ON SOME CLASSES OF NONCONTINUABLE
ANALYTIC FUNCTIONS

BY
F. W. CARROLL()

1. Introduction. This paper is concerned with analytic functions of the
type

F(z) = 3 | an|etrrmzn,
nm=0

Here, f(n) is a real valued function, {|a.|} is a bounded sequence, such
that inf, D> 1% la,.l — o if N> . Using a lemma due to Riesz and certain
results on uniform distributions (mod 1), simple conditions are obtained
sufficient in order that F(z) have |z| =1 as its natural boundary. Some of the
more applicable such conditions are (cf. §4): (i) From some positive integer 7,
Arf(n)— « in a monotone fashion, Ar+lf(n)—0; (ii) |a,,| =1 and f(n) is a
finite sum of terms Cn*(log n)#(log log 7n)7, at least one of these terms being
of higher order than # and not of the form Cn= with C rational and « integral;
(iii) |a.| =1 and f(n) = An* sin Bn*, where A =0, B0, 0<a <1, a+A>1.

As is well-known, such classes of noncontinuable functions can be en-
larged considerably by using Hadamard’s multiplication theorem. For, let
b,50 (n=0,1, - - - ) be such that L(z) = > ¢ baz" has a radius of convergence
1 with only one singularity 2 on its circle of convergence. Then, assuming
that Fi(z)= D ¢ by ‘la,.le"‘f(”’z" has also a radius of convergence 1, each
singularity 2o of F(2) with |zo| =1 is equal to 212, 2; denoting a singularity of
Fy(2) with lz2| =1. Consequently, if F(z) has |z| =1 as its natural boundary
then so has Fi(2). In §5, cf. Theorem 6, this principle is applied in showing
that certain generalized hypergeometric series represent a function analytic
in a circle |z| <R, and having |z| =R as a natural boundary.

2. Principal results. In this paper, {ao, a1, @3, - - - } denotes a bounded
sequence of complex numbers satisfying
(2.1) lim sup | a,.|1/" = 1.

Further, f(n) (n=0, 1, 2, - - - ) denotes a real valued function which,

when a, 0, is (mod 1) uniquely determined by
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(2.2) a, = I anlezn'/(n).

We shall derive a number of sufficient conditions on |a,| and f(n) in order
that

(2.3) F(2) = E An2" = Z I a,.lez’”'f(")z"

nw=0 n=0

(which is analytic for |z| <1) shall have |z| =1 as its natural boundary. The
proofs are all based on a result due to Riesz [8], stating that (for a, bounded)
the partial sums of (2.3) are uniformly bounded on each arc z=¢*#, a <¢p <8,
on which F(2) is regular. Consequently,

LeMMA 2.1. Let a =B <a+1. If to each constant M >0 there corresponds a
positive integer N and a real number ¢ € [, 8], such that

k+N
(2.9 limsup | > | aa|etrivmtne)| > M,

I PS

then F(2) has at least one singularity on the arc z=¢*%, a <P <p.
If g(n) is defined for n=0, 1, - - -, we denote
gln +1) — g(n) = Ag(n),  A#™*'g(n) = A(A%g(n)).
A first application of Lemma 2.1 is:

THEOREM 1. Let Y be a given real number. Suppose that to each constant
M >0 there corresponds a positive integer N and an increasing sequence {k,} of
positive integers such that

kv+N

(2.5) > e zM =12--.),
n=kyt-1
and
lim (Af(k) + ¢) = 0 (mod 1),
(2.6) e

lim A¥f(k,) = 0 (mod 1), (j=23---,N).

Then F(2) is singular at zo=e?*%¥.
Proof. From Lemma 2.1, it suffices to prove that

krtN
(2.7 limsup| > | an|erritem—om| = pr,
landod ne=kyt+1

where g(n) =f(n) +ny. But
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glh + m) — g(b) = m(ATB) +¥) + 3 (;”) AR,

j=2
thus, from (2.6), ((') being an integer),
lim (g(k, +m) — g(k)) =0 (mod 1), (m=1,--,N).

y—

Remembering that {a,} is bounded, (2.5) now implies (2.7).

CoroLLARY. The function

F() = 3 | aa| exmgn,

nm=0
where
k+N
liminf ) || = + o,
N ¢t k1

has | z| =1 as its natural boundary if lim, ., A% (n) =0 and the sequence {Af(n) }
1s dense (mod 1).

The same is true, therefore, if

(2.8) lim Af(n) = «, lim A%f(n) = 0.

