SOME OPERATORS ON UNIFORM SPACES

BY
SEYMOUR GINSBURG AND ]J. R. ISBELL(})

Introduction. The principal results in this paper concern a class of uniform
spaces defined by the condition that every uniformly locally uniform covering
is uniform. Such spaces, called locally fine spaces, generalize the fine spaces,
i.e. spaces bearing the finest uniformity consistent with the topology. The
most striking results are (i) that, subject to a mild cardinality restriction, the
completion of a locally fine space is determined by its uniformly continuous
real-valued functions (generalization of Shirota’s theorem [14] for fine
spaces), and (ii) that every real-valued uniformly continuous function on a
subspace of a locally fine space can be extended (generalization of a known
result for fine spaces). However, both of these results are trivial for subspaces
of fine spaces (i.e. the step from fine spaces to subspaces is trivial), and we
have not been able to determine whether this includes all the locally fine
spaces. The principal value of the concept “locally fine” is that it is a simply
defined uniform property which distinguishes a well-behaved class resembling
the fine spaces (for which no uniform characterization is known). The class is
closed under forming subspaces.

For each uniform space uX there is a coarsest locally fine uniformity Au
finer than u. The operator A commutes with completion and preserves both
subspaces and uniformly continuous functions. (That is, if f: uX—»Y is
uniformly continuous then so is f: \uX—M v Y; AuX does 7ot have the same
uniformly continuous real-valued functions as uX.) These properties of \ are
easy to prove once the existence of Au is established. The existence proof rests
heavily on the lemma, any locally fine uniformity finer than a complete metric
uniformity is fine, and on the known results that every uniformity is a union
of metric nonseparated uniformities and that every metric space is paracom-
pact. These results are employed also in the generalization of Shirota’s
theorem. The last section of the paper examines some of the constructions
more closely and indicates some more direct proofs.

The first half of the paper is a review of the elementary theory of uniform
spaces, supplemented with some results not all of which are related. The best
of these results is that every countable uniform covering has a countable
uniform star-refinement. As a corollary it follows that a uniformity having a
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basis of countable coverings is a union of separable metric nonseparated uni-
formities. This fact is used in the generalization of Shirota’s theorem. Typical
of the other results are (i) an explicit description of the equivalence relations
corresponding to quotient spaces, and (ii) a proof that Samuel compactifica-
tion of a complete noncompact space involves adjoining more points than
the power of the continuum (generalization of a known result on Stone-Cech
compactification).

The authors are indebted to Richard Arens for suggestions which bridged
a major gap in our first attempt to generalize Shirota’s theorem. (Arens
showed us how to construct certain partitions of unity on locally fine spaces.
This step is now handled by a construction which works on any uniform
space, but Arens’ contribution was of critical importance.) We are indebted
to Melvin Henriksen and Ernest Michael for contributions which appear
below, and the second-named author is indebted also to Pierre Conner, K.
Morita, and F. J. Wagner for illuminating discussions of some of these ideas.

1. Coverings. Our terminology and notation for coverings are essentially
those of Tukey [17, pp. 43-50]. Generally u denotes a covering of a space X ;
u={U.|a€A}, or u={U.}, for short. We say that u is a refinement of v,
and write # <v, when # and v are coverings of the same set and every element
of u is a subset of some element of v.

We wish to employ the language of partially ordered sets in connection
with coverings ordered by refinement. The language will be more natural if
we make use of two simple remarks. First, the relation < (on coverings of a
fixed set) is only a quasi-ordering; but there is no difficulty in applying the
usual concepts of cofinal set, residual set, filter, to quasi-ordered sets. Second,
it is the finer coverings or predecessors under < which are important; in a
sense, our quasi-ordered set is ordered downward. Specifically we define a
subset Q of a quasi-ordered set P to be cofinal in P if, for every p in P, a g
in Q can be found satisfying ¢ <p. A subset Q of P is residual in P if ¢ in Q
and r<gin P imply that r isin Q. Q is a filter in P if (1) Q is an antiresidual
subset of P, i.e., ¢in Q and r=¢ in P imply r is in Q, and (2) Q is directed,
i.e., for gand ¢’ in Q, there exists ¢’’ in Q such that ¢’ =g and ¢"’ =¢’. However,
if P is a family of sets ordered by inclusion, one requires that the empty set
& not be an element of Q. A filter base is a cofinal subset of a filter.

The following notation is almost identical with that of [17, Chapter V]
(which see for definitions). For an intersection {U.NVg} of coverings,
{U.} /\{ Vp}, or uA\v. For the star of a set S with respect to a covering «,
St(S, u); but in the case of the star of an element U, of « this may be short-
ened to U¥. For the star of a covering %, #*. The star-refinement relation
u* <v is sometimes written u < *v; the convenience of this special symbol will
become apparent.

We assume the reader is acquainted with the concepts of star-finite and
point-finite [17] and finite order; we also assume an acquaintance with the
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concept of the nerve of a covering [7, pp. 68-70]. Later in the paper we shall
be concerned with the uniform structure of the nerve; this will be induced by
regarding the nerve as a metric space in which the distance between any two
points is the maximum difference in their barycentric coordinates. From now
on we shall not speak of order, but use the same terms, “finite-dimensional” or
“n-dimensional,” for a covering as for its nerve.

Besides finiteness we shall need two other concepts involving cardinal
numbers, namely countability and nonmeasurability(2).

The following theorem is essentially known.

THEOREM 1.1. Suppose that u and v are coverings of a set and that v* <u.
If wis (a) finite, (b) star-finite, (c) finite-dimensional, (d) point-finite, or () non-
measurable, then there exists a covering w such that v<w<*u and w has the
respective property (a), (b), (c), (d), or (e).

Proof. Let u={ U,} and v={Vs}. Let v be any subset of » such that
there is at least one point common to all members of v; and let C be the
family of all possible such . For each ordered pair (v, ) of elements of C,
let W, be the union of all Vg such that

(i) the set of all U, which contain Vj is precisely v, and (ii) the set of all
U. which contain V7 is precisely 8. Let us call these Vs parts of Wy Let
w= { W'y&}.

For any nonempty Vj, the set y(8), respectively §(8), of all U, containing
Vg, respectively Vg, is in C. The element W, of w thus contains Vp, i.e.,
v<w. Given Wy, let W,,\W,; be nonempty. Then V,NV; is nonempty for
some part V, of W,, and some part V, of Wy Any U, in & contains V.
Hence V,C U,. Then U, isin o, that is, d is a subset of ¢. Therefore W,, C U..
We conclude that W C U, i.e., w<*u.

If u is finite or nonmeasurable, then so is C, thus also w. Suppose that «
is star-finite. Given W, let U in u contain W,;. Then for every W), meeting
W s, it is easily seen that both X and u are subsets of the star of U. Since u is
star-finite, the number of N\ and u are finite. Hence only a finite number of
Wi, meet W, i.e., w is star-finite. Finally, if a point p is in at most # mem-
bers Ui, - - -, U, of %, then p is in at most 22* members of w, namely W,,,
where N and u are subsets of y= { U.-Iign}. This proves (c) and (d), and
completes the proof.

Tukey proved 1.1 for finite and star-finite coverings [17]. We have not
seen the rest of the theorem in the literature.

(® A cardinal number is nonmeasurable [18] if a set of that power has no ultrafilter
(maximal proper filter) of subsets which is closed under countable intersection, other than the
trivial ultrafilters which consist of all sets containing a given point; equivalently, there is no
nontrivial countably additive two-valued measure, or Ulam measure, on the set. The non-
measurable numbers are closed under all the operations of transfinite arithmetic. In particular
if m is nonmeasurable then so are 2™ and any n <m [18]. It is consistent with the axioms for set
theory that no measurable numbers exist [16].
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It can be shown that 1.1 is not true for countable coverings. However we
do have

THEOREM 1.2. Suppose that u and v are coverings of a set such that v** <u.
If u is countable, then there exists a countable covering w such that v <w < *u.

