ON THE LOCATION OF THE ZEROS OF THE
DERIVATIVE OF RATIONAL FUNCTIONS OF
DISTANCE POLYNOMIALS

BY
AUGUSTA SCHURRER()

1. Introduction. Nagy [6](?) studied the class of polynomialsin E,, consist-
ing of all expressions of the type (1.1).

F(xlyxﬁy"'ax’n)

(1.1) = ¢ I [(x — 210)2 + (2 — 22)2+ - -+ + (@ — 2up)?], ¢>0.
km=l

The function F, to which the name of “distance polynomial” was given, is a

non-negative, real function of the form c¢(D ., ") +®(x1, X9, - - =, %m)

where ® is a real polynomial of degree at most 2z —1. The “derivative” of F

was defined to be

kid 2 oF
(1.2) F'(gy, @y, + oy %m) = 25 Fop/4F,  Fo=——)

h=1 ax;.
Nagy extended some theorems of Gauss, Lucas, Jensen, and Laguerre, con-
cerning the location of the zeros of the derivative of a polynomial in two real
variables, to the class of distance polynomials in E,.

In this paper several other results concerning the geometry of the zeros
of a polynomial in a single complex variable are extended to E,. It isfound
convenient to introduce vector methods. 1/A=A/A- A= A/A? denotes a par-
ticular reciprocal with respect to scalar multiplication; || Al = [4-A]Y? the
norm or length of the vector A; Q:w the point Q with position vector w;
e;t=1,2, - .-, n a basis for E,.

(1.3) is a distance polynomial of degree 7 in E,.

4 . P .
F(xl’ X2, * ", xn) =c H”V - lelzm] = CHd?,(xbe) tte 1xn):6> Oa

j=1 j=1

< = 5w
(1.3) 2m,-= r. v = Zx.e,-. Vi = Zx.' €e;.

j=1 i=1 =1

d; = ||v - V,-Hz.
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(%) These results were obtained in a doctoral dissertation completed under the direction
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RATIONAL FUNCTIONS OF DISTANCE POLYNOMIALS 101

Its derivative is (1.4).

Il
C4F
where VF= Y 7, F,.e; and Fy,=0F/0x,.

F
(1.4) R N = [V 1og F?

q j
(1’5) R(xly Xy * vt xn) = H Fi(xh X2 "y xﬂ) H Fi(xl X2, * 7y xn)

j=0 J=q+1

and Fo(xl, Xy * ¢ 0y xn)=1-

(1.5) is a rational function of the distance polynomials F;. It will be as-
sumed that R has been “reduced to lowest terms,” i.e. that [[¢., F; and
I .41 Fi have no zeros in common. The “derivative” of (1.5) is

|[vR||?

R
. R =-——=—|Vlog R||
(1.6) " 4II og K|

where VR= Y », R..e; and R,,=dR/dx;.

Theorem I, the central result of this paper, is an extension to the class of
distance polynomials in E, of a theorem due to Marden [4, Theorem I].

THEOREM I. Let Fi(x1, %3, - -+, x.) be a distance polynomial of degreen;
all of whose zeros lie in the spherical region 0;S;(v)=a;[(v—c;)?—13] <0, ;>0
and o;j= +1for j=1,2, - - -, p. Then every finite zero P:V of R’ (1.6) is such
that V satisfies at least one of the inequalities

(17) o'J'SJ'(V) éo’ j= 1, 2:"'7?:
or
P & NN; & N;NiTy
1.8 E S;(v) = - —IER <0
(18 ® :I-Il ® :-21 Si(v)  jm1kmig1.Si(V)Sk(v)

where Nj=v;n;,v;=1 for jSqandv;j= —1 for j>q, i.e., N; and n;are the signed
and unsigned degrees respectively of F;. N= Y 5_, Nj; is the total degree of R.
Tik= ”c,-—ck” 2 erj —kkfk)z where )\j =V;0;.

This theorem determines a closed region of space, bounded by the surface
E(v) =0, which contains all the zeros of R’/R, the “logarithmic derivative”
of (1.5), as soon as the spherical regions over which the zeros of the F; are
distributed are known. The class of spherical regions consists of the closed
interiors and exteriors of spheres as well as of closed half spaces. This Marden-
type theorem, applied to finite products and quotients, yields sharper results
than those arising from the application of the extended Gauss-Lucas type
theorem of Nagy [6, Theorem I].
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2. Some lemmas. In the subsequent work one finds the following lemmas
useful.

