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1. Introduction. Let A be a finite dimensional algebra with unit element

over a field K. In recent years a number of classes of algebras in which the

radical may not be zero have been studied. One of the main classifications

has been the Frobenius type algebras which can be defined in terms of duali-

ties between left and right ideals of the algebra. Another main group has been

the uniserial type algebras which can be defined in terms of uniqueness con-

ditions placed upon the composition series of the primitive ideals of the alge-

bra. It is known that uniserial algebras can be characterized as those algebras

all of whose residue class algebras are of a certain Frobenius type. The pur-

pose of this paper is to give an extension of this result and to give similar

characterizations of generalized uniserial algebras.

2. Definitions and notation. An idempotent is a nonzero element e such

that e2 = e. A primitive idempotent is one which cannot be written as a sum

of two orthogonal idempotents. If e is a primitive idempotent, then the left

ideal Ae is called a primitive left ideal and the right ideal eA is called a

primitive right ideal. If a primitive left ideal Ae is dual to some primitive

right ideal fA, then Ae and fA are called dominant ideals. If Ae and Af are

primitive left ideals and if Af is A -isomorphic, as a left A -module, to some

subideal of Ae, then Af is said to be subordinate to Ae. If Ae and Af are

primitive left ideals and if there exists a set Lu • • • , Ln of subideals of Ae

such that Af is A -isomorphic to a subideal of the direct sum XXi Li, then

Af is said to be weakly subordinate to Ae. Yet Aei, ■ ■ ■ , Aem be a collection

of primitive ideals and let Lx, ■ ■ ■ , Ln he a set of ideals such that each Lt is

a subideal of some Ae,. If a primitive left ideal Af is ^.-isomorphic to a sub-

ideal of 2~l"=i Pi then Af is said to be weakly subordinate to the set {Aej}]li.

Note that if Af is subordinate to Ae then it is weakly subordinate to Ae, and

if Af is weakly subordinate to Ae then it is weakly subordinate to any set of
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ideals which contain Ae or an ideal A -isomorphic to Ae. Subordinate and

weakly subordinate right ideals are defined in a similar manner.

The main classes of Frobenius type algebras are:

1. QF-3 algebras: Every primitive ideal (left or right) is either dominant

or is weakly subordinate to a set of dominant ideals. (It has been proved by

Thrall [8, Theorem 5] that this is equivalent to the assumption that A has

a unique minimal faithful representation)  [8].

2. QF-3* algebras: Every primitive ideal is either dominant or is weakly

subordinate to some dominant ideal.

3. QF-2 algebras: Every primitive ideal is either dominant or is subordi-

nate to some dominant ideal. (Thrall proved [8, Theorem 1 ] that this is

equivalent to assuming that every primitive ideal has a unique minimal sub-

ideal) [8].

4. Quasi-Frobenius algebras: Every primitive ideal is dominant [3; 4].

5. Frobenius algebras: The algebra A considered as a left A -module is

dual to A considered as a right A -module [3; 4].

6. Weakly symmetric algebras: For every primitive idempotent e, the

left ideal Ae is dual to the right ideal eA  [6].

These classes have been defined in descending order of generality. Thus,

any one of the classes is properly contained in each of the classes defined be-

fore it. For proofs of these inclusions and for further properties of these classes

of algebras see the references cited after each definition.

The main classes of uniserial type algebras are:

1. Generalized uniserial algebras: Every primitive ideal has only one

composition series [5].

2. Uniserial algebras: Every primitive ideal has only one composition

series and the algebra is the direct sum of two-sided ideals each of which is a

primary algebra. (A primary algebra is one whose residue class algebra mod-

ulo the radical is simple)  [2; 3; 4].

It is known [2, Theorem 2; 5, Lemma 2] that each of the following gives

a characterization of a uniserial algebra A:

a. For every two-sided ideal Z of A, A/Z is a Frobenius algebra.

b. For every two-sided ideal Z of A, A/Z is a weakly symmetric algebra.