Proof. Let = { U;} and v={ V.}. Define three functions, 7, , and ¢ as
follows: m(c) is the least ¢ such that U; contains V}; n(a) is the least 7 such
that U; contains V2*; and g() is the set of all 4 such that U; contains V, and
1< n(a). Note that m(a) Sn(a) and that m(a) and #(a) are elements of g(a).
For j=<k and ¢ a set of integers <k which includes both j and %, let Wi,
be the union of those V, for which m(a)=j, n(a) =k, and g(a) =¢. Let us
call these V, parts of Wjs. Clearly { Wis} =w is countable and coarser than
v. Suppose that the part V, of Wjs meets the part V; of W,,y. Then V. C V5,
V¥CVF*CU,, so that j<s. Furthermore, V,C Vg CU; Hence j is in ¢.
Therefore W,y is a subset of Uj, and W, C U;. Consequently w < *u.

A covering % is said to be normal with respect to a family of coverings
if the family contains an infinite sequence {#‘} such that #! <*x and for all
n, unt1 <*y» From 1.1 we see that if % is normal with respect to a filter of
coverings, and # is either finite, star-finite, finite-dimensional, nonmeasurable,
or countable, then % is normal with respect to the subfamily consisting of
coverings of the same special type as u.

2. Basic uniform concepts. The terminology and notations for uniform
spaces are taken with slight modifications from Tukey [17].

A preuniformity on a set S is a family u of coverings of S which forms a
filter in the quasi-ordering <*. Specifically u is required to satisfy

(Uy) If y and z are in u, then yAzis in u;

(Usu) If yisin p and y<z, then zis in u;

(Uiis) Each element of u has a star-refinement in u.

A uniformity on a topological space is a preuniformity u satisfying the two
compatibility conditions

(Uiv) Each element of u has a refinement in u consisting of open sets; and

(Uy) For each point x and every open set U containing x, some % in u can
be found so that St(x, ») CU.

A preuniformity u is said to be a refinement of », written u <, if the fam-
ily u contains the family ». Every family of (pre)uniformities has a greatest
lower bound in the quasi-ordering <; a basis for the greatest lower bound is
given by the set of all finite intersections of coverings in the given uniformi-
ties. Each family {u.} of preuniformities has a least upper bound, namely
the family of all coverings normal with respect to the filter N, ua. It is not true
though that every family of uniformities has a least upper bound uniformity.

A uniformity frequently is said to be separated if the underlying topology
is T (it then follows that the topology is completely regular [2, Chapter IX,
p. 10]). Instead, we shall consider only topologies which are T, with a few
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exceptions. These exceptions will be explicitly distinguished as nonseparated.
Under this agreement a uniform space uX is an ordered pair (X, u) where X
is a T space and p is a uniformity on X; omitting “T,”, one has the definition
of a nonseparated uniform space.

This essentially is Tukey’s formulation [17]. Bourbaki [2] defines a uni-
form structure as a filter of reflexive relations in X having a symmetric
(filter) basis and such that every relation in the structure extends the square
of some relation in the structure. The Tukey coverings are called large cover-
ings; the Bourbaki relations are called entourages. We may pass from the
covering # to the relation R(%) of belonging to some common element of u;
conversely, a relation R on X defines a covering of X consisting of all the
left cross sections, i.e., #(R) = {R(x)|R(x) = {y|xRy}}. Since u(R(w)) is a
weaker extension than the star, and R(#(R)) is a weaker extension than the
square, the two formulations are equivalent. We shall use Bourbaki’s term,
uniform coverings, for Tukey’s large coverings.

A suitable preuniformity on a set defines a topology making the whole
structure a uniform space. Any preuniformity defines a not necessarily sepa-
rated uniform space; the stars of a point X with respect to uniform coverings
are taken as a basis of neighborhoods of x. It is easy to see that this topology
will be T if and only if each x is the intersection of its neighborhoods.

A uniformly continuous function f: uX—»Y is a function f: X— Y (into)
such that for each covering V in », the covering f~1(Vj) isin u. In other words,
the inverse image of a uniform covering is uniform. If f is one-to-one onto and
f~!is also uniformly continuous, then f is called a uniform equivalence.

The concept of a functor [5] involves certain set-theoretic complications,
since it is typically an operator applied to some class larger than a set, such
as the class of all uniform spaces. One thinks of a functor as an ordered pair
(N, N¥) of functions. However, recalling that a function f: X— Y is an ordered
triple (f, X, Y), and that ordered pairs and triples of proper classes cannot
be formed, we must write the following definition. A functor k on a class L
of uniform spaces is a single-valued relation N\UN* whose domain is the union
of the class L and the class K of all uniformly continuous functions whose
domains and ranges are elements of L; L is the domain of A and K is the do-
main of N*. (The partition of & into X and A* can be effected, because the
conventions assure that L and K are disjoint.) The values of \ are uniform
spaces (not necessarily in L) and the values of A* are uniformly continuous
functions. Finally, A must satisfy

(i) for each f: A—B in K, the domain of A*(f) is AN(4) and the range of
A¥(f) is N(B); and

(i) for each f: A—B and g: B—C in K, M*(gf) =M (@A*(f).

After defining a functor A\UN*, we may refer to \.alone as the functor,
A* being understood from the context. Note that the composition of two
functors, when the composition is defined, is also a functor.
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When speaking of a subspace of a uniform space we shall always mean a
uniform subspace, endowed with the induced topology and the induced
uniformity. Usually we shall use the same symbol for the uniformities on the
whole space and on the subspace. For a subspace uY of uX, the uniform
coverings of uY are precisely the coverings { U.N\Y}, where {U.} is any
uniform covering of uX.

The Cartesian product |]a paS« of a family {/.(aS.,} of uniform spaces is
the product set |].S. endowed with the uniformity such that a function
into the product is uniformly continuous if and only if each of its coordinate
projections is uniformly continuous. A basis for the uniformity may be de-
scribed as follows. Let {u:S:|¢€F} be a finite subfamily of the given family.
For each i in F let y*={¥}} be a uniform covering of u;S;. The set of all
H.’ep Y, X Haqp S, for all choices of Y.,;E{ Yf,}, ¢ in F, is a covering of
I1« Sa. The family of all such coverings is a basis for ]]a taSa. A third way
to describe the uniformity for |]« uaSe is to call it the coarsest one making
all coordinate projections uniformly continuous.

A quotient vY of uX is an identification space of X induced by a uniformly
continuous function f on uX into ¢Z. The points of ¥ are the nonempty
inverse images f~!(z) of points in Z; and the uniformity is the finest one which
makes the mapping k(x) =f~'(f(x)) of uX onto »Y unifoymly continuous.

The existence of a quotient for each f follows from the existence of greatest
lower bounds and the existence of at least one uniformity on ¥ which makes
k uniformly continuous. The existence of the latter is obvious, since f is
uniformly continuous.

Conversely, if vV is an identification space of pX, and the natural mapping
k of uX onto vY is uniformly continuous, then »Y is induced by a mapping
f of uX into ¢Z as above, with f=k and ¢Z =»Y. This shows that all uni-
formly continuous functions determine all quotients.

It is natural to ask for explicit conditions on an equivalence relation R
on X so that the R-equivalence classes actually form a quotient space. We
now give such conditions.

DEFINITION. A uniform relation R in a uniform space uX is an equivalence
relation on X with the property that for each pair of nonequivalent points
x, ¥, in X, there exists an infinite sequence {z‘} of elements of u satisfying

(i) if x’Rx and 'Ry, then x’ and ¥’ are in no common element of z';

(ii) for each element Zj*! of z"*!, an element Zj of 2" can be found such
that if the point p is in Z3t' and pRg, then St(g, z"+*) CZs.

DEFINITION. The guotient uX /R of a uniform space uX by a uniform rela-
tion R in uX is the pair (X/R, u/R), where

(a) X/R is the set of equivalence classes of R on X;

(b) u/R is the set of all coverings of X/R normal with respect to the
family of all coverings {k(Z.)}, {Z.} in u, k being the natural mapping of x
into the equivalence class containing x; and
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(c¢) X/R is endowed with the topology defined by the uniformity u/R
(see 2.2).