LEMMA 1. Let (1) P:V, Q1:vy, and Q! :wy=1/(V—v,) 0 be points in E,.
2) Sw)=@v—c)2—r2=0, r>0, and S'(v)=(wv—c')2—r'2=0, ' >0, be the
equations of two spheres in E, with center and radius

Cic,r and C':c' =V —c/S(V), v =r1/|S(V)]

respectively. Then the point Qf lies (1) inside or outside the sphere S’ according
as the sphere S does or does not separate the two points P and Qy, or
(2) on the sphere S’ if S passes through Qy and not through P, and conversely.

Proof.

S'(wy) = (wy— ')t —1"?

_[ 1 V—c]z_ r?
Tlv—v. swm | S(v) |2

1 rV-c[V-wm S(V)
(V=) 2[ S(V) ] [(V - vl)z] + S*(V)
SV =2V =0 (V—w) 1

B SV — v)? S(V)

N2V
= —— Wwi.
S(V)

w:=0. w?=0 if, and only if, w; =0. Since w; 0, the sign of S’(w,) is the same
as that of S(v1)/S(V). It follows that if

(1) S(v) =0 separates P and Qy, S(V) and S(v;) are opposite in sign and
S’(wy) <0. Qf is in the sphere S’(v) =0.

(2) the points P and @, are both exterior to or interior to S(v) =0, S(V)
and S(v;) are similarly signed and S’(w;)>0. Qf is outside of the sphere
S’ (v) =0.

(3) S passes through Qy, S(v1) =0.If S does not pass through P, S(V)#=0.
If P is understood to be distinct from Q,, it follows that S’(w,) =0, i.e. S’
passes through Q.

Starting with any one of the statements S’'(w;) <0, S'(w1) >0, or S'(wy)
=0, one may without difficulty retrace his steps and establish the converse.

LemmA II. If for j=1,2, - - -, p the points Q;:w; vary independently over
the closed interiors of the spheres S;(v)=(v—c;)2—r;=0, r;>0, the locus of the
point Q:w = D 7, m;w; where the m; are real will be the closed interior of the
sphere S(v) =0 of radius r= Z}’_, |m,~| r; and center Cic= Z}’_l miC;.
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Proof.

P
< 2 |l l|w; — cill.

Jj=1

Ep:, mi(w; — c;)

j=1

lw = ol =

By hypothesis Q; is in the closed interior of S, i.e., “Wj“'Cj”§rj, for j
=1, 2, -+, p. It follows that ||w—c|| < D 2., |m;|r;j=r and (w—c)?—r?
<0. Consequently Q lies in the closed interior of the sphere S(v) =0.

Conversely, it can be established that if Q:w lies in the closed interior of
S(v) = 0, there exists a point Q;:w; in each of the spheres S;(v) = 0, j
=1,2, - -, p, such that w= D 2, m;w;.

If Q:w= Z;‘_; w;e; lies in the closed interior of S(v) =0 and c= ZZ‘,I ae;,
w—c=0r 3 \ie; where 0=0 =1 and \;= (w;—a:) [ D py (wi—a)?]~V2

Consider the set of points Qj:wj=cj+(a|mjl/m;)er?.l Nie;, 050 =1,
j=1, 2, -, p. Since Z?—l )\?=1 and e,—~e,~=6,~,~, (Wj—Cj)2=0'27?(Z?_l )\?)
<r}. Consequently Q;:w; lies in the closed interior of the sphere S;(v) =0.
Moreover, since

im,'Wj = imjcj'l'ﬂ( i | m; 'i|)< i)\;e;) =c+ ff’( i )\;e;)
i=1 j=1 j=1 i=1 i=1
=c+(w—c)=w,

the desired locus is the closed interior of the sphere S(v) =0.
Lemma II is the z space analogue of Lemma I in Marden [4].

LemMA 111 If P:V is a finite zero of R'/R, the “logarithmic derivative” of

the rational function (1.5) of the distance polynomials Fj, Fi(x1, X2, - -+, Xn)
=GfH§§_1+1 dPe(x1, X2, v+, Xa), 80=0, ¢;>0, di=|lv—vi||2, mx>0 and real,
j=1,2, -, p, Vmustsatisfy (2.1).

Sp Mk
2.1) =0,

k=1 V - Vi

My=wmi. pe=1for 1Sk =<q. pu=—1for ¢+1=k=p.

