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Introduction. Let Q be the unit square in E2 and T:Q-^>Ek a continuous

mapping of Q into Euclidean ¿-space. Let T= 1 o m he a monotone light fac-

torization of T with monotone factor m, light factor 1, and middle space M.

For d, bEM let T(a, b, T)={f: [0, l]-»M:/ is continuous and f(0)=a,

f(l)=b}. The geodesic distance, G(a, b, T), between 1(a) and 1(b) on the

surface T is defined by G(a, b, T) =inf/er(a,6,r> length 1 of.

For a fixed point p oí Q, let D(t, G, T)={qEQ: G(m(p),m(q), T)>/}.Let

L(D(t, G, T)) denote the length of T restricted to the boundary of D(t, G, T)

as defined by Cesariin [2](2) and A(T) denote the Lebesgue area of T. This

paper investigates the relationship between A(T) and fôL(D(t, G, T))dt.

For nondegenerate mappings T of finite area, Theorem III asserts that

if p is a point of Q such that G(m(p), b, T) is not infinite for every bEM

different from m(p) then equality holds. If T is a continuous mapping of

finite area and F= {bEM: G(m(p), b, T) < °° } then there is a monotone

retraction r>: M-^F of M onto the closure of F. If TV is defined by TV

= loffoffl, Theorems IV and V assert that A(Tp)=fôL(D(t, G, 7»)

= fo*L(D(t, G, T))dt.
The paper consists of four parts. In Part I geodesic and ¿ly-geodesic dis-

tance are defined and the relationship between them is discussed. These

concepts have been used previously by Silverman in [lO] and [ll]. Some

properties of the length of a mapping restricted to the boundary of an open

set as defined by Cesari in [2] are stated and for a connected open set an in-

equality between this definition and the definition given by Federer in [6]

is given.

In Part II the inequality A(T)'=f0xL(D(t, G, T))dt for nondegenerate

mappings T is proved. The use of /Uy-geodesic distances makes it possible to

give a proof of this inequality which is very similar to the proof of the

Cavalieri inequality given by Cesari in [2].

Part III is concerned with proving Theorem III. Two examples are given

to show the hypothesis of Theorem III are necessary. Morrey's representa-

tion theorem and a recent result found independently by Fédérer [7] and

L. C. Young [13] are used in the proof of Theorem III.

In Part IV the cyclic additivity of L(D(t, G, T)) is discussed. Theorems
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IV and V are proved using Theorem III, and the cyclic additivity of Lebesgue

area and L(D(t, G, T)).

Part I. Let/: [0, 1 ]—► F be a continuous mapping of the unit interval into

a metric space Y with metric d. Let toûk^k^. ■ • ■ ̂ t, be a collection of

j+1 points of [0, 1]. Let I*= {t: tk-iútúh) for k=l, 2, 3, • • • ,/. The fol-
lowing notion of length is a slight modification of a length used in [l0].

Definition I. The py-length of/ is defined:

sup /
Py-length/ = all subdivisions 2-, diameter/(/*).

as above by/ + 1 points *-i

The following properties of py-length follow from the definition :

(a) py-length/gpy+i length/.

(b) |py-length/-py-length g| g2/ supl6[o.i] d(f(t), g(t)).

(c) py-length fúj diameter/([0, l]).
(d) Let/, g be functions from [0, l] into Y such that/(l) =g(0).

Let / # g be defined by

/#«(*) =

1
f(2t) if 0 ^ / ^

2

1
g(2í- 1) if — </< 1sv -   -

Then py-length / # g gpy-length /+py-length g.
Let T: ()—>£* be a continuous mapping of the unit square Q in E2 into

£*. Let T= 1 o m, m: Q—*M, 1 : M^>Ek be a monotone light factorization of

T with monotone factor m, light factor 1 and middle space M. The middle

space M will be understood to be metrized by the metric d(a, 6) defined as

follows: let a and 6 be points of M, and let C denote the class of continua K

in Q that meet m~1(a) and w_1(6), then d(a, 6) =infXec diameter T(K). For

o, 6EMletr(o,6, T) = {/: [0, l]->Jlf:/(0)=o,/(l)=&j.
Definition II. The py-geodesic distance between T(p) and T(q) on T,

n(j> P> 3, r)> is defined:

p(j, p, q, T) = inf py-length 1 of.
A=r(mû»),m(i),n

The function p(j, p, q, T) has the following properties:

(a) p(j,p,q, T)úp(j+l,P,q, T).
(b) p(j, p, q, T) új inf>er<»(j,),«.(«).T) diameter lo/([0, l]).

(c) p(j, p, -, T) is continuous.

(d) Let T and T' be continuous mappings. Let T=l o m and T'

= 1' o m' be monotone light factorizations of T and T' with middle spaces
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M and M'. If there is a homeomorphism H: M-+M' such that m' = Hom

then

I ß(j, P, q, T) - p(j, p, q, T')\   £ 2} \T - T | ,

(e) If T is quasi linear and q and q' belong to the same triangle on which

T is linear then

| p(j, p, q, T) - p(j, p, q', T) |    =   | T(q) - T(q') \ .

(i) If T is Lipschitzian with Lipschitz constant K then

\MJ, P, Q, T) - p(j, P,q',T)\   =K\q-q'\.

For each mapping T two geodesic distance functions will be used, one

defined on the middle space M, and the other defined on the parameter do-

main Q. The geodesic function on the middle space, G(a, b, T), is defined by

G(a, b, T)=inifGF(a.b,T) length 1 of. The geodesic distance function defined

on Q, G(p, q, T), is defined by

G(p, q, T) = inf length 1 o/ = G(m(p), m(q), T).
/er(.m(p),m(i),T)

Let p(p, q, T) = limj~xp(j, p, q, T). (Note that the limit exists since

p(j + l,p,q, T)^p(j,p,q, T).)

Lemma LI. G(p, q, T)=p(p, q, T).

Notice that for a collection of curves it is not true that infa length /„

= limy..«, inf„ ¿iy-length/a. Let Sk be the circle in E2 oí diameter 1/k and center

(0,1/2/fe). Let/fc be the function which traverses Sk k times starting from (0, 0).

Then pr\engthfk új/k, so inf* ¿iy-length fk = 0 for every j but inf* length fk = w.

Proof of Lemma 1.1. G(p, q, T)^p(j, p, q, T) for every j hence G(p, q, T)

^p(p, q, T). To show the other inequality it may be assumed that p(p, q, T)

<oc. Let fjET(m(p), m(q), T) be such that juy-length 1 ofj—p(j, p, q, T)

<l/j. Since /^-length 1 o/^^juy-length lofk for k^j, juy-length lo/t

<p(P,q, T) + liork^j.
Let {/„} be a collection of functions/«: [0, l]—>F where F is a compact

metric space. According to [8] a necessary and sufficient condition that there

exist a collection {fá } which is relatively compact in the topology of uniform

convergence and such that /« and /„' are Frechet equivalent is that the

{fa} be equally divisible i.e. for each e>0 there is an integer « such that for

each function /0 the interval [0, 1 ] can be subdivided into n subintervals on

which the oscillation of /„ is less than e. (The same n must work for all the

Let e be a positive number and TV an integer greater than (p(p, q, 7") + l)e *.

For each integer k>N the interval [0, l] can be divided into fewer than TV

subintervals such that oscillation 1 o/* is ^ e on each interval in the following

manner :
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Let ¿i = supjf: diameter 1 o/»([í: Oásá*J)á«j.

Let ¿2 = sup{/: diameter 1 ofk([s: h^s^t]) ^e}, etc.