There is no trouble in showing that (regarding a relation as a set of
ordered pairs)

2.1. Every intersection of uniform relations is e uniform relation.

THEOREM 2.2. The quotient uX /R of a uniform space by a uniform relation
R is a uniform space. The natural mapping k of uX onto uX/R is uniformly
continuous. If f is a uniformly continuous function on uX into vY, then the
relation f(x) =f(x') is a uniform relation R, and the function f* on uX/R into
vY, defined by fk~, is uniformly continuous.

Proof. To prove that uX/R is a uniform space, it is sufficient to show that
1/R is nonempty and makes X/R a T\, space. By (ii) of the definition of a
uniform relation, {k(z") } is an infinite sequence of successive star-refinements.
Hence k(2!) is in u/R. By (i), if k(x) #k(y), then k(y) is not in St(k(x), k(z")).
Hence any pair of points in X/R are separated, i.e., X/R is T.

It is obvious that & is uniformly continuous.

Let f be uniformly continuous and x’'Rx the relation f(x') =f(x). Suppose
that f(x) #f(y). Choose a sequence {v”} in » such that f(y) is not in St(f(x), v')
and v**1 < *y* for each n. Then, as is easily seen, 2" =f"!(y") satisfies (i) and
(i1). It follows that the quotient is the one constructed previously and f* is
uniformly continuous (this could be proved directly). Hence the theorem.

At this point we wish to acknowledge a contribution of Ernest Michael.
Michael pointed out to us the first definition of quotients given above, in
terms of “the finest uniformity such that ... ”; we had previously worked
out the approach of 2.2. The two approaches are clearly equivalent.

A Cauchy filter in uX is a filter of subsets of X which contains an element
of every covering in u. A filter converges to x if it contains as an element each
neighborhood of x. A complete space is one in which every Cauchy filter con-
verges.

A space is uniformly locally compact if it has a uniform covering consisting
of compact sets; and similarly for other “uniform local” properties. A collec-
tion {S.} of subsets of a uniform space uX is uniformly discrete if there exists
a uniform covering % such that the sets St(S., #) are pairwise disjoint. A sub-
space is called uniformly discrete if its points form a uniformly discrete
family. A countable union of uniformly discrete sets is said to be o-uniformly
discrete.

Let {p.S.} be a family of uniform spaces. For each a let v, T, be a uniform
equivalent of paSa such that Toy\T., is empty for ai#as. The sum Y ouaSa
is the union of the T, endowed with the following uniformity. A covering of
> MaSe is uniform if and only if its restriction to each summand T, is uniform
in va.

ExaMPLE A. For each countable ordinal « let X, = {(E, a) I’g’ is an ordinal
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§a}. Let (¢, @) = (v, @) if and only if £<+. In the order topology, X, is a
compact space and thus has a unique uniformity u,. consisting of all open
coverings.

Let uX be the sum of the family {p.X.|@<w:}. Let R be the equivalence
relation defined by (¢, a)R(, B) if £=79. Let Y be the set of all countable
ordinal numbers with the order topology. ¥ has a unique uniformity, with a
basis consisting of all finite open coverings of Y. Let f be the function from
uX onto vY defined by f(¢, o) =¢£. It is easily seen that f is uniformly continu-
ous and induces the relation R. Thus R is a uniform relation. Note that
uX/R is uniformly equivalent to v Y.

The primary point we wish to note is that under the natural mapping &
of uX onto uX /R, the image of a uniform covering is not necessarily uniform.
This is shown by the covering {X.}. Clearly {£(X.)} has no finite (or
countable) subcovering. Another point we wish to note is that pX is complete
but uX/R is not. It is known [2] that this can happen in a topological linear
space; here we see it happening in a uniformly locally compact space. In
passing we note that uX/R is a direct limit of the compact spaces paXe.

2.3. For any uniform space uX and any cardinal number m, either uX has
a uniformly discrete subspace of power m or every uniform covering has a uniform
refinement of power <m. '

Proof. Let # be any uniform covering and v*** <u, v in u. Using trans-
finite induction, construct in the obvious way a maximal set of points
E={p,} such that the sets St(p,, v) are pairwise disjoint. Clearly E is uni-
formly discrete. Let w= {St(p,, v***)}. Let x be any point of X. Due to the
maximality of E, St(x, v)N\St(p,, v) is nonempty for some p, in E. For this
Dy, % is in St(p,, v***). Thus w is a covering; by a similar argument v <w <,
and w has the same power as E. In particular, either E has power =m or w
has power <m.

3. Some basic operators. This section discusses six functors, together with
some remarks on successive application of these functors. We first consider
the completion as a functor.

We shall not construct the completion of a uniform space since that is
done in [2] and in [17]. In both places, equivalence classes of Cauchy filters
are used. Two Cauchy filters, D and E, are equivalent if the filter D\/ E, con-
sisting of all A\UB, where 4 is in D and B in E, is Cauchy. Note that each
equivalence class of Cauchy filters contains a unique minimal element (mini-
mal with respect to set inclusion). Bourbaki [2, Chapter IX, pp. 14-15] points
this out in a special case. A filter D is said to be uniform in uX if for each 4
in D there exist B in D and # in u such that St(B, %) C4. Note that each
equivalence class of Cauchy filters contains exactly one uniform filter. This
is the family of all St(B, %), % in u, B in D, for any representative D of the
equivalence class.

We designate the completion of a uniform space uX as muX. It is well
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known that each uniformly continuous function f on pX into v ¥ has a unique
extension f over muX into m»¥ [2, Chapter II, p. 101]. The completion T,
together with the single-valued relation taking each f to f, constitutes a
functor on the class of all uniform spaces.

Since the completion of a subspace of uX is the closure of the subspace
in muX, 7 preserves subspaces. In view of Example A, = does not preserve
quotients.

One fundamental property of the completion which will be needed is
Morita’s Lemma:

LeEMMA (MORITA). For any uniform covering { U.} of uX, let U (for each
«) consist of U, together with all points of wuX which are not limit points of
X —U,; then { U} is a uniform covering of wuX, and the family of all such
coverings is a basis for wu.

The proof is in [10].

Other important functors are obtained by replacing (X, u) with (X, hu),
where hu is a suitable subfamily of u. Tukey showed [17, pp. 44-49; 57-58]
that the finite uniform coverings of any uniform space uX form a basis for a
uniformity fu. In view of 1.1 and 1.2, the nonmeasurable and the countable
uniform coverings form bases for preuniformities nu, eu; since each of these
contains fu, they are uniformities. Similarly those uniform coverings which
are at once countable and star-finite form a basis for a uniformity, which we
shall call su. The mappings =, e, f, s, which take u into nu, ey, fu, and su re-
spectively, are functors. (The mapping A* in each case is the identity. The
conditions on A* are satisfied since, clearly, if f is uniformly continuous from
pX into vY, then f is uniformly continuous from huX into kvY, h being
n, e, f, or s.)

A uniformity is precompact if it is coarser than f, i.e., if every uniform
covering has a uniform finite subcovering. This is equivalent to each of the
following conditions: (i) the completion is compact; and (ii) each ultrafilter
(=maximal proper filter) is Cauchy.

A metric uniformity is one which has a countable basis. A metric space
(d, X) induces a uniformity with a basis {#"}, where " is the covering by
open spheres of radius 1/n. When we speak of a metric space we mean a
metric uniform space. It is a known fact [2, Chapter IX, p. 23] that a metric
uniformity is induced by a metric. Unless specified otherwise, when we speak
of the real line R, we mean R with the usual metric uniformity, m. In a
metric uniformity precompactness is equivalent to being totally bounded.
For proofs and further facts see [2] and [17].

We now quote Weil’s uniform version of Urysohn’s Lemma [2, Chapter
IX, p. 9].