Proof. A necessary and sufficient condition that P:V be a finite zero of
R’'/R is that V log R vanish at P. V log R= > _%., V log F;— Z}’_Hl V log F;
=7 .1V log F; where p;=1 for 0<j<q and p;=—1 for ¢+15j=<p. If
v= " % and vi= 2 i, xPe;, di=|v—vi|2= 21, (xi—xP)2

5
logF;=logc;+ Y, mlogds
k-51_1+1

and therefore

d log F; B i " (8 log dk) _ ’2’ 2m(x; — 9&))
= " = Bt e S S

ax,«

0% kb 11 km3j 1+l di
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Since
R
n 0 . 7 .
VlogFj=Z 8 Ce; = 2 =
=1 0% k=8j 141 die
& 2m » 3 2m
- 2 T vigr-Fu( X )
k=dj 41V — Vi j=1 k=i +1 V. — Vi

and (2.2) holds.

S 2M
(2.2) V]OgR= Z ul ) Mk=ukmk.
k=1 V — Vg

Clearly V must satisfy (2.1).

LeEmMA IV. If (1) Q;:V; lies in the spherical region 0;S;(v) =a;[(v—c;)2—17]
<0,

r;>00=2+1  j7=1,2,--. 9.

(2) P:V is exterior to all of the spherical regions ;S;(v) £0,7=1,2,---,p
and

() 271 mi/(V—v;)=0, m; real,
V must satisfy inequality (2.3).

(2.3) I(V)s[i'-"’(v—_ci)-] [2 lm’l"] < 0.

= Si(v) 1 Sim |

Proof. By hypothesis S;(v) =0 separates Q; and P. It follows from Lemma
I that the point Q/ :w;=1(V —v;) is in the sphere

oo <[ 553"] ~[rstor | -

If we let w= Y ", m;w; where the m; are real, by Lemma II, the locus of
Q:w is the closed interior of the sphere T'(v) =0, i.e. (2.4) holds.
P P . - \2
(2.4) T(w)= (w - iV — °’)> - ( > Amil
=1 Si(V) | S;m |
By hypothesis 0= Z}’_, m;/(V—v;)= Z}’_, m;w;=w. Therefore w=0 is
a value corresponding to a set of suitably chosen points Q; in the given regions
d;S;(v) £0. w=0 must satisfy (2.4) and it follows that, under the hypotheses
of this lemma, (2.3) holds.
3. A Marden-type theorem. Theorem I can now be established.
Proof. Let P:V be a finite zero of R’. If P is also a zero of R, P must coin-
cide with at least one zero of some F; for 1 £j<g¢. Therefore it must lie in at

=0.
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least one of the given spherical regions and (1.7) holds. If P is not a zero of R,
either P lies in at least one of the given spherical regions, in which event V
satisfies at least one of the inequalities (1.7), or P is exterior to all of the given
regions. It will be shown that in the latter case V satisfies (1.8).

Since P is a zero of R’ and not of R, it follows from Lemma III that
Zi’_l Mi/(V—vi)=0 where My=mme, M0 and real, m;>0 and real,
wr=1for k=<q and = —1 for k>q.

It is convenient to first consider distance polynomials F; each of which
has a single zero of multiplicity »; which lies in the spherical region ¢;5;(v) <0
for j=1,2,--., p,ie.

(3.1) Fis, %o,y #a) = iy (%1, %2, + + + , %), ¢ > 0.

Since P is exterior to all p of the given spherical regions, Lemma IV ap-
plies and it follows that V must satisfy inequality (2.3), I(v) £0, with N;
=y;n;replacing m;. v;=1 for jSgand v;= —1 for j>¢. When I(v) is expanded
and simplified it becomes

> N; 2 2NN — c) (v — cx) — A
G2 M=y Y 4+ iNl(v — ¢))- (v — cx) — Mhrjme]
=1 Si(V)  jevkmin S;i(v)Sk(v)
where \j=pujo;.

Since (Cj—Ck)2= (V_Cj)2+(V“‘Ck)2—2(V—Cj) . (V—Ck) and ()\jfj—)\kfk)z
=174 —2MNrsre, 2[(v—c;) - (W —ck) =AMz ] = S;(v) +Si(v) — 75 where 75
= [(ci=cr)? = \sri—Nere)?].