The main theorems of this paper give a further characterization of uni-

serial algebras and similar characterizations for generalized uniserial alge-

bras. Theorem 1 states that an algebra is generalized uniserial if and only if

for every two-sided ideal Z of A, A/Z is a QF-2 algebra. By use of Theorem 1,

a further characterization of uniserial algebras is obtained. This is given by

Theorem 2 which states that an algebra A is uniserial if for every two-sided

ideal Z oi A, A/Z is quasi-Frobenius. This result has also been obtained by

Osima [7; Theorem 12] by using basic algebras. An example will be given to

show that the requirement that each A/Z be QF-2 does not imply that A is

uniserial. Theorem 3 extends Theorem 1, showing that it is sufficient to as-
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sume that each A/Z is QF-3* in order to imply that A is a generalized uni-

serial algebra.

3. Generalized uniserial algebras.

Lemma 1. If L is a primitive left ideal of A and IJ is a subideal of L con-

tained in every composition series of L, then L'A is the minimal two-sided ideal

containing L' and the following equations hold: LC\UA =L'L = L'.

Proof. Since A(L'A)A=(AL')(AA)CL'A, it follows that L'A is a two-

sided ideal of A. Ii S is any two-sided of A such that L' C-5 then L'A CLSACLS.
Thus, L'A is the minimal two-sided ideal containing L'. Since L is a primitive

ideal, i.e., L=Ae, the algebra A, considered as a left A-modv\e, can be writ-

ten as a direct sum of left ideals, A =L + M, where M = A(1 —e). Thus, L'A

= L'L+L'M, where L'LCL and L'MCM. Therefore, L'AC\L = L'L.

Since L' is contained in every composition series of L, it is contained in

every refinement of the Loewy series LZ)NL~Z)N2L~Z) ■ ■ ■ Z)2VaL=0, where

N is the radical of A. This implies that V is one of the terms of the Loewy

series [l; pp. 102-104]. Thus, for some integer k, NhL=U and so L'L
= (NkL)L = Nk(LL)=NkL=L'.

A similar lemma holds for primitive right ideals, and the proof would be

analogous to that given above. (Lemmas will be stated and proved only for

left ideals but will be applied if either the lemma for left ideals or the cor-

responding one for right ideals is needed.)

Lemma 2. If A is a generalized uniserial algebra and Z is a two-sided ideal

of A, then A/Z is a generalized uniserial algebra.

Proof. Consider the residue class algebra A/Z. Let L' be any primitive

left ideal of A/Z. Let L be the set of all elements of A whose residue classes

mod Z are elements of U in A/Z. Then L is a left ideal of A and a primitive

ideal, L=Ae. Since A is generalized uniserial, L has a unique composition

series: L = Lm~2)Lm-i~2) • ■ ■ DPOPo = 0. But LC\Z = Ze and Ze is a sub-

ideal of L, and hence for some n, LH = Ze. Moreover, L/Ze = L'. For i such

that n<i g« define Ll to be Li/Ze. Then, each Ll is a subideal of L' and

the [Ll }«lB+i form a composition series for V. Let M' be any subideal of L'.

Let M he the set of elements of A whose residue classes are elements of M'.

Thus, Af is a left ideal of A and is a subideal of L. But M must be one of the

Li since L has only one composition series. However, this implies that M'

is one of the L{ defined above and therefore, L' has a unique composition

series.

Similarly, it can be shown that any primitive right ideal of A/Z has only

one composition series. Thus A/Z is a generalized uniserial algebra.

Theorem 1. An algebra A is a generalized uniserial algebra if and only if

for every two-sided ideal Z of A, the residue class algebra A/Z is a QF-2 algebra.
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Proof. 1. Assume that A is generalized uniserial. Let Z be any two-sided

ideal of A. By Lemma 2, A/Z is generalized uniserial and hence every primi-

tive ideal of A/Z has a unique composition series. This implies that every

primitive ideal of A/Z has a unique minimal subideal and thus, A/Z is a

QF-2 algebra.

