A CLASS OF DIFFERENTIAL-FUNCTIONAL SYSTEMS. I(})

BY
ROBERT B. KELMAN

1. INTRODUCTION

1.1. Background. In this series of papers we shall discuss the behavior of
the real solutions of a certain class of first order differential-functional sys-
tems. As the simplest example of the type of system to be studied we list
the differential-functional equation

(1) y'(x) = g(x) cos(ux + vy(px + ¢) + w)

where %, v, w, p and ¢ are real constants with p>1 or p=1 and ¢=0, and
g(x) is a given function. We use ’ to denote differentiation with respect to
the indicated argument. More generally the systems to be considered are of
the form

(2) y'(x) = A(x, y)
where A = (A1, - - -, Ax) is a certain function of x and functional of
y=(y1, -+, ¥). Each A, (k=1, - - -, k) consists of a sum of terms each of

which is a given function of x and functional of y, say g(x, y), multiplied by
unity or by a cosine whose argument is a finite linear combination of x and
V(%) (k=1, - -+, k;0=0,1, . .) where xo=x and

xa+l=ﬁxd+q (0'=0,1,"‘)

and where we assume p>1 or p=1 and ¢>0. If all the functions g(x, y)
referred to above are independent of y we speak of the case with independ-
ency, otherwise the case with dependency. If the argument of the above
mentioned cosine does not contain y.(xo) (k=1, - - -, k) and if the choice
p=1and ¢=0 is excluded, we speak of the case with pure translations, other-
wise mixed translations. The precise form of the system is given in §1.4.
Throughout Part I we limit ourselves to the case with independency and
pure translation and confine our attention to the asymptotic behavior of the
systems (2).

Although these systems may appear a bit novel at first glance, they
represent a natural generalization of a system of two first order differential
equations that arises upon a suitable polar coordinate transformation of the
differential equation

Received by the editors June 17, 1959 and, in revised form, October 9, 1959.
() This work was supported in part by Grant No. G1884 of the National Science Founda-
tion.

54



DIFFERENTIAL-FUNCTIONAL SYSTEMS. 1 55

©) ¥ (%) + f(2)y'(2) + (1 + g(*))y(x) = 0.
It can be seen [1; 2] that under general circumstances the substitutions
4 y(x) = r(x) sin(x + 8(x)), ' (x) = r(x) cos(x + 6(x))
transform (3) into the system

r'(x)
©) #'(x) = A(x,6), = P(x, 6)

r(x)
where

1 T
A(x, 0) = T{g(x) + f(x) cos (2x + 26(x) — —2—> — g(x) cos(2x + 20(x))} s

P(x, 0) = ——E-l—{f(x) + f(x) cos(2x + 26(x)) + g(x) cos(2x + 20(x) — 7r/2)} .

The above transformation has reduced the problem of finding the solution
of (3) to that of finding the solution of 6’ =A, and the differential-functional
systems we shall study are seen to be a generalization of this differential
equation.

1.2. Some results. In §2 we establish a matrix identity fundamental to
these investigations. Using this identity in §3.1 we transform A(x, ¥), and in
§3.2 we examine the asymptotic behavior of the solutions. In general this
behavior depends on the algebro-number theoretic properties of p. In §3.3
we consider some applications. We list here a result obtained for equation
(1.1-1) which is a special case of an equation occurring in §3.3. This result
typifies the investigations carried out in this paper.

We suppose that ##0 and v#0. The second of these suppositions is not
significant, but the first is due to the limitations of our method. Assume that
the function g(x) appearing in (1.1-1) is a function of bounded variation in
[X, =] where X is a positive constant and that the total variation of g(x)
in [x, o] is Ox~ where 8 is a positive constant and further that g(x)—0 as
x— . Then, if p is not the reciprocal of an algebraic integer, we find that
each solution y(x) of the given differential-functional equation satisfies an
order relation

(1) y(z) = K 4+ Oz
where K is an arbitrary constant.
For each polynomial C=cip*+ - - - +ap—co of degree k with rational

integral coefficients define I'(C) to be the sum 82}_0 lc,-l augmented by 26
for each j, 1 £j<h, such that ¢;=0. For a given algebraic number p let IV (p)
be the infimum of the numbers I'(C) where C runs over all polynomials with
rational integral coefficients of which p is a root. Then, if p is the reciprocal
of an algebraic integer, each solution of (1.1-1) satisfies an order relation
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() y(x) = K+ 0=~ ® + 7).