If 32, N;is replaced by N, (3.2) reduces to (3.3)
? NN P NNt
(3.3) Iv) =Y —2 TR
=1 Si(v)  jmtamisr Si(v)Sk(v)
It follows that V must satisfy condition (1.8).

Now consider the distance polynomials (3.4)

Fi(xl, Xy ** 0y xn)

P
(3'4) =cin;""¢,k(xl) x%"')xﬂ)’j: 1’ 2)"':?2 cf>0
k=1
each of which has all of its zeros in the spherical region ¢;S7(v) <0 where
STv)=(Wv—c))?—ry2, rf>0. Let Q. be the zero corresponding to the first
degree distance polynomial dni. The zeros Qme, k=1, 2, + + -, pp, of F,, all
lie in omSp(v) £0. This is a specialization of the preceding case in which the
Pm spheres S; coalesce in the sphere Si. The derivation of the desired vector
inequalities follows as above.
The boundary surface E(v) =0 of the region of space described by the
inequality (1.8) can be written in the form (D", 2)?4-®(x, %3, « * * , %a) =0
where ® is a real polynomial of degree at most 2p—1. In E; this surface con-
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tains the circle at infinity as a p-fold curve and it will be referred to as a p
spherical 2p —ic surface. When p =2 the surface is a cyclide. These surfaces
were studied in detail by Darboux [2].

It is not difficult to show that in certain cases when the spheres S; are all
symmetrically located with respect to a fixed point 0 and o;=1 for all j, the
surface E(v) =0 degenerates into a set of spheres centered at 0, and the de-
sired region E(v) £0 is the closed interior of the largest sphere in that set.

4. The zeros of R—A2R’. An interesting application of Theorem I is dis-
played in the next result.

THEOREM I1. Under the hypotheses of Theorem 1 every finite zero of R—N\*R’,
\ real, satisfies at least one of the p+1 inequalities

4.1) a;5;(v) £ 0, i=1,2.-p

M(V) i j ) _ % NijTjk é 0
I1zsS:v) 5 NS (V) i=1k=j+1 Si(v)Sk(v)
where T;(v) = [v—(c;+Nw)|2—r}, w=DN\e, and e is the unit vector in the VR
direction.

Proof. Let P:V be a zero of R—A2R’. If P is a zero of R, it is also a zero of
R’ and V corresponds to a point which lies in at least one of the spherical
regions described by (4.1). If P is not a zero of R, either P lies in one of the
given spherical regions, in which case V satisfies at least one of the vector
inequalities (4.1), or P is exterior to all of these regions. In the latter event
it will be shown that V must satisfy (4.2).

Since P is a zero of R—A2R’ and not of R,

(4.2)

R\ _ VRl ||v1 Rl = »2
R 4R?
and from (2.2) one obtains
1 VR _VlogR _i N; _1e
2 R 2 p i V=v; A

where e is the unit vector in the VR direction.

Since P is exterior to all of the given spherical regions one can proceed as
in the proof of Lemma II and it follows that » 2., N;/V—v;=w, a value
corresponding to a suitably chosen set of points Q;:w; j=1,2, - - -, p, each
of which lies in the corresponding spherical region ¢;S;(v) £0, must satisfy
(2.4). That is

(w YNV - cj)/s,(V)) ( 2 | Ni| airi/S; (V)) <0

J=1 J=1
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When the left hand side is expanded this inequality reduces to (4.2). T;(v) =0
is the sphere obtained by translating S;(v) =0 in the direction of N\e by an
amount equal to the magnitude of that vector.

CoOROLLARY. If all the zeros of a distance polynomial F(xy, x,, - - - , x,) of
degree m lie in a sphere Si1(v) =0, any zero of F—N2F’, \ real, will lie either in S,
or in the sphere obtained by translating S in the direction of m\e by an amount
equal to the magnitude of that vector. e is the unit vector in the VF direction.

Proof. If p=¢=1,0:=1,i.e. R=F, a distance polynomial of degree m with
all of its zeros in Si(v) =0, it follows from Theorem II that the zeros of
F—N\F’ either lie in S; or are such that their position vectors satisfy (4.2).
In this case (4.2) reduces to mw?T(V)/mS;(V)=0. Since P is exterior to
S1, $1(V)>0 and consequently T3(V)=[V—{c,+mle}]?—1? <0.

The results of this section are generalizations of Theorem II in Marden

4.