There are at most N— 1 of these ¿<'s which are less than one. Suppose not.

Then

diameter 1 ofk([u ^ s ^ tx+i\) = e if tx+i < 1

and

PAr-length lofkt Ne> p(p, q, T) + 1 > p^-length 1 ofk,

a contradiction.

Since it is possible to find a number N' so that for each of the finite number

of functions 1 o/i, • • • , 1 ofN the interval [0, l] may be subdivided into N'

intervals on which the corresponding functions have oscillation less than e,

it's seen that the collection {1 ofk\ "_j is equally divisible.

From the definition of the metric in M, diameter lo/^/jgsgi.+i])

^diameter fk([txèsúti+i]). Hence the {/&} are equally divisible. Let {/*}

be a collection of functions such that/* and/* are Frechet equivalent and the

collection {/*} is relatively compact. By selecting a subsequence and relabel-

ing, it may be assumed that the /* converge to a function /. It's seen that

ft and fET(m(p),m(q), T) and

py-length 1 ofk = pj-length 1 o/**.

lik^j,

py-length loff é pA-length 1 off g p(p, q, T) + 1/k.

By property (b) of py-lengths

lim py-length 1 off = py-length 1 of ^ p(p, q, T),
k—*«

lim py-length 1 of = length 1 of g p(p, q, T).
y->»

Hence G(p, q, T)úp(p,q, T).

Corollary I (of the proof). For o, 6, E M there is an fEX(a,b, T) such

that length 1 o/= G(a, b, T).

Corollary II. G(p, •, T) and G(m(p), -, T) are lower semicontinuous.

The functions p(j, p, -, T) are an increasing sequence of continuous func-

tions such that limy..00p(/, p, q, T)=G(p, q, T) so G(p, -, T) is lower semi-

continuous. {bE.M: G(m(p),b, T)g,t} =m({qEQ: G(p,q, T) g t} ) and hence

is a closed set for each ¿. Therefore G(m(p), -, T) is lower semicontinuous.

Let Q be the unit square with the relative topology as a subset of E2. For

subsets of Q open, closed, boundary, etc., will be understood to be with re-

spect to this topology. For a set A, A* will generally be used to denote its
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boundary. For,the square Q it will be necessary to speak of its boundary both

using the convention mentioned above and as a subset of E2, Q* will be used

for the relative boundary and Q* for the boundary as a subset of E2.

For a continuous mapping T: Q—>Ek and an open subset D of Q, let

L(T, D*) denote the length of T restricted to the boundary of D as defined

by Cesari in [2].

The following statements about L(T, D*) are proved (although not stated

in quite this manner) in [l; 2] or [3] or follow directly from the definition of

length.

Lemma 1.2. Let T: Q—*Ek be a continuous mapping and D an open subset

ofQ.
Let (D)„= [qEQ: dist(ç2, Q — D) ^p}. If t>0 then there is a p>0 such that

if V and D' are a continuous mapping and an open subset of Q such that

| T-T'\ <p and (D)PQD'CD then L(T', D'*)^L(T, D*)-e.

Lemma 1.3. If D is an open subset of Q and T and T' are continuous map-

pings of Q into Ek such that T\D* = T'\D* then L(T, D*) =L(T, D*).

Lemma 1.4. Let T and V be Frechet equivalent mappings of Q into Ek. By

[9] or [5] there exist monotone light factorizations T= 1 o m and V = 1 o m' of

T and V with a common light factor 1 and a common middle space M. Let D be

an open subset of M and let D(T) andD(T') bem~1(D) and (m')~l(D) respec-

tively. Then L(T, D(T)*)=L(T, D(T')*).

Lemma 1.5. Let a be a connected open subset of Q and T: Q—>Ek a continuous

mapping. Let y be a component of a* and A(y) be the associated open set with

7 as its boundary defined in [2]. If L(T, A(y)*) < <* there is a set B which can

be taken to be a circle or a closed interval and a function f: B—>y such that:

(a) Tof: B—*Ek is continuous.

(b) The continua of constancy of T which contain a point of f(B) cover y.

(c) L(T, A(7)*) = length Tof.

In Part III essential use will be made of a length defined by Federer in [6].

The following lemma gives a comparison of L(T, D*) and this length.

Lemma 1.6. Let T: Q—*Ek be a continuous mapping. Let a be a connected

open subset of Q. Let T = 1 o m be a monotone light factorization of T with

middlespace M. Let W denote the set of points at which m(a*) is of positive

dimension. Let N(x, 1, W) equal the number, possibly infinite, of points a of W

such that 1(d) =x. Let III denote 1-dimensional Hausdorff measure in Ek. Then

L(T,cx*)^fBkN(x, 1, W)dHl

It is no loss of generality to assume L(T, a*) < °o. Let 7 be a component

of a*. Since L(T, a*) < 00 , L(T, A (7)*) < °° and Lemma 1.5 may be applied.

Let/be the function described in Lemma 1.5. By the theorem relating lengths

and Hausdorff measure for curves
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L(T, A(y)*) = length Tof =  f  N(x, Tof, B)dH\.
J Ek

By (b) of Lemma 1.5,

N(x, 1, m(y)) = N(x, l,mof(B)) <, N(x, Tof, B),

hence

L(T, A(y)*) è f   N(x,l,m(y))dHÏ.
J B*

Let £= {7Ea*: L(T, A(y)*)^0}. By 20.2(i) of [2] L(T, A(y)*)=0 if
and only if T is constant on 7. Since each point of E belongs to a 7 on which

T is not constant, m(E)QW. Let 5 be the family of all countable collections

{Ci} of disjoint nondegenerate continua contained in m(a*). By Theorem

3.3 of [6]

00 C 1

sup    E diameter 1(CX) =  I    N(x, 1, W)dHk.
!Ci)eS  ,_i J ßt

Let { d} be a countable collection of disjoint nondegenerate continua of

m(a*). Since m is monotone, each Cx must be contained in some m(y) where

yÇzE hence

E diameter 1 (Ci) g ¿ f  N(x, l,Ci)dHk â f  N(x, l,m(E))dHÏ
i—i ¿=1J Ek Je*

sofB"N(x, 1, m(E))dHl = fEkN(x, 1, W)dH\. Now

L(T, a*) = E HT, A(y)*)
79L(ï\A(r)*)*0

^ 2Z f  N(x, 1, m(y))dHl

^ f  N(x,l,m(E))dHÍ= f  N(x,l,W)dHk.
Je* Je*

Paitll.LetD(t,pj,T) = {qEQ--ß(j,P,q,T)>t}.Smcep(j,p,-, discontinu-
ous D(t, pj, T) is an open set. Denote L(T, D(t, py, T)*) more briefly by

L(D(t, py, T)).

Lemma II-1. Let T„, T be continuous mappings such that T„ converges uni-

formly to T and all the Tn's and T are light or all the Tn's and T have Q* as

their only nondegenerate continuum of constancy. Then

liminf lim inf L(D(r, ph Tn)) è L(D(t, ph T)).
T-,f*"      n-»«o
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Let Tn = 1„ o mn, T= lombe monotone light factorizations of T and Tn

with middle spaces M and M„. If T and Tn are light m and mn are homeomor-

phisms. In the other case m and mn define homeomorphisms of the quotient

space Q/(f with M and Mn. Hence property (d) of the function p(j, p, q, T)

may be used to show p(j, p, ■, T„) converges uniformly to p(j, p, •, T).