Moreover (2) is a “best possible” result in the sense that it does not hold if
I'V(p) is replaced by a larger number.

1.3. Notational preliminaries. In this section are listed some of the nota-
tional conventions we shall employ in this series of papers. Unless otherwise
stated, all vectors are real. Let z=(z1, - - -, z1) be a vector (finite or infinite).
We take |z| = D%, | 2;| to be the norm of z. By X we denote a fixed positive
number whose value is chosen in accordance with the problem at hand. We
put [f=/%f(t)dt for all functions f integrable on any closed subinterval of
[X, o). If y(x)=0n(x), - - -, 3(x) and z(x)=(a(x), - - -, z:(x)), then
y(x) =0z(x) means y;(x) =0z;(x) (j=1, - - -, k). Throughout this investiga-
tion k, [, m all greater than or equal to 1 and 7 greater than or equal to 0
denote fixed integers. Unless otherwise stated, k, N\, ¢ and v denote indices
that run over the integers 1, - - -, k; 1, ---,0;1,--+ ,m;and 1, -, n
respectively while o denotes an index that runs over the non-negative integers.
We denote by fi(x, ¥) and gu(x, ¥) certain given functions of x and functionals
of y with y itself being a function of x. Further, f(x, ¥) and g(x, y) denote re-
spectively the vectors (fi, - - -, fi) and (g1, * -+, gn), while F(x, ) and
G(x, y) denote respectively (f(xo, ¥),f(x1, %), - - - ) and (g(x0, ¥), g(x1,¥), -+ * ).
B, denotes a semi-group under addition possessing a neutral element 0. By
PB* we denote the strong direct product and by P the weak direct product
of the semi-groups B,. We say that 3=(3(0), 3(1), - - - )EP* has length r if
r denotes the least integer such that o> implies 3(a) =0. If there is no such
integer 7, we put len 3= . Let B+ and P~ denote realizations of P* and let
(3%, 37) be an element of the Cartesian product of B+ by B~. Then we put
len (3%, 37) equal to the larger of len 3+ and len 3~. The symbols & = {f},
2= {1}, M={m}, and M= {n} denote the realizations of B when each of the
semi-groups P, is put equal to the real k-, I-, m- and n-dimensional vector
space respectively. We employ the convention exp{a; b} =b° For [EL and
mEIM we define respectively the scalar product [ F(x, ¥) and the exponential
function exp{m; G(x, y)} by

[-F(x,y) = ; I(e)fr (%0, ¥),
exp{m; G(z, y)} = [] exp{mu(0); gulzs, )}

Finally, in the case that all the P, are equal we define a translation operator
E of domain $* by E(3(0), 3(1), - - - )=(0, 3(0), (1), - - -) for 3&P*. Ob-

serve the following rules of computation
(-F(zs, 5) = (EM)-F(x, ), exp{m; G(zs, 3)} = exp{ E*m; G(z, 3)}

where 720 denotes an integer.



1960] DIFFERENTIAL-FUNCTIONAL SYSTEMS. 1 57

1.4. Form of the system. Let B, denote a finite set and put B= {B }
=U, B.. If BE B, we say the index of 8 is k and write ind B=«. To each 3 we
associate f a complex number and (8, 8”") an element of @ X with non-
negative integer components and |B”| >0. We define ¢(3, x, y) by

$(8, x, y) = exp{B”; G(z, y)} -exp(i8’- F (=, y)).

We often shorten ¢(8, x, y) to ¢(B). Let us define A,(x, ¥) as the sum Eﬁtﬁ(ﬂ)
taken over all $& B,. We prescribe that f\(x, ¥) is a function of x and func-
tional of y of the form fi(x, ¥) =ux+ D vaYu(x) +w, where uy 50, v\, and
w), are real constants. Further we assume that for & B with /0 one has:
if ¢ is the first integer ¢ such that 8/(¢) 0, then

(1) Z Zﬂx’ (Uo)v)x

The integer s is defined to be the sup{len @, B"): 663}.
As an illustration consider the following differential-functional system
which is examined in §3.3.

y1 (%) = g1(x) + ga(x) cos(urxs + vuyi(x1) + varya(x1) + w1),
y7 (%) = gs(x) + ga(x) cos(uaxs + v12y1(x2) + v22y2(ws) + wo).