Here, (2.8) is satisfied for f(n) = Cn*(log #)? with 1 <a <2 or =1, >0,
or a=2, <0, (C>0). (2.8) is also implied by
2.9 f(n) = ne(n), lim ¢(n) = «, lim nA¢(n) = 0.

It was shown by Fabry [3], that if (2.9) holds then (2.1) alone implies
that F(z) has |2| =1 as its natural boundary. On the other hand, for instance,
f(n) =nlog n does not satisfy (2.9).

In §3, less trivial applications of Theorem 1 will be given. It will be shown,
for instance, that (2.6) can be satisfied for each number ¢ if f(n) = Cn*, C5#0,
a>1, a0 (mod 1). Unfortunately the simple-looking case

L4

(2.10) B(z) = 3 eritn’yn (6 irrational),

n=0

cannot be handled by use of Theorem 1 (since A?(8n%)=200), though
Cooper [1] already proved that ®(z) has |z| =1 as its natural boundary(?).

(%) A much simpler proof than Cooper’s can be given. Writing in (2.10) n =k--m, the iden-
tity ®(2) = Pi_1(2) + Crz*®(2¢4™*%) is obtained; here, Pi_1(z) denotes a polynomial, Ci#0 a
constant. Since ®(z) has at least one singularity zo on lzl =1, and since the set of points
{80et**} is dense on |g]=1 Cooper’s theorem follows.
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In order to handle functions of the type f(n) = 0x*, @ irrational,
k=2,3,4, .-, weintroduce:

THEOREM 2. Let f(n) be a real valued function such that to each positive
inleger N there corresponds a sequence {k,} of positive integers such that

Af(k,) is dense (mod 1),

2.11

@10 lim A#f(k) = ¢; (mod 1) exists, j=23---,N.
Then

(2.12) G(2) = E £2if (n)gn

n=1
kas |z| =1 as its natural boundary.

Proof. Let a<B=<a-+1 and
kN

(2.13) Sw(k, ¢) = 2 exp {27i(f(n) + n¢)}.

me=k
Let N be a large positive integer. From
m m )
e+ my = 1) + 5( )
j=1

and (2.11),

2.14) | Sy(kr, )| =

é exp {2ri[masi) + )+ 2(7)a] | +0,

=2 \]

where |0| <1 for »>»¢(N), say. Let u be fixed, u>vo(N). From (2.13),

1
[REIOTICES A
0

hence, there exists a number ¢, such that ISN(k,., d),,)l = N2, Because Af(k,)
is dense (mod 1) there exists an index v>vo(V) such that Y= —Af(k,)
+Af(k,) +¢, is contained in (e, B). From (2.14)

| Sw(ks, ¥)| 2 | Swlka 6] — 22 N2 — 2,

Applying Lemma 2.1, we obtain the stated assertion.

In the next section, using certain results on uniform distributions (mod 1),
auxiliary theorems are presented making it possible to obtain nontrivial ap-
plications of the Theorems 1 and 2, cf. §4.

3. Auxiliary results. In this section {(a,, b,)} will always denote a se-
quence of intervals (a,, b,), p=1, 2, - + -, where the a,, b, are non-negative
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numbers, and b,—a,— . The system of real-valued functions gi(n)
(=0, 1, - - -, r—1), defined for =0, 1, : - -, is said to be uniformly dis-
tributed (mod 1), on {(a,., b,)} if for each choice of the real numbers
Yo, ¢ty Vr-1y Oé‘Yi_S_l,

lim N,/(b, — @) = 70" * * Yi=1,

p—®
where N, denotes the number of integers # in (a,,b, ) satisfying
0 =< g(n) = v: (mod 1), G=0,-+,7—1).

It is known [2] that this is the case if and only if each linear combination
> higi(n) (with integer coefficients %; not all zero) is uniformly distributed
(mod 1) on the sequence {(a,,, b,,)}.

Consider the following two conditions, where g(n) denotes a function
defined for n=0,1, - - - and {(a,‘, b“)} is a sequence of intervals.

(A) In each of the intervals (a,, b,), g(n) is monotone and of one sign,
while

lim max (| g(a,) |, | g8 |) =0,

p—r o

lim (b, — ,) min (| ga) |, | g®)[) = .
"—Ow
(B) lim,., g(n) =0, 0 irrational, where n is restricted to the union of
the intervals (a,, b,).