Let e be a positive number and p be the corresponding number for T,

D(t, py, T) described in Lemma 1.2. Let t' = mmqew,nj,T))r< p(j, p, q, T). Then

t'>t. Let t be any number t<r<t' and let <r = min(T — t, t'—r). Let N be an

integer so that if n>N, \Tn— T\ <p and \p(j,p, -, Tn)—p(j,p, -, T)\ <<r.

If qE(D(t, pi, T))„ and ra>N

mO'i Py 9. Tn) > mO'i P, q, T) - a ^ t' - o- ̂  t

so D(r, pi, Tn)D(D(t,Pi, T))„.

U qGD(r, py, T„) and n>N

*»(/> p, q, T) > p(j, p, q, T„) - a > t - o- ̂  t

so D(t, p,, Tn)CD(t, pi, T).

Hence by Lemma 1.2 for ra> A7,L(D(t,p¡, Tn)) ¡zL(D(t, p¡, T)) —e. Taking

limits
liminf liminf L(D(t, phTn)) è L(D(l, py, T)) - e.

T—•<+       n->»

Since e was arbitrary the conclusion of the lemma follows.

Lemma II.2. Let T: Q—>Ek be a continuous mapping. Let D(t, G, T)

= {qeQ:G(p,q, T)>t}. Then lim infy.« L(D(t, py, T))^L(D(t,G, T)).

Let e be a positive number and p be the corresponding number for T,

(D(t, G, T)) described in Lemma 1.2. Since p(/, p, q, T) úG(p, q, T), D(t, p¡, T)

QD(t, G, T). Since limy..«,p(/, p, q, T) —G(p, q, T) the sets D(t, py, T) cover

D(t, G, T). Since (D(t, G, T))p is compact there are a finite number of sets

D(t, pj, T) which cover (D(t, G, T))„. Let / be the largest of the integers/

corresponding to these sets D(t, p¡, T). Since p(/+l, p, q, T)^p(j, p, q, T).

(D(t, G, T))pCD(t, pi, T) iorj>J.
By Lemma 1.2, L(D(t, p„ T))^L(D(t, G, T))-e for j>J. Hence

lim infy^,,, L(D(t, py, T)) ^L(D(t, G, T)) —e and since e was arbitrary the con-

clusion of the lemma follows.

Lemma 11.3. Let T:Q-^>Ek be a quasi linear mapping then A(T)

^fo~L(D(t, pi, T))dt.

Let S2= {Ä,} be a subdivision of Q into triangles on which T is linear. Let

M be a Lipschitz constant for T. Let A, be a triangle so that T(Âi) is a non-

degenerate triangle in Ek. Then T\Âx has an inverse (r[Ä,)_1: T(Äi)—>Á,-

which is linear and hence Lipschitzian on T(Äi). Let N be the maximum of

the Lipschitz constants of the (7]Ä.)-1,
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Let Sn denote a strip of width 2(2/«)1/2 about the edges of the triangles

of £2. Let Cp denote the square of center q and sides 1/n about q. Let pn(q)

= l/n2fc,p(j, p, r, T)dL2(r). The functions p"(q) are continuously differenti-

able, converge uniformly to p(j, p, -, T) and using property (f) of the func-

tion p(j, p, q, T) it is seen that

\p«(q') -p"(q)\   ÚM\q' -q\.

By 20.4(h) of [2] there is a quasi linear function <bn: Q-+E1 such that

0<p(j, p, q, T)—(pn(q) <e„, where e„ is a sequence of numbers tending to 0,

and | grad <bn(q) — grad pn(q)\ <1/Nn at each interior point of a triangle of

linearity of <bn.

Let fi"= {A,} be a triangulation of Q so that <pn and T are linear on each

triangle of Q", each A,- is contained in a Ä, of ß, and A,- is contained either in

S„ or Q — Sn.
Let A,- be a triangle of Ü" such that r(At) is a nondegenerate triangle. Let

D(T\ A,)-1^) be the differential of (T\ Ai)-1 at a point x of T(Ai).

||grad<6"o(r| Aiy(x)\   -  | grad p"o (T\ A^Wll

= \\grad r[D(T\ ájjr^*)] I   - I grad p»[D(T\ Ai)-l(*)]\\

=  | grad <f>n[D(T\ Ai)-Kx)] - grad p"[D(T\ A,)"1^)] \

=  | grad V((T\ Ai)~\x)) - grad p\(T\ Ai)-\x))\\D(T\ A{)~^x) |

g (í/Nn)N = 1/n.

Hence

| grad (/>" o (J | A,)"1^) |   á  | grad p" o (T \ Aj-^x) \   + \/n.

If q, q' belong to a triangle of ßB contained in Q — Sn then

I M"(?) - M"(?') |

^ l/»2 f   | m(/, Í, r, T) - p(j, p,r + q-q',T)\ dL2(r)
J Cq

= 1/n2 f p(j, r,r + q- q', T)dL2(r)

= II n2 f   | T(r) - T(r + q- q') \ dL2(r)
J cq

= 1/n2 f   \T(q- q') | dL2(r) =   | T(q) - r(ç') | l/«2 f ¿¿,(r)
J c, Je,

= | T(q) - T(q') \ .

Hence if Af is a triangle of £2" contained in Q — Sn so that T(A¡) is a nondegen-

erate triangle, | grad pn o (T\ A,-)_1| — 1. This implies that
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| grad (¡>no(T\ A,)"1^) |  á * + V«.

If A,- is any triangle of ñn for which T(AX) is nondegenerate and x,yE T(AX)

\p»o(T\ Ai)-\x) -p»o(r| A<)(y)|

^ M\(T\ Ai)-\x) - (T\ Ai)-1^) |   ^ MN\ x - y\ .

Hence fgrad p" o (T\ Ax)-i-(x)\ ^MN which implies |grad <pn o (T\Ax)-l(x)\

úMN+1/n.
Let D(t,<t>")={qEQ:<Pn(q)>t}. By Lemma 20.4(i) of [2]

(1 + l/n)A(T\ A,) ̂  f   L(T\ A,, [D(t, 0») H A,]*)dt
J o

if A, is a triangle contained in Q — Sn so that T(AX) is a nondegenerate triangle

and

/i 00

l(t\ Ai, [D(t, r) r\ Ai]*)dt
a

ii Ai is a triangle contained in Sn so that T(AX) is a nondegenerate.

Since

L(T, D(t, «»)*) = E L(T\ Ai, [D(t,*") H A,]*),
[Ai'T(&i) is nondegenerate}

(l + l/ra)     E     A(T\ Ai) + (MN + l/n)     E     ¿(^1 A,)

J 0

'))<*<.

Since <6n converges uniformly to p(j, p, q, T) and <pn^p(j, p, q, T), Lemma

1.2 implies lim infn^M L(T, D(t, <j>n))^L(D(t, py, T)). By taking limits, apply-

ing Fatou's lemma, and noting that lim infn^M Ea<cs» ^4 (7"| At) =0, it's con-

cluded that A(T) ^f0"L(D(t, py, T))dt.

Lemma 11.4. Let T be a light mapping or a mapping whose only nondegener-

ate continuum of constancy is Q*; then A(T) ^fgL(D(t, p¡, T))dt.

By [9] if T is light T may be approximated by a sequence Tn of light quasi

linear mappings such that A(Tn) converges to A(T) or if Ç* is the only con-

tinuum of constancy of T, T may be approximated by a sequence Tn of quasi

linear mappings with the same property such that A(Tn) converges to A(T).