= 0, > B (go)un # 0.
A

(2)

Clearly k=1=2, while m=4. To be able to write the system in the form
(1.1-2), we construct the table given below.

B will consist of eight elements 13, 58, - - -, s8.
ind B B'(1) B'(2) 8" (0)
18 1 1/2 (0, 0) (0, 0) (1, 0,0, 0)
B 1 1/2 (1, 0) (0, 0) 0, 1,0,0)
B 2 1/2 (0, 0) 0, 1) 0,0,0,1)

Thus s=2. Here we employ the convention that any component of (8, 8"')
not appearing in the table is zero. Since

2n6/(0')= - 2n—16,(0'), 2n6”(‘7) = 2n—16“(¢7)7

it is not necessary to include the 8 with even presubscripts in the table.

1.5. Acknowledgments. This series of papers is derived from my doctoral
dissertation written at the University of California with the help of the Na-
tional Science Foundation under Grant Number G1884. I extend my thanks
to Professor J. G. van der Corput. Many of the ideas and methods used here
were first announced by him in his lectures (as yet unpublished) on asymp-
totics given at Berkeley during 1956-1957. In these lectures Professor van
der Corput discussed the corresponding problem in differential equations, i.e.
systems of the type (1.1-2) with p=1 and ¢=0.
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2. THE FUNDAMENTAL IDENTITY

2.1. Statement and proof. A= {a} denotes a given set, while 4= {a}
denotes a set whose elements are finite tuples of elements of A. If
a=0Ga, - -+ ,ya)and b=(a, - + +, v, 11, - - -, yeua) (not necessarily ele-
ments of 4) and M =1, then we say b is a follower of @ and write b>a. If
M =1, we say that b is a successor of ¢ and write 5>>a. The relation b=a
means that b follows a or b is identical to a. We partition 4 into two disjoint
subsets, the boundary of 4, d4, and the interior of 4, A°. If a& A4 has a suc-
cessor not in 4, then e €dA. Otherwise we are free to put a in 4 or A°. Let
r =1 denote a fixed integer. To each finite tuple a = (i, - - -, y) formed by
elements of A (a not necessarily an element of 4) we associate a complex 72
matrix [a] such that [a]=0, if e, - - -, y21) £4°. We denote by ¢(a) and
H(a) complex r-vector functions defined over A and A° respectively. We
accept the usual definition of a matrix product and a matrix operating on a
vector. For each pair of tuples

a= (- -,na) and b= (1, - -, Na, ", Nyua)
with M =1 we define

b!

'—' = [la) ] N+1a][1a) R N+2a] vt [1(1, Tty N+Ma]

a:

and for each @ we put a!/a! equal to the identity matrix. For a ©4° we assume
that

(1) ¢(a) = Z [6]¢(d) + H(a)

where ZM denotes summation over all >>a. A sequence, finite or infinite,
of the form (a, 1), (a, 1, 20), - - - is called a chain and the number of ele-
ments in a chain is called its length.

THEOREM. Assume: (i) all chains in A° are finite; (i) a EA° implies that
the set
{a: a € A; [a, a] # 0}

is finite. We conclude: a EA implies that
b! b!
@ 8(a) = = — ¢(0) + X — HO)
la @: 2a Qa:

where Zl., denotes summation over all b=a such that bEIA while Ega denotes
summation over all b=a such that b A°.

REMARK. Condition (i) above is certainly satisfied if there exists a number
K such that (i, - - -, ya) EA° implies that N =K.
Proof. To each ¢ €4 we can associate a chain, possibly empty, of the form



1960] DIFFERENTIAL-FUNCTIONAL SYSTEMS. 1 59

(a, 1@), (a, 1o, 2¢), + - - such that each element of the chain is in A° and
[a, 1a]#0, [a, 1, 22]50, - - - . For each a ©A° we take L(a) as the length of
the longest such chain, and we put L(a)=0 if a©dA. Note that for a €4
one has that L(a) is finite. Our proof proceeds by induction. If L(a) =0 then
either (i) a €34 or (ii) aEA° and for each >>a one has that b&d4, or b&EA°
and [b]=0. If (i) holds, the theorem is true trivially. If (ii) holds, then the
sum in (1) is extended over all 5>>a such that 5&d4. As an induction hypoth-
esis, we assume that (2) holds for each d©A4 such that L(d) £j. Assume that
L(a)=j41. This implies that a €A4° so that (1) can be used. Thus

! c!
o(a) = Z{ % bl S 60 + 21 EH“)} + Ha)

Oa

c!