LEMMA 3.1. Let r be a positive integer, and let f(n) be a real-valued function
defined for n=0, 1, - - - . Suppose that, for some {(a,,, b,‘)}, Arf(n) satisfies
either condition (A) or condition (B). Then for each positive integer q the system
Aif(gn) (=0, 1, - - -, r—1) is uniformly distributed (mod 1) on the sequence
{(au/q, b/}

Proof. As was shown by van der Corput [2], a function k(z) is uniformly
distributed (mod 1) on {(c,., d,.)} as soon as g(n) =Ah(n) satisfies either (A)
or (B) on {(cs d.)}. Now h(n)=A"'f(gn) is such that h(n+41)—h(n)
= 971 Arf(gn+7) satisfies (A) or (B) on {(a,/g, bu/g—1)}, hence, A™Yf(qn)
is uniformly distributed on {(a,/q, b,/q) } .

Let j be a fixed integer, 1 £j<r—1 and assume that the system A™f(qn)
(1=1, 2, + - -, j) is uniformly distributed (mod 1) on {(a,/q, b./q9)}, (a cor-
rect assumption if j=1); it suffices to show that the system Ar%f(gn)
(¢4=1,2, -+ -,j+1) is likewise. Let ki, « - -, hjj1 be integers not all zero. It
must be shown that

Faut
H(n) = 2 h:A™(gn)

fm1

is uniformly distributed (mod 1) on {(a,/g, b,/g)}. From the induction as-
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sumption, we may assume k;,1 0. From a result due to van der Corput [2], it
suffices to show that, for each integer v=1, Hi(n)=H(n+v) — H(n) is uni-
formly distributed (mod 1) on {(a./q, b./q)}. Now

+1

Hi(n) = 20 h[A~(gn + gv) — A™f(gn)]

fa=1

=1
= gl Aif(gn) + 3 cidf(gn),
t=—grt1
the ¢;'s denoting fixed integers. Since A"f(n) satisfies (A) or (B) on {(a,,, b))},
Arif(n) converges to a constant (mod 1) for each £<0, at least when # is
restricted to the interval (a,/q, b./q¢—v). Thus H;(n) is uniformly distributed
(mod 1) on {(a,/q, b./q)}, provided that

-1
qvhi1A™if(qn) + 3 c;A™f(qn)
=1
is. But this is certainly the case, since by the induction assumption the sys-
tem A—¥(gn) (i=1, - - - ) is uniformly distributed (mod 1) on { (a./g, b./q) } -

THEOREM 1'. Besides the usual conditions on {a.} suppose that
k+N

(3.1) liminf Y, |a.| = (k=0,1,--").
N E pak4l

Then F(2), as defined by (2.3), has Izl =1 as its natural boundary as soon as,

for some integer r Z2 and sequence of intervals {(a,,, b,) }; the difference Arf(n)

satisfies condition (A) on {(a,, b,)}.

Proof. In view of Theorem 1 and Condition (3.1), it suffices to prove, for
each N, the existence of a sequence {k.} such that Af(%,) is dense (mod 1) and
Aif(k,)—>0 (mod 1), (j=2, - - -, N). By hypothesis A7f(n)—0 (mod 1) on
{ (@ b.)}; it follows that Aif(n) —0 (mod 1) on {(g., b, — N)},
(j=r, r+1, - - -, N). Also, Af(n) satisfies condition (A) on {(a,, b,—N)},
so that by Lemma 3.1, the points {Af(xn), A¥(n), - - -, A"‘f(n)} for
n&E(a,, by— N) are in an obvious sense uniformly distributed (mod 1) in the
(r—1)-dimensional unit cube. Thus there exists a sequence {%,} of integers
chosen from the {(a,, b,—N)} such that Af(%,) is dense (mod 1) and Aif(k,)
—0 (mod 1) (j=2,3, - -,r—1).

THEOREM 2’. Let f(n)=fi(n)+fi(n), where, (mod 1), fi(n) is periodic:
fi(n+q) =f(n) (mod 1), while for some integer r =2 and some sequence { (a4, b,) },
Af,(n) satisfies condition (B) on {(a,,, b,) } . Then G(2), as defined by (2.12), has
| 2] =1 as its natural boundary.

Proof. From Lemma 3.1, A~¥,(¢n), (:=1, - - -, r—1), is uniformly dis-
tributed (mod 1) on {(a,./q, b./q) } , while each difference Aify(¢gn) is constant.



80 F. W. CARROLL [January

Hence, as in the previous proof, there exists a sequence of integer multiples
k,=qk, satisfying (2.11), and Theorem 2 implies the stated assertion.