[ 5. The critical points of finite products of distance polynomials in E;.
Nagy [6] developed the following Gauss-Lucas type theorem for the class of
distance polynomials in Ej: “Let F(x, %5, x3) be a distance polynomial with
zeros Q;, j=1, 2, - - -, n, and let K be the smallest convex region of space
which contains those zeros. Then all the zeros of F’ also lie in K. No zero of F’
is on the boundary of K unless it is a multiple zero of F or unless all the Q;
are coplanar.”

As soon as the location of all the zeros of F is known Nagy's theorem
singles out a portion of space which must contain the zeros of the logarithmic
derivative of F. If F is a finite product of distance polynomials, Theorem I
will restrict even further the region of space within which the critical points
may lie.

Let F(x;, x2, x3) = HQ’-, Fj(x1, %2, x3) be a finite product of the distance
F; where each F; is of degree #; and has all of its zeros in the closed interior
of the sphere ;. In this section the region containing the critical points of F
is determined for p =2 and p =3 when the spheres in question have collinear
centers and a common external center of similitude. In each case the desired
region consists not only of the closed interiors of the given spheres but also '
of the closed interiors of another set of spheres having the same external
center of similitude as the given set. The centers of the second set are located
at the zeros of the logarithmic derivative of the distance polynomial
G (1, %2, %;) obtained from F by coalescing all the zeros of each F; at the center
of the corresponding sphere S;.

THEOREM III. If F(x1, %2, x3) is an nth degree distance polynomial n, of
whose zeros lie in the closed interior of the sphere Sy and the remainder of whose
zeros, ne=n—mny in number, lie in the closed interior of the sphere S,, all the
zeros of F'(x1, xs, x3) lie either in the closed interior of Sy or Sa, or in the closed
interior of a third sphere S(v) =0 where '
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Sv) = (V _ me + nzcl>’ _ (”1’2 + nor: )2.

m + ne m + ne

S has a common center of similitude with S, and S, and its center is located at
the centroid of a system of two particles, one of mass ne located at the center of the
sphere Sy and the other of mass ny located at the center of the sphere S..

Proof. This is a special case of Theorem I for which ¢=2; N;=#;j=1, 2;
N=m+ns;v;=1,0;=1,\;=1fori=1, 2.

F(x1, %2, x3) = F1(%1, x2, x3) Fa(1, %3, x3). Each F;, a distance polynomial of
degree 7;, has all of its zeros in the closed interior of the sphere .S;. As a con-
sequence of Theorem I P:V, a zero of F’, lies either in the closed interior of
S; or S; or, if P is exterior to both of these spheres, V satisfies (1.8) which in
this case reduces to

IIA

(n1 + ns) [S 0.

n1 " n2 ]_ n1N2T12
(V) SV Su(V)Sx(V)

If both sides of the inequality are multiplied by S1(V)S2(V) >0 and the S;and
712 are replaced by their equivalents, this condition reduces to

[(mtn2) V= (mica+n561) |2 — (mara+nar1) 2 = (11 +n2) 25(V) 0.

Consequently if P is exterior to both S; and Se, it must lie in the closed interior
of S.
This theorem is an extension of a result due to Walsh [7].

THEOREM IV. If all the zeros of the distance polynomial Fi(xy, xa, X3)
= Hgf_l llv—ka’"‘» of degree n;, j=1, 2, 3, lie in the closed interior of the sphere
S; and if all the S; have a common external center of similitude 0, then each zero
of the derivative of F= I_E‘_l F;(x1, %3, x3) lies either in the closed interior of one
of the S; or in the closed interior of one of the spheres S{ or Si. The spheres S{
and Si also have the external center of similitude 0 and their centers correspond
to the zeros of the logarithmic derivative of the distance polynomial G(v)
= J1I2.. Giv) = [I3.. llv—cil| 2" where the c; are the position vectors of the cen-
ters C; of the spheres S;.