=2

la a!

!
o) + 3 % H(c).

This completes the induction from j to j+1. Q.E.D.

3. THE CASE WITH AMENABLE VARIATION

3.1. Transformation of A. In using the Fundamental Identity on A we
take A as the set {(B, 0):BEB; 020} and for a= (B8, ¢) put a=8, o/ =E°@,
o'’ =E°B"”, and ind a=ind 8. We prescribe that 4 contain only tuples of the
form ((B, 0), 2, - - -, ya) and that the set {(B, 0):[363} is in A. For
a=(a, -+ -, ya) weputa'=a'+ - - - +xya’ and @’ =10'’+ - - - +ya' and
ind a=ind ;a. By A, we denote the set {a:a€A4; ind a=«}. We put 94,
=4.MN3A4 and 4;=A.NA°. The question of the specific construction of 4
and the satisfaction of the hypothesis of the Fundamental Identity Theorem
is discussed in §3.2. For the present we assume this hypothesis is fulfilled.
For a €4 let us put ¢’ u= Y sai (0)mrp. If a’-u0 we define [a, (8, ¢)] by

[ay (B’ U)] = - (a"u)_lgl” Z 0»){ (U)'l))‘,

A

where k=ind 8, and define H(a) by
H(a) = — (¢ u)7'¢(a) 20 ol (o’ { 3! (%) — Aulae, 9)}

Ao
d
— i(a’-uw)lexp{a”; G(x)} o (exp ia’-F(x, y)).
x

If a’-u 50, then for any differentiable function y one has

$(a) = — (¢ w)7'¢(a) 22 & (ercp®Au(%., 3) + H(a)
Ak
which in terms of the preceding definitions is equivalent to (2.1-1). For
a=(a, - - -, ya) we put a!=1&(a!/ia!) and call a significant if a!%0. From
the Fundamental Identity one obtains
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M@ ) = X al) + T alH(a).

a€dA4, a€A,

For convenience in the applications we introduce D/’ a subset of M. We as-
sume U, D/’ contains all points a’’ corresponding to those ¢ such that at
least one successor of a is not in 4. We now make precise our definition of 4;:

A =1{a:a € As;d-u = 0;d" & D/"}.

Let dA, be partitioned into the following three disjoint sets:

(1.1) {a:aG&A,;a”G}D,{’;a’-u=O; >

E ax (o)
A

~d},

<o,
(1.3) {a:a € 34,;0” € D!"}.

We take P/ (x), Q! (x, ), and R/ (x, y) as the sum Ea!q&(a), taken respec-
tively, over the elements @ given by (1.1), (1.2), and (1.3). Further, S{ (x, )
and T/ (x, y) are given by

(1.2) {a:aEOA,;a"GED,{’;a’-u=0; Z

(¥4

E ax (o) one

A

d
Si(x,y) = —1 E al(a’-u)™! exp{a”; G(x)} E (ia'-F(x, y)),
Ti(53) = = X 0@ 0)79(@) Tonop{30() = Acls, )}

the sums in both cases being extended over all a&4;. Thus each solution
¥(x) of ¥ =A satisfies the equation

y(x) = K + P(x) + Q(x, y) + R(x, y) + S(x, y)

where K is a real constant and where P =[P/, etc.

DEFINITION. A,, 1 2« Sk, satisfies the condition of amenable variation rela-
tive to a suitably chosen set A with upper bound Z.(x) if for each significant
a S A° one has that exp {a’’; G(x) } is a function of bounded variation in [X, ]
such that the total variation of expf{a’’; G(x)} in [x, =] is 0Z.(x), and
exp{a’’, G(x)}—0 as x— . Further, A, satisfies the condition of amenable
integrability relative to a suitably chosen set A with upper bound Z(x) if for
each significant a occurring in the set (1.3) exp{a’’; G(x)} is absolutely integrable
to wnfinity in such a way that

f z| exp{a”’; G()} | di = 0Z.(x).

These definitions plus an appeal to Chartier’s Test [3, p. 72] yield the
following
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LeEmMA. If A,, 1=« =k, satisfies the conditions of amenable variation and
integrability with respect to a suitably chosen set A and common upper bound
Z«(x), then for each solution y of (1.1-2) vy, satisfies an order relation

ye(x) = Ky + Pu(x) + Qu(, ) + 0Zx(2).