2. Assume that for every two-sided ideal Z ol A, A/Z is a QF-2 algebra.

Let L be any primitive left ideal of A and let P = PnDP»-iD ■ • ■ Z)PiZ)Po

= 0 be any composition series of L. Since A is QF-2, L has a unique minimal

subideal. Thus, Pi is this unique minimal subideal and is contained in every

composition series of L. Proceeding by induction, assume that Lk-i is con-

tained in every composition series of L. Denote Lk-i by L' and L'A by Z.

Since A =L + M, it follows that A/Z = L/LC\Z + M/MC\Z. Applying Lemma
1, it follows that LC\Z = L' and so L/L!~\Z = L/L'. If L/L' is zero then L

has a unique composition series. Otherwise, L/L' is a primitive ideal of A/Z,

thus L/L' = (A/Z)e' where e' is the residue class of e in A/Z. But since A/Z

is QF-2, L/L' has a unique minimal subideal P0'- LetP*= {xGP| x+L'GPo' }•

Then L* is a left ideal of A and is a subideal of L and moreover, Lk-i is a

maximal subideal of L*. Thus, both L0' and Lk/Lk-i are minimal subideals

of L/Lk-i and thus are the same. This implies that L*=Lt and so Lk is con-

tained in every composition series of L. Thus, by induction, each L„ is con-

tained in every composition series of L and hence, L has only one composition

series.

Similarly, it can be shown that each primitive right ideal has only one

composition series. Thus, A is a generalized uniserial algebra.

4. Uniserial algebras.

Lemma 3. Let L be a primitive left ideal and L' a subideal contained in

every composition series of L. If L is A -isomorphic to some left ideal M and if

M' is the image of U under the isomorphism then L'M=M', M'dL'A and

M1AC L'A.

Proof. Let 4> be the .4-isomorphism from L onto M. Thus, 4>(L) = M and

<p(L') = M'. By Lemma 1, L'L=L'. Thus, L'M = L'<p(L) =<p(L'L) =<p(V)
= M'. Thus, M'=L'MCL'A and so M'A CL'AA =L'A.

Lemma 4. If L is a primitive left ideal with a unique minimal subideal L'

then L'A is the union of the minimal subideals of all ideals which are A-iso-

morphic to L.

Proof. Let v be a nonzero element of L'A. Then i;=yz, where y£P' and

zE.A. Since L=Ae it follows that L'e=L' and ye=y. Thus v = (ye)z = y(ez).

Let w = ez and consider the mapping <p from Ae to Aw defined by <p(x) =xw.

Then <p is a homomorphism onto Aw and its kernel is either zero or contains

L' the unique minimal subideal of L. If L' were in the kernel it would follow

that L'w = 0 and this would imply that w = 0. However, since v is not zero,

w is not zero and so L' cannot be in the kernel of <p- Thus, <j> is an ^4-isomor-
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phism and cp(L') is the unique minimal subideal of Aw. But v(£L'w=(p(L').

Thus, v is an element of the minimal subideal of Aw. Hence L'A is contained

in the union of all minimal subideals of ideals which are A -isomorphic to L.

Lemma 3 shows that L'A contains all such minimal ideals, and so L'A is the

union of the minimal subideals of all ideals which are A -isomorphic to L.

Lemma 5. If L is a primitive left ideal dual to a primitive right ideal R and

if L' and R' are the unique minimal subideals of L and R respectively, then

L'A =AR'.

Proof. Since R' is the unique minimal subideal of R there exists an integer

r such that R' =RNT, where N is the radical of A. Since R and L are dual it

follows that L' = NTL. Thus, R'L = (RN*)L = R(NrL)=RU. Since R' is a

right ideal R'LCR' and since L' is a left ideal RL'CL'. Thus, R'LCRT\L'.
Since L and R are dual, if y is an element of R such that yL = 0 then y = 0.