Let <p(r) =lim inín^K L(D(t, p¡, Tn)). By Lemma II.3 and Fatou's lemma

/► « ^ a,L(D(t, Pi, Tn))dr ^   I    <b(r)dT.
0 J 0
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Let h = r-t and define <b(r)=0 for t<0. Then fô<p(T)dT=f'Z<p(t + h)dt. By
Lemma II.l and Fatou's lemma

/I   CO it»   00 /"»CO<t>(t + h)dt = I     liminf <b(t + h)dt =  |    L(D, T,p¡, T)dt.
o J o      fc->n+ J o

Hence

¿(D £ f   L(D(t, pj, T))dt.
J 0

Lemma II.5. Le< r ¿>e d5 in Lemma II.4. 77ze« A(T)~=f^L(D(t, G, T))dt.

By Lemma II.2, Lemma II.4, and Fatou's lemma

/I   «J

L(D(t, ph T))
o

lim inf L(D(t, pj, T))dt =  J    L(D(t, G, T))dl.

Theorem I. Let T be an open or closed nondegenerate mapping, then A(T)

^fo*L(D(t, G, T))dt.

Since T is open or closed nondegenerate T is Frechet equivalent to a

mapping T' of the type described in Lemma II.4. Let p' be a point of Q

such that m(p) =m'(p') and let D(t, G, V) = {qEQ:G(m'(p'), m'(q), T')>t).

Then m(D(t, G, T)) =m'(D(t, G, T')) and Lemma II.5 can be applied to give,

/% 00 /»  00

A(T) = A(T') =  j    L(D(t,G, T'))dt =  I    L(D(t, G, T))dt.
Jo Jo

Part III. The following example shows that /0°°L(D(í, G, T))dt need not

equal A(T) if A(T) is infinite. Let (u, v) be coordinate variables in Q. Let

0: [O, l]—>E1 be a nowhere differentiable real valued function defined on

the unit interval. Let T: Q^>E2 be defined by T(u, v) = (<p(u), <j>(v)).

<j> is a light mapping, for if </> were constant on some nondegenerate con-

nected set, the set would contain an interval on which <p was constant and <p

would be differentiable on the interior of the interval. This implies T is a

light mapping. If 2": Q—*Q is the identity mapping of Q onto Q, T= T o I is
a montone light factorization of T with middle space Q.

Let p, q be distinct points of Q and fET(p, q, T). Let (xi, x2) be coordi-

nates in E2 and/,: [0, l]—>[0, l] be the component mappings of/. For ¿=1,2

let 7T,:£2—>El he defined by ttí(xi, x2)=Xí. 7r¿ is Lipschitzian with Lipschitz

constant 1. Since p and q are distinct at least one of/¿[0, l] covers a non-

degenerate interval [c, d]. Now tt, o T o f(t) =<j>(/,(/)) and
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length Tof =  f N(x,Tof,[0,l])dH\
Je1

2:  f N(xi,inoTof,[0,l])dHi
Je1

§ I   iV(x,-, <p, [c, d]dHi = »
Je1

since if the last expression was finite <j> would be of bounded variation on

[c, d] and hence differentiable almost everywhere on [c, d\.

This implies G(p, q, T) = » if p^q so D(t, G, T) is the complement of the

point p for every t > 0 and hence L(D(t, G, T)) = 0 for / > 0. Therefore

fôL(D(t, G, T))dt = 0.
There are many ways of showing A(T) = oo. One is that if this were not

so Theorem II proved below would be contradicted.

The following is an example of a mapping of finite area, such that there

is a single point at an infinite geodesic distance from every other point. Let

C be the closed unit disc in E2. Let (p, 0) be polar coordinates in E2 and (r, u, z)

be cylindrical coordinates in E3. Define F: C—>E3 by r=p, co = 0, z=p sin 1/p.

Let H be any homeomorphism of Q onto C and let T=F o H. Then point

which maps into the center of C is at an infinite geodesic distance from every

other point of Q.

Most of the remainder of this part will be concerned with proving the

following equality corresponding to the inequality of Theorem I.

Theorem III. Let T be an open or closed nondegenerate mapping of Q into

Ek for which A ( T) < oo . Let 1 o m be a monotone light factorization of T with

middle space AI. Let p be a point of Q such that G(m(p), 6, T) is finite for some

6E M different from m(p). Then fôL(D(t, G, T))dt=A(T).

If T is a closed nondegenerate mapping T is Frechet equivalent to a

mapping T' which has Q* as it's only nondegenerate continua of constancy

[9]. By [9] or [5] there is a monotone mapping ira': Q—>M so that lorn'

is a monotone light factorization of T' with the same light factor 1 and middle

space M as in the monotone light factorization of T and such that m(Çf)

and m'(Çf) are the same single point of M.

Let Q' be a square contained in Q — Q*. Then T'\ Q' is an open nondegen-

erate mapping, m'\Q' is a homeomorphism and 1 o (m'\Q') is a monotone

light factorization of T'\ Q' with middle space m'(Q/)Ç_M.

In order to handle the cases of open and closed nondegenerate mappings

simultaneously let T'—T and Q' = Q if T is open nondegenerate. Then if T is

either an open or closed nondegenerate mapping of finite area T' \ Q' is an

open nondegenerate mapping of finite area. Morrey's theorem may be applied

to obtain an almost conformai mapping T": Q—>Ek such that T" and T'\ Q'
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are Frechet equivalent. There will be a monotone mapping m" : (?—»»»'((?')

QM such that 1 o m" is a monotone light factorization of T" with the same

light factor as T and middle space m'(Q') contained in the middle space M

oí T.
Let (u, v) be coordinate variables in Q and Xi, • • • , xk be the component

mappings of T". Since T" is almost conformai it has the following proper-

ties: (a) T" is BVT and ACT (of bounded variation and absolutely con-

tinuous in the sense of Tonelli). Hence T" has partial derivatives almost

everywhere in Q.

h

If E(q) = E •^tiu

dT"

du
G(q) = 2 *» =

<-i

dT"

du
(b)

* dT"  dT"
p(q) - Y.xiuXiV =-,

,_i du      dv

and J(q) is the Jacobian matrix of the partial derivatives then E(q)=G(q),

and F(q) = 0 almost everywhere in Q and

A(T") =  f | J(q) | dL2 =   f(E(q)G(q) - F(q)2y2dL2 =  f E(q)dLt.
J  Q J Q J  Q

Since T" is ACT, for almost every parallel to the w-axis and for almost

every parallel to the «-axis T" restricted to this parallel is absolutely con-

tinuous as a function of one variable.

Lemma III.l. Let dEM, eEm'(Q'). LetfET(d, e, T) be such that length
1 o/= G(d, e, T). Then there is a continuum KE(m")~1(f([0, l])) which joins

(m")~l(d) and (m")~1(e) or (m")~i(e) and Q*. If T is open nondegenerate K

joins (m")-l(d) and (m")~l(e).

If/[0, l]Cm'(Q') let K=(m")~1(f([0, l])). Note that if T is open non-
degenerate/([0, l]) is always contained in m'(Q') since m'(Q')=M in this

case. If/([0, l]) is not contained in m'(Q') let t = sup{t: f(t)EM-m'(Q')}.

Let w'(Ç')* denote the boundary of m'(Q'). Then/([r, l]) meets m(Q')*.

Since m" is monotone and m'(Q') is a two cell m"((^)Cm'(Q'f [9]. There-

fore K = (m")-y([r, 1]) joins (f»")_1(«) and Ç*.