If A, satisfies the condition of amenable variation foreachk,k=1,2, - - -, k,
with upper bound Z,, we say merely that A satisfies this condition with upper
bound Z=(Z, - - -, Zi) and similarly for amenable integrability.

3.2. On the sets A and D,’. The constructions given in this section are
the ones chiefly used in applications. Let ¢ and 8, denote positive constants.
We define D/’ as the set of all points m in I such that
(1) Dm0z 1+e, mo) 20,

uo

Put
d = inf{ > B (0)8,: B E B} .
o

If a= (i, - - -, ya) is a significant element of 4,, certainly N <d—'(1+e¢)+1.
We say that the tuple e= (i, - - -, ya) has property 1 if there exists an
integer j, 2<j= N, such that ja=(8, ¢) and

D Gl (@) + sl (@) + - - - 4 e (@) = O
A

where k=ind ;a. We define D, as the set of points a©4, such that "’ ED,’
or a has the property I, and we put D=U, D,. If aEA4° and [a, (8, ¢)]0,
then 0 <o =len a’. This means there are at most a finite number of elements
(B, o) such that [a, (8, 0)]0. Thus using the sets 4 and D given above the
hypothesis of the Fundamental Identity theorem is satisfied. Throughout
the remainder of this paper we use the construction for 4 given above. To
determine the nature of P and Q we need the following

LEMMA. For each aEA.— D, the three following assertions are equivalent:

> a) (0)va| #= O; (i) 20| X e (o)ua

0 o =0; () X # 0.

Proof. Assume a= (i, - - -, ya) denotes an element of 4,— D, for which
a’#0. If N=1 condition (1.4-1) implies the lemma. Hence, we can assume
in the proof that V= 2. Since ja is of the form (8, 0), one has that '8’ =0 and
N =2 imply a has property I. Thus we can also assume without loss of gen-
erality that !8’>0. Let o, be the least integer ¢ such that 18’(¢) 0. Since a
does not have property I, each o (j=2, 3, - - -, N) is of the form (8, ¢,)
where ¢;Z 0. This implies that the component ¢ =g, of a’ is just !8'(s,). This
in conjunction with (1.4-1) proves the lemma.
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Using this lemma we establish the following:

THEOREM. P! = > B¢ (B) where the sum is extended over all BE B, such that
g =0.

Proof. By the preceding lemma P/ = D _a!¢(a) where the sum is extended
over all a€EA,—D, such that @’ =0. Assume that a=(ia, - - -, ya) is a sig-
nificant element of this sum with N=2. Then, 1« is of the form ('8, 0) where
18’#0. Let o9 denote the least integer ¢ such that !8’(¢) 0. As before a’(g0)
=13"(gy). This yields the theorem.

By virtue of the preceding lemma, the equationsa’ - =0 (e €A, — D,;a’ 0)
possess at most ¢ finite roots. If we choose p so that it is not one of those roots,
then Q.=0. In particular if p is not a member of the algebraic closure of the
extension of the rationals formed by adjoining %, - - -, %;, then Q=0. Thus
we obtain the following

COROLLARY. Assume: (i) B’ #0 (BE B); (ii) the conditions of amenable varia-
tion and integrability hold with common upper bound Z(x) =0(1); (iii) p s not
an element of the algebraic closure of the extension of the rationals formed by
adjoining wy, - - -, ur. Then each solution y of ¥’ =A tends to a finite limit as
x— ., More precisely it satisfies an order relation y=K+0Z.

In passing let us note that if the numbers u,, - - -, u; are algebraic integers
(or ta=up= - -+ =uw)) and if
(2) >~ B (so)ur = algebraic unit (8 € B,; 8 % 0)
A

where g, denotes the least integer o such that 8'(¢) #0, then if p is not the
reciprocal of an algebraic integer, Q.=0.

Let us now consider for given k, 1 S« <k, the possibility that p is the root
of an equation

et tenptt+ - Fapt =0
with the following property: there exists at least one element
a= (o, ---,ya) of 4, — D, with o= ('8,0)

such that a’#0 and if oy denotes the least integer o such that !8’(¢) #0 then
=2 +dm  (G=01- k),

1y
(@) =0 (c=a0+r+1).