Thus, since R'y^O it follows that R'Ly^O and hence, P'HLVO. Let z be a

nonzero element of RT\U. Then AzCiAL' = L' and Az is a nonzero left

ideal. But since L' is minimal, this implies that Az = L'. Similarly, zAy^O,

zACR'A=R' and hence zA =R'. Thus, L'A =(Az)A =A(zA) =AR'.

Lemma 6. If Ae is a primitive left ideal and M is a left A-module with a

unique maximal submodule Mi and M/Mi=Ae/Ne then there exists a homo-

morphism from Ae onto M.

Proof. See Nakayama [3, Lemma 1, p. 613].

Lemma 7. Let A be a quasi-Frobenius algebra. Let L be a primitive left ideal

dual to a primitive right ideal R. Let L' and R' be the unique minimal subideals

of L and R respectively. Assume Vy±L and denote L'A by Z. If A/Z is also

quasi-Frobenius then L/LC\Z is dual to R/RC\Z.

Proof. By Lemma 1, LC\Z = L'L=L' and so, L/LC\Z = L/L'. By Lemma
5, L'A =AR' and so, Z=AR'. Thus, since Lemma 1 holds for right ideals,

R(~\Z=RR'=R' and so, R/Rr\Z = R/R'. Since L and R are dual and L'y*L
it follows that L/L'y^O, R'yiR and R/R'y^O. Denote L/L' by Pi and R/R'
by Pi. It can be shown that Li and Pi are primitive ideals of A/Z. Since it is

assumed that A/Z is also quasi-Frobenius, Pi must be dual to some primitive

right ideal R* of A/Z. If R* is A -isomorphic to Pi the lemma is proved since

this implies that Px is dual to Pi. Therefore, assume that R* is not ^-iso-

morphic to Pi. Then R* can be considered as an ideal of A itself, since by

Lemma 4 for right ideals, Z is the union of all minimal subideals of all ideals

of A which are A -isomorphic to R. But as an ideal of A, R* is dual to some

primitive ideal L* of A. Thus Pi is A -isomorphic to L*. Since L/L' =Li} and

since L and L* are both primitive ideals of A and hence have unique maximal

subideals, Lemma 6 can be applied to give a homomorphism from L* onto L.

However, this is impossible since L* is isomorphic to L/L'. Thus, the as-

sumption that R* is not isomorphic to Pi is false and the lemma is proved.
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Theorem 2. If for every two-sided ideal Z of A, A/Z is a quasi-Frobenius

algebra, then A is a uniserial algebra.

Proof. Since every quasi-Frobenius algebra is also a QF-2 algebra, Theo-

rem 1 shows that A is a generalized uniserial algebra. It remains to show that

A is the direct sum of two-sided ideals which are themselves primary alge-

bras. By use of the Wedderburn structure theorems it is possible to choose a

set of mutually orthogonal primitive idempotents whose sum is the identity

element. Let e,-3-, t = l, •••,«, j=l, • • • , f(i), be the set of idempotents

ordered so that Ae^ is .4-isomorphic to Aehk if and only if i = h. It will follow

that djA is A -isomorphic to ehkA if and only if i = h. Let £»•= X^-i ea- (For

details see [l; 2; 3].)

Fix an integer i and the corresponding integer h such that Ae^ is dual to

ehkA. Let L denote Aen and R denote cmA. Yet L' and R' denote the unique

minimal subideals of L and R respectively. By Lemma 1, L'A is the minimal

two-sided ideal containing L' and by Lemma 5, L'A =AR'. Denote this two-

sided ideal by Z. It is known [l, Theorem 1.6B, p. 8] that Z can be written

as a direct sum of left ideals and by Lemma 4, this sum can be taken to be

2^j=i L'v, where L'i} is the unique minimal subideal of Adj. Thus, Z is con-

tained in AEi, where AE{= X^-i Aen. By a similar argument Z is contained

in EkA, where EhA = 2Z?t-i ̂ kA. Thus, ZCAEiCsEJl.
Consider the residue class algebra A/Z. Since A/Z is quasi-Frobenius,

Lemma 7 can be applied and L/L' and R/R' are dual unless they are zero.