Theorem II. Let T: Q—>Ek be an open or closed nondegenerate mapping of

finite area. Let I={aEM: G(a, b, T)=<x> for every bEM3b^a}. Then
G(a, b,T)<ccifa, bEM-I and (M-T)* = M.(i)

If a, b are points of M—I there are points c, d of M such that a^c,

by^d, G(a, c, T)<<x>, and G(b, d, T) < <*>. If T is closed nondegenerate at

least one point in each of the pairs a, c and b, d is not equal to m(QP) say for

(') The notation (M—I)* is used in place of a bar over M—I.
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definiteness that a and d are different from m(Çf). Let T' and m' be the map-

pings described previously and let Q' be a square contained in Q— Q* such

that (wi')_1(o) and (rai')_1(á) are contained in Q' — Q'*. If 7'is open nondegen-

erate let Q' = Q. Let T" and m" he the mappings described previously for the

above square Q'.

Let Ki and K2 be continua as described in Lemma III.l with d = a, e = c

for Ki and ó" = 6, e = d for J?2. If T is closed nondegenerate m'\Q — Q* is a

homeomorphism and hence since m" is monotone m'(Q'*) = m'(Q'y = m"(Q*).

Then since (>ra')-1(o) and (m')~l(d) are contained in Q' — Q'*, (m")~l(a)

and (wi")_1(¿) are contained in Q — Q*. Since ifi joins (m")~l(a) and (w")_1(c)

or (wî")_1(o) and Q* and a similar statement holds for Ki, Ki and X2 are

nondegenerate if T is closed nondegenerate. If T is open nondegenerate Xi

joins (m")-l(a) and (m")-1^) and K2 joins (m")-1^) and (rat")"1^); hence

Ki and X2 are, nondegenerate in either case.

Let 5 be the union of all parallels to the coordinate axes on which T is

absolutely continuous as a function of one variable. Since S contains almost

every parallel to each axis, 5 separates any pair of points of Q. Hence KiC\S

and K2r\S are not empty. Let rE-RaHS, sE.K2C\S; then G(a, m"(r), T)<*>
and G(b,m"(s), r)<oo.

If P is a parallel to say the ra-axis contained in 5 such that T"\P is

absolutely continuous then length T"\P = fl\dT"/du\du< oo. Since a sim-

ilar relationship holds for each parallel contained in S, G(m"(r), m"(s), T)

<oo for r, SES. Hence G(a, 6, T)^G(a, m"(r), T) + G(m"(r), m"(s), T)

+ G(m"(s), 6, T)< » for o, bEM-I.

Since S is dense in Q, m"(S) is dense in m"(Q). If T is closed nondegener-

ate let {Qn } be a sequence of squares contained in Q — Q* such that U^.! Qñ

= Q — Q*. If Sn are the corresponding sets of parallels described above

U;.1Wr,"(5,)CM-Z and (U.-i mi' (Sn))* = M. If T is open nondegenerate

m"(Q) = M; hence in either case (M — I)* — M.

It follows from Theorem II that if T is an open or closed nondegenerate

mapping of finite area there always is a point p as described in the

hypothesis of Theorem III. From now on unless stated otherwise the hypoth-

esis of Theorem III will be'assumed and T', m', Q', T", and m" will be as

defined previously.

A mapping which may be discontinuous but satisfies all the other condi-

tions for an ACT mapping is said to be ACE (absolutely continuous in the

sense of Evans).

Lemma III.2. Let G(q, T") = G(m(p), m"(q), T). Then G(q, T") is ACE.

Let Q„0 denote a subset of 5 of the type Q«0= {(u, v)(E.Q: u = u0}. Let

Vi^v2^ ■ ■ ■ ̂ vH be points of [0, l] and ff, = (wo, v¡) for i = l, 2, • • • , ra be

the corresponding points of QUr Since T" is absolutely continuous as a func-

tion of v on QUo
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G(m"(qi+i),m"(qi),T) =  T
J ».■

dT"

dv
dv.

If i" is the set described in Theorem II, both m(p) and m"(S) are contained

in M-I. Hence by Theorem II G(m(p), m"(q), T)<<*> if qES.

2 | G(qi+i, T") - G(qi, T") |
•-i

= £ I G(m(p), m"(qi+i), T) - G(m(p), m"(qi), T) \
¿=i

n-l n-1   pvi+i | Q J1"

á  £ G (m" (Ç i+i), w" (9i) D ^ £ f
»-1 <—lV   n,- dv

dv.

Since similar considerations hold for analogous sets Q„0, it follows that

G(q, T") is ACE.
Since T" is almost conformai and G(g, T") is ACE there is a measurable

set B contained in Q with the following properties :

(a) The partial derivatives of T" and G(q, T") exist and E(q)=G(q),

F(q) = 0 at every point of B.

(b) B=\J¡°+1 Bi where the Bi are disjoint measurable sets on which T"

and G(q, T") are continuously differentiable. (A function /: Em—»73" is said

to be continuously differentiable on a set HQEm if its restriction to H may

be extended to Em so that the resulting function is continuously differenti-

able.)

(c) At every point of B, T" and G(q, T") have regular approximate

differentials, and the same set A of boundaries of squares with sides parallel

to the coordinate axes on which the limits are taken may be used for both

functions.

(d) For each i let #,: E2—*EL and ^<: E2—>£* be continuously differenti-

able functions such thatcK-l-B.^Gte, T")\Bi and ybi\Bi=T"\Bi. Let D4>i(q)
and Dpi(q) denote the differentials of <j>i and ^, at a point q. Let DT"(q)

and DG(g, T") denote the regular approximate differentials of T" and

G(q, T") at a point q. Then the linear transformation associated with the

Jacobian matrix J(q) of the partial derivatives of T", Ihpi(q), and DT"(q)

are equal at every point of 73, and the linear transformation associated with

grad G(q, T"), D<pi(q), and DG(q, T") are equal at every point of B^

(e) B is contained in the set S of parallels to the axes on which T" is

absolutely continuous as a function of one variable.

(f) No point of Ö* is in 73.
(g) | J(q) | t^O at every point of 73.

(h) Li((Q-B)r\{qEQ:\J(q)\*0})=0.
The set 73 may be obtained as follows: Since T" is almost conformai and
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G(g,T") is ACE the statement of (a) holds almost everywhere in Q. By

Theorem I of [14] the existence of the partial derivatives of T" and G(g, T")

almost everywhere implies that Q may be written (2 = Ui10P, where Z,2(Po)

= 0 and the sets P, for ¿^1 are a disjoint sequence of closed sets such that

T"\Pi and G(q, T")\Pi are continuously differentiable. By 26.2 (i) and (ii)

of [2] the existence of the partial derivatives of T" and G(q, T") almost

everywhere in Q imply the statement of (c) holds at almost every point of Q.

Theorem 26.2 (i) of [2] implies the equality of the linear transformation

associated with J(q) and DT"(q) and the equality of the linear transforma-

tion associated with grad G(g, T") and DG(q, T") at almost every point of

Q. It is seen that D<Pi(q) = DG(q, T") and Thpi(q)=DT"(q) at every point

of density of P, where the quantities on the right of the equal sign exist, hence

almost everywhere in Pt.

Hence by discarding several sets of measure 0 and the set of points where

I J(q) I =0 from the sets P, for i = 1 sets 73, are obtained such that 5 = UÍ"L1 73,

has all the desired properties.

Lemma III.3. | Grad G(q, T") \ =E(q)112 at every point of B.

Consider the regular approximate differential DT"(q) of T" at a point

q oí B. Let w= (a, b) be a point of E2. From conditions (a) and (d) it is seen

that

1U Y /     k y/2

I DT"(q)(w) I  = = Í £ (xiua + xivb)2)

= (a2E(q) + b2G(q) + 2abF(q)y2 =  \w\ P(ç)1/2.