THEOREM (WEIL). For every subset A of a uniform space uX and every
uniform covering u, there is a uniformly continuous real-valued function f on
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uX such that f(x) =1 for each x in A and f(x) =0 for each x in X —St(4, u).

Given a uniform space uX, let cu be the filter having a basis consisting
of all finite intersections of the inverse images, under uniformly continuous
real-valued functions, of uniform coverings in mR. It is obvious that cu
satisfies the conditions (U;), (Ui), and (Uiy) for a uniformity; (Uy) is a
consequence of Weil's Theorem, and (Uji;) may be inferred from the observa-
tion that the basis described above can also be described in terms of uni-
formly continuous mappings into Euclidean spaces (finite products of lines).
Thus cu is a uniformity. Clearly the single-valued relation ¢ which associates
to each space uX the space cuX, and to each f: uX—»Y the mapping f: cuX
—cvY, is a functor.

The preceding paragraph suffices to define and establish the existence of
the functor ¢. The question arises, what are reasonable sufficient conditions
for a uniform covering of uX to be uniform on ¢uX ? No generally satisfactory
conditions are known. The following result will be enough for the purposes
of this paper. A uniform covering of uX whose nerve is uniformly equivalent to
a subspace of some Euclidean space is a uniform covering of cuX. This is part
of 1.6 of [8], and will be cited again in the proof of Theorem 4.10 below.

We already have fairly explicit descriptions for the functors previously
introduced. We add a detail concerning the effect of e. The following result
is well known, except for the bracketed additions.

3.1. For every [every countable] uniform covering u of a uniform space uX,
there is a uniformly continuous mapping of uX into a [separable] metric space
such that u is refined by the inverse image of some uniform covering of the range.

The proof for general « (see e.g. [8]) depends on a normal sequence (x")
beginning with #. If « is countable, then by 1.2 we may take every u" to be
countable. In this case it is clear from the construction that the range con-
tains no uncountable set of points with mutual distances bounded away from
zero, and it is well known that a metric space having this property is separa-
ble.

Now consider the functors #, e, f, s, ¢, and w. The first three and the last
preserve subspaces. We shall see that s and ¢ do not preserve subspaces. The
first five functors preserve the points of a space, thus preserving images. The
first five functors also preserve quotients, as is easily worked out. In view of
Example A, T preserves neither images nor quotients.

The first five functors coarsen the structure. Thus they must preserve
Cauchy filters, and cannot create new uniform filters. We shall be interested
in the question to what extent these functors create new Cauchy filters. Note
that f does create many new Cauchy filters. In fact, every ultrafilter in fuX
is Cauchy. If this condition is also true in uX, then pX is precompact, i.e.,
fu=up.

The composite functor «f is called the Samuel compactification [13].

We shall abbreviate «f by 8, i.e., mfuX =BuX. This is in analogy with the
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standard notation BX for the Stone-Cech compactification. The Stone-Cech
compactification of a completely regular space is characterized as a compact
space containing the given space as a dense subspace and admitting an ex-
tension of all continuous, bounded, real-valued functions. The Samuel com-
pactification may be similarly characterized as a compact space ¥ (with its
unique uniformity) for which the following statement is true. There is a
one to one uniformly continuous function ¢ mapping uX upon a dense sub-
space of ¥ such that every bounded uniformly continuous real-valued func-
tion on uX may be extended continuously over Y. BX, of course, is faX,
where a is the finest uniformity compatible with the topology of X.

Clearly u<nu <eu <su <cu <fu, for each u. Furthermore, nu, ey, and fu
are the l.u.b.’s of u and, respectively, na, ea, fa.

To see this consider, for example, eu. It is coarser than both ea and y,
that is, it is a subset of the intersection of these families of coverings. Let »
be any uniformity coarser than both ea and u. We shall show that every cov-
ering in » has a countable refinement in u. By 2.3, either every covering in »
has a countable refinement in » (a subset of u) whence we are through, or else
vX contains an uncountable uniformly discrete subspace Y. If the latter is
true, then since ez <v, Y is uniformly discrete in eaX, which is impossible.

A similar cardinality argument applies for fu and nu.

The corresponding statement for su and cu is false, as the next example
shows.

ExampLE B. Let X be the set of all sequences x= {x,} of real numbers
such that (i) 0=x,=1 for all n, and (ii) x,=0 for all #» except possibly one
value. Under the distance function d(x, y)= Z,. lxn—ynl, where x= {x,.}
and y= {y,.}, X is a metric space uX.

Let u={ U.} be any star-finite uniform covering. There exists ¢>0 such
that the family of e-spheres refines { U.}. Suppose that U, is a U, which
contains the e-sphere about 0, the sequence of all zeros. One easily verifies
that every U, is joined to U, by a chain of intersecting sets Uj of length at
most [1/€]+1. Since u is star-finite, it follows that # is finite. Hence su
=cp=fu.

Now let {U.} be any open covering of X. One of the U, contains a
d-sphere about 0, for some 6>0. Let V be the 8-sphere about 0. For each k
let Ay={x|3/2<x:=<1}. Then 4, is an open subset of X and A:NA4; is
empty for j=k. There exists a denumerable covering v*={ VX} of 4, such
that

(1) each V}is a subset of some U,,

(2) no three elements of ¥* have a common point, and

(3) each V}is a subset of 4;.

(The construction of #* is easy since the closure of 4; is a line segment.)
Clearly w={ V}\U(U, v*) is a covering of X which refines {U.}. Furthermore
w is countable, star-finite, and one-dimensional. Thus ca <u and sa <u. Hence
u is the least upper bound of ca and u (sa and u).
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It is easily seen that cu=su=fu=u.

We now shall see that s and ¢ fail to preserve subspaces in Example B.
To this end let ¥ be the subspace consisting of the points x*= {x}'}, where
each x3=1. As a subspace of uX, ¥ is an infinite, uniformly discrete subset.
Furthermore, uY=aY and saYV=caY=aY. From this it follows that sa¥
=caY is not precompact. On the other hand, since suX and cuX are fuX,
i.e., are precompact, so are all their subspaces, i.e., so are (suX)NY and
(euX)NY.

Example B also shows that ¢ and 7 do not commute. Clearly pX is com-
plete. Thus cruX =cuX =fuX. On the other hand, meuX =nfuX =pBuX is com-
pact, which fuX is not. The same situation prevails with any complete non-
compact bounded convex(®) (hence infinite-dimensional) metric space. In
this connection we mention an unsolved problem raised by Henriksen [1,
p. 122]: Is the completion of uX always homeomorphic with the completion
of the least upper bound of ca and u? An affirmative answer would imply that
the functors w and e commute. This also is an unsolved problem.

The completions of pX, nuX, euX, suX, cuX and fuX are topologically
subspaces of each other in the order given, all being contained in the last,
mfuX. The reason is that all of these functors (#, e, s, ¢, f) preserve uniform
filters. Since f is the strongest, it suffices to verify this for f. Let D be a uni-
form filter in uX, and let 4 be any element of D. There exist B in D and »
in u such that St(B, u) CA. Let v be the covering in fu consisting of the two
elements (i) St(B, ), and (ii) the union of the remaining elements of «.
Clearly St(B, v) =St(B, %) and 4 <v. Thus St(B, v) C4, i.e., D is uniform in
fu.

A similar argument shows that a uniform relation in pX is uniform in
fuX. Also, it is easy to deduce that a uniform relation in uX may be extended
over muX, and hence over SuX. We elaborate on the details.

THEOREM 3.2. A uniform relation R in a uniform space pX can be extended
to a uniform relation on BuX. If R* denotes the intersection of all such extensions
of R, then BuX/R*=B(uX/R).

