. 14]) we conclude
that 77 is connected.

11. Property N. A subset E of a Peano space P is said to satisfy the
property N provided (1) E is connected, (2) no finite set of points of E dis-
connects E. Clearly, if E satisfies the property N so does ¢(E). The proof of
(i) is left to the reader.

(i) LEMMA. Let B be a B-set of a Peano space P and let E be a subset of P
satisfying the property N. If BNE is infinite, then ECB.

(ii) LEMMA. Let E be a nondegencrate subset of a Peano space P satisfying
the property N\ and let B be the collection of all B-sets of P containing E. If r(P)
=n< o, then H=NB, BEY, is a B-set of P satisfying the property \.

Proof. In view of 10(iii) it suffices to show that I satisfies the property A.
If we denv this, we have a finite set F of points xy, - - -, x; in H such that
H—F is not connected. Since ¢(E) satisfies the property N\, ¢(E)—F is con-
nected, and hence ¢(E) — F lies in a component G of H— F. It follows readily
that ¢(G) Dc(E). If now Q is a component of H—¢(G), then Frz(Q) CF and
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hence Frg(Q) reduces to a finite number of points. Thus ¢(G) is a B-set of I
and hence by 9(iii), ¢(G) is also a B-set of P. Since ¢(G) is properly contained
in H, we have a contradiction.

REMARK. If 7(P)= o, (ii) is in general false. As an example, let E
=[(x, ):05x<1, 0=y=—1] and let I, I, I/, I/’ be defined as in §9.
Then P=EUJLJIL,\JU,,. (I.\UI]") is a Peano space, and E satisfies the
property A. The intersection of all B-sets of P containing E is E. However, E
is not a B-set of P.

12. Diameter of B-sets. In this section we will discuss a property of
B-sets which is analogous to the following property of A-sets (T. Radé [6]).
If 9 is a collection of A-sets of a Peano space P, and if any two distinct 4-sets
of 9 are either disjoint or else have a single point in common, then there can
only be a finite number of 4-sets of % with diameter greater than a given posi-
tive number. First we will state a lemma whose proof is left to the reader.

(1) LEMMA. Let M be a connected metric space and let n be a positive integer.
Moreover, let x1, Xny2 be two points in M with p(x1, Xnie) =8>0. Then there exist
n points xe, + -+, Xnp1 0 M such that p(x;, x;) = 6/2", 14,4, j=1, - - -, n+2.

(ii) THEOREM. Let P be a Peano space with r(P)=n< «, and let B be a
collection of B-sets of P with the property that any two distinct B-sets of B are
either disjoint or else have only a finite number of points in common. Let 6>0
be given. Then there is at most a finite number of B-sets of B with diameter = 6.

Proof. Let B’, B” be any two distinct B-sets of 8. If B'M\B’' 5 ¢, then
B'MB" decomposes into at most 41 distinct points (see 6(i)).
Deny the above theorem, and assume that there is an infinite sequence

By, By, - -+, By, - -+ of B-sets of B with diameter =4. By (i) we can choose
in each B;, n+2 distinct points x}, - - - x%,,, such that
(1) p(ar, ) = 5/2", Ik k=1, ,n+2

Since P is compact, we may assume that

% T 3
(2) X1 — X1, X — Xg, * * * y, Xnp2 > Xnyo.

From (1) and (2) we infer that

(3) p(x1, x) 2 6/27, Ik lLE=1-- ,n+2
Since P is a Peano space, let Gy, * - -, Gay2 be connected open sets such that
x: &Gy and for [#E,

4) c(G) N e(Gr) = L.

Since the sets G are open, we have in view of (2) an integer #,>0 such that
for i=mo, xLEG, k=1, - - -, n+42.
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Let now 7 be a fixed integer not less than #n,. Then B;N\Gi.= J, k
=1,--+, n+2. Consider now the continuum H=B;,Jc(G)U - - -
Uc(Grye). From 6(i), HNB; decomposes into at most n-+1 distinct compo-
nents. In view of (4) and the property that B/N\G#= &, k=1, - - -, n+2 and
B;M\ By is finite, this is clearly impossible. The proof is therefore complete.

(iii) CoROLLARY. If B is a collection of B-sets satisfying the hypothesis of (i),
then B is denumerable.

REMARK. Without the restriction #(P) < o, (ii) is in general false. As an
example consider the Peano space in §8, and take as the collection of B-sets
the sets L,=[v=2"" 0<u=<1], n=0,1,2, - - -.

13. Fine-cyclic elements.

DEFINITION. A subset ' of a Peano space P will be termed a fine-cyclic
element of P if and only if I' is a B-set of P satisfying the property A (see §11).

Concerning the existence of fine-cyclic elements of a Peano space P, let
us observe that the Peano space considered in §11 has no fine-cyclic elements,
even though it has a subset E satisfying the property . However, the follow-
ing theorem is valid.

(i) THEOREM. Let P be a Peano space with r(P) < « and let E be a non-
degenerate subset of P satisfying the properiy N. Then there exists a unique fine-
cyclic element T' of P containing E.

Proof. From 11(ii) we infer that the intersection I' of all B-sets of P con-
taining E is a B-set of P satisfying the property . The uniqueness of T' is a
consequence of 11(i).