Let/Gr(m(¿>), m"(q), T) be such that length 1 of=G(m(p), m"(q), T).
Let K be the corresponding continuum described in Lemma III. 1 with

d = m(p) and e = m"(q). Let {qn} be a sequence of points approaching q so

that {qn} EAf~\K where A is the set described in property (c) of the set B.

Since qnEK,

I G(q, T") - G(qn, T") |   =  | G(m(p), m"(q), T) - G(m(p),m"(qn), T) |

= G(m"(q),m"(qn), T).

Hence

I G(q, T") - G(qn, T") \               \ T"(qn) - T"(q)
hm-¡-;-— lim-¡-;-

9» I qn- q\

Urn DT"(q)(9n      9)\ = E(qy2.

\  ?» - f   / I
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If q=(uo, va) let q* be a sequence of points approaching q which belong to

Qu,r\A. Then

| G(q, T") - G(qf, T") |   =  | G(m(p),m"(q), T) - G(m(p), m"(qf), T) \

g G(m"(q), m"(qf), T).

By condition (e) of the set B, BQS. Hence

| G(q, T") - G(qf, T") \ G(m"(q),m"(qf), T)
lim-j-¡-s lim-j-j——
«„•-« I ? - Ç* I <!„•-« | q - qf |

E(qyE(g)ll2dv

á Hm - - = E(qY'2.
»,->« | »0 — »n I

Lemma 111.4. Let Ct={qÇzQ:G(q, T")=t}. Using the preceding defini-

tions and conventions

A(T") = j      j   N(x, T", B r\ Ct)dHl\ dt.

The following theorem is a special case of a more general theorem recently

found independently by Fédérer [7] and L. C. Young [13].
Let F: Q-^E1 be a continuously differentiable real valued function on Q

and h: Q-^E1 a nonnegative Borel measurable real valued function on Q. Let

At= {qÇzQ: F(q)=t} and K be measurable subset of Q. Then

f h | grad F | dL2 =  | f      h dH\\ dt.
Jk J -*,\-J A,riK J

Proof of Lemma 111.4. Let </>< be the function described in property (d) of

the set B. It follows from property (d) that Btr\{oEQ:<Pi(q) =<} =Bir\C,
and that grad G(q, T") =grad <px(q) on 5,-. Applying the above theorem with

F=(¡>x, h = E112, and K = Bi it follows using Lemma III.3 that

f        [       E(q)XlidHi \dt =  f E(q)1,2\ gradfc(?) | dL2
Jo     \-J CiOß, J J B¡

=  f E(qyi2\gradG(q,T)\dL2=  f E(q)dL2 =  f   \j(q)\dL2.
J Bi "I Bx J Bi

Since | grad c/>(<z) | = E(q)112 9i 0 at every point of B, and Ct(~\Bi

= B,r\{qÇzQ:(pi(q)=t} the classical implicit function theorem implies that

CtC\Bi is the disjoint union of countably many sets d each of which lies on

a differentiable arc 7<.
Let u(q) denote a unit tangent vector to 7¿ at the point q. Let \pi be the
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function described in property (d) of the set B and let Dpi(q) denote the

differential of V\ at q. The directional derivative of \pi in the direction of the

unit tangent vector u(q) at the point q is given by Ity%(q)(u(q)). By a classical

theorem on Hausdorff measures

f DP(q)(u(q))dHl=  f  N(x,P, Ci)dH\.
J d J Bk

Since by property (d) of the set B, Ityi(q) =DT"(q) at each point q oí Bi and

r'lBi^Bi

f DT"(q)(u(q))dH\ =  f N(x, T", Ci)dHÍ
J d Je*

By the argument used in Lemma III.2Z)r"(g)(íí(g))=£(g)1'i!| «(g) | =£(g)1'2.

Hence since the sets C, are disjoint

Hence

f       E(q)ll2dH¡ = f  N(x, T", Ct i\ Bi)dHk.
J C.OBi J B*

f       f  N(x,T",Bir\Ct)dHÏ\dt=  f       f       E(q)mdHi\dt
J o \-J s* J        *7<)L«7 c,nBi J

=  f   \j(q)\dLi.
J Bi

Now

A(T") =  f |/(?)|aL,= f \l(q)\dLi
J Q J B

= E f   I J(q) I dL2 = ¿ f        f  N(x, T", Bi n Ct)dHk~\dt
i-1 J Bi i=l «/ 0     L J Ek J

=  f       f  A^(i«;, r", 73 n C,)dnl\ dt.
J o   L.J B* -i

Lemma 111.5. No point of B is contained in a nondegenerate continu-

um of constancy of T".

Suppose q were a point of B belonging to such a continuum C. Let A be

the set described in property (c) of the set B. Let qn be a sequence of points

belonging to CC\A such that qn^q and qn converges to q. There is a point v

on the unit circle and subsequence {qñ } of qn such that (q„' — q)/\qú —q\

converges to ». Now
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T '(g/) - T"(q) - DT"(q)(q: - q)    =q

Un   - q |

Since T"(qn') = T"(q) and DT"(q) is continuous,

Z>r"(?)(tO = lim DT"(q)(.qni ~ Q.) = 0
n^» \| On    — q\ /

contradicting |/(g)| ^0.

The following can be easily shown to hold by using the usual argument

for relative maximum and minimum of functions.

Lemma 111.6. Let F: G^>El be a function from an open subset G of E" into

the real numbers. Let x be a point of G at which the partial derivatives of F exist.

If F(x) =t and there is a neighborhood of x on which F(x) ^t(F(x) ^t) or there

are arbitrarily small neighborhoods of x on whose boundaries F(x) ^t(F(x) ^t)

then grad F(x) = 0.

Lemma III.7. Let D(t, G, T") = {qEQ:G(q, T")>t}. Then C,i\B
CD(t, G, T")*.

If go were a point of CtC\B not in D(t, G, T")*, the interior of

Q — D(t, G, T") would be a neighborhood of qo on which G(q, T")^t and

hence by Lemma III.6 grad G(q0, T")=0. But since | gradient G(q, T")\

= E(q)112 and E(q) = | J(q) \ 9*0 at every point of B this is a contradiction.

Lemma 111.8. The point p does not belong to B.

Since no point of Ç* belongs to B this follows from Lemma III.6 by an

argument entirely analogous to that of Lemma 111.7.

The proofs of the following two lemmas are elementary.

Lemma 111.9. Let X be a locally connected unicoherent Hausdorff space. Let

A and B be disjoint, nonempty, closed, connected subsets of X. Let K be the

component of X — A containing B. Then X — K is connected and hence by uni-

coherence K* = KC\[X — K~] is a connected subset of A*.

Lemma 111.10. Let X and Y be compact Hausdorff spaces and f: X—+Y be

a continuous mapping of X onto Y. Let U be an open subset of Y and V=f~1(U).

Thenf(V*) = U*.

Lemma III.11. Let T:Q—>Ek be a continuous mapping. Let D(t, G, T)

= {aÇzM:G(m(p), a, T)>t). Let {ßx\ be the collection of components of

D(t, G, T). Then ß* is a connected set. If T satisfies the hypothesis of Theorem

III and I is greater than 0, ß* is a nondegenerate connected set.

M—D(t, G, T) is closed and connected, for if cÇ.M — D(t, G, T) there is

a function fÇT(m(p), c, T) for which length 1 of=G(m(p), c, T) and hence

lim
n—* «
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/([0, l]) is a connected set contained in M — D(t, G, T) joining m(p) and c.

Let e be a point of j3,. Applying Lemma III.9 with A=M— D(t, G, T),

B = {e} it is seen that ß * is a connected set.

If T satisfies the hypothesis of Theorem III, M is a 2-sphere or a 2-cell.