Let E, denote the totality of elements a of A.— D, with the above mentioned
property. Then there exists an element b, of E, such that expla’; G(x)}
=0exp{b!’; G(x)} (aCE.). In this case Q/ =0 exp|{b!’; G(x)}. Theoreti-
cally one could always determine such an element b, by examination of all
the possible elements a of A.—D, once the number p had been given. How-

3)
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ever, if the algebraic order of p is large, or if &, , or m is large, the task is non-
trivial. In a future work we shall consider the computational aspects of this
problem.

3.3. Applications. Consider the equation

!
(1) Y@ = gia(®) + 20 (@) cos(mnzs + may(@) + wi).
A=1
Here ga(x) A=1, 2, - - -, I4+1) is a function of bounded variation in [X, « ]

such that the total variation of g\(x) in [x, ] is Oexp{—&; x}, where 8
is a positive constant, and such that g\(x)—0 as x—«. We observe that
k=1,m=I4+1and s=1. Also B consists of 2m elements ;8 (j=1,2, - - +, 2m).
The table for the equation is

_ 1
2j-18 = >’ 218/ (1) = 1, =180 =1, (G=1,---,m)

_ 1
ap1f = > a18i' (0) = 1.

We denote by 8 the infimum of the numbers &, 8;, - -+, 8;. Let us put
€ of §3.2 equal to 8. The numbers 6, \=1, - - -, I+1) in this section coincide
with numbers 8, (u=1, + - -, m) of §3.2. We have at once that the conditions
of amenable variation and integrability hold with upper bound exp{ —38; x},
and that Py=fg;.1. Let 7;; (4, j=1, - - -, I) denote the ratio u;/u;. Consider
a polynomial C of the form

! !
(2 ( > CZ"»’:’) P+ <Z C:f’u)i’ +1
1, jm=1 €, =1

where the numbers ¢; (4, j=1, -+ -, 1;t=1, - - -, k) run over the rational
integers subject to the restriction that if ¢f;; 0 for some j’, then ¢j, =0 for all
j#j’ and where & denotes an arbitrary positive integer. We employ the con-
vention that if ' is the number referred to just above, then %y =1 and ;=0
if 25" or j#j'. In expressing a polynomial in the form (2) the choice of the
coefficients ¢;; is not unique. It is convenient for our purpose to regard two
polynomials, say C; and C,, as distinct if not all the coefficients c}; used in ex-
pressing the two polynomials are identical even though C; and C; may be
equal in the ordinary sense. To continue this investigation we must first
show a side result:if a€A4;—D and len a’=N21, thend= D .1 D a)l (o)
is greater than or equal to |a’| augmented by 2 for each integer o, 1=<¢
< N — 1, such that a’(¢) = 0. It is clear that d = |a’|. Assume that
a=(a, + - -, ne). There is an integer 7(0), 1 <j(0) £ M, such that i« is of
the form (8, N—1) where §'#0. In order that a does not have property I,
there exists for each integer 7, 2 <7 < N, an integer j(7), 1 £j(r) £ M, such that
jma is of the form (B8, N—7) where 8’#0. Thus corresponding to each o,
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1 =0 =N-1 such that a’(¢) =0 there are at least two distinct elements a of
the tuple a both of the form (8, 0 —1) where 8’ 0. This yields the above men-
tioned result.

For each distinct polynomial C of the form (2) and each p we introduce
a function T'(C, p) defined as follows: T'(C, p) equals the sum > 1 > ;=1 | cis| 8
augmented by 28 for each integer ¢, 1<t<#h, such that » ;,., |c§,,| =0 pro-
vided that (i) C(p) =0 and (ii) there exists a €A, — D; such that for the above
mentioned integer j' one has that

al(a' + 1) = (c:i'r C;J”; Ty C:i'y 0) (‘7 =0,1,---, h);
ad(e) =0 (czh+2);

if there exists no such element a or if C(p)#0, we put I'(C, p) = =. For a
given p let us put I'V(p) equal to the infimum of the numbers I'(C, p) where
C runs over all distinct polynomials of the form (2). Then each solution y
satisfies an order relation

() y(x) = K + f gi1 4 O(a— + 211 @)

where exp{1—T"(p); x} is replaced by log x if 1=T"(p). For each positive
8 one has I''(p) = = except for a finite number of p. In the particular case
m=us= - -+ =u; we see by (3.2-2) that if p is not the reciprocal of an
algebraic integer then (2) is valid with I'V(p) = « for all positive d. For the
special case of equation (1.1-1) this yields (1.2-1) and (1.2-2). We can im-
prove the result for (1.1-1) in the case that p=1 and ¢>0. For the elements
a1=((B, 0), (268, 1)) and as=((:6, 0), (1B, 1)) one has a!=a.!= —v/4u. By
the mean value theorem

y(x + 29) — y(x + ¢) = Ox7%.