Proof. Without any loss of generality the line of centers may be taken as
the x; axis and the center of similitiude 0 as the origin of a rectangular co-
ordinate system. C;j:c; where c;=cje; is the center of S;. Since 0 is a center of
similitude r,c;7* =\ for j=1, 2, 3. It follows that S; has the form S;=(2_{., )
- 26,~x1 +[.fo and Tik= ”Cj —-ck“ 2— (f,' —fk)2 =p.(c,-—c;,)3 where p= 122

As a consequence of Theorem I all the zeros P:V of F’ lie either in one of
the given spheres S; or in the closed region of space described by (1.8). Under
these hypotheses p=3, v;=1, o;=1, \;=1, and consequently N;=n; for
j=1, 2, 3. If P is exterior to all of the S;, J]}-, S;(¥)>0 and (1.8) reduces to
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3
2 [NNS(V)SUV) — uNiNi(c; — ci)2S:(V)] = 0
$,,k, =15 i 55k
where N= Y 3, N, The boundary surface of the desired region of space is
clearly of order 4.
After substituting the appropriate expressions for the S;, the equation of
the boundary surface, E(v) =0, reduces to

3 2 3
(5.1) n2( fo) — 24z — B)( in) + 4Cxy — 2Dz, + E=0
=1 =1

where

3
A=nY, (n— n)cs;

t==l

3
2
B=yu [{ > (n— n;)’c;} + 2(nic1 + nzca)nst?a]
fum]
3
C = n{ Z mcjck} )
£, kLt ks <k
3 3
D= n[ > nicl (n — n)e; + (n — ma) + 20008 2, nm;];
§,d k1 it 3k <k £, 5mLi8§,4< 5
and

2 2 8 22 3
E=up [cl< Z ".’Cj) + 2510203( E cmjm):l.
1=l i, i<5 .5 ke=1; 5 552k <k

Consider the function G(v) = J3., ||[v—cj||?*. This function can be ob-
tained by coalescing all the zeros of each F; at the center of the sphere S;.
The zeros of the logarithmic derivative of G must satisfy the relation
D a1 (nj/(v—c;)) =0. Nagy’s Lucas-type theorem, cited at the beginning
of this section, shows that the zeros of G’(v) must lie on the %, axis. If V
corresponds to a zero of G’, V=Xe,;. The condition which must be satisfied
by the zeros of the logarithmic derivative of G may now be rewritten as

D 31 (ni/(X —c;)er) =0 which is equivalent to (5.2).

3 3
(5.2) nX — [ E (n— n.-)c;] X + > nicicr = 0.
{1 ) €5 k1] itk , 5 <k
If v, and 7. are the zeros of (5.2), n(y1+v:) = 3 o, (n—n3)c; and ny1y2
=( B e titssmrs< Micich). The spheres S with centers C/ :vje; and with 0
as their external center of similitude are described by the equation

3

5! (s, 1, 25) = ( > x) — 2y + iy = 0, i=12

$u=l
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After forming the expression n2S{Ss it is not difficult to show that it is
identical to (5.1). In short, E(v) =0, the boundary surface in question, de-
generates into two spheres S and S; with centers whose position vectors
correspond to the zeros of the logarithmic derivative of G(v). The region of
space described by E(v) =n2S/ (v)S4 (v) £0 consists of the closed interiors of
the spheres S{ and S; and contains all the zeros of F’ which do not lie in
any of the S;.

By introducing a coordinate system with its origin at the center of S; and
proceeding as in Theorem IV, the following result may be obtained.

THEOREM V. Let F(x1, %2, %5) = [ [3.) Fi(x1, %2, %3) where each F;is a dis-
tance polynomial of degree n; all of whose zeros lie in the sphere S; of radius r
and center Cj:cj. Then the zeros of F’' lie either in the closed interiors of the given
spheres S; or in the closed interiors of S{ and Si. S{ and S; are spheres of
radius r whose centers correspond to the zeros of the logarithmic derivative of

Gw)=1L-: Hv—c;ll”‘i.

The general case of both of these theorems was developed for polynomials
in a single complex variable by Walsh [8b].

6. The critical points of finite quotients of distance polynomials in E,.
Proceeding as in Theorem 11 the following two theorems may easily be veri-
fied.

THEOREM VI. If the distance polynomial Fji(x1, x2, x3) of degree n; has all
of its zeros in or on the sphere Sj(v) = (v—c;)?—13=0, r;>0, for j=1, 2, ny = ny,
all of the finite zeros of the derivative of the quotient F = Fy/F, lic in the closed
interiors of S1, Sz, and a third sphere

S) = (V _ mcr— mcz>2 _ (nzn + nlrz)’ — 0

ne — m I ne — ”ll
This is an extension of a result obtained by Walsh [8a].

TuEOREM VII. If the distance polynomial F;(xy, xs, x3) of degree n has all
of its zeros in the spherical region ¢;S;j(v) S0 where o;= +1, j=1, 2, and the
two spherical regions have no points in common, all the finite zeros of F=Fy/F,
lie in the two given spherical regions.