Since ßi is open ßf will be a single point if and only if M—ßi is the single

point m(p). There is a point bE7IÍ different from m(p) for which G(m(p), b, T)

<co. Let/Gr(«i(j!>), b, T) be such that length lof=G(m(p), b, T). Let

T = sup {s: G(m(p), f(s), T)^t}. Since />0, /(0, t) is a subset of M-ßi

which is not a single point. Therefore ß* is a nondegenerate set.

Lemma III.12. For t>0 let D(t, G, T) = {aEM: G(m(p), a, T)>t} and

{ßi} be the collection of components of D(t, G, T). Then

L(D(t, g, r)) ^ ¿ f 7V(*, i, ß?)dnl
,=1 J Bl

Let {a,} be the collection of components of D(t, G, T). Since m is mono-

tone and D(t, G, T)=m~l(D(t, G, T)) each a,- is of the form m~1(ß/) for some j.

For convenience it will be supposed that the indices have been chosen such

that ai = m~l(ßi). By the additivity of the length

oo

L(D(t, G, T)) = 23 L(T, «,*).
>-i

Let Wi={bEm(cti): dimension (m(a*), b)>0}. By Lemma 1.6 L(T, a?)

■^fEkN(x, 1, Wi)dH\. By Lemma III.10 m(a?)=ß?. Since by Lemma III.11
/3? is a nondegenerate connected set, ß* = W7,. Hence the conclusion of the

lemma follows.

Lemma 111.13. Let t be a number greater than 0. Let {«/'} be the collection

of components of D(t, G, T"). If L(D(t, G, T)) < «> then

CtC\BC\ \d(1, G, T")* - U «7*1

is empty.

(Note that the assertion L(D(t, G, T)) < <x> has to do with the set

D(t, G, T) and the mapping T while the conclusion involves the set D(t, G, T")

associated with the mapping T".)

Let {7,} denote the collection of components of m'(Q')r\D(t, G, T). Since

(m")-l(m'(Q')r\D(t, G, T))=D(t, G, T") each y¡ is contained in a component

ßi of D(t, G, T) and if 7y* denotes the boundary of y¡ relative to m'(Q') it is

seen that y*Eß*.

By Lemma III.10 m"(a*)=y*Qß?. By Lemma 111.12
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ILN(x, 1, ß*)dH\< oo.

This implies there is an integer j„ so that

f   n(x,1,   G 7y*W*< 1/M-
Jb*    \        y-y,     /

Suppose q£CtC\Br\[D(t, G, T")*-U?.,a,('*]. Consider the mapping

R: £*—Œ1 defined by R(x) = \x—T"(q)\. R is Lipschitzian with Lipschitz

constant 1, hence

f  NÍy,Rol,   G yf]dHli(y)ú  f  n(x,1,   G y*)dHl(x)< — •
J*1    V y-y»     / J &    \        y-y.     / ra

For each integer ra there is a number r„, 0<r„^l/ra such that the boundary

of the sphere S(T"(q), r„) of center T"(q) and radius r„ does not meet

l(U/lyn7y*). If there were not R o 1 (U/lyB 7*) would cover the interval

0 <r» ^ 1/ra contradicting

f  N (y, R o 1,   U  7.*) dHi(y) < 1/ra.

Since gE-B by Lemma III.5 q does not belong to a nondegenerate con-

tinuum of constancy of T". Hence the components G„ of (jT")_1(.S(r"(g), r„))

that contain q form a basis of connected neighborhoods of q whose boundaries

do not meet U/lyn af. If the sets Gn did not form a basis of neighborhoods of

q the intersection of their closures would be a nondegenerate continuum of

constancy of T" containing q contradicting Lemma III.5.

Since gE5, gE(?*- Since the sets Gn are a basis of neighborhoods of q it

may be assumed by selecting a subsequence that Gn is contained in S(q, 1/w)

the sphere of radius 1/ra about q and that Q* and m"~1(m(p)) are contained

in the same component of the complement of Q — Gn. Denote this component

by Kn. Let G„' =Q-Ttn. By Lemma III.9 G„'* is connected and Gi*CG*.

Since GnC.S(q, 1/ra), G„' C>S(<Z, V«) and hence the sets G„' form a basis of

neighborhoods of q with connected boundaries whose boundaries do not meet

11"     rv"*Vi-Jn a>   •

Letfe.T(m(p), m"(q), T) be such that length f = G(m(p), m"(q), T). Let
K he the continuum described in Lemma ULI connecting (?* and g or g and

(m")-l(m(p)). Since G(m(p), m"(q), T)=t and m"(K)Qf([0, l]), KQQ
-D(t, G, T"). Since G„'* separates g and 0* or (m")~'(m(p)), Gi*r\K^0.

Hence G„'*rV[C>-£>(*, g, r")]^0. This implies, since G„'*nUy"y„a/'* = 0 and

G„'* is connected, that G„'*r\Uy"¡n or/' =0.

Since gE[Z?(í, G, r'O'-U^o"*], gEQ-U^ a/'. Let
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Hn = g: C\Iq- Ua/'l.

Since

flrcfó-tí?-«*/']*, HtrW;.!«!'=o.
Since HtCG^*U[Q-\J^.i a/']*  and   neither  of  these  meets  Uyly   ay",

Tínur.y.a/^o.
Thus the sets H„ are a basis of neighborhoods of q on whose boundaries

G(-, T") =t, hence by Lemma III.6 grad G(q, T")=0 contradicting qEB.

Lemma III.14. A(T")^f0'L(D(t, G, T))dt.

By Lemma III.4 A(T") =fo*fnkN(x, T", BC\Ct)dH\dt. By Lemma 111.12
L(D(t, G, T)) = Y.?-i fBkN(x, 1, ß*)dH\. Using Lemma III.10 it is seen that
m"(ai'*)Eßf for some/. Therefore

L(D(t, G, T)) = J*  n(x, l,m"( G <xf\\ dsl

By Theorem I, A(T)^fo~L(D(t, G, T))dt, hence L(D(t, G, T)) is finite for
almost every t. Therefore by Lemma III.13 and Lemma III.7 BC\Ct

C Uy".! a'j'* for almost every t. By Lemma III.5 N(x, T", B (~\ Ci)

= N(x, 1, m"(Br\Ci)). Hence for almost every /

L(D(t, G,T))^jtN (x, l,m"(\] a'/*\\ dH¡ = j N(x, T", B H C,)dHl

Therefore

A(T") = f       f  N(x, T", B H Ci)dHl \dt = f   L(D(t, G, T))dt.

Proof of Theorem IILIfPisopen nondegenerate Theorem III follows from

Lemma III.14 and Theorem I since T" and T are Frechet equivalent. If T

is closed nondegenerate a succession of squares Q„ may be chosen in a manner

similar to the choice of Q' so that the Qn expand outward to Q. Let Tñ

= T'\Qn and P„" be defined as T" was defined. Then A (TU) =A(T¿') and

A(Tn) converges to A(T')=A(T). Hence using Lemma III.14

lim A(Tn") = A(T) = f   L(D(t,G, T))dt.
»->«> J o

Part IV.

Lemma IV.l. Let T: Q-+Ek be a continuous mapping and loma monotone

light factorization of T with middle space M. Let ß be a component of D(t, G, T).

Then either ß* is a single point or ß* belongs to a single proper cyclic element of

M.
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Suppose not, then there would be a pair of distinct points o and 6 of ß*

and a point c of M such that c separates a and 6. By Lemma 111.11 ß* is

connected, hence c must belong to ß*. Since ß is open c must belong to

M—ß. Let A be the component of M — {c} containing o and B = M—A\J [c\.