If L/L' and R/R' are zero then Z = AEi = EhA and Z is a component of A

written as the sum of two-sided ideals.

Construct a sequence of two-sided ideals {Z,} with the following prop-

erties: (1) for each 5, Zs(ZAEi(~\EhA and (2) for each 5, Z,_i is properly con-

tained in Z,. Let ZX=Z, LX = L', Ri=R! and Ai=A/Zx. Then L/Li is dual to
R/Ri in Ai. Assume that Zp-i, Lv-i, Rp-i, and Ap-i have been defined. Then

by Lemma 7, either Zp-i = AEi = EhA or L/Lp-X is dual to P/P„_i in A/Zp-i.

Let Ap-i=A/Zp-i, let L* be the unique minimal subideal of L/Pp_i in Ap-i,

and let Z*=L*Ap-i. Let Zp be the set of all elements of A whose residue

classes mod Zp-i are elements of Z*. Thus, Zp will be a two-sided ideal of A

and it follows that Zp(ZAEir\EhA and that Zp properly contains Zp_i, by

an argument similar to that used to show that Zi satisfied these conditions.

But, since A is finite dimensional, the sequence must terminate with some

Zq=AEi = EhA. Thus AEi = EnA and this implies that i = h. Hence, AE{ is a

direct component of A written as a sum of two-sided ideals. Moreover,

AEi/NEi is simple, where N is the radical of A and NEi is the radical of AEt.

Hence AE{ is a primary algebra. Therefore, A is a generalized uniserial alge-

bra and is the sum of two-sided ideals which are themselves primary algebras.

Thus, A is a uniserial algebra and the theorem is proved.

Theorem 2 cannot be extended in the sense that it is not sufficient to as-

sume that each A/Z is QF-2 in order to prove that A is a uniserial algebra.
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As a counter-example consider the total triangular matrix algebra P„, n > 1,

of all n by n matrices over K with zeros above the main diagonal. The algebra

P„ is generalized uniserial and thus, by Theorem 1, each A/Z is QF-2. But

Tn cannot be written as a sum of two-sided ideals which are themselves pri-

mary algebras and thus Tn is not a uniserial algebra.

5. QF-3* algebras.

Lemma 8. Let Ae be dual to fA, where e and f are primitive idempotents. If,

in addition to a unique minimal subideal Li, Ae also has a unique subideal L2

with Li as a maximal subideal and if L2/Li and Li are A-isomorphic as left

A-modules then both Ae and fA have unique composition series and all of the

constituents of the series are A-isomorphic.

Proof. Choose any composition series for Ae: ^4e=Z,„DFn_0 • • OP2

DLOZ0 = 0and any composition series iorfA:fA=Rn'2)Rn-iD • ■ ■ DP2DP1

Z)Ro = 0. Since any primitive ideal has a unique maximal subideal, the ideals

L„_i and F„_i are uniquely determined. Thus, L„_i = Ne and Rn-i =fN, where

N is the radical of A. From the assumed duality between Ae and fA, the

uniqueness of P„_i and F„_i implies the uniqueness of Pi and Li respectively.