Proof. Let & be the uniformly continuous function which maps uX onto
uX/R=vY. Clearly k is also uniformly continuous from fuX onto frY, and
thus from fuX into the complete space BvY. Since X is dense in BuX, k has
a unique uniformly continuous extension, call it j, on BuX into BvY. Since
j(BuX) is both compact and dense in BvY, the function j is onto fvY. Let
R* be the uniform relation on SuX determined by j and let f be the natural
mapping of BuX onto BuX/R*. Obviously jf~! is a one to one uniformly con-
tinuous function of BuX/R* onto B(uX/R). Since BuX/R* is compact and
B(uX/R) is a Hausdorff space, jf~! is a homeomorphism, and thus an open

(3) A metric space is called convex if every two points are contained in a subspace isometric
with a line segment.
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mapping. From this it readily follows that (jf)~! is also uniformly continu-
ous, i.e., BuX/R*=B(uX/R).

Now let R’ be any other uniform relation which extends R over SuX.
Then R’ defines a quotient space Z and a uniformly continuous function &’
of BuX onto Z. Hence Z is compact. The restriction of &’ to X is a function ¢
which is uniformly continuous on fuX, thus uniformly continuous on uX.
Since R’ extends R, the quotient of uX determined by ¢ is » Y. Then i=1*k,
where k is the quotient mapping deduced from R and ¢* is some uniformly
continuous function on »Y into Z. Z being compact, each covering of Z is
refinable by a finite covering. Hence 7* is uniformly continuous on fr¥ and
thus extends over v V. Let ¢’ be the uniformly continuous extension of * over
BvY. Then k' and 7’j are continuous functions which coincide on the dense
subset uX of BuX. Hence &’ and 7’j are identical. This means that R’ is a
stronger equivalence relation than R*, as was to be shown.

Constructing the Samuel compactification of a complete noncompact
space (as with the Stone-Cech compactification [3]) involves adjoining a
huge number of points, none of which can satisfy the first axiom of counta-
bility. This is seen by applying 2.3, a theorem of Pospisil [6], and a theorem
of Kat&tov [9] as follows. Let uX be complete and noncompact. Then pX
is not precompact, and by 2.3, it contains a denumerably infinite uniformly
discrete subspace aN. Every real-valued function on the set N is, of course,
uniformly continuous. According to Katétov's theorem every bounded uni-
formly continuous function on a subspace of a uniform space has a bounded
uniformly continuous extension over the entire space. Hence every bounded
function on N has a continuous extension over BuX. Hence the closure of N
in BuX is a compact extension of N over which every bounded continuous
function on N extends, i.e., it is the Stone-Cech compactification SN. Pospisil
showed that the number of points of BNV is 22X [6]. Here a/N is complete and
therefore closed in uX. Thus all but countably many points of BN, i.e., except
N itself, are in BuX —X. To see that the first axiom of countability cannot
hold at any point of fuX —X, it suffices to show that every closed G; set of
BuX, which is disjoint from X, is infinite. (This suffices since a point satisfying
first countability is a closed Gs.) Now observe that any closed G; set H of the
compact space fuX is the set of zeros of some continuous real-valued function
f- Let {x,} be a sequence of points of X such that f(x,) converges to 0. {x.}
exists since X is dense in BuX and f is continuous. All the limit points of
{x,.} are contained in the zeros of f, i.e., in H, which is in SuX — X. Thus the
subspace of uX consisting of all x, is closed, and hence complete in uX. Clearly
it is not compact. Hence by 2.3, it has an infinite uniformly discrete subspace
M= {x,,‘} . As above we obtain the topological space BM(=BN). Here
BM—M is in H. Summarizing we have

THEOREM 3.3. If uX is complete but not compact, then BuX —X contains
at least 2280 points. No point in BuX — X satisfies the first countability axiom.
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Any closed Gy of BuX whick is disjoint from X contains the topological space
BN-—N.

4. Locally fine spaces. A uniform space uX is locally fine provided every
uniformly locally uniform covering is uniform. A covering { W.,} is uni-
formly locally uniform in case there exists a uniform covering { U.} such that
on each of the subspaces U, the covering { U.N W.,} is uniform (in the in-
duced uniformity). This means that for each fixed @ we may replace {W.,}
with a uniform covering w*= { Wg} so that { U.N\W5}={U.N\W,} (8 and
v vary here). Evidently uX is locally fine if and only if it is closed under the
“staggered intersection” operation { U.N\W§|all e, all 8}.

We shall next construct a locally fine space AuX which is naturally asso-
ciated with an arbitrary space uX. In fact the construction is a direct trans-
finite iteration of the operation just described. However, our proof that Au
is a uniformity involves an auxiliary transfinite induction; and to simplify
the argument we shall treat metric spaces before the general case. One ac-
companying complication is that we shall have to handle various filters of
coverings, some of which will finally turn out to be uniformities.

Accordingly we begin by defining, for any filter of coverings u, the deriva-
tive uV of u as the family of all coverings which have refinements of the form
{U.NWg}, where { U.} is in u and for each fixed « the family { W5} is in p.
Evidently u@ is again a filter of coverings. Thus we may define 4 for each
ordinal number a, by the inductive rules u+) = (u@)® and for limit ordi-
nals 8, u® is the union of all previous u®. Since the successive derivatives
u@ are expanding, evidently there is a last derivative p@ =p@*). The last
derivative of u is written Au.

We have no counterexample to the conjecture that when u is a uniformity,
so is 4V, and hence all u@(4). We shall return to this question later in the
paper.

4.1. LEMMA. Let uX be a uniform space. Let P be a partially ordered set
and h a mapping of P into 2X (the set of subsets of X). Let S be a subset of P
such that every chain in P—S 1is finite. Suppose that (1) the set of all h(p), p a
maximal element of P, is a uniform covering of uX, and (2) for each p in P the
set of all h(g)N\k(p), q an immediate successor of p, is a uniform covering of
h(p) (in the induced uniformity). Then the set of all k(s), s in S, is a covering of
X and an element of Au.

Proof. The lemma is certainly true if every chain in P—S is of length at
most 1; then {h(s)lsES}, is in u. (It is uniform on each k(p), p maximal
in P; for either p itself is in .S or all its successors are in S.) For a proof by
induction, let us define an ordinal-valued function 6 on P—.S as follows. If
every successor of P is in S, then 8(p) =0. If §(¢) is defined for every successor

(®) In a preliminary announcement [1, p. 106] we erroneously claimed a proof of this.



1959] SOME OPERATORS ON UNIFORM SPACES 159

g of p which is not in S, then d(p) is the least ordinal greater than all these
6(g). This defines 6 on all of P—S; otherwise 8 would be undefined on some
$1, on a successor ps, and so on through an infinite chain in P—S, which is
impossible. Now by induction on 8(p), the family {h(s)f\h(p)lsES} is a
covering in the last derivative of the induced uniformity on 4(p); for (a) it is
coarser than {(h(q)f\h(p))f\h(s)|q<p, sE€S}; (b) the family {h(q)f\h(p)}
is uniform on k(p) by hypothesis (2), and (c) for each g, {h(s)f\h(q)} is in
the last derivative of the induced uniformity on k(g) by induction. Therefore
by hypothesis (1), { h(s)} is in Ay, as required.

4.2. For any complete metric space uX, \u=a.

Proof. It is well known that for a metrizable space X, a consists of all
coverings which have open refinements. Every covering in u has an open re-
finement. This property is evidently preserved in taking derivatives, and
therefore Au is contained in a.

For the converse, let {V,g} be any open covering of X. For each #, let
ur={U,,.} be a uniform covering of uX consisting of sets of diameter at
most 27", Partially order the set P of all indices (#, a) as follows: (n+1, B)
<(m, &) if Upy1,5 meets Un,o; (n+k, v) <(n, @) if there is a chain (n+k&, v)
<(m+k—-1,080<:::<(n a) Let S be the set of all (n, @) such that
St(Usn,a, u") is a subset of some V. Since uX is complete and each U, 4 is of
diameter at most 27", each infinite descending chain in P converges to a limit
point x. Since some e-neighborhood of x is in some Vg, only a finite number
of the U, . in the chain can be in P—.S. The remaining hypotheses of 4.1
are obvious. Therefore y={ U,.o| (#, @) €S} is in M. Since y < { Vs}, { Vs}
is in Ay.