LEMMA 3.2. 4 function g(n) satisfies condition (A) for at least one sequence
{(a, b“)} if there exists a sequence {(c,, d,)} such that (i) lim, ., c,= = ; (ii)
g(n) is monotone and of one sign in each (c,, d,) and |g(d.)—g(c.)| =1; (iii)
limy ., Ag(n) =0, nE (c,, d,).

Proof. Replacing {(c,, d,)} by a proper subsequence, it may be assumed
that for # in the uth interval (c,, d,), |Ag(n)| <1/ud. From [g(d,‘) —g(c)| 21,
there exists at least one interval (a,, b,), c. <a, <b,<d,, a,, b, integers such
that, for kE (a,, b.), g(k) satisfies the relation

(3.2) 1/p < | g®)| < 2/u (mod 1)

but g(a,—1) and g(b,+1) do not. Then max (Ig(a,‘)[, [g(b,,)|)§2/,u—>0 as
u— . Also

b)) — 1/u — 2/ud
b — a2 | 5(8,) — g(a) | S e p
1/u 1/u?

so that lim,., (b,—a,) min (] g(a,) l ,.I g(b“)|)= ©, as required.

=pu?—2

LEMMA 3.3. A function g(n) satisfies condition (B) for at least one sequence
{ (@, b)) if there exists a sequence { (cwr ) } (dy—cy— ), such that, for n— o,

(i) g(n) does not converge (mod 1) to a rational number, n<(c,, d,),

(ii) Ag(n)—0 (mod 1), nE (¢, dy).

Proof. From the hypothesis, g(n), & (c., d,) has some irrational number
a as a point of accumulation (mod 1). Thus, taking a subsequence of { (cwr d) }
if necessary, there can be found an interval (a,, b,) in each (c,, d,) in such a
manner that b,—a,—« and Ig(n)—al <1/p (mod 1) for nE(a,, b,).
4. Applications. Let a.= Ia,.lei’"’f(”, (n=0, 1, - -), denote a bounded
sequence of complex numbers satisfying
k+N

liminf Y, |as| = o,

N k pek41
thus

F(z) = i a.z"

n=0
is absolutely convergent if and only if |z| <1. We have

THEOREM 3. If for some integer r=1, Arf(n)— o, (ultimately) in a mono-
tone fashion, and Ar+'f(n)—0, then F(z) has lzl =1 as 1its natural boundary.

Proof. If r=1 the stated result is contained in the corollary to Theorem 1.
If =2 it follows by combining Theorem 1’ and Lemma 3.2.
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Suppose that f(n) is a real generalized polynomial, that is, f(n) can be
represented as a finite sum of the form

f(n) = Z Cin%,
=0
the C; and «; denoting real constants, C;540, a;>a;1. If the leading term
Con* has a moninteger exponent ay>1 then f(n) satisfies the conditions of
Theorem 3 (with 7= [a,]). The same is true for the more general finite sums
of the form

(4.1) f(n) = 22 Can=i(log n)#(log log m)™,

provided that f(n)/n— = and the leading term in f(n) is not of the form
Cm=, o; an integer 22; (actually, f(0) and f(1) are undefined). In dealing
with the latter exceptional case, we shall assume |a,.| =1; we have:

THEOREM 4. Suppose that the real function f(n) can be represented as a
finite sum of the form (4.1). Then

G(z) = D etriymgn
n==0
admits an analytic continuation across some arc of Izl =1 +f and only if f(n) is
of the form f(n) =fi(n)+fu(n), where fi(n)=0(n), while fo(n) is a polynomial
with integer exponents and rational coefficients.

Proof. 1. Necessity. Let fy(n) denote the sum of all those terms in (4.1)
which are of the form Cn* where a denotes an integer =2 and C a rational
number. Then f(n) is periodic (mod 1), in fact, the least common multiple
q of the denominator of its coefficients is a period (mod 1). Let fi(n) =f(n)
— f2(n) and suppose that fi(n) is of larger order than #, thus, the leading term
Cn= (log n)#(log log n)* (C0) in fi(n) is such that a>1 or =1, >0, or
a=1, =0, ¥>0. Moreover, if 8=+ =0 then either « is not an integer, or «
is an integer and C is irrational. Let r= [a] unless « is an integer =2 and
B<0 or B=0, y<0, in which case we put r=a—1; anyway, r=1. Moreover,
Arfi— » unless the leading term in fi(n) is of the form Cn" (r=2) in which
case A'f; converges to the irrational number r!C. Finally, Ar+1f,—0. If r =2
then Lemma 3.3 and Theorem 2’ imply that G(z) has |z| =1 as its natural
boundary. If r=1 then Afi—« and A%,—0, hence, Afi(¢gn) is dense (mod 1).
But Afi(gn) is constant (mod 1), thus, Af(gn) is dense (mod 1). From Theo-
rem 2, also in this case, |z| =1 is a natural boundary for G(3).