It is assumed in addition that L2 is uniquely determined. By duality, this

implies that F„_2 is unique. It is also assumed that L2/Li and Li are ^-iso-

morphic and, by duality, this implies that R„/Rn-i and Rn-i/Rn-2 are A-

isomorphic. But Rn=fA and Rn-i=fN and so, Rn-i/Rn-2 is A -isomorphic to

fA/fN and P„_2 is the unique maximal subideal of P„_i. Thus, the hypotheses

of Lemma 6 stated for right A -modules are satisfied and there exists an A-

homomorphism from fA onto P„_i. By comparing the composition lengths of

fA and Pn-i, it is seen that the kernel of the homomorphism must be the

unique minimal subideal Pi. Thus, fA/Ri is ^-isomorphic to Fn-i. Denote

fA/Rihy S and consider any composition series of S:S=S„Z)Sn-i'D • • ■ D>$2

Z)5i = 0. The subideal Sn-i is unique in S and is Rn-i/Ri- Since P„_2 is unique

in R„ it follows that 5n_2 is unique in S and 5„_2 = Rn-2/Ri- But, since P»_i

and S are A -isomorphic, the uniqueness of Sn-2 in 5 implies the uniqueness

of P„_3 in P„_i and hence Rn-s is unique in Rn. Since the composition length

of fA is finite, a finite number of steps shows that fA has a unique composi-

tion series. Since Ae is dual to fA, this implies that Ae has a unique composi-

tion series. «

Since fA has only one composition series, so do Rn/Ri and PB-i- The

composition series for Rn/Ri is composed of the {P,-/i?i}j.1. Since F„_i and

Rn/Ri are A -isomorphic, it follows that corresponding constituents are A-

isomorphic. Thus, (F,-+i/Fi)/(F,-/Fi)=F,-/P,-_i. But, in addition,

(Ri+1/Ri)/(Ri/Ri) at i?,-+1/P,-

and so, F.+i/'Ri=R%/'Ri-i- Thus, all constituents of fA are A -isomorphic.

Since Ae and fA are dual, this implies that all of the constituents {Li/Lt-i}"_ i

are A -isomorphic and the lemma is proved.
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If the condition that L2 is uniquely determined is dropped from the

hypothesis of Lemma 8, but it is still assumed that for some L2, L2/Li is A-

isomorphic to Lu neither conclusion of the lemma need hold. Consider the

algebra of all matrices of the form:

ai    0     0     0 "

a3    ai    0     0
ai£-K.

as    0     ai    0

. ae    05    ai    ai

Choose as a basis for the algebra the matrices X,- in which a, = l and

aj = 0 for jVt. The primitive left ideal L with basis {Xu X3, X6, Xe} is dual

to the primitive right ideal R with basis {X2, Xit Xb, X$}. The ideal X6K

is the unique minimal subideal Pi of L. If L2 is chosen as XbK+X&K then

L2/Li is A -isomorphic to L\. However, P2 is not unique since it could be

chosen as X3K+X^K. Thus, L does not have a unique composition series

and not all of the constituents of L are A -isomorphic.

If the condition that L2 is uniquely determined is assumed but the require-

ment that L2/Li he A -isomorphic to Li is dropped then neither conclusion

of Lemma 8 need hold. Consider the algebra of all matrices of the form:

ai    0     0     0     0     0

a6    a2    0     0     0     0

as    a«    a3    0     0     0
n   ■ ai£-K.

an   09    0      ai    0     0

ai6   <Zl3   #10   07     «i     0

.an   ai6   an   an   ob    02.

Choose as a basis for the algebra the matrices Xi in which ai=l and

aj = 0 for J9^i. Then, the primitive left ideal L with basis {Xi, X5, X8, Xi2,

Xu, Xn} is dual to the primitive right ideal R with basis {X2, Xit Xn, Xn,

Xu, Xn}. The ideal XnK is the unique minimal subideal Li of L and Xn,K

+XnK is the unique second term L2 in any composition series of L. How-

ever, Li/Li is not ^-isomorphic to Pi and in addition, neither conclusion of

Lemma 8 holds for this algebra.

Theorem 3. If for every two-sided ideal Z of A, the residue class algebra

A/Z is a QF-3* algebra then A is a generalized uniserial algebra.

Proof. If every A/Z were QF-2 then Theorem 1 would imply that A is a

generalized uniserial algebra. Thus, it suffices to consider the case in which,

for some two-sided ideal Z, the residue class algebra A/Z is QF-3* but not

QF-2. There is no loss in generality in considering this residue class algebra
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to be A itself. Thus, it is assumed that there is some primitive ideal of A

which is weakly subordinate to a dominant ideal but is not subordinate to

it. Consider the case in which this is a left ideal L* weakly subordinate to a

dominant left ideal L.