Since c separates a and 6 and c(£ß, AC\ß and 5(°\j3 are nonempty sets which

form a separation of ß contradicting that ß is connected.

If G is a proper cyclic element of M each boundary point of C separates

M and there is a monotone retraction re: M—>C of M onto C which takes the

part of M separated from the rest of G by a boundary point of C onto the

boundary point [9]. Let Tc be defined by Tc=l orcom; then l|C and

rco m are the light and monotone factors and G the middle space in a mono-

tone light factorization of Tc-

Lemma IV.2. Let Sc = G(m(p), rc o m(p), T). Let tbe a number greater than

or equal to sc. Let D(s, G, Tc) = [aÇLC: G(rco m(p), a, Tc)>s}. Let Bc be

the union of the components p\- of D(t, G, T) such that ^HC^O. Then Be

= rc\D(t-sc, G, Tc)).

If m(p) EG, re o m(p) is a boundary point of C and hence separates m(p)

and C - {rcom(p)\. If m(p) E C, G(m(p), rcom(p), T) = 0. Hence if

aÇiC, G(m(p), a, T) = G(m(p), rcom(p), T) + G(rco m(p), a, T). Since if

o, 6EG, G(a, b, T) = G(a,b, Tc), G(m(p),a, T)=sc+G(rcom(p),a, Tc) for

aec.
Since each p\ is connected, ßiCxC^O, and rc has the properties described

above, rc(ßx)Cßx. Hence if 6E/3<

sc + G(rcom(p), rc(b), Tc) = G(m(p), rc(b), Tc) > t

which implies ßiQrc1(D(t — sc, G, Tc)) for each p\.

If aGral(D(t-sc, G, Tc)), G(rcom(p), rc(a), T)>0. This implies m(p)

and o do not belong to the same component of the complement of G, hence

either oEC or rc(a) separates m(p) and o in M. Therefore G(m(p), a, T)

^G(m(p), rc(a), T) = sc+G(rc o m(p), rc(a), Tc)>t. Hence aED(t, G, T).

Since rc is a monotone retraction each component of rä1(D(t — sc, G, Tc))

meets C and hence is contained in a component ßi of Be- Therefore Be

^rc^D^-sc, G, Tc).

Lemma IV.3. If C is a cyclic element for which scut and there is a com-

ponent ß of D(t, G, T) which meets C, ß* meets C. Conversely if ß* meets C,

Scút.

Suppose C was a cyclic element for which Se et and a component ß of

D(t, G, T) met C and ß* did not meet C. Since scut, C—ß is not empty.

Since ß* separates M and ß*r\C=0, ßi\C and C—ß would be a separation

of C contradicting that C is connected.

If 6E/3*nC, G(m(p), b, T) gi. If m(p)EC, sc = G(m(p),rc o m(p), T) = 0.
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Lc(t) =

If m(p) EC, rc o m(p) separates m(p) and the rest of C hence in either case if

/3*nCV0, scut.

Corollary. There is only one cyclic element C for which ßr\C^0 and

Scut.

By Lemma IV. 1 ß* is contained in a single proper cyclic element of M.

Lemma IV.4. Let F= {aEM: G(m(p), a, T)<»}. For a proper cyclic ele-

ment C of M let

IL(D(t-sc,G,Tc))   if scút,

0 ifsc>t.

Then L(D(t, G, T)) = 23ccï Lc(t).

For each cyclic element C of M for which sc = ', let Be be the union of the

components of D(t, G, T) which meet C and let {ß} be the collection of com-

ponents not meeting any cyclic element C for which scut. Let Ac = m~1(Bc)

and {a} = {m~x(ß)}. By Lemma IV.3 and its corollary D(t, G, T) is a dis-

joint union of the sets of {a} and the sets Ac- By the additivity properties

of the length

L(D(t, G, T)) =   23 L(T, a*) +     £    L(T, Ac*).
oelal (C:«CS<1   .

By Lemma IV. 1 ß* is either a single point or is contained in a proper

cyclic element of M. From Lemma IV.3 if ß* meets a proper cyclic element

C, scut. Since ßC\C=0 for each C for which Scut, ßQM—C. Then ß* must

be contained in C(~\(M— Q+ which is a single point. Hence ß* is always a

single point of M. Therefore Lemma 111.10 implies that T is constant on a*,

and hence L(T, a*) =0 for every «G {«}•

By Lemma IV.2 rc o m~l(D(t — Se, G, Tc)) =m~1(Bc) =AC. Since m(A%)

EC, it follows from Lemma III.10 that rc om(A*)=m(Ac)=B*. Hence

r|.4*=Pc|-4c which implies by Lemma 1.3 that L(D(t — sc, G, Tc))
= L(T,A*C).

For the mapping Tc let Ic be the set 7" described in Theorem II. If C(\_F

either sc is infinite or rc o m(p) belongs to Ic- If this were not so, by Theorem

II and the fact that if bEC, G(m(p)sb, T)=sc + G(rco m(p), b, Tc), F
would be dense in C contradicting C<X.F.

If Sc is finite then rc o m(p)EIc and hence for every i>0, D(t, G, Tc)

consists of the complement of the single point p. Hence L(D(t, G, Tc))=0

for every t in this case.

Combining the preceding remarks it is seen that

L(D(t, G, T)) = £     _   L(D(t - sc, G, Tc)) = Y_Lc(t).
IC;»csl and CCF\ CQF
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Theorem IV. Let T: Q—>Ek be a continuous mapping of finite area. Let

T= 1 o m be a monotone light factorization of T with middle space M. Let C

denote the collection of proper cyclic elements of M. Let D(t, G, T), Tc, and F be

as defined previously. Then

f  L(D(t,G,T))dt= 2Z_MTc).
J o car

From Lemma IV.4, L(D(t, G, T))= Eccf Lc(t). Integrating and using

Lebesgue's convergence theorem

f  L(D(t, G, T))dt = 2Z_i   Lc(t)dt = E_ f  L(D(t - sc, G, Tc)d(t - sc).
J o cCfJ o cO-fJ o

Since CQF the mappings Tc satisfy the conditions of Theorem III hence

J 0

L(D(t,G,T))dt= 2Z_MTc).
ccf

If G is a proper cyclic element of M and 6 E G, G(m(p), b, T) = sc

+G(rc o m(p), b, Tc), hence by Theorem II F(~\C is either empty, the single

point rcom(p), or dense in C. Since F is connected this implies that F is

either a single point or an .4-set in the terminology of [9]. By [9] there is a

monotone retraction rF: M—+F retracting M onto F. Let TF=1 o rF o m.

Then rF o m is the monotone factor, 1 the light factor and F the middle space

in a monotone light factorization of TF.

Theorem V. Let T be as in Theorem IV and suppose the hypothesis of

Theorem IV holds. Let F and TF be as described above. Then

A(TF) = f   L(D(t, G, Tp))dt =  f  L(D(t, G, T))dl.
Jo J o

If F is not a single point, F is a .4-set and each boundary point of F

separates M. Since m(p)QF and rF is a retraction rFo m(p)=m(p). These

two statements imply that if 6E^

G(rFom(p), 6, TF) = G(m(p), b, T).

Hence {bQF: G(rF o m(p),b, TF)<°o}=F.

Since rcorF — rc if CQF, by applying Theorem IV to the mapping TF

it is seen that

J o
L(D(t,G,TF))dt= 2Z_MTc).

CCp

Hence by the cyclic additivity theorem of [9] it is seen that/0"Z.(I>(¿, G, TF))dt
= A(TF).
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