
BOUNDS FOR DETERMINANTS WITH
POSITIVE DIAGONALS

BY

EMILIE V. HAYNSWORTH(i)

1. Introduction. In this paper upper and lower bounds are found for the

determinant of a real, nXn matrix A = (a<,-)> with positive diagonal elements

satisfying

(1) an ^ X) I a.71 . i = 1,2, • ■ ■ ,n,

and a lower bound is found for determinants whose elements satisfy

(2) an ^ nAt — ^ ««, i = 1, 2, • • • , n,
j **«

where

1 / |\
At = — I max an +  max a#   1.

2 \ j*i j*i       | /

G. B. Price [6], A. Ostrowski [4] and [5], J. L. Brenner [l] and [2],

and H. Schneider [7] have given lower and upper bounds for the absolute

value of determinants satisfying more general conditions than (1). However,

the following theorem, proved in §2, is not implied by any of the above re-

sults :

Theorem 1. If A = (o„) has elements satisfying (l),itis possible to define Lt

and Rt such that

an = Li + Ri,

,,. Li ̂  X)  I o.71 . (i = 1, • • • , w).

Then, for any choice of Lt and R{ satisfying (3),

(4) E(l[i.n R) £ det A £ £ II (Li + 2Ri)Lk f[ Rh
Zc=0  \ »=1 >=i+l       / Ji=.0 j=l i=k+l

where an empty product is defined to be 1.
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Ostrowski [5] has shown that if A satisfies (2) then det A 2;0. In §3 we

prove

Theorem 2. If A satisfies (2), then

det A ^ II ( E an - nAt).
«=i V j=i '

In proving this we prove a result which may be used to improve any

bound depending only on the nondiagonal elements in the row, when the

diagonal elements are positive.

2. Proof of Theorem 1. To prove Theorem 1 we need the following bound

given by Price [6]:

If (1) holds, then

n n

(5) II («« - r.) ̂  det A g II (<*« + r<)

where r,= E>>< |o,j|.
We proceed by induction on n. Let £>„ represent det A, when ^4 is of

order n, and suppose the elements of A satisfy (3).

1. For m = 2,

Li + Ri        ai2
£>2 =

#21 l-»2    I    -*^2

Expanding Z?2 by the diagonal elements,

Li   «i2 Li     0 i?x    0 jRi    ai2
A>   = + + +

0       L,2 0        i?2 021     Ri #21      ■'-'2

Therefore

Z-iL2 + Z.1^2 + R1R2 ^ Z>2 ̂  R1R2 + LA + (Li + 2Ri)U,

since

0 g g (Ui + a12)jL2 < 2RiLt,

by (3) and (5).
2. Assume that for any matrix of order w— 1 with elements satisfying (3),

(6)    e (n l, n r) ^ z?„_i ^ e (n a*+m^u n r).
k=0 \  i=l «'-*+l / i-0 \ i-1 t=*+l        /

If Z>„ = det A, where A = (0,7), i, j=l, ■ • ■ , n, and the elements ay satisfy

(3), partition Dn as follows:
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Ai a2
Dn =

03        Ln + Rn

where Ai=(aij),i,j=l, • ■ • , n — \; a2 is the column vector with components

ain, i=l, ■ • •,«— 1;o3 is the row vector with components anj, j = 1, • • •,

n— 1; and, as in (3),

J->n "T* -K-n   ==   Onn,

n-1

Ln  ̂    X)   I  Oni I   ,

J?n^  0.

Then we can write £>„ as the sum of two determinants, i.e.,

(7) Dn = A + Rndet Ax

where

Ai   a-i
A =

ff3       Ln

But the elements of A satisfy (1), hence, by (3) and (5),

(8) A ̂  fl (an -ri)^f[ (an - Rt) = jj L{,
»=i t—1 t-i

n-l n-1

and A ̂  Ln II (o» + u) ^ in II {U + 22?,).
i—l t—1

Also, by the inductive assumption, since A\ is of order n— 1, and, by (3),

Ri^L   t,   \ai,-\ ^   £   |a*|,

we have, using (6), (7) and (8),

n n—1  /    fc n—1 \ n     /    ft n V

Dn * n l* + Rn z( n iin &) = z( n£< n *.),

and

Dn g Ln n (l,+2*0+*n z (n (£<+2Ri)Lk n *.)

= il(l[(Li+2Ri)Lk n rX
k—0 \   t=l »'-*:+1 /
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3. Proof of Theorem 2. Suppose we have a lower bound for the determi-

nant of A which holds when the diagonal elements are individually bounded

from below. That is, suppose

(9) an £; a(A) £ 0, i = 1, 2, • • • «,

implies

det A ^ m(A) ^ 0,

where ct(A) is a function of the nondiagonal elements in the ith row, with

Ci{A) =0 if atJ = 0 for all j^i, and m(A) is a function of all the nondiagonal

elements of A.

Let Z) = diag(di, dit • • • , dn) with tf\^0. We shall show that

n

(10) detU + D) ̂  w(^) + II <*•'•
t=i

It is this result which we will use to improve Ostrowski's lower bound for

determinants satisfying (2).

Since du^Ci(D) =0 for all i—l, 2, • ■ • , n, (10) is a direct consequence

of the following theorem which we proved in [3]:

// two matrices A and B of the same order satisfy the same row hypothesis

(i.e., (9)) which is, in turn, sufficient to prove det .4^0 and det B^0, then

det (A +B) ^det A +det B.

A determinant whose elements satisfy (2) does not necessarily have a

dominant diagonal unless A* = 0 (» = 1, • • • , »). Ostrowski's result shows,

however, that such determinants are never negative, and, as a corollary he

proved that, if X is any root of A,

where

n = min f E an ~ nAf\.

Since the determinant is the product of the roots, this would imply

det A ^ n".

This bound is, in general, less than that given by Theorem 2.

If A satisfies (2), let

bij = On, j ** h

bu = nAf — E an-

Then B?=At, and B satisfies (2). Thus det 5^0.
Let
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di = an — ba = zl ai3- — nAf, i = 1, 2, • • • , n,
3-1

and set D = dia.g(di, d2, • • • , dn). Since (2) implies au^bu we have di?z0 for

each i=l, 2, • • • , n. Then (10) implies

n

det A = det (B + D) ^ II o\
t=i

which proves Theorem 2.
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