(ii) THEOREM. Let P be a Peano space with r(P) < « and let B be a B-set
of P. Then the fine-cyclic elements of B are those of P which are subsets of B.

Proof. Let I be a fine-cyclic element of B. Then by (i) there exists a unique
fine-cyclic element IV of P such that IV DT'. By 11(i), I CB, and hence IV =T.
Conversely, if T is a fine-cyclic element of P with I'C B, then by (i) thereis a
fine-cyclic element I'V of B such that I'CI”. But then from the first part of the
proof, I'V is also a fine-cyclic element of P, and in view of 11(i), I"=T.

14. Properties of fine-cyclic elements. Since a fine-cyclic element of a
Peano space P is a B-set of P, the properties of B-sets apply to fine cyclic ele-
ments. For convenient reference a list of those properties is given below. As
will be seen from this list, there is a striking similarity with the corresponding
properties of proper cyclic elements.

(i) Two distinct fine-cyclic elements of P are either disjoint or else have a
finite number of points in common.

The proof follows immediately from 11(i), and no restriction upon P is
needed. However, in the sequel we will have to assume that r(P)=n< =,
The Greek letter T' will be used as a generic notation for a fine-cyclic element.
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(i) There is at most a denumerable number of fine-cyclic elements of P,
and if there is an infinite number of fine-cyclic elements of P, they can be
arranged in a sequence {I‘i} such that the diameter of I'; approaches zero as
1— 0,

(iii) If G is a component of P—T', then Fr(G) consists of at most n+1
points.

(iv) There are at most # components of P—I" whose frontier decomposes
into more than one point.

(v) If K is a continuum of P, then 'K decomposes into at most n-+1
distinct components. Moreover, if the diameter of K is sufficiently small, then
I'MK is connected.

(vi) T' is a Peano subspace of P, and »(I') £ n.

(vii) If P is unicoherent, i.e., if 7(P) =0, then the fine-cyclic elements of
P are the proper cyclic elements of P.

Proof. We only need to prove (vii). Since a fine-cyclic element I' of P is
cyclic, there is a unique proper cyclic element C of P such that I'CC. Since
P is unicoherent, C satisfies the property X (see [5]). By 13(i) there is a
unique fine-cyclic element I'V of P satisfying I'C CCI". Application of (i)
yields I'=C=I". Conversely, a proper cyclic element of P is a B-set satis{y-
ing the property N and hence is a fine-cyclic element of P.

15. L. Cesari’s fine-cyclic elements. For the content of this section the
reader is referred to [2; 3].

Let J be a closed finitely connected Jordan region in the Euclidean plane
E,. If the superscript “*” denotes “interior of”, then J=J,—(J;\U - - - UJ,)?
where J;, ©=0, 1, - - -, n are closed simple Jordan regions and J;CJJ for
t=1, -, n,and JN\JT;=, 1#j, 1, j=4, - - -+, n. The integer n is termed
the connectivity of J. It can be shown that the degree of multicoherence of
J is n.

Let (T, J) be a continuous mapping from J into E;, the Euclidean three
space. Let G(T', J) denote the collection of maximal continua of constancy
of (T, J). According to L. Cesari [2; 3], a fine-cyclic element K of (T, J) is
defined to be a nonempty continuum of J satisfying the following properties:

(1) K is the union of the continua of constancy in G(T, J) which inter-
sect K, and T is not constant on K

(2) Ifyisacomponentof J—K, then T is constant on each component of
Fry(v);

(3) K is minimal with respect to the properties (1) and (2); that is, every
proper subcontinuum of K satisfying (1) and (2) is a continuum in G(T, J).

Given (T, J) as above. Then (see [9]), (T, J) admits of a monotone-
light factorization T =Im, m: J=M, I: M—E;, where m is a monotone map-
ping from J onto M and [ is a light mapping from M into Es. It follows from
[9] that G(T, J) is the collection of continua {m"(x), xEM}. Since 7(J) =n,
we have from 2(i) that (M) =#, and therefore the theory of fine-cyclic ele-
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ments of M, as developed in this paper, applies. We will prove now the follow-
ing theorem.

THEOREM. K is a fine-cyclic element of (T, J) in the sense of Cesari if and
only if there is a fine-cyclic element I' of M in the sense of §13 such that
K=m~Y(I).

Proof. Let K be a fine-cyclic element in the sense of Cesari. By 3(v), for
each component vy of J—K, Fr;(y) decomposes into a finite number of com-
ponents. Let m(K) =T". From the properties (1), (2), and (3) it follows that
K=m~(T') and that I' is a B-set of M. We will show now that I' satisfies the
property N. If this were not the case, we have a finite number of points
%1, + + +, % in I' such that R=T"—(x,\J - - - Ux,) is not connected. If Q is
a component of R, then ¢(Q) is a B-set of I', and hence ¢(Q) is a B-set of M.
Since m is monotone, it follows easily that m~'[c(Q)] is a proper subcon-
tinuum of K satisfying (1) and (2). But then by (3), ¢(Q) reduces to a single
point in M, a contradiction. Therefore, I' is a B-set of M satisfying the prop-
erty A, and hence I is a fine-cyclic element of M.

Conversely, if T is a fine-cyclic element of M in the sense of §13, then by
a similar argument, m~1(T") is a fine-cyclic element of (7', J) in the sense of
Cesari.
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