4.3. For any uniform space uX, every covering in u is normal with respect
to the family of all point-finite coverings in Ap.

Proof. By 3.1, for each covering % in g, a uniformly continuous mapping
fof uX into a metric space »Y and a uniform covering v of »¥ can be found
such that f~1(v) is a refinement of . We may take »Y to be complete. Since
every metrizable space is paracompact [15], there is a normal sequence of
locally finite open coverings of V, (v*), with 9 =v. Each v" is in Av, by 4.2.
By an evident induction, if »* is in »@®), then f~!(s) is in u@. Evidently
f~Y(v") is point-finite, and (f~!(v")) is a normal sequence, as required.

REMARK. The coverings just constructed are locally finite. We wish to
emphasize the property of point-finiteness, so that we can use 1.1 in the next
proof.

THEOREM 4.4. For every uniform space uX, Mu is a uniformity; it is the
coarsest locally fine uniformity finer than u. Every locally fine uniformity has a
basis of uniformly locally finite o-uniformly discrete coverings. N\ is a functor
preserving subspaces and commuting with completion.

Proof. Let us abbreviate “normal with respect to Au” by “normal.” We
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prove by induction that every covering in Au has a point-finite normal re-
finement. By 4.3 this is true for coverings in u. Let a be the least ordinal
such that the assertion fails for some % in p). We may suppose % has the
form { VsN\ W54}, where { Vs} and each w8 = { W%} are in previous derivatives
of u. Thus {Vs} has a point-finite refinement {4;} which has a point-
finite normal star-refinement {¥,}. For each & choose one 8 such that Vj
contains 4;. Since {4;} is point-finite, each ¥, is contained in only finitely
many A;; let b be the intersection of the corresponding coverings w?. Since
each u®@ is a filter, the inductive hypothesis implies that & has a point-
finite normal star-refinement {Z2}. Computatlon shows that { ¥,NZ%} is a
point-finite star-refinement of . Moreover, since {¥,} and each {Z2} are
normal, the construction may be continued, demonstrating that { ¥,NZ%} is
normal.

Thus Ay is a uniformity. By construction it is locally fine and finer than u.
Moreover, any locally fine uniformity finer than u is finer than u and, by
induction, finer than Au.

In particular, if u is locally fine then u=MAu. Then every uniform covering
has a uniform refinement which is uniformly locally finite and ¢-uniformly
discrete because of 3.1, 4.2, and the known fact that this is true in spaces
aX when X is fully normal [15].

Obviously A is a functor and preserves subspaces. Since ArpX is 7uX with
a finer uniformity, it is complete; and since N preserves subspaces and topol-
ogy, MruX is a complete space containing AuX as a dense subspace, i.e. the
completion of AuX. This completes the proof of 4.4.

4.5. If uX 1is locally fine, so are nuX and epX. Every precompact space uX
s locally fine.

Proof. The first part of the statement is obvious, since the cardinal number
of a covering { UsN\W3} is the sum of the powers of the coverings {wg} for
each a. The second part is obvious either by a direct use of the intersection
axiom (U;;) or from the facts that compact spaces, and subspaces of locally
fine spaces, are locally fine.

We shall need three formulas: (i) AzA=n\; (ii) #nAn=2An; (iii) crc=mc.
(i) follows from 4.5. The proof of (ii) is a routine induction on the successive
derivatives u@. The proof of (iii) is a routine application of Morita’s Lemma
(given in §3).

The functors N and e do not commute. We leave it to the reader to verify
this in the following example: X is topologically an uncountable sum of two-
point discrete spaces Pq; a covering is uniform provided that all but countably
many P, are each contained in one set U, of the covering. We also note that
\ does not commute with f, ¢, or 5. (As it happens, Example B proves all
three parts of this statement.) We cannot prove a corresponding result for
n, since it is consistent with the axioms for set theory that = is the identity
functor. We know of no further commutativity relations among the functors
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we have introduced; but it is worth mentioning again the unsolved problem
whether = and e commute.

The functor X does not preserve quotients. We leave it to the reader to
work out the details in the following example. Let uX be the space of Exam-
ple B. Let f be the function on uX into mR which is defined by f(0) =0 and,
for x = (x.), x, =c#0, f(x) =¢(1 —1/n). Clearly f is uniformly continuous. Let
R be the uniform relation induced by f. One can show that uX/R is precom-
pact (and hence locally fine), but AuX/R is not precompact.

THEOREM 4.6. Every Cauchy filter in eNu is Cauchy in nhu (and a fortiori,
n nu).

Proof. Let D be a Cauchy filter in e\u. Let { U,,,,} be a g-uniformly dis-
crete covering in #Au=AnAu, with each collection {Una} for fixed » a uni-
formly discrete collection of nonmeasurable power. Let V,=U, U,.. Then
{Va} isin ey and hence some V,, say Va, is in D. Hence D, restricted to the
subspace (n\u) Vi, =»Y, is Cauchy in evY. Now »Y is a nonmeasurable sum
of subspaces Un.. In the complete atomic Boolean algebra of all unions of
atoms Uy, the set of all elements which are members of D is an ultrafilter
closed under countable intersection and therefore contains an atom [18].
This means that some Upe is in D. In view of 4.4, D is Cauchy in #Au and
hence also in npu.

A uniformisable space X such that eaX is complete is called e-complete,
or real-complete(®).

4.7. COROLLARY. For any uniformisable space X, the following statements
are equivalent:

(a) The topological space wmaX is real-complete.

(b) Every space Y which is homeomorphic with the completion of a space
homeomorphic with X is real-complete.

(c) aX=naX.

(d) aX contains no umiformly discrete subspace of measurable power.

Proof. (c) and (d) are equivalent by 2.3. Evidently (b) implies (a). (a) im-
plies (d); for if ¥ is a measurable uniformly discrete set in ¢X, ¥ is complete
in aX and closed in waX, but for any Ulam measure m on Y, the family
{SCmaX|m(SNY)=1} is a nonconvergent filter which is Cauchy in the
uniformity ea on the topological space maX. Finally, (c) implies (b). For let
vY=muX. If eaV=eNaY is not complete then, by 4.6, neither is naV; a
fortiori nv ¥ =nmuX is not complete. But, as noted in §3, nu is the Lu.b. of

(%) To read the growing literature on these spaces the following glossary is unfortunately
necessary. They were introduced by Hewitt [6] under the name of Q-spaces. Shirota [14]
proved a number of theorems, in particular that these are precisely the closed subspaces of
products of real lines, and called them e-complete spaces. The term real-compact has been intro-
duced by Gillman and real-complete by Jerison. In the book in preparation by Gillman and
Jerison they will (at last report) be called realcompact (no hyphen).
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na and u, which in this case is u. That is, u has a basis of nonmeasurable
coverings; therefore so does mu, nruX =muX, and we have a contradiction.
Next we recall Morita’s Theorem [11] that the Lindelsf property implies
the star-finite property; i.e. if every open covering has a countable subcover-
ing (as in a separable metric space) then every open covering has a star-
finite refinement. Applying 3.1 and 4.2 we have at once
4.8. Every countable uniform covering of a locally fine space has a star-
finite countable uniform refinement. Hence the functors s, e, N, satisfy sh=e\.
4.9. Every countable star-finite uniform covering of any uniform space has a
refinement of the form { UNW}}, where { U;} and each wi={ W}} are uniform
coverings whose nerves are uniformly equivalent to subspaces of Euclidean spaces.
Proof. Let { V:} be a countable star-finite uniform covering. Define i=j
to mean that V; and V; are joined by a finite chain of overlapping sets V.
“=7 is an equivalence relation with equivalence classes C,. For each #n choose
aset V;in C, and call it Ug. Having defined U, let Up,; be the union of all
V. meeting U% but not meeting Up for k<m. Then { U%} is a uniform cover-
ing. Its nerve is simply a countable collection of line segments and rays, ard
thus a subspace of the plane. For each m and n, since {V;} is star-finite,
U} is a union of finitely many sets V; and meets only finitely many more sets
V.. Therefore, there is a finite uniform covering w(m, #n) such that its inter-
section with the set Uy, is finer than { V:}. The nerve of w(m, n) is a finite
polyhedron and hence is homeomorphic to a subspace of some Euclidean
space; since it is compact, any homeomorphism is a uniform equivalence.
We are now ready to complete the proof that = and ¢ commute on locally
fine spaces which have no uniformly discrete subspaces of measurable power.
The credit for the last step is due to Richard Arens, who in 1955 suggested
a construction of suitable real-valued functions which turn out to be uni-
formly continuous on u®X in general. However, we can now apply the result
1.6 of [8] noted in §3, for a quicker proof of

THEOREM 4.10. cmA\n =mwchn.