Hence, Q. is given by
v z
- cos(uq)f g(t)g(t)dt + Ox'—%
2u x

where exp{1—238; x} is replaced by log x if =1/3. Thus each real solution
y(x) satisfies an order relation

¥(x) = K — 2 COS(uq)f:g(h)g(t)dt + O(x~% + x17%),
2u x

again exp{1—233; x} being replaced by log x if §=1/3. This shows that in
general IV (p) cannot be replaced by a larger number so that (3) represents a
“best possible” result.

As a second example we consider the system (1.4-2) and assume
g.(x) (u=1, 2, 3, 4) is a function of bounded variation in [X, w | such that
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2.(x)—0 as x— o and the total variation of g,(x) in [x, = ]is O(exp{ —0y; x})
where 0, is a positive constant. Again using the notation of §3.2 we put
€,=0; and e;=0,. Consider a polynomial C of the form

U2 U
cnteam—)pr+ -+ leutea—)p+1
U1 (31
where the numbers ¢;; denote arbitrary integers.
C is said to have an a-gap of length ¢ if there is a positive integer ¢ such

that
|01,5+y‘+l62,.’+v|=0 b=0,1--:,1-1),

4
@ ! 61.1‘—1| + l C2,i—ll # 0; c1,ipe = 0, c2,i4e ¥ 0.

The gap is called a §-gap if the last two relations in (6) are replaced by
€1,i+:7#0, ¢2,i4:=0 and an af-gap if these relations are replaced by ¢;,:4:5%0,
C,i+t#0. A gap is called anticipated if Icl,;_zl +|c2,,~_2| =0 where 21—2 is
positive and umanticipated otherwise. We recall the agreement on distinct
polynomials used in the preceding® example. For each distinct polynomial C
and each p we define a function I'(C, p): if (i) C(p) =0 or (ii) there exists no
aEA,—D, such that '

(5) a = (0, (£1, 0), (cu, ¢a1), (cray C22), * + -, (c1ny €24), 0,0, « + )

then we put I'(C, p) = »; if (i) C(p) =0 and (ii) if there is a&EA4,— D, with
(5) then we put I'(C, p) equal to the sum

(6 > | e

t=0

82+ | cae| 84

augmented as follows: for each anticipated a-gap in C of length 2¢ and
anticipated -gap of length 2t—1 increase the sum (6) by

inf{2(2t — 1 — 2)82 + 26425 = 0,1, - - -, £ — 1};

for each anticipated and unanticipated a-gap of length 2t41, for each antici-
pated and unanticipated B-gap of length 2¢ increase the sum (6) by

inf{4(t — j)62 + 2j8s:5 = 0,1, - - -, t};

for each unanticipated a-gap of length 2¢ and for each unanticipated 8-gap
of length 2t—1 increase the sum (6) by

inf{2(2 — 1= 2)82 + 26525 = 0, 1, - - -, 1 — 1; 28,};

for each of-gap increase the sum (6) by the lesser of the corresponding
amounts given above for a- and B-gaps. For each choice of p denote by I'(p)
the infimum of the numbers I'(C, p) where C runs over the polynomials of
the given type. We find that for each solution y, one has
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©) yi(x) = K4 +fgl + O T @ 4 xb)

where exp { 1-T"(p); x} is replaced by log x if 1=I"(p). A similar result can
be obtained for k=2. Denote by (*) the relation (7) with I''(p) = . Then, if
us/uy, is an algebraic integer, (*) holds, if p is not the reciprocal of an alge-
braic integer, for all positive d,. If #,/u, is not an algebraic integer, then the
set of p for which we can assert that (*) holds for all positive d, is a proper
subset of the reciprocals of the algebraic integers. Since similar remarks hold
for k=2, we find that the strongest results, in the sense that a relation of the
type (*) holds for k=1 and k=2 for all positive §, with fewest p excluded,
occurs in the case that u./u, is an algebraic unit.
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