2. Sufficiency. Suppose that f(n)=fi(n)+f(n), where fa(n+q)=f(n)
while fi(n) =Cn-+o(n) (C a constant). Here, fi(n) is defined by a formula
of the type (4.1), enabling us to extend fi(n) to a single-valued and analytic
function Cw-¢(w) in some right half plane, where ¢(w)=0(w). From a
theorem due to Le Roy (cf. Lindelsf, [7, p. 109]),
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o0
H,(u) = ) erridrmayym

m=0

has # =1 as its only singularity on its circle of convergence l u| =1. Moreover,

g1 o
G(2) = Z E e27if (ptma) gptmg

Pp=0 m=0

q—1
= Z ezrif,(p)(zezrsC)pHp((zezn'c)q),
p=0
showing that only the finitely many points e2*i-C+/9 (s=0, 1, - .-, ¢—1)
can be singular points of G(2) on [zl =1. Also functions of the type f(n)
=n*sin n'/2 (\>1/2) give rise to noncontinuable analytic functions as is
shown by:

THEOREM 5. Let r denote a fixed positive integer and let H(u) (— o <u< «),
&(x) and Y(x) (x>0) be real valued functions admitting r+1 continuous deriva-
tives such that H(u) is a nonconstant periodic function. Suppose further that
P (x)— o, Y(x)— o when x—+ o,

(4.2) lim (¢")¥ =C, lim (¢")+Y =0,

z—+ F2ndd
where C denotes a positive constant, allowing C=+ «, (¢’ =¢W®, g® denoting
the kth derivative of g). Only if r=1 and C is finite, assume that CH" (x) has a
range of length =1. Finally, suppose that for x— o,

(4.3) D = o((¢)), ¥® = o(¥M) =2, -+, r+LEk=1,---,r+1).
ASSERTION. If, for n sufficiently large, f(n) =y(n)H(¢(n)) then

G(z) = D ey (mgn
n=0
has | 2| =1 as its natural boundary.
EXAMPLE. Let ¢(x) = Ax2(log x)?, ¥(x) = Bx*(log x)*, ((4#0, B>0),
H(u) any nonconstant infinitely differentiable periodic function, e.g., H(u)
=sin u), thus

f(n) = Bn* (log n)*H(An= (log n)?)].

The above condition holds for a suitable choice of the positive integer 7
provided that: (i) 0Sa=<1 and a+A21; (ii) if 0<a<1 and a+A=1 then
p+B=0; (iii) if =1 thenA\=0, u= —B>0; (iv) if a=0 then B>1; if =0,
A=1 then p+(8—1)=20; (v) in the following cases CH'(x) has a range 21,
(C as specified); (v)! 0<a=1, a+A=1, u+p=0; then C=A4Ba; (v)'' a=0,
A=1, u+B8=1; then C=ABg.
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Proof of Theorem 5. Let f(x) =y(x) H(¢(x)). Then, for x— =,
(4.4) f®(2) = Y(x)¢'(H HP () + o(1)},

(k=1, - -, r4+1), for, f® is the sum of the function Y¥(¢')*H®(¢) and,
further, a finite number of terms of the form

ap 0 (¢))1(¢"") i -+ - (W) kH k- +i)(g).
Here, a is a constant and the ¢; denote non-negative integers, such that
'Lo+1:1+21:2+ s +k'lk=k and ’i1<k, (thus, 1021 or 1:2%1, e+, Or 14;%1).

Observing that H® () is bounded, (v <r+1), (4.3) yields (4.4).
From (4.4) and (4.2),

(4.5) Atf(n) = ftD(n 4+ ) > 0 if n— =, 0<o<r+1).
Thus,
(4.6) Af(n) = fO(n + 8) = fO(n) + o(1),

(0<0’ <r). Further, let L denote the range of the nonconstant periodic func-
tion H®(u), L>0. From ¢(x)— », ¢'(x)—0, (cf. (4.2)), it follows that

lim sup H"(¢(n)) — lim inf H"(¢(n)) = L.
Hence, from (4.6), (4.4) and (4.2),
“.7 lim sup A"f(#) — lim inf A7f(n) = CL > 0,

showing that, for n— «, A"f(n) does not converge. In view of (4.5), applying
Lemma 3.3 and Theorem 2/, the stated assertion follows if 7 =2. On the other
hand, if r=1 then 1=<CL = «, hence, from (4.5) and (4.7), A%)f(n)—0 while
Af(n) is dense (mod 1). Now, the assertion follows from the corollary to
Theorem 1.