Proof. From 4.8, 4.9, and the lemma just mentioned we see that a Cauchy
filter in cAuX is always Cauchy in eAuX; using 4.6, we have an identification
of the Cauchy filters in eAuX and in #nA\uX. Replacing u with nu and using the
relation #An=»An, we have a one-to-one correspondence between the points
of mM\nuX and of meAnuX, leaving fixed all the points of X. Since the operators
m and ¢ do not change the real-valued uniformly continuous functions, hence
crAnpX =crchnuX. But cre=m¢, and the proof is complete.

We turn next to extension theorems. Let us first give a simplified proof of
Kat&tov's extension theorem for bounded uniformly continuous functions
[9]. The simplification is due jointly to Melvin Henriksen and the authors.

TaeoreM (KaTETOV). A bounded uniformly continuous real-valued function
on a subspace vA of a uniform space uX can be extended to be uniformly continu-
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ous over uX (with the extension also bounded).

Proof. Let & be a bounded uniformly continuous real-valued function on
vA. Then k is uniformly continuous on fv4, a subspace of fuX. Since Br4
is the closure A~ of 4 in fuX, h can be extended over 4~ (necessarily bounded).
Now by the Tietze extension theorem, k can be extended to be a uniformly
continuous function on the compact space SuX. Restricting % to X completes
the proof.

On a locally fine space, a uniformly locally uniformly continuous function
is uniformly continuous. In more detail,

4.11. If a function f on uX into vY is uniformly continuous on each of a
family of subspaces of uX which form a uniform covering, then f is uniformly
continuous from \uX intovY. If f is uniformly continuous on each member of a
finite uniform covering of uX, then f is uniformly continuous on uX. :

Proof. The first statement is obvious. As to the second, let { V..} be in ».
Let {U:|1<i<n} be the finite uniform covering of uX as given in the
hypothesis. Then for each i, UN\f~1({ Va}) = UsN{ W} for some { W3} in p.
Then {Og} =AJ_, { W}} isalsoin . Since { U;} A {Og} is finer than f~1({ V.}),
the proof is complete.

THEOREM 4.12. A uniformly continuous real-valued function.on a subspace
vA of a locally fine space uX has an extension which is uniformly continuous on
uX. In particular, c\ preserves subspaces.

Proof. Let f mapping v4 into mR be given. Let V,=f"1(n—1, n41)
and U,=V,U(X—A4). Then { V,.} is uniform on ¥4 and hence { U,.} is uni-
form on uX. Let { W;} be a uniform star-refinement of { U,}.

The function f is defined on the subspace 4 N W{ of the subspace
WEN(A\UW). Since Wy C U, for some 7, so that ANW C V,,, f is bounded
on ANWY. By Katétov’s Theorem f may be extended to a bounded uniformly
continuous function g and WM (4\UW)) to mR. By 4.11 the function f, on
A\UW, defined by the values of f and g is uniformly continuous.

Having extended f to f, on A\JU., W,, the same argument yields an ex-
tension f,41 on 4\UUI! W, In this way we obtain, in the obvious way, a
well-defined function f, extending f over all of X. On each W;, f agrees with
fi. By 4.11, f is uniformly continuous on AuX.

The following corollary is essentially known.

4.13. CoROLLARY. A real-valued continuous function on a subspace Y of a
uniformisable space X is continuously extensible over X if and only if it is uni-
formly continuous in the uniformity induced on Y as a subspace of aX.

5. More details. In this section we present some additional results and
comment on unsolved problems connected with locally fine spaces. Some
parts of the proofs are given at the end of the paper and some parts are left
to the reader.
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THEOREM 5.1. For a uniform space uX, the derivative u* of u is a uniform-
ity provided (a) uX is metric, (b) u has a basts of a-uniformly discrete coverings,
or (c) uX is uniformly locally compact. In case (b), u¥ also has a basis of
a-uniformly discrete coverings, and therefore all derivatives u'® are uniformities.
In case (c) pWX =aX.

The proof in the g-uniformly discrete case depends on the same indexing
scheme as in Theorem 1.2, which clearly works as well for g-uniformly discrete
coverings as for countable ones. If uX is metric, then in the expression
{ U.N\Wg} we may replace the coverings w*={ Wg} with the elements w»
of a countable basis for u, and work the same indexing scheme with these
auxiliary indices #. The uniformly locally compact case is quite routine.

5.2. For any uniform space uX, the dertvative uV of u is a regular uniformity
in the sense of Morita [10]. Indeed, this is true whenever u is a regular uniform-
ity (a la Morita), and hence it is true for all u®.

This means that (! satisfies a certain weak version of the star-refinement
axiom together with (U;), (Uii), (Uiv), and (Uy). With this axiom system,
Morita has shown [10] that one can develop a substantial part of the ordinary
theory of uniform spaces, particularly the theory of completion. However,
Weil's Theorem does not hold; indeed, every regular space has a regular
uniformity [10], so that there can be no assurance that continuous real-
valued functions exist.

With respect to the two unsolved problems (i) is ¢V always a uniformity
and (ii) is ew =me, the present authors cannot visualize the structure of a
possible counterexample. With respect to the problem “is every locally fine
space a subspace of a fine space” (i.e. of a space aX), the difficulty is in deter-
mining whether or not a given space is a subspace.

To illustrate our comments consider

ExaMpPLE C. Let E be the set of all finite sequences of zeros and ones, par-
tially ordered as follows: x <y if x is an extension of ¥, i.e. ¥ is an initial sec-
tion of x. Let E carry the discrete topology; and let a covering { Ua} of E be
uniform if the union of all residual sets contained in the U, is a cofinal
(residual) subset of E.

Obviously uE is a uniform space having a basis of countable partitions.
We shall show that uE is locally fine and complete; and obviously uE is not
aE. This is the simplest example we know of a complete locally fine space
which is not fine. Even in this example we do not know whether or not uE is
a subspace of any space aX.

Proof. To see that uE is locally fine, consider any { UsN\Wg} in u®. For
any x in E, there exist y in E and an index « such that y =x and all successors
of y are in U,. There exist 2=y and an index § such that all successors of z
are in Wj3. Since these successors are also in U., it follows that U.NWg con-
tains a residual set which includes a successor of x. Since x is arbitrary,
{U.NWg} is in g, as required.
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To see that uE is complete, consider any filter D in E. If D is Cauchy,
there is at most one point common to all its elements, and if there is one then
clearly D converges. Suppose then that D has empty intersection. The com-
plements of the elements of D form a covering { Ua} of E. For any p in E
let A(p)be the set of all successors of p. For each x in E, there exist y and z.
in A(x) such that 4(y)MA(2) is empty (that is, E is everywhere branching,
or antidirected). Since A4 (y), A(z), and E—A(y) —A(2) together constitute
a uniform covering, one of them (and only one) is in the Cauchy filter D.
Hence either 4(y) or A(2) is in { Ua}. Since x is arbitrary, the residual sets
in the U, are cofinal and { U.} is uniform. But D contains the complement of
each U, and hence no U, is in D, a contradiction. Therefore uE is complete.

We now apply Example C.