This result was obtained by Bécher [1] for a polynomial in a single com-
plex variable.

The special case of Theorem I for which Ny=mn;, No=mn,;, N3y= —mns, and
N= Zf_l N;=ny+n3—n;=0 leads to some interesting results which are sum-
marized in the final two theorems.

THEOREM VIII. If the points Q;:; vary independently over the spherical
regions ¢;S;(v) SO for j=1, 2, 3, any point P:V whose position vector forms a
constant cross ratio with the {; lies in a fourth spherical region.
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THEOREM IX. If (1) F;(x1, %3, x3) is a distance polynomial of degree n; all
of whose zeros lie in the spherical region ¢;S;(v) £0 for j=1,2, 3, (2) ny=n1+n,
and (3) the given spherical regions have no point in common, every finite zero
of the derivative of F=F,F,/F; 1s such that it lies in at least one of the given
spherical regions or in a fourth spherical region. This fourth region is described
by a point P whose position vector V forms a constant cross ratio, —nq/ni, with
the position vectors {; of the points Q; which describe the given spherical regions
O'ij(V) =0, j= 1, 2, 3.

Proof, Any zero P:V of F'(x1, xs, x3) which is exterior to all of the given
spherical regions must be such that V satisfies the following inequalities:
¢;S;(V)>0for j=1, 2, 3 and

E(V) _ __l: NiNor12 :I_[ NiN37i3 ]_[ N3Naras ]SO
IT5-8:(v) S V)S(v)l  Lsimssv)d Lsuv)savyd =
If the second inequality is multiplied through by []i,¢;S;(V)>0,it
becomes
010203 E(V) = — 010203[ — nan372351(V) — manar15S2(V) + ninar155:(V)].

It is clear that the boundary surface E(v) =0 is again a sphere.
Since the conditions for Lemma III are satisfied (6.1) holds.

[} M, 5 mi 7]
+ 2

61 0=3 > L

= V=vi a1 V=vi bz, V—Vk k=135, V— Vi

Nagy [6] proved the following Laguerre-type theorem: “If the Qj,
j=1,2,-.., p, are points in the spherical region ¢S(v) <0, o= +1, S(v)
=(v—c)?—r% r>0, and P:V is exterior to ¢S(v) £0, it follows that

Ll ™y L4 my n
2

= )
=1 V=vi V- V-—x

where m,>0 and real, n= ) %_, my, and v is the position vector of a point in
aS(v) =0.

In short, if all the zeros Q; of F lie in a spherical region §, they may
be coalesced at at least one point Q in that region without altering the value
of the logarithmic derivative of F. This theorem indicates that there exists
a point Q;:¢; in each of the spherical regions ¢;S;(v) 0, j=1, 2, 3, such that
(6.2) holds.

n; 8; my &y
(6.2) = yomi= Y, m, 8 =0, j=123.
V-t stV —w ’ bbbl ’ Y

(6.1) becomes n,/(V—)+ny/(V— ) =n3/(V—13) where ¢; is such that
0;S;(1;) £0. Since n3=n,+4n,, this expression may be rewritten in the form
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1 +(12) 1 _<1+nz> 1
V—lh ny V""l]!z_ ni V-t&a,

which is equivalent to (6.3)

0={(V -2+ MV =42 — (1 + NV = )3}V + (V- §)%
MV = ) — {(V — ) + MV — $2)*} .

_ no(V — 41)?

n(V — 42)?

(6.3) is a relation of the type aV+ > i, Buli=0 where a+ D i_, B;=0.
This leads one to the conclusion that the points P:V, and Q;:4;, =1, 2, 3
lie in the same plane II. If complex numbers are introduced into II and
2, %1, %, and 2; represent P, Qy, Q., and Q; respectively, (6.3) becomes —ny/n;
= (z—22)(23—21)/(2—21)(23—22). That is, the cross ratio formed by the points
P and Q;,2=1, 2, 3 is a constant and the region of space bounded by E(v) =0
is the spherical region described by a point P:V which moves so as to form a
constant cross ratio, —mny/n,, with the points Q;:¢; as the Q; describes the
spherical region ¢;S;(v) <0 for j=1, 2, 3.

The final two cross ratio type theorems are generalizations of those
developed by Walsh [7] for polynomials in a single complex variable.

(6.3)
> 0.
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