Many more applications of the results in §3 could be obtained. We prefer
to indicate instead another class of applications of the fundamental Theorem
1. It implies that F(2) has |z| =1 as its natural boundary if, for each positive
integer N, there exists a sequence {(a,., b,)} on which the system Aif(n),
(j=1, - -+, N) is uniformly distributed (mod 1). This in turn holds true if,
for each N, the system f(n+j), (j=0, 1, - - -, N) is uniformly distributed
(mOd 1) on {(0» l“')v ”"'_"1, 2, }°

If g(n) is a fixed function and f(n) = £g(n), the latter is true for almost all
values £ if Ag(n) =1 and

lim Ag(n + 1)/Ag(n) = p,

75— 0
exists, where either p is a transcendental number or p=0 or p= o, cf. L. E.
Grosh [4, p. 85). For instance, if 8> 1 is a fixed transcendental number then,
for almost all £, the function
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0
F(z) = ) aqeitt"zn
n=0
has |z| =1 as its natural boundary, (the a, satisfying the conditions men-
tioned at the beginning of this section).

5. Application to generalized hypergeometric series. This last application
of Theorem 1 is a somewhat surprising one. It is shown that under certain
conditions the function given for Iz] small by a generalized hypergeometric
series is noncontinuable beyond its circle of convergence. Let

(5.1) h(w) = IT {T(aw + )},

k=1
where 6, = * 1, ¢; and di are complex constants with Re(ck) 0. Consider the
generalized hypergeometric series,

(5.2) H(z) = 27 h(n)zm,

where the summation is taken over all positive integers n except those at
which k(w) has a pole. Let

(5.3) K=—2 &
k=1
From a suitable extension of Stirling’s formula for I'(w), (to the entire
region {w=u-+iv:u=1 or |v| =1} by means of the identity I'(w)I'(1—w)
=q/sin ww), it can be seen that for Re(w) = u,, uo sufficiently large,

(5.4) h(w) = C(w)e™wwE*(1 + o(1))
where |arg w| </2,

o= abdloga — 1),

k=1

T =2 &(d — 1/2),
k=1
(Iarg ckl =7/2), and C(w) is bounded and bounded away from zero.
From (5.4), if Re(K)>0, then H(z) is an entire function; if Re(X) <0,
the series converges only for z=0; if Re(K) =0, the series has radius of con-
vergence |e~7|. We shall be interested only in the last case.

THEOREM 6. If K=0, then H(2) has only one singularity on its circle of
convergence; moreover, it can be continued to a single-valued analytic function in
the complement of the half-ray ue=°, (1Su=s »). If K=i| KI #0, then H(2) has
its circle of convergence as a natural boundary.
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Proof. If K=0, then, for Re(w) =2u, (%, sufficiently large), the function
e~**h(w) is analytic and satisfies

e *h(w) = O(w").

'lflius, by a theorem of Le Roy, cf. Lindelof [7, p. 109], the function given for
z| <1 by

L(z) = Y e*h(n)z* = H(ze™)
n=0
is single-valued and analytic in the complement of the half-ray [1, =] on

the positive real axis, proving the stated assertion for K =0.
If K=i| K| 0, then, from (5.4),

erw Ko { h(w)} 1 = w(1 + o(1)),
for Re(w) = uo, 4o sufficiently large. Again by Le Roy’s theorem,

ecnn—ilKIn

L,(z) = Z, _h_(_tT)-— 2"

has =1 as its only singularity on its circle of convergence |z| =1. But by
Theorem 1, cf. (2.8),

G(z) = D' ¢ ilKin log ngn

has |z| =1 as its natural boundary. By the Hadamard Multiplication Theo-
rem, every singularity of G(z) on |z‘ =1, that is, each point on the unit
circle is a product of a singularity of L,(2) on |z| =1 (i.e. 2=1) and a singu-
larity of H(ze=°). Thus H(ze~°) has [z| =1 as its natural boundary, so that
|2| =|e| is the natural boundary for H(z).
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