5.3. Every uniformisable space which has a nonprecompact uniformity has
at least 220 different (but possibly uniformly equivalent) locally fine uniformities.
Every noncompact space which is complete in some uniformity is complete in at
least 2% different (but possibly uniformly equivalent) locally fine uniformities.

The first part of 5.3 follows from the fact that, under the given hypothesis,
there are at least 22% different complete spaces a ¥ homeomorphically con-
taining X—a result of Colmez [4]. The second part is gotten by taking an
infinite uniformly discrete subspace of aX, and then 280 infinite subsets of this
set such that the intersection of any two is finite; and finally taking the finest
uniformity on X which induces the structure of Example C on a specified
(and indexed) subset.

In deriving Theorem 4.10 we used the connection between general uni-
formities and metric ones (3.1) to invoke two fairly deep properties of metric
spaces, namely Stone’s theorem that every open covering has a o-discrete
open refinement and Morita’s theorem that in the separable case every open
covering has a star-finite open refinement. We can, of course, give direct
proofs of the corresponding results for locally fine uniform spaces (and also
for the uniformly locally finite refinements involved in the derivation of 4.4).
These proofs are as complicated as the original ones of Stone and Morita.
One item of interest is that while we have not been able to reproduce Stone’s
construction with less than the rather formidable Lemma 4.1, Morita’s con-
struction needs no more than the operation { U.N\Wg}. Specifically,

5.4. Every countable uniform covering of a uniform space uX has a star-
Jfinite countable refinement in u.

This is not hard to see by inspecting Morita’s proof [11]. Note that 1.2
seems to be required for the construction.

We conclude with a description of locally fine metric spaces.

THEOREM 5.5. A complete metric space uX 1is locally fine (i.e., uX =aX) if
and only if both of the following conditions are satisfied:

(a) The set C of all nonisolated points of X 1s compact.

(b) Outside any neighborhood of C, distances arc bounded away from zero.
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A metric space is locally fine if and only if

(a’) the set of all nonisolated points is precompact, and

(b") in any complete set of isolated points, distances are bounded away from
zero.

THEOREM 5.6. For a uniformisable space X, aX is metric if and only if X
is metrizable and the set of nonisolated points of X 1s compact. X has a locally
fine metric uniformity if and only if X is metrizable and the set of nonisolated
points of X is separable.

THEOREM 5.7. For a metric space uX, NuX is metric if and only if the set of
nonisolated points of wuX 1s compact.

The family likeness in these theorems is apparent. Let us include another
curious member of the same family.

5.8. Let uX be a metric space. A real-valued function f is uniformly continu-
ous on pX into aR if and only if uX has a uniform partition { U.} such that
on U, f is bounded and uniformly continuous into mR, and on every other U,
f is constant. In particular, if X is connected, f is bounded.

Proof of 5.1(a). Let uX be a metric space and { U.N\Wj} a typical cover-
ing in u®. Choose a countable basis (y*) for u, with y*+1<*y* for each #;
and for each a choose an index #n=n(a) such that y»<{ Wg}. Choose { V,}
<**{U,} in p. For each v let p(y) be the least integer 4 such that there is
such that V¥*C U, and n(a) =1. Define the covering z={ V,M\ ¥?} by inter-
secting each V, with the covering y?, where pis p(y) +1. Thenz <* { U.N Wg} ,
and specifically St(V,MN Y7, 2) is contained in any set U.NWj satisfying the
following conditions. (1) U, contains V¥, and subject to this condition,
n(a) =n is as small as possible. Clearly n =*p(y), so that St(¥j3, y**!) is con-
tained in some Wg; (2) choose such a set Wjg. To prove the assertion, consider
any ViNY{in z which meets V,MNY}. There exists a set U. such that n(e)
= p(8) and U, contains V3*. Since V, meets Vs, hence U, contains V. There-
fore n, as chosen under (1), is £p(8). Thus Y§, meeting Y7, is a subset of
Wg, and Vs Y{ is contained in U.MNWj, as required.

The proof of 5.1(b) is quite similar except that, since the desired conclu-
sion is stronger, all the apparatus of 1.2 is needed. We do not know if u¢®
must be a uniformity when uX is metric.

We omit the routine proofs of 5.2-5.4. We also omit the proof of 5.5; a
proof of a stronger statement than the second part of 5.5 may be found in
[8]. Similarly for the first part of 5.6, an immediate consequence of Theorem
3 of B. Levshenko, Mat. Sb. vol. 42 (84) (1957) p. 482.

Proof of 5.6 (second part). If X has a locally fine metric uniformity, then
by 5.5 the set of nonisolated points of X has a precompact metric uniformity,
and hence is separable. Conversely suppose that X is metrizable with dis-
tance d and suppose that the subspace C of nonisolated points has a countable
base V;. We shall construct a distance function e on X satisfying (a’) and (b’)
of 5.5.
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The family P of pairs (V;, V), where Vi CV; and d(V;, X—V;)>0 is
countable. Arrange the elements of P into an infinite sequence (repeating
elements if necessary) {(U.-, W) } For each 7 let e,(x) =2—" min[d(x, U.), 1].
For x and y in C let e(x, ¥) =(D_. [ea(x) —e. () ]2)V2 It is well known that
the mapping of C into the Hilbert cube, defined by

h(x) = (er(x), ex(x), - - -, (), - - -)

is a homeomorphism. The metric e on C is obtained by measuring distance
as in the Hilbert cube. Hence e is consistent with the topology on C. Since
|d(x, U:)—d(y, Us)| 2d(x, ¥), e(x, y) £d(x, y) for x and 3 in C. We now ex-
tendetoallof X. Forxin Candyin X — C, lete(x, y) =inf e(x, z) +d(z, y) | zEC.
For x and y in X —C let e(x, y) =inf{e(x, 2) +e(z, y)lzGC}.

To show that e is a metric it is sufficient to show that e satisfies the tri-
angle inequality, i.e., e(x, 2) Se(x, ¥) +e(y, 3). Suppose that x and z are both
in C. If y is in C, then the inequality is clear. If v is in X —C, then the in-
equality follows since e<d on C. Suppose that x is in C and z is in X —C.
If y is in C, then the inequality follows from the triangle inequality in C. If
v is in X —C, then the inequality follows from the triangle inequality for d
on X and e on C, and the fact that e<d on C. Analogously for x in X —C and
zin C. For x and z both in X — C, the inequality is apparent.

Clearly e preserves the isolation of each point in X — C. Since the Hilbert
cube is precompact, so is C under e. Since distance in X — C is measured via
C, if a sequence of pairs of points have distances approaching zero, the points
approach C and hence include a Cauchy sequence. Thus the conditions of 5.5
are satisfied.

Proof of 5.7. Suppose that AMuX is metric. By 5.5, the set of nonisolated
points of mA\uX is compact. By 4.4, mA\uX =AmuX. The result then follows
since ArpX is homeomorphic with muX.

Suppose that the set of nonisolated points of 7uX is compact. Let ¥ be
the complete metric space muX. By 4.2, AMruX=aY. By 5.6, a¥ is metric.
Since a YV =AruX =mAuX, the subspace AuX is metric.

Proof of 5.8. The sufficiency of the given conditions is trivial. Conversely,
suppose that f is uniformly continuous on uX into aR, and a fortiori into mR.
Consider the coverings (not open) v* of R consisting of the interval (—n, )
and all single points y, | y| Z#. If any f~!(v*) is uniform, then it is a partition
satisfying the hypothesis. Suppose that no such v" exists. Then for each n
there exist x, and 2, in X such that d(x,, z,) <1/, I f(x,.)l =n and f(x,)
#f(zs). By taking a subsequence if necessary we may suppose that ] (@) |
> | f(xa) I . Let { W,} be a disjoint family of open neighborhoods of the points
f(xa), such that f(2,) is not in W,. Let W, be the complement of the set of all
f(x4). Since | f(x,.)l goes to infinity, Wy is open. Then { W} is uniform on aR.
But {f1( W,)} is not uniform, since none of its elements contains any pair
{x,,, z,.}. This is a contradiction, and the proof is complete.
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