Choose L* to be maximal with respect to being weakly subordinate to L,

i.e., choose L* so that there is no other primitive ideal M weakly subordinate

to L such that L* is weakly subordinate to M. Consider the collection of all

primitive left ideals which are (1) either A -isomorphic to or subordinate to

L and which are (2) ideals to which L* is weakly subordinate. By use of the

Wedderburn structure theorems choose a subset {P,-}j=1 of this collection

which is maximal with respect to having the primitive idempotents generat-

ing the L{ mutually orthogonal. Thus, the Li can be taken as components

of a decomposition of A into a sum of primitive left ideals. Since the set

{P,}j_i is chosen maximal no other component of the decomposition is in the

collection.

Since each Li is either a dominant ideal or is subordinate to a dominant

ideal, each P,- has a unique minimal subideal Li [8, Theorem l]. By Lemma

1, each Li A is a two-sided ideal and by Lemma 4, each Li A is the union of

the minimal subideals of all ideals which are A -isomorphic to P,-. Let Z he

the sum of the Li A. Since each Li A can be written as a direct sum [l,

Theorem 1.6B], Z can be written as a direct sum. Since A is QF-3* and since

L* was chosen maximal, Z can be taken as the direct sum of the minimal sub-

ideals Ll of the Li. Thus, Z= 2~lt-i Pi-
Consider the residue class algebra A/Z and denote it by A'. Since A

= M+ 2~lri-i Pi and Z= Ylt-i Pt, it follows that

A/Z = M/Mr\Z+2~lLi Li/Lir\Z = M+ 2Zl=i Li/Li.

Thus, the primitive ideals of A' are either A -isomorphic to some Li/Li or

A -isomorphic to some component of M and hence to some primitive ideal

of A itself. Since L*(~\Z = 0, L* can be considered as an ideal of A' as well as

an ideal of A. Since P* does not have a unique minimal subideal, it cannot

be a dominant ideal of A' nor be subordinate to a dominant ideal of A'.

Thus, since A' is assumed to be a QF-3* algebra, L* must be weakly sub-

ordinate to some dominant ideal of A'.

Suppose that P* is weakly subordinate to a primitive ideal M' of A'

which is A -isomorphic to one of the primitive ideals of A. Then M' could be

considered as an ideal of A and hence L* would be weakly subordinate to

M' as an ideal of A. However, this is impossible since this would imply that

M' is ^-isomorphic to one of the Li.

The only possible case remaining is that L* is weakly subordinate to one

of the Li/Li. If this is true then, in addition, L* is weakly subordinate to

L/L'. This implies that L/L' is a dominant ideal of A' and that L/L' has a

unique minimal subideal S'. Yet Si denote L' and let 52 be the set of all ele-
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ments of L whose residue classes are in S'. Then, S2 is a left ideal of A and is

a subideal of L. Thus, Si and 52 are the unique first and second terms in any

composition series of L. Since L* is weakly subordinate to both L and L/L',

it follows that Si and S2/Si are A -isomorphic. Thus, the hypotheses of Lemma

8 are satisfied and hence L has a unique composition series and all of the

constituents of the series are A -isomorphic. However, this implies that there

can be no primitive ideals which are subordinate to or weakly subordinate to

L without being dominant. Hence, this case is also impossible.

Thus, it is impossible to have every residue class algebra QF-3* and one

of them not QF-2. Therefore, if every A/Z is a QF-3* algebra then every

A/Z is a QF-2 algebra and by Theorem 1, A is a generalized uniserial algebra.

The previously known results and Theorem 2 give the following char-

acterizations of uniserial algebras: (a) Every residue class algebra is quasi-

Frobenius; (b) Every residue class algebra is Frobenius; (c) Every residue

class algebra is weakly symmetric. Theorems 1 and 3 give the following char-

acterizations of generalized uniserial algebras: (a) Every residue class algebra

is QF-3*; (b) Every residue class algebra is QF-2. It seems probable that a

weaker condition than that of requiring that each residue class algebra be

QF-3* may suffice to imply that the algebra itself is generalized uniserial.
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